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1 Introduction
We consider the following stochastic Burgers equation with a multiplicative noise on the
interval [0, 1] with Dirichlet boundary conditions:

dX(t,€) = (A X(5,€) + 50:(X*(8,8))) dt + g(X(£,€)) AW (1,E), £ >0,
X(t0)=X(1)=0, t>0, (1.1)
X(O,%’) =x(§'), 5 € [O: 1]:

where x € H = L2(0,1), and (W(¢£))s0 is a cylindrical Wiener process on H, defined on
a filtered probability space (£2, F,P) adapted to a filtration (F;);>o that is assumed to be
right-continuous and complete in the sense that Fy contains all P-null sets. Moreover,
the function g is a real valued function that is supposed to be Lipschitz continuous and
bounded.

Equation (1.1) has been well studied by several authors, we refer to Refs. [1-8], and it is
well known that there exists a unique mild solution with paths in C([0, T], L%(0, 1)) for any
T > 0. We denote the unique mild solution of Eq. (1.1) by X (¢, x), that is, for any x € H the
process (X(t,x)):>0 is adapted to the filtration (F;);>0, and it fulfills the equation

X(t,x) = ex + /t ™Mb (X(s,x)) ds + /t e™Mg(X(s,x)) AW (s), (1.2)
0 0
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P-a.s. for all £ € [0, T], where A and b are the operators defined by

Ax=Agx, x€D(A)=H*0,1) N Hy(0,1), (1.3)
and

1 2 1

b(x) = Eag(x ), x€D(b)=Hy(0,1), (1.4)
and for any x € H the symmetric Nemytskii operator g(x) € L(H) is defined by

[g()y](€) = g(x(€))y(€), yeH,& € [0,1]. (1.5)

In this paper, we will mainly be interested in studying the moment estimates for the

invariant measure, the properties of the corresponding transition semigroup and the as-
sociated Kolmogorov operator. The corresponding transition semigroup P; is given by

Pip(x) =E[e(X(5,%))], t>0,x€H,¢ € By(H), (1.6)

where B, (H) is the Banach space of all Borel bounded mappings ¢ : H — R endowed with
the sup norm

llello = sup|e(x)],
x€H

and E means the expectation taken with respect to P. The Kolmogorov operator is for-

mally denoted as

Kop(x) = %Tr[g(x)g(x)*ngD(x)] + (x,A*D(p(x)) + (Dw(x),b(x)), x€H, (1.7)

here ¢(x) € §4(H), which is the linear span of all real and imaginary parts of functions of
the form

x> W xe Hh ED(A*). (1.8)

Da Prato and Gatarek [1] studied Eq. (1.1) and proved that it had a unique invariant
measure v for the semigroup P;. The existence can be obtained by the Krylov—Bogoliubov
theorem and an a priori estimate on the solution, and the uniqueness is shown by the Doob
theorem.

Moment estimates for invariant measures have been a much debated topic for many au-
thors for a period of time. It is worth mentioning, for the abstract form of problem (1.1)
(see (2.5) in Sect. 2) with additive noise case (that is, the operator g(x) is a symmetric
positive definite operator), Da Prato and Debussche [9] proved that the moment of the
invariant measure was finite by introducing a modified Ornstein—Uhlenbeck process to
get an a priori estimate on the solution. Es-Sarhir and Stannat [10, 11] proved moment es-
timates of the invariant measure based on a pathwise estimate on the stochastic convolu-
tion. Lewis and Nualart [12] gave a random field solution and obtained moment estimates
for the solution to Burgers’ equation by the Feynman—Kac representation. Dong and Sun
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[13] considered the averaging principle for one dimensional stochastic Burgers equation
and showed that the slow component strongly and weakly converges to the solution of the
corresponding averaged equation by proving the moment estimates. The same result may
be generalized to the stochastic Navier—Stokes equations with white noise or Lévy noise
with the aid of [14, 15] and the references therein.

