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1 Introduction
We will discuss the solutions u# € C(I, X) of functional-integral equation of fractional order

H
u(t) = f(t, ult u(t) / 0 g(s = k(t,s,u(s)) ds,
tel=[0,1,0<y <1,

in the setting of measure of noncompactness (MNC) on real-valued bounded and contin-
uous Banach space. In particular, we also discuss

942~ H(E+2)

tilcos(|u(t)|)

t+
\S/Iu(t t
8(1+u®))(3) Jo V2= (1+5%)( 1+u2(s))

u(t) =

A >0,

and its solution in C(Z,R) (the space of all continuous mappings «: I = [0,1] — R).
Denote R and N as the set of real numbers, the set of natural numbers, respectively, and
*=[0,+00) and N* = N U {0}. Let (E, || - ||) be a real Banach space with zero element 6.

Let B(x,r) denote the closed ball centered at x with radius r. The symbol 5, stands for

the ball B(9,r). For X, a nonempty subset of E, we denote by X and Conv X the closure
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and the convex closure of X, respectively. Moreover, let us denote by M1 the family of
all nonempty bounded subsets of E and by 9 its subfamily consisting of all relatively
compact sets.

Definition 1.1 ([9]) A mapping u : Mg — R* is said to be a MNC in E if
(1°) the family ker . = {X € M : u(X) = 0} is nonempty and ker u C N,
2% X CY = uX) < u®),

)
(3% nX) = u(x),
(4°) u(ConvX) = u(X),
(59 pOAX+1-2Y)<iuX)+Q-1)u(Y) for » €[0,1],
(6°) if (X,,) is a decreasing sequence of nonempty, closed sets in Mg such that X,,,; C X,

(n=1,2,...) and if lim,_, o p(X,;) = 0, then the set Xo = (-, X,, is nonempty and
compact.

The family ker 1« defined in axiom (1°) is called the kernel of the MNC p.

One of the properties of the MNC is X, € ker u. Indeed, from the inequality p(Xs) <
w(X,) forn=1,2,3,..., we infer that u(X) = 0.

The Kuratowski MNC is the map « : Iz — R* with

a(Q) =inf{e>0:QC| JSwSk CE diam(S) <€ (ke N) f. (L1)
k=1

We denote fix(7T') as set of fixed points of 7.
In 1955, Darbo [10] used the notion of Kuratowski MNC, «, to prove fixed point theorem
(FPT) and generalized topological Schauder FPT [9] and classical Banach FPT [8].

Theorem 1.2 ([9]) Let X be a closed, convex subset of a Banach space E. Then every com-
pact, continuous map T : X — X has at least one fixed point.

We denote by £2 a nonempty, bounded, closed and convex subset of a Banach space E.

Theorem 1.3 ([10]) Let T : 2 — $2 be a continuous and ji-set contraction operator, that
is, there exists a constant k € [0, 1) with

w(TM) < k(M)
forany ¢ # M C 82; let u be the Kuratowski MNC on E, then fix(T) # ¢.

Various Darbo-type FPT and coupled theorems by using different types of control func-
tions arise (for instant, see [1-7, 10-12, 14-21, 23]). In this paper, we introduce a p-set
contraction operator using new control functions and establish some new fixed point re-
sult, a Krasnoselskii fixed point result, that generalizes the results in [1-3, 10, 12, 13].

2 Generalized Darbo-type fixed point theorems
We introduce the following notion as a generalization of a concept given in [22].

Definition 2.1 Let ®f be a family of all functions F : R* x R* — R such that:
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(®1) F is continuous and strictly increasing;

(®,) for each sequences {t,}, {s,} C R*, lim,,_, o0 £, = lim,_, o 5, = 0 & lim,,_, oo F(£,,,8,) =
—00.

I p denotes the set of pairs (G, B), where G: R* — Rand g : R* x R* — [0, 1), such that:
(IT,) for each sequence {t,} € R*, limsup,,_, ., G(¢,) > 0 < limsup,_, . & > 1;

(I1y) for the sequences {t,},{s,} S R*, limsup,_ . B(tysy) = 1 = lim, ., =
lim,,_, o0 5, = 0;
(IT3) for the sequences {£,}, {s,} CR*, > 02, G(B(tnrsn)) = —

Theorem 2.2 Let T': 2 — $2 is continuous operator. If there exist F € O, (G, ) € I1gg
and a continuous and strictly increasing mapping ¢ : Rt — R* such that u(TM) > 0 implies

F(u(TM), p(n(TM))) < F(u(M), p(1(M))) + G(B((M), ¢(11(M)))), (2.1)
forall ® # M C 2, where  is an arbitrary MNC, then fix(T) # 0.

