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Abstract
There are often many kinds of rumors spreading in new media after emergencies;
however, the existing studies have focused on the rumors with competition, and little
attention has been paid to those with mutual promotion. Therefore the mutual
promotion between two rumors and the state transition rules between different
groups are first analyzed. Then a 3SI3R model, extending the classical 2SI2R model,
and mean-field equations of the proposed model are given. Further, the stability and
influence of the mutual promotion on the final size of two rumors in the proposed
model are derived. Finally, numerical simulations are carried out to investigate the
influence of factors, that is, the mutual promotion, occurrence time differences, and
the forgetting rate, on the propagation of two rumors. The results show that the
enhancement of the mutual promotion can accelerate propagation of two rumors
and enlarge their final size; the increase of forgetting rate helps to decrease the final
size of two rumors; the decrease in occurrence time differences can result in a small
increase in the final size of the later rumor, and the overall situation of two rumors
becomes more difficult to control.
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1 Introduction
In recent years, with rapid development of Internet technologies, the propagation of ru-
mors has become more and more complicated [1]. On the one hand, the number of mo-
bile users has obviously increased in new media. According to the statistics released by
the China Internet Network Information Center, the number of Chinese Internet users
has reached 829 million, and the proportion of mobile users has reached 98.6% by De-
cember 2018. Besides, mobile social applications such as Weibo, WeChat, and QQ help
individuals to receive the latest rumors and publish their opinions on the Internet anytime
and anywhere. On the other hand, multiple rumors often spread widely after emergencies,
which will not only lead to public panics, but also endanger the public life and property.
For example, during the 2018 bus crash in Chongqing, China, a rumor of “female drivers’
retrograde leading to the accident” propagated widely on the Internet, causing many In-
ternet users to condemn the driver. After that, a rumor of “the accident is resulted from
the driver’s fatigue caused by going to karaoke” spread quickly and exacerbated the public
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panics. Therefore the propagation of multiple rumors in new media has deeply affected
the public life and social stability, and relevant research is of great significance.

The existing studies have made important breakthroughs in the propagation of single
rumor on the Internet. On the one hand, the propagation model has been paid much at-
tention. Pan et al. [2] and Zhao et al. [3] proposed a novel rumor-truth propagation model
to investigate how suppress the spread of rumors effectively with truth, meanwhile the
optimal control theory is often adopted to study the optimal control strategy of rumors
[4–6]. Huo et al. [7] introduced an I2SR model to study the influence of different activity of
nodes on rumor propagation. Hu et al. [8] constructed an SHAR model to investigate the
impact of individual with different attitudes on rumor dissemination. Shin et al. [9] applied
a text analysis method to study the evolution of misinformation on Twitter. Furthermore,
the classical SIR model is often modified considering different types of individuals, in-
cluding the ILSCR model [10], SIQR model [11], SIbInIu model [12], and SIRaRu model
[13]. On the other hand, the identification of influential factors of a single rumor has ob-
tained great progress. The impact of incubation on rumor propagation was analyzed in
[14]. Huo and Ma [15] proposed that short pulses or long incubation was beneficial to
eliminate rumors. Wang et al. [16] and Sahafizadeh et al. [17] investigated the potential
impact of group propagation on the evolution of the rumor. Ma and Zhu [18] proposed
the diversity of individual characteristics could decrease the evolution of the rumor. In
addition, stochastic SIR model was adopted to study the influence of environmental noise
[19], expert intervention [20], and network structure [21] on rumor propagation. More-
over, the studies on disease spread in complex network [22–26] and its control measures
[27–30] can provide reference for the investigations on rumor propagation and control.

Different from single-rumor propagation, multiple rumors may compete with each
other in the process of dissemination. Zan [31] constructed the DSIR model to study the
propagation of two irrelevant rumors with different occurrence time. Liu et al. [32] sug-
gested that the state transformation probability of dual competitive information had im-
portant impact on evolution results. Meanwhile, the influence of individual’s characteris-
tics such as behavioral differences [33] and group psychology [34] on the dissemination of
dual competitive information was investigated. Zhu et al. [35] constructed a novel DMCU
model to study the competitive dissemination between original false information and up-
dated information. Zhang and Zhu [36] constructed I2S2R rumor propagation model and
analyzed its stability in homogeneous and heterogeneous networks. Trpevski et al. [37]
proposed that the nodes always give priority to spreading more attractive rumors. Jie et
al. [38] proposed that two rumors can accelerate or inhibit the propagation of each other
under certain conditions. Vosoughi et al. [39] suggested that false information could dis-
seminate faster.

However, there are often two rumors which promote each other in real cases, and their
widespread spread is an important factor for the emergence of secondary crisis. For ex-
ample, in the 2019 explosion at Xiangshui Chemical Plant in Jiangsu Province, China, ru-
mors of “toxic chemical explosives polluting air and water” and “eighteen firefighters died
from inhaling carcinogenic gases” dominated the spread of public panics, and individuals
were more likely to believe the other one if they believed one of these rumors. Differ-
ent from the complete competition between two rumors [31–37], Myers and Leskovec
[40] studied the interaction of multiinformation with both competition and cooperation
based on statistical models. Zhuang et al. [41] studied the cooperative and competitive
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dissemination of two informations based on SIR model; Zhang et al. [42] combines the
Lotka–Volterra competition model with the cooperation model to study the coexistence
conditions of multiinformation. Moreover, the work [40] mainly investigated how the in-
teraction between multiinformation affected the spreading probability of spreaders with
real data from Twitter, and the states of Internet users were limited between “uninfected”
and “infected”. The competition from the work [41] was depicted as the information 1
and information 2 competing for the attention of ignorants, but the spreaders had no in-
teraction in this situation; in contrast, the spreaders exchanged each other according to
their personal interests when information 1 cooperated with information 2. The model
of [42] only studied the stability and coexistence conditions of multiinformation. Differ-
ent from the works [40–42], individuals may believe or disseminate two rumors that are
highly similar in content. Our motivation is to explore the influence of mutual promotion
between two rumors on its evolution. We proposed a 3SI3R model, in which individuals
could spread two rumors simultaneously to study the influence of mutual promotion on
the propagation dynamics of two rumors. Besides, our model assumes that the spread-
ers of one rumor are more likely to propagate another rumor than ignorants. Therefore
we introduced the mutual promotion coefficient for the transmission probability between
ignorants and different spreaders, which leads to some different properties that have not
been studied by former researchers.