The aim of this paper is mainly to extend the results of [9] to the case of multiplicative
noise with coefficient satisfying proper properties. In this situation, there are many diffi-
culties by using the tools of the It6 formula and a modified Ornstein—Uhlenbeck process,
thus we estimate the mild solution by choosing the factorization formula and a generaliza-
tion of maximal inequality of martingales to stochastic convolution, which can be found
in the monographs by Da Prato and Zabczyk [16].

The rest of this paper is organized as follows. Some notions and preliminary results for
Eq. (1.1) are given in Sect. 2. In Sect. 3, we derive moment estimates on the solution and the
corresponding invariant measure with the help of the method of factorization, then show
that the invariant measure has L” (p > 1) regularity; see Theorem 3.3 and Corollary 3.5.
Finally, we discuss the smoothing properties of the semigroup P; in interpolation space,
and prove that the associated Kolmogorov operator is m-dissipative in Sect. 4.

2 Preliminaries

We list some notations which are applied in this paper. We denote the norm of L?(0, 1),
p = 1by]|-|,. Let H be a separable real Hilbert space L%(0,1) (norm | - |, inner product(-, -}),
L(H) represent the Banach algebra of all linear bounded operators from H into H endowed

with the norm
||T||:sup{|Tx|;er, |x|:1}, T € L(H), (2.1)

and L, (H) be the space of all nuclear operators.

Considering the abstract form of problem (1.1), we introduce the linear self-adjoint op-
erator A defined by (1.3), and the nonlinear operators b and g corresponding to (1.4) and
(1.5). We denote by e4, ¢ > 0 the semigroup on H generated by A, and by {ex} the complete
orthonormal system on H which diagonalizes A and by {Ax} the corresponding eigenval-

ues. We have

ex(§) = /2sin(kng), £€[0,1,k=1,2,..., (2.2)
and

he=-m2k?, k=1,2,.... (2.3)

Finally, the cylindrical Wiener process W(¢), t > 0 can be formally written as

o

W) =) epi(®), >0, (2.4)

k=1

where {8} is a sequence of mutually independent standard Brownian motions on a filtered
probability space (£2, F, F, P).
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Now, we can rewrite problem (1.1) as follows:

dX = (AX + b(X)) dt + g(X)dW (¢),
X(0) = x.

(2.5)

We shall consider the solution of equation (2.5) in the space Zr consisting of all continuous
process on [0, T] with value in L2(0, 1), such that

117 =E( sup X)) <o, (26)
te(o,

for certain p* > 4, which is equivalent to the norm of the space LF"($2,C([0, T],L%(0,1))).

Definition 2.1 A mild solution of Eq. (2.5) is a process X € Z7 such that
t t
X(t,x) = ex + f eAp(X(s,x)) ds + / Mg (X(s,x)) AW (s), (2.7)
0 0

P-a.s. forall ¢ € [0, T].

An important role will be played by the stochastic convolution
t < t
Wit = [ e Mg(xs ) aws) = 3 [ e Mg m)ec] dpics) 28)
0 e V0

where X € Zr. In fact, though the cylindrical Wiener process (2.4) does not leave H, the
stochastic convolution Wy (¢) does.
The following result is about the existence and uniqueness of a mild solution for Eq. (2.5);

see e.g. [1].

Proposition 2.2 Let T > 0 and any x € H, there exists a unique mild solution X(t,x) of
Eq. (2.5).

At last, for the need of the proof in next sections, we introduce some important notions

and inequalities. For any y € R, the interpolation space denoted by
Vyi= (D(AY ), - D), 29)

foranyx e V,, ||x||)2/ = ((-A)?x,(—=A)"x) which is equivalent to the norm of the Sobolev

space H*(0,1). For any p > 2, by the Sobolev embedding theorem, we get
V, Cc1F(0,1), vy =(p-2)/(4p).
The Poincaré inequality renders

Ivlly, <772 |vlly,, (2.10)



Shi and Liu Advances in Difference Equations (2020) 2020:11 Page 5 of 21

where y; <y, v e V,,. We will also use the classical interpolation estimate

B nm
=% V37
IVl < vl vl ™ (2.11)

here y; < y» < y3, v € V,,;, and the Agmon estimate

1
[Vloo < [vI2 V|

Nl NI—

. veVy (2.12)

Defining the trilinear form b: V), x V,,, x V.., ;> 0,i=1,2,3 by

1
b(x,y,z) ::/ x0:yz dE; (2.13)
0

moreover, applying integration by parts, we obtain the following identity:

1
b(x)y)y) = b()/,}/,x) = _Eb(yy x,)’), b(xyyy Z) = _b(y;xy Z) - b(x’ Z:y)'
We introduce the following result, which was proved in [17], Lemma 2.1.