Proof We start with the assumption 2o = £2 and define a sequence {£2,} by £, =
Conv(T'$2,), for n € N*. If u(£2,,) = 0 for some natural number #, € N, then £, is com-
pact. We have T(£2,,) € Conv(T'$2,,) = 24541 S 2. In Theorem 1.2 we have p(£2,) > 0,
for all # € N*. From (2.1) and (4°) of Definition 1.1,

F(11(8201), 0 (1(2011)))
= F(u(Conv(T$2,)), (1 (Conv(TR2,))))
= F(u(T2,), 9 ((T£2,)))
< F(11(82,), 0 (12(£2))) + G(B(11(820), 9 (12(52,1))))
< F(u(2u-1), 0(1(24-1))) + G(B(1(820), 0 (11(821))))
+ G(B(n(24-1), 0 (1(£2,-1))))

< F(u(820), ¢(11(520))) + ) G(B(1e(82:), 9 (11(£2)))))s

that is,

for all » € N.
By the properties of (G, B) € I1g g, F(1t(§2441), o(u(82,41))) — —00 as n — oo and by

(©,), we have

lim p(£2,) = lim @(u($2,)) =0.
n—00 n—0o0

From (6°) of Definition 1.1, 24 = ﬂ;ﬁl £2,, is anonempty, closed, convex set and 2o, < §2,,
foralln € N. Also T(£2) C §25 and £2. € ker u. Therefore, by Theorem 1.2, fix(T") # ¢. [

Page 3 0of 13
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Corollary 2.3 Let T : £2 — £2 is continuous operator. If there exist T >0, F € O, and a
continuous and strictly increasing mapping ¢ : R* — R* such that

w(TM)>0 = 7+ F(u(TM),¢(u(TM)) < F(u(M), ¢(1(M))) (2.3)
forall ¥ #M C 2, where  is an arbitrary MNC, then fix(T) # 0.

Proof If we consider G(£) =In¢ (£>0), B(t,s) =A € (0,1) and t = —InX > 0 in (2.1) of The-
orems 2.2, we have (2.3), and the result follows from Theorem 2.2. O

Corollary 2.4 Let T : 2 — $2 is continuous operator. If there exists a continuous and
strictly increasing mapping ¢ : R* — R* such that for 1 € (0,1)

w(IM)>0 = w(TM)+@(u(TM)) < A[pn(M) + o(n(M))] (2.4)
forall 9 # M C §2, where u is an arbitrary MNC. Then fix(T) # (.

Proof 1f we consider F(t,s) =In(t +s) (¢,s>0) and t = ln(%) (x €(0,1)) in (2.3) of Corol-
lary 2.3, we have condition (2.4). O

Proposition2.5 Let T : 2 — $2 is continuous operator. If there exist F € O, (G, B) € [1g g
and a continuous mapping ¢ : R* — R* such that diam(TM) > 0 implies
F(diam(TM), ¢ (diam(TM))) < F(diam(M), ¢(diam(M)))

+ G(B(diam(M), ¢ (diam(M)))) (2.5)
forall D #M C §2, then fix(T) # 9.

Proof Following the argument of Proposition 3.2 [12], Theorem 2.2 guarantees the ex-
istence of a T-invariant nonempty closed convex subset M with diam(M,) = 0, which
means that M is a singleton and therefore fix(7) # @.

Uniqueness. In order to get a contradiction we may suppose that there exist two different
fixed points { # & € £2, then we may define the set M := {¢,£}. In this case diam(M) =
diam(7'(M)) = || — ¢|| > 0. Then using (2.5)

F(diam(T(M)), ¢(diam(T(M)))) < F(diam(M), ¢ (diam(M)))

+ G(,B (diam(M), 10 (diam(M)))).