The rest of this paper is arranged as follows. The problem description is provided in
Sect. 2. In Sect. 3, we propose a 3SI3R model to investigate the dissemination dynamics
of two rumors with mutual promotion. Then, in Sect. 4, we derive the stability and the
influence of the mutual promotion on the final size of two rumors in the proposed model.
In Sect. 5, by numerical simulations we investigate the impact of factors, that is, the mutual
promotion, occurrence time differences, and the forgetting rate, on the propagation of the
two rumors. Finally, conclusions are given in Sect. 6.

2 Problem description
The development trend of Internet users in China can be obtained through collecting the
authoritative statistics released by the China Internet Network Information Center (CN-
NIC) from 2008 to 2018, as shown in Fig. 1. We find that the total number of Internet users
in China increases year by year, and the proportion of mobile users also shows an obvious
growth, namely, mobile users have gradually played a dominant role in public opinion. In-
formation is easy to be modified and shared on mobile social applications and results in a
variety of information spreading in social network. Rumors are no exception. A variety of
rumors often spread widely after emergencies, such as the 2018 bus crash in Chongqing,
China, and the 2019 explosion at Xiangshui Chemical Plant in Jiangsu Province, China,
described above. In view of this, the propagation law of rumors has been paid much at-
tention. The papers related to the dissemination of two rumors during 2010 to 2019 are
obtained from Web of Science, as shown in Fig. 2. It is obvious that the research trend of
two-rumor propagation is increasing year by year.

In recent years, mobile Internet has gradually become the most popular medium of ru-
mor propagation. The new characteristics of rumor propagation in new media are demon-
strated as follows. (1) Diversity. Taking into account the differences of individual’s cogni-
tion and education, different individuals often hold different opinions and attitudes toward
emergencies, which results in the diversity of rumor content [32]. (2) Directivity. The pub-
lic opinions often demonstrate the phenomenon of “one-sided” or “hostile” in new media.
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Figure 1 The development trend of Internet users in China

Figure 2 The research trend of two rumors

Therefore many kinds of rumors may promote or compete with each other [38]. (3) Rapid
dissemination [43]. The propagation of rumors has broken through the limitations of time
and space with the widespread popularity of mobile applications, causing its influence to
exacerbate infinitely in a short time. (4) Occurrence time differences [31]. In the early pe-
riod after emergencies, information about the event is relatively scarce, and thus various
rumors emerge rapidly. With the publication of official investigation results, new rumors
continue to emerge. (5) Easy to be forgotten. Compared with the traditional media, the
public is exposed to more information in new media. As a result, they are more likely to
forget or shift their focus [43]. Different from the traditional media, the propagation of
rumors in new media is more complex and leads to the public opinion crisis more difficult
to be controlled. Therefore it is necessary to study the dissemination law of rumors in new
media.

The propagation of two rumors with competition has been extensively studied [31–37].
However, the propagation of two rumors with mutual promotion is beneficial to aggra-
vate the public opinion crisis. As is mentioned before, the widespread dissemination of
two rumors with mutual promotion exacerbated the public panics in the 2019 explosion
at Xiangshui Chemical Plant in Jiangsu Province, China. The mutual promotion between
two diseases could be interpreted that individuals infected with one disease are more sus-
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Figure 3 Behaviors of different individuals in new media

ceptible to another virus than susceptible individuals, and individuals can be infected with
two diseases [44]. According to [45], the whole population of disease infection had been
divided into three states, including “uninfected”, “infected”, and “immune”. The uninfected
individuals may turn into infected individuals due to contact, and the infected individu-
als may change into immune individuals because of contacting with immune individuals
and receiving relevant treatment. Similarly, the whole population of rumor propagation
could be divided into ignorants, spreaders, and stiflers. Ignorants may become spreaders
when they hear a rumor, and spreaders may turn into stiflers due to contact. Considering
the similarity between rumor propagation and disease infection, the mutual promotion
between two rumors can be interpreted so that individuals may disseminate both of two
rumors. Specifically, for two rumors that are highly relevant in content and easy to trig-
ger the same psychological reaction or the similar behavior of the public, individuals who
spread one rumor are more likely to disseminate another rumor than ignorants. On such
a basis, behaviors of different individuals are demonstrated in Fig. 3. Individuals are ex-
posed to more rumors because of their more convenient contact with each other in new
media, causing the state transmission between them, as shown in Fig. 4.

To sum up, the problem to be solved is demonstrated as follows: What is the propagation
law of two rumors with mutual promotion? What are the effects of important factors,
that is, the mutual promotion, occurrence time differences, and the forgetting rate, on the
propagation of two rumors in new media?

3 The 3SI3R model
Considering the characteristics of rumors propagation in new media, the diversity is de-
scribed with many kinds of rumors [36], and the directivity is demonstrated with the in-
teraction between different rumors [38]. Compared with the traditional media, people
are more closely related, and the average degree of social network increases in new media,
which is conducive to accelerating rumor propagation. Therefore the average degree of
social network is used to characterize the rapid dissemination of rumors [43]. The initial
number of spreaders of earlier rumor is over the later rumor, and the occurrence time
differences of rumors are depicted with the initial proportion of spreaders [46]. The for-
getting rate of individuals indicates that rumors are easy to be forgotten [43].