Lemma 2.3 The trilinear b is well defined and is continuous on Vy, x V, | 1 X Vi where
y; >0, and

11
V1+V2+VSZ:L; lf)/i#é—l',l=l,2,3,

or
1 1 ,
Vi+tya+yz> 7 ifyi = Eforsome i,
that is, there exists a constant ¢ > 0 such that

|b(x,y,2)| < clxlly, ¥l 32l VxE VY€V, 1,2€ Vi (2.14)

2t3

3 Moment estimates for invariant measure
In this section we first estimate the stochastic convolution term of the mild solution for
Eq. (2.5) in the interpolation space, then we derive estimates of moments of the associated

invariant measure.

Proposition 3.1 For all k > 1, there exists a constant Cy such that for any T > 0 we have

sup E[|Wx(1)|'] < G (3.1)

0<t<T

and

sup ]E[” W (¢) ||];] <Cy, forallBe (0, %) (3.2)

0<t<T
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Proof By the boundedness of the probability measure and the Holder inequality, we need

only prove the result for all kK > p*. Firstly, using Theorem 5.2.5 in [18], for any 1% <a< %,
there exists the following decomposition:

Wi () = / t(t —8)* 194 (s) ds = R h(t), (3.3)
0

where h(t) = @ fot(t )% D4g(X(1,x)) dW (). By the Holder inequality, for any
m > 1, we have
12
|R.h(t)] < / (t —5)* eI n(s)| ds
0

t
5/ (t_s)ot—le—rrz(t—s)|h(s)|ds
0

m-1

t e
< </ e—rﬂ(t—s)(t_s)(a—l)% d5>
0
¢ 2
x ( / e <”>{h(s)|’”ds) ) (3.4)
0

Notice that if desired there exists a constant ¢; such that

N

t [e%e)
/ e (¢ _ )@Vt s < / e Ss@ DR ds < ¢ < 00, (3.5)
0 0

we only need (o — 1) + 1> 0, that is, ma > 1. Thus we can choose m = k. Then putting
(3.5) into (3.4), we have

t
sup E[|Wx(0)|"] <! sup f e IR |h(s)| ] ds. (3.6)
0=<t<T JO

0<t<T

By applying Lemma 7.7 in [19], we get

/teﬂz(“)E[|h(3)|k] ds
0

zer [ [ @l oo Hglrte, o))

on the other hand,

]

k
2
dr) ds, (3.7)

H (s - r)_"‘e(s_f)Ag(X(t,x)) ”21-15 =(s—1)™ Z‘e(s_”“‘g(X(t,x))e,»|2
i=1

=(s=1) ) Y e g (X(r, ) e )|

i=1 j=1

) —2a Ze—2n1 s—T ig X(T x))e]|

[e.¢]

2:2
< lgllj(s — 7)Y e ), (3.8)

j=1
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considering Eq. (2.5) in [20], we have J(¢) = Z/ofl e’ <4t 3¢5, then

/ (S _ _L.)—Qot Ze—z;ﬂ]l(s_-,_—) dr < / t—2a](2n.21.) dt
0 0

j=1

R 2 \"% a2
54/ T(2n%t) e T dt
0

1
= 2\/5714"‘21"(5 - Za) i= €3 < 00, (3.9)
combining (3.6)—(3.9), we obtain
k 1 [ sin(mra) k X r .,
sup ]E[|Wx(t)| ] <" cz< ) llgllges / e 7" %ds:= Cy <00, (3.10)
0<t<T T 0

thus we complete the proof of (3.1). For any 8 € (0, i), using (3.3) we get
t
(AP Wy (t) = / (t —5)* "1 (=A)P " n(s) ds := Ry ph(2), (3.11)
0