Therefore, G(B(diam(M), ¢(diam(M)))) > 0 and hence B(diam(M), ¢(diam(M))) > 1, which
is a contradiction, and hence & = ¢. O

A generalized classical fixed point result derived from Proposition 2.5 follows.

Corollary 2.6 Let T : 2 — 2 be an operator. It there exist F € O, (G,B) € Ilgp and
a continuous and strictly increasing mapping ¢ : R* — R* such that || Tu — Tv| > 0 im-
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plies

F(| Tu=Tv|, (I Tu—TvIl)) < F(llu—vil, o(lu—vll)) + G(B(lu—-vI,¢(lu—vl))) (2.6)
forallu,v e $2, then fix(T) # 0.

Proof Let p: Mg — R* be a set quantity defined by ©(£2) = diam £2, where diam 2 =
sup{|lu —v| : u,v € £2}, the diameter of £2. Therefore u is a MNC in a space E in the sense
of Definition 1.1, and from (2.6)

sup ||Tu—Tv|| >0

u,vef2

N F( sup || Tu - Tv||,¢)(sup T — Tv||>>

u,ves? u,ves?

= sup F(||Tu~Tv|l, ¢ (|| Tu ~ Tv])))

u,ves?

< sup [F(llu—vi,@(llu—vI)) + G(B(Ilu—vI,@(lu-vl)))]

u,ves2

=< F(sup llu=vil,¢( sup lu—v]))

u,ves u,ves?

+ G(ﬁ( sup ||u—VI|,§0( sup [|lu - "”)))’

u,ves2 u,ves2

that is, diam(7(£2)) > 0, which implies

F(diam(T'(£2)), ¢(diam(7T(£2)))) < F(diam(£2), ¢ (diam(£2))

+ G(B(diam(£2), ¢ (diam(£2)))).
Thus following Proposition 2.5, fix(T) # (. O

Corollary 2.7 Let (E, | - ||) be a Banach space and let $2 be a closed convex subset of E. Let
T, Ty : 82 — £2 be two operators satisfying the following conditions:
(D) (T1 + T1)(X) € 2, for X € £2;
(I) there exist F € O and (G, B) € Ilg g and a continuous and increasing mapping
¢ :R* = R* such that | Tyu — Tyv|| > 0 implies

F(ITu = Tl ¢ (I Thu = Tavll))
<F(llu=vl,e(lu—vl)) + GB(Ilu-vil¢(lu—vI))); (2.7)

(1) T, is a continuous and compact operator.
Then J :=T1 + Ty : 2 — §2 has a fixed point u € 2.

Proof Suppose M C £2 with a(M) > 0. Invoking the notion of a Kuratowski MNC,
for each 1 € N, there exist Cy,...,Cpy bounded subsets such that M < |J”% C; and
diam(C;) < (M) + L. Suppose that «(T1(M)) > 0. Since T1(M) C Ufz(ln) T1(C)), there ex-
ists ip € {1,2,...,m(n)} such that a(T;(M)) < diam(T1(C;,)). Using (2.7) the condition of
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T, with the discussed arguments, we have

F(a(Ty), ¢ (a«(T2(0D)))
< F(diam(T1(Cy)), ¢(diam(71(Cyy))))
< F(diam(C,), go(diam(C,»O)) +G(B (diam(CiO), (p(diam(Cio)))

< F(oz(M) + l,(p((x(M) + l)) + G<,B <oc(M) + 1,¢<a(M) + l))) (2.8)
n n n n

Passing to the limit in (2.8) as n — oo, we get

F(a(Ti(M)), ¢(a(T1(M)))) < F(aM), p(a(M))) + G(B(a(M), p(a(M)))).

Using hypothesis (III), we have, invoking the notion of «,

Fa(T (M), ¢(a(T M)
a(Ty(M) + To(00), @ (o (T (M) + To(M)) )
(M) + a(To(M)), ¢(a(T1(M)) + a(T2(M))))
a(T1 (M), ¢ («(T1(M))))
a(M), ¢((M))) + G(B(a(M), p(a(M)))).