Wang et al. Advances in Difference Equations        (2020) 2020:109 Page 6 of 19

Figure 4 The state transmission of different individuals due to contact

3.1 Model assumptions
There are often a variety of rumors spreading in new media. Considering the complexity
of rumors propagation, some assumptions are introduced as follows:

Assumption 1 According to the content differences of rumors, many kinds of rumors can
be clustered into two rumors with mutual promotion, namely rumor 1 and rumor 2.

Considering the mutual promotion between rumor 1 and rumor 2, when a spreader
of rumor 1 contacts a spreader of rumor 2, the former one is likely to disseminate both
rumor 1 and rumor 2, and vice versa. Individuals will be skeptical about another rumor
if the government effectively clarifies one of the two rumors. For example, in the 2019
explosion at Xiangshui Chemical Plant in Jiangsu Province, China, the local government
declared that water was not polluted and air pollution was within the allowable range.
As one of two rumors was clarified, individuals naturally became skeptical about another
rumor. Thus Assumptions 2–3 are given as follows.

Assumption 2 The spreaders of rumors can simultaneously propagate rumor 1 and ru-
mor 2 in new media, and they will be skeptical about another rumor and turn into hesitate
state if they understand the falsity of one rumor.

Assumption 3 According to the individual’s reaction to rumor 1 and rumor 2, the whole
population is divided into seven groups with ignorant (I), spreader 1 (S1), spreader 2 (S2),
spreader 3 (S3), stifler 1 (R1), stifler 2 (R2), and stifler 3 (R3).

Ignorants are composed of individuals who have never heard of rumors. Spreaders 1 and
spreaders 2 comprise individuals who only propagate rumor 1 or rumor 2, respectively.
However, spreaders 3 are those who simultaneously disseminate rumor 1 and rumor 2.
Stiflers 1 consist of individuals who have heard of rumor 1 but only no longer spread it,
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which is similar to stiflers 2. Stiflers 3 are those who have heard of both rumor 1 and rumor
2 but will not spread them anymore. The proportion of ignorants, spreaders 1, spreaders
2, spreaders 3, stiflers 1, stiflers 2, and stiflers 3 at time t must satisfy the normalization
condition I + S1 + S2 + S3 + R1 + R2 + R3 = 1.

Assumption 4 The interaction of two rumors occurs in an open social system, a is the in-
flow rate of ignorants due to birth, μ indicate the outflow rate of each of the seven groups
due to disease and death. There are often no birth policy changes or major disasters dur-
ing rumors propagation, and thus the inflow and outflow rates can be regarded as equal,
namely a = μ, a,μ ∈ [0, 1] [46].

3.2 Model formulation
The propagation rules of two rumors with mutual promotion are demonstrated as fol-
lows according to those with competition in [36]. When an ignorant contacts spreaders
1 (spreaders 2 or spreaders 3), the former one may become a spreader 1 (spreader 2 or
spreader 3) with certain probability. The spreaders 1 may become stiflers 1 due to forget-
ting mechanism, and the spreader 1 may turn into stifler 1 with certain probability when a
spreader 1 contacts a stifler 1. The relationship between spreaders 2 and stiflers 2 is sim-
ilar. In addition, the spreader 3 may become a stifler 1 with some probability and turn
into hesitant to rumor 2 when a spreader 3 contacts a stifler 1. The relationship between
spreaders 3 and stiflers 2 is similar. Moreover, the spreaders 3 may turn into stiflers 3 due
to forgetting mechanism, and when a spreader 3 contacts a stifler 3, the spreader 3 may
become stifler 3 with certain probability. Spreaders 1 may turn into stiflers 3 with certain
probability when spreaders 1 contact with stiflers 3. The relationship between spreaders 2
and stiflers 3 is similar. Stiflers 1 and stiflers 2 may turn into stiflers 3 due to government
interventions. Finally, spreaders 1 may become spreaders 3 with certain probability when
spreaders 1 contact the spreaders of rumor 2 (the sum of spreaders 2 and spreaders 3).
The relationship between spreaders 2 and the spreaders of rumor 1 is similar (the sum of
spreaders 1 and spreaders 3).

Therefore we propose a 3SI3R model of two rumors with mutual promotion according
to the 2SI2R model [46], as shown in Fig. 5, where the involved parameters are shown in
Table 1, and the range of values of all parameters is [0, 1]. Considering the mutual promo-
tion between two rumors, spreaders 1 are more likely to disseminate rumor 2 than igno-
rants, and vice versa. According to the infection of two diseases in [44], we set β1 = ελ2

and β2 = ελ1, where ε > 1 is determined as the mutual promotion coefficient. This means
that individuals who believe one rumor are less likely to believe another rumor than ig-
norants if 0 < ε ≤ 1, that is, the two rumors are competitive. Two rumors spread indepen-
dently without interference if ε = 0. Further, Myers [40] proposed that individuals are more
likely to adopt and share the information if they receive multiple information that is highly
relevant in content. Therefore, compared with the transmission probability between igno-
rants and single-rumor spreaders, the transmission probability has to satisfy the condition
λ1,λ2 < λ3 when ignorants contact with spreaders 3. The transmission probability is used
to characterize the attraction of rumor [47]. On such a basis, the attraction of two highly
similar rumors to ignorants is at least max{λ1,λ2} when the attraction of rumor 1 and
rumor 2 is demonstrated by λ1 and λ2, respectively. Considering that the direct transfor-
mation of I → S3 is equivalent to the superposition of the mutual promoted propagation of
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Figure 5 The 3SI3R model of two rumors with
mutual promotion in new media

Table 1 The involved parameters and their definition in the 3SI3R model

Parameters Definition Parameters Definition

λ1 The transmission probability of ignorants
turning into spreaders 1 due to contacts

γ1 The transmission probability of spreaders 1
turning into stiflers 1 due to contacts

λ2 The transmission probability of ignorants
turning into spreaders 2 due to contacts

γ2 The transmission probability of spreaders 2
turning into stiflers 2 due to contacts

λ3 The transmission probability of ignorants
turning into spreaders 3 due to contacts