where h(t) = @ fot(t—r)‘“e(t")Ag(X(r,x))dW(r), pl—* <a< i. For 8 € (0, i), there exists

a constant cg such that
[(—AP e | < cpefe™™, (3.12)
again by the Holder inequality, for any m > 1, it follows that
t
[Rugh(t] = [ (6=5°1|(-aye 41| s
0

t
<cp / (£ —5)* P I h(s)| ds
0

t
<c¢g (/ e—zﬂ(tfs)(t_s)(a—l—ﬁ)% dS)
0
t i
X (/ e”z(”)|h(s)|mds) . (3.13)
0

Similarly, if desired there exists a constant ¢; such that

m=1

m

t [e%s)
/ e (1 )@ 1P s < / e Sss@ 1B ds < ¢ < 00, (3.14)
0 0

we only need (¢ —1- )% +1>0, thatis,a > + %; notice that 1% <a< i, thus

1 1
B+ —<=, (3.15)

m 4
here we can choose m = k, so, for any 8 € (0, 1), there exists a sufficiently large constant
k, such that (3.15) holds. Next, fully analogous to the proof of (3.1), we can prove that for

Page 7 of 21



Shi and Liu Advances in Difference Equations (2020) 2020:11 Page 8 of 21

any k > k, there exists a constant Cy such that

sup E[|(-A) Wx(®)["] < Cr. (3.16)

0<t<T

Consequently, by the Holder inequality, for any k > p*,

sup E[|Wx(®)];] < Co, (3.17)
0<t<T
and the proof is complete. d
Remark 3.2

(1) The results of Proposition 3.1 hold for all 8 < i. For any B <0, by the Poincaré
inequality ||v||g < 7#|v|, then combining with (3.1) we get the result.

(2) From (3.9) in the proof of Proposition 3.1, we see that the integral on the left is
controlled by the Gamma function. However, the domain of the Gamma function is
(0, 00), so we must have a < i. Equation (3.15) shows that 8 < %, thus B < i in our
conclusion is the best parameter control.

We mention that there exists a unique invariant measure for the transition semigroup
defined by (1.6) in our introduction; now we derive an estimate of its moments.

Theorem 3.3 For any k > 1, there exists a constant C such that

/H|y|kv(dy) <C, (3.18)

and

/H ||y||f3v(dy) <C, foranype |:0, %) (3.19)

Proof By the Holder inequality, we only need prove the result for any k > p*. It is well

known that the invariant measure v is ergodic because of the uniqueness, that is, for any
¢ € L*(H,v), we have

T—o0

T T
lim %/0 E[w(X(t,x))]dt:Tan;c%/o Pt(p(x)dtzv/Hgo(y)v(dy). (3.20)

Assume that vr(dy) = % foT (%, dy)dt, T > 1, where m;(x, dy) represents the distribution
function of X(¢,x), t > 0, X(¢,x) is the mild solution for Eq. (2.5), x is the initial value. Then
(3.20) can be denoted by

Tim. /H o()vr(dy) - fH o)V(dy).

For any given k> 1, forall m > 1, y € H, set {,,(y) = X”y‘kgm}|y|k, obviously ¢, € L*(H, v),
and ¢,,(y) < |y|*. Therefore,

| entmian = fim [ et < fim [ iytvran (321)
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Taking the limit m — oo in both sides of the inequality (3.21) yields

[ vitvta < im [ o, (322)
H T—oo Jy
using the distribution of X (¢, x), t > 0, the right side of the above inequality can be denoted
by
k 1t k
H 0

and by Proposition 2.2, for any k > p*, there exists a constant ¢ such that

sup E[|X(t,x)|k] <c< oo,
te[0,T]

then (3.18) can be proved by combining (3.21)—(3.23) with the above inequality.
To prove (3.19), forany 8 € [0,1), k> 1,m > 1,and y € H, we set {,u(y) = X1yt <m Iyl
then ¢,, € L*(H,v), and for all y € H, we have ¢,,(y) < ||y||§, and

[ entmi@n = tim_ [ catpvrtan < fim [ 1yivrian, (324)