=

(T,
§F(a(T1
(
E(

Thus by Theorem 2.2, fix(J) # @. O

3 Application

Let (X, || - ||) be a real Banach algebra and let the symbol C(/, X) stand for the space consist-
ing of all continuous mappings u : I = [0,1] — X and C,(J) for the space of positive real-
valued continuous function defined on I and C({) for the space of positive real-valued
continuous differential function defined on I. We will consider the existence of a solution
u € C(I,X) to the integral equation

40 (t, s, u(s)) ds,

Hu(t)
u(t) fL‘ (t) f(gt) gl (3.1)

tel=1[0,1,0<y <1.

Assume:
(A1) f:Ix X — X is a continuous mapping such that there exist F € O, (G, B) € I1gp
and a nondecreasing function ¢ : R* — R* such that
Hf(t, u)—f(t,v) || >0
= F(|few-f&v|e(lfew -f&v)))
<F(lu-vil,o(llu=vl)) + GB((Ilw—-vI,@(llu-vI)))). (3.2)

Also, there exist a function ¢, : R* — R* such that

If & w)| < o1 (llul)

Page 6 of 13
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and
Mo =sup{|¢1 ()| : t e R} <00

(A2) H is some operator acting continuously from the space C(Z, X) into itself and there
is an increasing function ¥ : R* — R* such that

[H@)| < v (llull).
(A3) The function k: 1 x I x R — R is continuous such that k(I x I x R,) C R, and
Ky = sup{|k(t,s,u(s))| :t,sel,ue C+(1)} <00

(A4) The function g: I — R, is C! and nondecreasing.

V1 ©OKoleW)-g ) _ 1

(As5) liminf,_, o TR D)

Theorem 3.1 Under assumptions (A1)—(Ag), Eq. (3.1) has at least one solution in the space
ue C(,X).

Proof Define an integral operator T: C(I,X) — C(I, X) by
Tu(t) = f (¢, u(t)) + Hu(t) Fu(t),

where

1 t g/(s)
r'(y) Jo () —gs)

Fu(t) = k(t, S, u(s)) ds.

We prove fix(T) # @.
Consider the two mappings T1, T : C(I,X) — C(I,X),

Tau(t) = f (&, u(?)),

Tou(t) = Hu(t) Fu(t),
where T = Ty + T,. It is easy to see that 7T is well defined. Now we show that T, is well
defined. Let ¢ > 0 be arbitrary and let u € C(I,X) be given and fixed and let 1,7, € 1

(without loss of generality assume that 1, > 11) and |, — 11| < € and ry = || u||. Then we
get

F()|[(Fu)(nz) - (Fu)(n)|

n2 /(S) (S)
[ g [ ot st
g g
" g Hms ) as- [ Wk(m,s,um)ds
n2 g’(s) )

k(m,s, u(s) ds — (tl,s, u(s)) ds

o (glm)-gls)r (fg(tz) -g(s)tr

Page 7 of 13
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" g (s)
o (g(n2)—gs) (g(tl) - gl

n2 g/(s) k k d
=), Tt — gy k(s s) = k(s ts) | ds

g
' /’71 (g(m2) — gl |k (1,5, u(s))| ds
m
‘)

k(nl,s, u(s) ds — (tb& M(S))

O {0
@) —g6)7  (gltr) — gD

’k(m,s, s)) ‘ ds.
Denote

a)(k,e)=sup{|k(t,s,u)—k(t’,s,u) 't t,

'| <€,u €[-ro,m0}.
Then

T ()| (Fu)(n2) = (Fu)(m)|

= 20 (glm) - 20 + “2 g0 - g0’
(gt - gte0))” = etan) - g0)” - (gl - gle))]
< 20 () -g0)” + 22 (el - gn))
sw(ﬁ’d( (1)-g(0))’ +—w<g
that is,
[P - ] = 5 (1) -gO) + 1ol

Using the notion of uniform continuity of the function & on the set I? x [—rg, o] and g on
the set I, we have w(k,€) — 0 and w(g,€) — 0 as € — 0, consequently Fu € C(I,X), and
thus Tou € C(I, X).