α1 The transmission probability of spreaders 3
turning into stiflers 1 due to contacts

β1 The transmission probability of spreaders 1
turning into spreaders 3 due to contacts

α2 The transmission probability of spreaders 3
turning into stiflers 2 due to contacts

β2 The transmission probability of spreaders 2
turning into spreaders 3 due to contacts

α3 The transmission probability of spreaders 3
turning into stiflers 3 due to contacts

δ1 The forgetting rate of spreaders 1 turning
into stiflers 1

σ1 The transmission probability of spreaders 1
turning into stiflers 3 due to contacts

δ2 The forgetting rate of spreaders 2 turning
into stiflers 2

σ2 The transmission probability of spreaders 2
turning into stiflers 3 due to contacts

δ3 The forgetting rate of spreaders 3 turning
into stiflers 3

η1 The transmission probability of stiflers 1
turning into stiflers 3

k The average degree of the homogenous
network

η2 The transmission probability of stiflers 2
turning into stiflers 3

I → S1 → S3 and I → S2 → S3, and thus λ3 = ε2 · max{λ1,λ2} = ε2[|λ1 – λ2| + (λ1 + λ2)]/2.
The repeated dissemination of similar information can make the individual’s memories
more memorable according to the memory manipulation model [48]. Therefore the for-
getting rate of spreaders 3 is smaller than that of spreaders 1 and spreaders 2, that is,
δ3 < δ1, δ2.

Based on the previous analysis, mean-field equations in homogeneous network are de-
scribed as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dI
dt = a – λ1IS1k – λ2IS2k – λ3IS3k – μI,
dS1
dt = λ1IS1k – γ1S1R1k – β1S1(S2 + S3)k – σ1S1R3k – δ1S1 – μS1,

dS2
dt = λ2IS2k – γ2S2R2k – β2S2(S1 + S3)k – σ2S2R3k – δ2S2 – μS2,

dS3
dt = λ3IS3k + β1S1(S2 + S3)k + β2S2(S1 + S3)k – α1S3R1k – α2S3R2k

– α3S3R3k – δ3S3 – μS3,
dR1
dt = γ1S1R1k + α1S3R1k – η1R1 + δ1S1 – μR1,

dR2
dt = γ2S2R2k + α2S3R2k – η2R2 + δ2S2 – μR2,

dR3
dt = σ1S1R3k + σ2S2R3k + α3S3R3k + η1R1 + η2R2 + δ3S3 – μR3,

(1)

where μI is the proportion of ignorants removed as a result of disease or death, and the
meanings of μS1, μS2, μS3, μR1, μR2, and μR3 are analogous; λ1IS1k denotes the propor-
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tion of ignorants turning into spreaders 1 due to contact in homogenous network, and
the meanings of λ2IS2k and λ3IS3k are analogous. Formula (1) has the initial conditions
I(0) > 0, S1(0) ≥ 0, S2(0) ≥ 0, S3(0) ≥ 0, R1(0) ≥ 0, R2(0) ≥ 0, and R3(0) ≥ 0, and according
to [7, 12], its solution exists in the closed positive octant Ω = [(I, S1, S2, S3, R1, R2, R3) ∈R

6
+;

I + S1 + S2 + S3 + R1 + R2 + R3 = 1] since its right side is Lipschitz continuous in Ω .

4 Stability analysis
Let the right end of formula (1) equal zero. Then the rumor-free equilibrium point
E0(1, 0, 0, 0, 0, 0, 0) is obtained. Further, the propagation threshold R0 is an important pa-
rameter for determining whether or not the rumor can be diffused [49]. According to
[50, 51], we define X = (S1, S2, S3, I, R1, R2, R3) to calculate R0. Let F̄(X) be the probability
of appearance of new spreaders in each state, and let V̄ (X) be the transmission probability
of individuals into each state. Thus formula (1) can be expressed as dX/dt = F̄(X) – V̄ (X),
where

F̄(X) = (λ1IS1k̄,λ2IS2k̄,λ3IS3k̄, 0, 0, 0, 0)T ,

V̄ (X) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

γ1S1R1k̄ + β1S1(S2 + S3)k̄ + σ1S1R3k̄ + δ1S1 + μS1
γ2S2R2k̄ + β2S2(S1 + S3)k̄ + σ2S2R3k̄ + δ2S2 + μS2

–β1S1(S2 + S3)k̄ – β2S2(S1 + S3)k̄ + α1S3R1k̄ + α2S3R2k̄ + α3S3R3k̄ + δ3S3 + μS3
–a + λ1IS1k̄ + λ2IS2k̄ + λ3IS3k̄ + μI

–γ1S1R1k̄ – α1S3R1k̄ + η1R1 – δ1S1 + μR1
–γ2S2R2k̄ – α2S3R2k̄ + η2S2 – δ2S2 + μR2

–σ1S1R3k̄ – σ2S2R3k̄ – α3S3R3k̄ – η1R1 – η2R2 – δ3S3 + μR3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Then the Jacobian matrices corresponding to F̄(X) and V̄ (X) at E0 are calculated as

DF̄(E0) =

[
F 0
0 0

]

7×7

and DV̄ (E0) =

[
V 0
A B

]

7×7

,

where

F =

⎡

⎢
⎣

λ1k̄ 0 0
0 λ2k̄ 0
0 0 λ3k̄

⎤

⎥
⎦ , V =

⎡

⎢
⎣

δ1 + μ 0 0
0 δ2 + μ 0
0 0 δ3 + μ

⎤

⎥
⎦ ,

A =

⎡

⎢
⎢
⎢
⎣

λ1k̄ λ2k̄ λ3k̄
–δ1 0 0
0 –δ2 0
0 0 –δ3

⎤

⎥
⎥
⎥
⎦

, B =

⎡

⎢
⎢
⎢
⎣

μ 0 0 0
0 η1 + μ 0 0
0 0 η2 + μ 0
0 –η1 –η2 μ

⎤

⎥
⎥
⎥
⎦

.

Thus

R0 = ρ
(
FV –1) = max

{
λ1k̄

(δ1 + μ)
,

λ2k̄
(δ2 + μ)

,
λ3k̄

(δ3 + μ)

}

=
λ3k̄

(δ3 + μ)
=

ε2k̄[|λ1 – λ2| + (λ1 + λ2)]
2(δ3 + μ)

.
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Theorem 1 If 1 < ε ≤
√

2(δ3 + μ)/k̄[|λ1 – λ2| + (λ1 + λ2)], then E0(1, 0, 0, 0, 0, 0, 0) is locally

asymptotically stable, and if ε >
√

2(δ3 + μ)/k̄[|λ1 – λ2| + (λ1 + λ2)], then E0(1, 0, 0, 0, 0, 0, 0)
is unstable.

Proof The Jacobian matrix of Eq. (1) at E0(1, 0, 0, 0, 0, 0, 0) is

J(E0) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

–μ –λ1k –λ2k –λ3k 0 0 0
0 λ1k – �1 0 0 0 0 0
0 0 λ2k – �2 0 0 0 0
0 0 0 λ3k – �3 0 0 0
0 δ1 0 0 –η1 – μ 0 0
0 0 δ2 0 0 –η2 – μ 0
0 0 0 δ3 η1 η2 –μ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2)

where �1 = δ1 + μ, �2 = δ2 + μ, �3 = δ3 + μ.
Further, the characteristic equation of the matrix J(E0) is

∣
∣J(E0) – qE

∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

–μ – q –λ1k –λ2k –λ3k 0 0 0
0 λ1k – �1 – q 0 0 0 0 0
0 0 λ2k – �2 – q 0 0 0 0
0 0 0 λ3k – �3 – q 0 0 0
0 δ1 0 0 –η1 – μ – q 0 0
0 0 δ2 0 0 –η2 – μ – q 0
0 0 0 δ3 η1 –η2 –μ – q

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (–μ – q)2(–η1 – μ – q)(–η2 – μ – q)(λ1k – �1 – q)(λ2k – �2 – q)(λ3k – �3 – q). (3)

Thus the characteristic roots are q1 = q2 = –μ, q3 = –η1 – μ, q4 = –η2 – μ, q5 = λ1k –
�1, q6 = λ2k – �2, and q7 = λ3k – �3. According to the Routh–Hurwitz stability criterion
[52], the characteristic roots are negative, and E0(1, 0, 0, 0, 0, 0, 0) is locally asymptotically

stable if R0 ≤ 1, that is, 1 < ε ≤
√

2(δ3 + μ)/k̄[|λ1 – λ2| + (λ1 + λ2)]. However, some of the
characteristic roots are positive, and E0(1, 0, 0, 0, 0, 0, 0) is unstable if R0 > 1, that is, ε >√

2(δ3 + μ)/k̄[|λ1 – λ2| + (λ1 + λ2)]. �

Theorem 2 If 1 < ε ≤
√

2(δ3 + μ)/k̄[|λ1 – λ2| + (λ1 + λ2)], then E0(1, 0, 0, 0, 0, 0, 0) is glob-
ally asymptotically stable.

Proof Let us consider the Lyapunov function L(t) = k1S1(t) + k2S2(t) + k3S3(t), where k1 =
k2 = M/�1�2�3, k3 = 1/�1�2�3, and M ≥ 1 is a large enough positive integer. Further,
we can illustrate the function of L′(t) as follows:

L′(t) =
M

�1�2�3

dS1

dt
+

M
�1�2�3

dS2

dt
+

1
�1�2�3

dS3

dt

=
M

�1�2�3
(λ1IS1k – γ1S1R1k – β1S1S2k – β1S1S3k – σ1S1R3k – �1S1)

+
M

�1�2�3
(λ2IS2k – γ2S2R2k – β2S2S1k – β2S2S3k – σ2S2R3k – �2S2)
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+
1

�1�2�3

(
λ3IS3k + β1S1(S2 + S3)k + β2S2(S1 + S3)k

– α1S3R1k – α2S3R2k – α3S3R3k – �3S3
)

=
M

�2�3

(
λ1IS1k

�1
–

�1S1

�1

)

+
M

�1�3

(
λ2IS2k

�2
–

�2S2

�2

)

+
1

�1�2

(
λ3IS3k

�3
–

�3S3

�3

)

–
M

�1�2�3
(γ1S1R1k + σ1S1R3k + γ2S2R2k + σ2S2R3k)

–
1

�1�2�3
(α1S3R1k + α2S3R2k + α3S3R3k)

–
M – 1

�1�2�3
(β1S1S2k + β1S1S3k) –

M – 1
�1�2�3

(β2S2S1k + β2S2S3k)

≤ M
�2�3

(
λ1Ik
�1

– 1
)

+
M

�1�3

(
λ2Ik
�2

– 1
)

+
1

�1�2

(
λ3Ik
�3

– 1
)

–
M

�1�2�3
(γ1R1k + σ1R3k + γ2R2k + α3R3k)

–
1

�1�2�3
(α1R1k + α2R2k + α3R3k)

–
M – 1

�1�2�3
(β1S1S2k + β1S1S3k + β2S2S1k + β2S2S3k)

≤ M
�2�3

(
λ1k
�1

– 1
)

+
M

�1�3

(
λ2k
�2

– 1
)

+
1

�1�2

(
λ3k
�3

– 1
)

–
M

�1�2�3
(γ1R1k + σ1R3k + γ2R2k + α3R3k)

–
1

�1�2�3
(α1R1k + α2R2k + α3R3k)

–
M – 1

�1�2�3
(β1S1S2k + β1S1S3k + β2S2S1k + β2S2S3k). (4)

Therefore, for all 0 ≤ S1(t), S2(t), S3(t), R1(t), R2(t), R3(t) ≤ 1, R0 ≤ 1, and λ3k ≤ �3 if
1 < ε ≤