We prove that T, is a continuous operator. Fix v € C(I, X) and let ¢ > 0 be given. Since H
is some operator acting continuously from the space C(I, X) into itself, there exists §; > 0,
such that

Yu e C(I,X), (Ilu—vll <8, = ||Hu - Hv| < 81(8)),

for each t € I, we have

I ()| (Fu)) - (Fv)©)]

! g/(S) g’(s)
W}((f,s, M(S)) ds — \/0 Wk(t,s, V(S)) ds
(g t) g;l) 1-y ‘ (t S, M(S)) - k(t, S, V(S)) ’ ds

(g(l) £(0) )V
‘}/ 6

)

Page 8 of 13



Arab et al. Advances in Difference Equations (2020) 2020:12

where

Ks, = sup{ |k(t,s, u) — k(t,s, v)| chsellu—v| < 82}.

Thus

) -g0)

[(Fu) - (Fv)| < oD K

Also, we have

1t gs)
‘F
[(Fu)e)] < F(V)/o @@ - g6

|k(t,s, u(s)) | ds,

Ko(g(1) - g(0))”

K [* g6
d.
= r(m/o @0 —ge)r =

for all £ € I. Now if we put § = min{4;, 8,}, then for any u € C(Z, X) such that |lu —v| < §, by

the triangle inequality we obtain

| Tou(e) = Tov(0) | = || Hu(t) Fult) — Hv(@) F (o)
< ||Hu(t) — Hv(t) H ||.7-'u(t) || + ||Hv(t)|| ||}'u(t) — Fv(t) ||
(g(1) - g(0))"

. Ko(g(1) - g(0))”
=TT T+
Ko(g(1) - g(0))”

'y +1)
Ko(g(1) — g(0))”
'y +1)

=&

=< + =¢,

N ™
N ™

where

B I'(y +1)e

21+ Ko(g(1) - g0’

. I'(y +1)e '
2[1 + ¥ (llyD(g(1) - g(0))7]

€1

To prove T, is a compact operator. If B = {u € C(I,X) : |lu| < 1} is the open unit ball

of C(I,X), then we claim that T5(B) is a compact subset of C(Z,X). To see this, by the
Arzela—Ascoli theorem, we need only to show that T5(B) is an uniformly bounded and
equi-continuous subset of C(I, X). First we show that T5(B) = {Tu : u € B} is uniformly

bounded. By the conditions (A;) for any u € B,

| T2u®] = [Hu@ Fu@)| < |[Huo || Fu@)]

Ko(g(1) - g(0))”
I'(y+1)

< [Hul| |1 Full < y1(llul)

Ko(g(1) - g(0))”

<y (1) o+l

+ || Hy||

() -g0)”

5]

+ 1 (lyll)

— Y
oy () ED €O

&2

Page 9 of 13
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Hence, putting M := 9, (1) m’%/i_ff)w, we conclude that T5(B) is uniformly bounded. Now

we show that 75 (B) is an uniformly equi-continuous subset of C(I, X). To see this, let # € B
be arbitrary, and let ¢ > 0. Since Hu and Fu are uniformly continuous, there exist some
81(€),82(¢) > 0 such that

Vnumel,  (Ina—ml<8i(e) = |Hu(n) — Hu(m)| < &1),

Ynumel,  (Ina—ml<8x(e) = | Fulnz) - Fulm)| < e2).
Let 5(e) = min{81(¢), 82(¢), €1, €2}, where the given ¢; and &, depend on ¢. Therefore, if
N1, N2 € I satisfies 0 <y — 1y <8(¢) and x € B,

| Tou(na) — Tou(m) | = | Hu(nz) Fu(nz) — Hu(ny) Fuln) ||

< || Hu(nz) = Hu(ny) || | Fu(na) |

+ [ Hu(no) || Fa(na) = Fe(n) |
Ko(g(1) —£(0))”

<e I+ 1) + o (llull)es
& &
<-+-=¢
2 2
where
~ I'(y+1)e
1720+ Kolg(1) - g(0)7)’
&
2251+ )

Therefore T, is a compact operator. Next, we show that 77 satisfies (3.2). Let u, v € C(I, X),
and | Thu — T1y| > 0. By applying the fact that every continuous function attains its maxi-
mum on a compact set, there exists ¢ € I such that 0 < || Tyu— Tyv|| = ||[f (¢ u(®)) —f(t, v(©)]-
By (A1) and using the fact that F and ¢ are strictly increasing functions we obtain

F(I Ty = Tyl o (I Tru - Tovl)))
= E(If (6.u®) =/ (6. v0) [ o (I (6. u®) - f (2. D))
< F(llu=vib(lu=vl) + G(B((lIlu = vl ¢ (lu - v1))))).