√

2(δ3 + μ)/k̄[|λ1 – λ2| + (λ1 + λ2)], then the third term on the right end of the in-
equality is less than or equal to 0. Since λ1,λ2 < λ3 and δ1, δ2 > δ3, we have �1,�2 > �3 and
λ1k < �1, λ2k < �2. Thus the first and second terms on the right end of the inequality are
less than 0. If M ≥ 1 is a sufficiently large positive integer, then the last three terms of the
right end of the inequality are also less than or equal to 0, and thus we derive L′(t) ≤ 0.
According to the LaSalle invariance principle [53], E0(1, 0, 0, 0, 0, 0, 0) is globally asymp-
totically stable. �

Theorem 3 If ε > 1, then the final sizes of two rumors are R(∞) = 1 – I(0)e–C and
dR(∞)/dε > 0, where C = ε2 k̄(I(0)–I(∞)+I(0)S3(0))[|λ1–λ2|+(λ1+λ2)]

2I(0)(δ3+μ) + λ1 k̄
δ1+μ

S1(0) + λ2 k̄
δ2+μ

S2(0).

Proof Rumors will eventually die out during the propagation process [51], that is, S1(∞) =
S2(∞) = S3(∞) = 0. The propagation of two rumors reaches stable state with I , R1, R2, and
R3 left. The final size of two rumors is R(∞) = R1(∞) + R2(∞) + R3(∞) = 1 – I(∞), which
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demonstrates the overall situation of rumors. The final size of ignorants involves R0 and
the matrix V [54], and thus

ln
I(0)

I(∞)
= R0

I(0) – I(∞)
I(0)

+ [λ1k̄,λ2k̄,λ3k̄]V –1[S1(0), S2(0), S3(0)
]T

= R0
I(0) – I(∞)

I(0)
+ [λ1k̄,λ2k̄,λ3k̄]

⎡

⎢
⎣

1
δ1+μ

0 0
0 1

δ2+μ
0

0 0 1
δ3+μ

⎤

⎥
⎦

⎡

⎢
⎣

S1(0)
S2(0)
S3(0)

⎤

⎥
⎦

=
ε2k̄(I(0) – I(∞) + I(0)S3(0))[|λ1 – λ2| + (λ1 + λ2)]

2I(0)(δ3 + μ)

+
λ1k̄

δ1 + μ
S1(0) +

λ2k̄
δ2 + μ

S2(0). (5)

Let C = ε2 k̄(I(0)–I(∞)+I(0)S3(0))[|λ1–λ2|+(λ1+λ2)]
2I(0)(δ3+μ) + λ1k̄

δ1+μ
S1(0) + λ2k̄

δ2+μ
S2(0). Then R(∞) = 1 –

I(0)e–C , and the relationship between R(∞) and ε is calculated as

dR(∞)
dε

=
εk̄I(0)e–C(I(0) – I(∞) + I(0)S3(0))[|λ1 – λ2| + (λ1 + λ2)]

I(0)(δ3 + μ)
> 0. (6)

Therefore the final size of two rumors is positively related to the mutual promotion. �

Theorem 4 If 0 < ε ≤ 1, then the final size of two rumors is R̃(∞) = 1 – I(0)e–N , where
N = R̃0

I(0)–I(∞)
I(0) + λ1k̄

δ1+μ
S1(0) + λ2 k̄

δ2+μ
S2(0) + ε2 k̄[–|λ1–λ2|+(λ1+λ2)]

2(δ3+μ) S3(0).

Proof The propagation threshold of the 3SI3R model with two competitive rumors is
R̃0 = max{λ1k̄/(δ1 + μ),λ2k̄/(δ2 + μ),λ3k̄/(δ3 + μ)}. The attraction of rumor 1 and rumor
2 is demonstrated by λ1 and λ2, respectively [38]. Then the attraction of two rumors with
competition to ignorants is at most min{λ1,λ2}. Considering that the direct transformation
of I → S3 is equivalent to the superposition of the competitive propagation of I → S1 → S3

and I → S2 → S3, and thus λ3 = ε2 ·min{λ1,λ2} = ε2[–|λ1 –λ2|+ (λ1 +λ2)]/2. The propaga-
tion threshold is R̃0 = max{λ1k̄/(δ1 + μ),λ2k̄/(δ2 + μ), ε2k̄[–|λ1 – λ2| + (λ1 + λ2)]/2(δ3 + μ)}.
The final size of ignorants involves R̃0 and the matrix Ṽ [54], where Ṽ = V , and thus

ln
I(0)

I(∞)
= R̃0

I(0) – I(∞)
I(0)

+ [λ1k̄,λ2k̄,λ3k̄]Ṽ –1[S1(0), S2(0), S3(0)
]T

= R̃0
I(0) – I(∞)

I(0)
+ [λ1k̄,λ2k̄,λ3k̄]

⎡

⎢
⎣

1
δ1+μ

0 0
0 1

δ2+μ
0

0 0 1
δ3+μ

⎤

⎥
⎦

⎡

⎢
⎣

S1(0)
S2(0)
S3(0)

⎤

⎥
⎦

= R̃0
I(0) – I(∞)

I(0)
+

λ1k̄
δ1 + μ

S1(0) +
λ2k̄

δ2 + μ
S2(0)

+
ε2k̄[–|λ1 – λ2| + (λ1 + λ2)]

2(δ3 + μ)
S3(0). (7)

Let N = R̃0
I(0)–I(∞)

I(0) + λ1k̄
δ1+μ

S1(0) + λ2 k̄
δ2+μ

S2(0) + ε2 k̄[–|λ1–λ2|+(λ1+λ2)]
2(δ3+μ) S3(0). Then R̃(∞) = 1 –

I(0)e–N . �
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Theorem 5 If ε = 0, then the final size of two rumors is


R(∞) = 1 – I(0)e–D, where D =
max{ λ1 k̄

δ1+μ
, λ2k̄

δ2+μ
} · I(0)–I(∞)

I(0) + λ1 k̄
δ1+μ

S1(0) + λ2 k̄
δ2+μ

S2(0).

Proof The propagation threshold of the 3SI3R model is


R0 = max{λ1k̄/(δ1 + μ),
λ2k̄/(δ2 + μ)} when two rumors spread independently. The final size of ignorants involves


R0 and the matrix


V [54], where



V =

[
δ1 + μ 0

0 δ2 + μ

]

,

and thus

ln
I(0)

I(∞)
=



R0
I(0) – I(∞)

I(0)
+ [λ1k̄,λ2k̄]



V
–1[

S1(0), S2(0)
]T

=


R0
I(0) – I(∞)

I(0)
+ [λ1k̄,λ2k̄]

[
1

δ1+μ
0

0 1
δ2+μ

][
S1(0)
S2(0)

]

= max

{
λ1k̄

δ1 + μ
,

λ2k̄
δ2 + μ

}

· I(0) – I(∞)
I(0)

+
λ1k̄

δ1 + μ
S1(0) +

λ2k̄
δ2 + μ

S2(0). (8)

Let D = max{ λ1k̄
δ1+μ

, λ2 k̄
δ2+μ

} · I(0)–I(∞)
I(0) + λ1k̄

δ1+μ
S1(0) + λ2 k̄

δ2+μ
S2(0). Then



R(∞) = 1 – I(0)e–D. �

Theorem 6 The final size of two rumors R(∞) > R̃(∞) ≥ 

R(∞).

Proof Suppose ε1 > 1 and 0 < ε2 ≤ 1, and let �̂1 = R(∞) – R̃(∞) = I(0)(e–N – e–C). Since

R̃0 = max

{
λ1k̄

δ1 + μ
,

λ2k̄
δ2 + μ

,
ε2

2 k̄[–|λ1 – λ2| + (λ1 + λ2)]
2(δ3 + μ)

}

< R0 =
ε2

1 k̄[|λ1 – λ2| + (λ1 + λ2)]
2(δ3 + μ)

and

ε2
2 k̄[–|λ1 – λ2| + (λ1 + λ2)]

2(δ3 + μ)
S3(0) ≤ ε2

1 k̄[–|λ1 – λ2| + (λ1 + λ2)]
2(δ3 + μ)

S3(0),

we have e–N > e–C , and thus �̂1 > 0 and R(∞) > R̃(∞). Therefore the final size of two
rumors with mutual promotion is over the final size of two rumors with competition.

Further, let �̂2 = R̃(∞) –


R(∞) = I(0)(e–D – e–N ). Since



R0 = max

{
λ1k̄

δ1 + μ
,

λ2k̄
δ2 + μ

}

≤ R̃0 = max

{
λ1k̄

δ1 + μ
,

λ2k̄
δ2 + μ

,
ε2

2 k̄[–|λ1 – λ2| + (λ1 + λ2)]
2(δ3 + μ)

}

and

ε2
2 k̄[–|λ1 – λ2| + (λ1 + λ2)]

2(δ3 + μ)
S3(0) ≥ 0,
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we have e–D ≥ e–N , and thus �̂2 ≥ 0 and R̃(∞) ≥ 

R(∞). Therefore the final size of two
rumors R(∞) > R̃(∞) ≥ 

R(∞). �

5 Numerical simulations
Considering that two rumors spread concurrently, it is advisable to set rumor 1 appear
earlier than rumor 2. Thus the initial proportion of spreaders 1 is greater than that of
spreaders 2, that is, S1(0) > S2(0). Individuals will simultaneously spread rumor 1 and ru-
mor 2 when spreaders 1 contact spreaders 2, and therefore spreaders 3 are converted from
spreaders 1 or spreaders 2 due to contact and S3(0) = 0. The initial proportion of each
group in the proposed model is set as I(0) = 0.990, S1(0) = 0.009, S2(0) = 0.001, S3(0) = 0,
R1(0) = 0, R2(0) = 0, R3(0) = 0. The parameters of the proposed model are derived from
[46] in order to compare with the results of two competitive rumors: a = μ = 0.0001,
λ1 = λ2 = 0.02, γ1 = γ2 = 0.02, α1 = α2 = α3 = 0.02, σ1 = σ2 = 0.02, and k = 20. Consider-
ing the efforts of the government to clean up the online environment, we set η1 = η2 = 0.1.
Based on the above parameters, six different scenarios are proposed to investigate the
influence of factors, that is, the mutual promotion, occurrence time differences, and for-
getting rate, on the propagation of two rumors. The relevant parameters in different sce-
narios are shown in Table 2, and the weak promotion between two rumors is set as the
basic scenario.

(1) The influence of the mutual promotion between two rumors.
The variation trend of the proportion of spreaders and stiflers in different mutual pro-

motion are shown in Fig. 6. (1) Rumor 1 and rumor 2 propagate independently in sce-
nario 1. The peak of the spreaders of rumor 1 is higher and the descent rate to fall back

Table 2 The value of parameters in different scenarios

Factors Scenarios ε λ3 β1 β2 δ1 δ2 δ3 S1(0) S2(0)

Basic scenario 1.2000 0.0288 0.0240 0.0240 0.0200 0.0200 0.0100 0.0090 0.0010

Mutual promotion
coefficient

Scenario 1 0.0000 0.0000 0.0000 0.0000 0.0200 0.0200 0.0100 0.0090 0.0010
Scenario 2 1.5000 0.0450 0.0300 0.0300 0.0200 0.0200 0.0100 0.0090 0.0010

Forgetting rate Scenario 3 1.2000 0.0288 0.0240 0.0240 0.0400 0.0400 0.0300 0.0090 0.0010
Scenario 4 1.2000 0.0288 0.0240 0.0240 0.0600 0.0600 0.0500 0.0090 0.0010