Hence T; satisfies (3.2). Now we show that there exists some M; > 0 such that | T7«|| < M;
holds for each u € C(I, X). By (A1)

| T1u@)|| = [f @& w)|| < dr(lull) < Mo,
Therefore
Mo >0,Vu, (u€ CUX)= ||Tiull <Mo).

Finally, we claim that there exists some r > 0, such that T'(B,(0)) € B,(0) with B,(0) =
{ue C([,X): lull <r}. On the contrary, for any ¢ > 0 there exists some u, € B,(6) such
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that || T(u,)|l > ¢. This implies that liminf,_, « %H T(u;)|| = 1. On the other hand, we have

| Tue @ < I (& uc @) + | Hue (0)Fue (0]
= 1 Taue || + | Hue (0)] | e ()]
< Mo + | Hutg ||| Fug |

Ko(g(1) - g(0))”

I'(y+1)
Ko(g(1) - g(0))"
'y +1)

< Mo + ¥ (llucll)-

<My + ¥1(2).

Hence, by the above estimate and condition (45) we get

¥1()Ko(g(1) - g(0))”

¢r(y +1) <!

li 'f1 T < liminf
iminf | 7(ue)| <timin

which is a contradiction. Thus in view of the above discussions and Corollary 2.7 we con-
clude that Eq. (3.1) has at least one solution in B,(6) € C(I, X). (|

Example Consider the functional-integral equation of fractional order

22~ Ht+2)
wt) = ————
2 t+

1
. Tu(t)] ft 2s t
81+ u(®))(3) Jo V=52 L+ +u>(s))

cos(|u(t)|)

ds, A>0. (3.4)

Define the continuous operator H : C(I,R) — C(,R) given by

3
Hu= M
2(1 + |ul?)
Define the functions f : [0, 1] x R — R given by f(¢, u(t)) = thgi(fz) cos(u(t)), f is contin-
uous and
22~ HEx2)
V(t, u(t)) —f(t, v(t))| < a1 |cos(u) - cos(v)} <ePlu-v|. (3.5)

Also, ¢1 : R* — R* by ¢ (£) = cos(£) with My = 1 such that

9f2p-Ht+2)
)| = 22 eos([ut®))| < eos(Jut®)])| =1 ().

Now, by choosing the function F : R* x R* — R given by F(¢,s) = In(t + 5), G: R* — R by
G(t) =In(?), B : R* x R* — [0,1) by B(¢t,5) = e ? and the function ¢ : R* — R* given by
@(t) = £2, it is easy to see that the inequality (3.5) implies that the condition (3.2) holds.
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Indeed if |[f (¢, u(2)) — f (¢, v(¢))| > O, then we have

FlIf(t,u(®) - f (& v®) | o (If (& u(®) — £ (£, v(®)])]
FIIf (t.u@) = £ (Lv )], If (6.10) = £ (6v(®) ]
In[|f (£, () - £ (8, V()| + |f (&, () — £ (£,(2)) |]

In[e™* (lu - v| + |u—v|*)]

A

In(ju—v| + |~ v|*) + In(e™>)
F(lu—vl,o(Jlu-vl)) + G(B(lu-vl,¢(lu-vl))).

Here g(¢) = t2, k(t,s,u) = ,with Ky = l. By choosing the strictly continuous func-

t
4(1+s2)(1+u?) ¥
tion v : R* — R* given by ¥ (¢) = 2 , we have

|H@)| < vi(llul),

imint MOKEW -g@Y YT
e Ty +1) t~oo 4T (L)

and this satisfies assumption (As). Thus from all above results, it is clear that Eq. (3.4)
satisfies all the requirements of Theorem 3.1 and, hence, the functional-integral equation
(3.1) has a solution in C(I, R).

4 Conclusions

In this work, some new generalized Darbo-type fixed point results have been discussed
for the notion of a p-set contraction operator using some control functions, on an arbi-
trary measure of noncompactness in Banach spaces. The obtained results include related
existing results mentioned in the references. Finally, to justify our work, we have given an
application for the solution of a functional-integral equations of fractional order, followed

by a suitable example.
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