Occurrence time Scenario 5 1.2000 0.0288 0.0240 0.0240 0.0200 0.0200 0.0100 0.0080 0.0020
Scenario 6 1.2000 0.0288 0.0240 0.0240 0.0200 0.0200 0.0100 0.0070 0.0030

Figure 6 Proportion of spreaders and stiflers over time in different mutual promotion
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to zero is larger, while the peak of the spreaders of rumor 2 is lower but the descent rate
to fall back to zero is smaller. (2) The increase in the competition between two rumors
results in an obvious increase in the peak of the spreaders of more competitive rumor and
a decrease in the peak of the spreaders of less competitive rumor [46]. Different from the
propagation of two competitive rumors, the increase in the mutual promotion coefficient
helps to enhance the growth rate and the peak of the spreaders of rumor 1 and rumor 2
simultaneously and decrease the differences between their peaks. (3) The stiflers of rumor
1 and rumor 2 continue to increase until it reaches a steady state. Compared with scenario
1, the final size of the stiflers of rumor 1 and rumor 2 in the basic scenario and scenario 2
is larger, and the time to reach the steady state has an obvious advance. (4) The increase
in competition between two rumors helps to increase the final size of the stiflers of more
competitive rumors and decrease the final size of the stiflers of less competitive rumors.
However, the increase in the mutual promotion coefficient results in an obvious enlarge-
ment in the final size of the stiflers of rumor 1 and rumor 2 in scenario 1 and scenario 2.
Therefore the mutual promotion between two rumors not only accelerates the propaga-
tion of rumors, but also enlarges the final size of two rumors, and thus the government
and official media should promptly take interventions and weaken the mutual promotion
between rumors.

(2) The influence of the forgetting rate.
The variation trend of the proportion of spreaders and stiflers in different forgetting

rates is shown in Fig. 7. (1) The increase in forgetting rate can result in a decrease in the
peaks of the spreaders of rumor 1 and rumor 2. (2) The increase in forgetting rate helps
to decrease the final size of the stiflers of rumor 1 and rumor 2, and the time to reach the
steady state has a small advance. However, with the increase of forgetting rate, the time for
stiflers to reach the steady state when two rumors compete with each other [35] is short-
ened more than that of two rumors with mutual promotion, which is because the repeated
transmission of two rumors with mutual promotion deepens the public memory and re-
sults in forgetting rate less than that of two competitive rumors. Therefore the increase in
forgetting rate helps to decrease the final size of two rumors. Decision makers can release
effective information to clarify the rumors and promote the increase in forgetting rate,
thereby decreasing the impact of rumors.

(3) The influence of occurrence time differences.

Figure 7 Proportion of spreaders and stiflers over time in different forgetting rates
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Figure 8 Proportion of spreaders and stiflers over time in different occurrence time differences

The variation trend of the proportion of spreaders and stiflers in different occurrence
time differences are shown in Fig. 8. (1) As the occurrence time differences between two
rumors decreases, the peak of the spreaders of rumor 1 has a small increase, whereas the
peak of rumor 2 increases obviously, and the arrival time of the peak has a small advance.
Rumor 2 dies out faster with the decrease of occurrence time differences when two ru-
mors compete with each other [46]. However, the decrease in occurrence time difference
results in the widespread dissemination of rumor 1 and rumor 2 in this paper. (2) With the
decrease of occurrence time differences, the final size of the stiflers of rumor 1 has no ob-
vious change, whereas the final size of the stiflers of rumor 2 has a small increase. Namely,
the decrease of occurrence time differences can result in a small increase in the final size
of later rumor, and the overall situation of two rumors becomes more difficult to control.
Therefore the decision makers should formulate emergency plans in advance to prevent
the widespread propagation of rumors, which is caused by the continuous emergence of
various rumors with mutual promotion.

6 Conclusion
In this paper, we study the propagation of two rumors with mutual promotion in new
media. The mutual promotion between two rumors is first analyzed in emergency. Then
a 3SI3R model is constructed according to 2SI2R model, and the equilibrium point, its
stability, and the influence of the mutual promotion on the final size of two rumors in
the model are derived. Finally, numerical simulations are carried out to investigate the
influence of factors, that is, the mutual promotion, occurrence time differences, and the
forgetting rate, on the propagation of two rumors. The significant results can be illustrated
as follows. (1) The enhancement of mutual promotion between two rumors can not only
accelerate the propagation of two rumors, but also enlarge their final size. (2) The increase
in forgetting rate results in a decrease in the final size of two rumors. (3) The decrease of
the occurrence time differences between two rumors may lead to a small increase in the
final size of the later rumor, and the overall situation of two rumors becomes more difficult
to be controlled.

The contributions of our work are as follows. (1) Considering that individuals may be-
lieve or spread two similar rumors, a novel 3SI3R model is proposed to research the prop-
agation law of two rumors with mutual promotion. (2) The influence of the mutual pro-
motion on the final size of two rumors is derived. (3) Compared with the propagation of
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two rumors with competition, the influence of factors, that is, the mutual promotion, oc-
currence time differences, and the forgetting rate, on the propagation of two rumors are
analyzed considering the new characteristics, namely diversity, directivity, rapid dissem-
ination, occurrence time differences, and forgetting rate, of the propagation of rumors in
new media.

In fact, our work can be extended in several directions. On the one hand, it is natural to
extend our study to multiple routes of rumors spread in heterogeneous networks. Accord-
ing to [55], the whole spreaders of two rumors with mutual promotion are regarded as an
external virtual node that has connections with every other individual. The degree dis-
tribution of heterogeneous networks should be considered in 3SI3R model. On the other
hand, we can further investigate the optimal control of the propagation of two rumors
with mutual promotion and put forward the best time for government intervention. The
dynamics of a variety of rumors (more than two) is also worthy of further exploration.
Meanwhile, considering the spatial effects on disease spread [56–60], the spatial dynam-
ics of rumor spread also deserves further study.
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