Taking the limit m — oo in both sides of the inequality (3.24), we have

[ vt < im [ iiura) (3.25)
H T—o0 H

the term of the right-hand side can be rewritten as

/H lsvr(ay) = /O B[ e (3.26)
Moreover, the mild solution X(¢,x) has the following decomposition:

X(t,x)=Y(t)+ Wx(t), t=>0. (3.27)
In view of Proposition 3.1, we have

Bl <2 G0 ] « B wacol), @29

by (3.25), (3.26) and (3.28) it follows that

k— T T
/H||y||gu(dy)5T1Lngoz—T1(fo E[||Y(t)||];]dt+/0 E[”W/x(t)”;]dt). (3.29)

Considering (3.2), to prove (3.19), we only need the following claim.

Claim 1 Let k =2, forany B € [0, %L), there exists a constant C such that

T—o0

17
tim - /0 E[|v@|]d < c. (3.30)
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Thanks to (3.27), Y(¢) satisfies the equation
d
r Y(#) =AY () + b(Y() + Wx(2)), t>0, (3.31)

taking the inner product in H with (—=A)?#~1Y (¢), on combining (1.4) with integration by
parts and Dirichlet boundary conditions, yields

HY 05y 2@l

= 2(b(Y(®) + Wa(), (-A) Y ()
1
=/0 e[Y() + Wa®)] - (AP 1Y () de

1
= [Y(@) + WaO (A Y (2)14 - / [Y(0) + Wa()]” - 0 (~A)*P~1 Y (1) de
0

1
=— / [Y(©)? +2Y()Wa(t) + W3(0)] - 0:(-A)*P 1Y (1) dE

0

1 1

:—[ / Y(t)* - 9:(A)*Y(¢)dE + / W2(t) - 3 (ALY (¢) dE

0 0

1
+ / 2Y (E)Wa(t) - 8:(~A) 1Y (1) ds].
0

Then according (2.13), b(x,y,z) := fol x0gyz d€, we denote

L(t) = / Y(8)* - 9:(~A)*~ 1Y(t)ds’ b(Y(®),(—A)Y(0), Y (1)),

L(r) = / W3(0) - 05 (—A)*P 1Y ( t)ds‘ b(Wu(2), (AP Y (2), Wa(0))),

L) = f 2Y(£) - Wa(t) - 9 (-A)*~ 1Y(t)ds‘ 2[6(Y (1), (A1 Y (8), Wa(D)) .
0
Therefore,
d
ZNY@l5, +2]Y@]; < b + b + . (3.32)

By applying Lemma 2.3, choosing y1 = y3 =0, 2 = 3 = B> 1, forallx,z € H, y € Vj, we
have

|b(x, (=AY "1y, 2) | < clxl | (~A)P 1y |, _ylzl = clxl Iy lg2],
using the interpolation inequality and the Young inequality, we have

[h@)] =

b(Y ), AP Y0, YW)| <y @ Y@,

1
<3 ly@)|’ o alre|,

Page 10 of 21
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|L(0)] =

b(Wx(®), (=AY (), Wx(®)| < e[ wx()|* | Y(0)] ,

4
)

1
< SO + ol Wxto)
and

|(0)] = 2

b(Y(®), (AP Y(0), Wx(0)| < c[Y @[ YO ;| Wx(®)]

4
)

< Lyl el v o[  alwio

by (3.32) it follows that

d
ZY@l5, + 1Y@l <c(v@] + [wa@]).

Therefore

Iyol, + /0 ”Y(s)||;ds5|x|2+c( /0 1Y) ds + fo |WX(s)|4ds), (3.33)

now in view of (3.1) we get

E[ | t}wx(s)y“ds} - B[ Wil ds < .

Considering that X(¢,x) € Zr, we have

]E|:/0t|Y(s)|4ds:| < 8(/OZE[|X(t,x)|4] ds + [EHWX(S)F] ds) <ct.

Taking the expectation we conclude that

/tIE[” Y(s)[;]ds < C(t +1).
0

The result follows. O

Remark 3.4
(1) We can conclude that the invariant measure v has the L? (p > 1) regularity from
(3.18).
(2) By the Sobolev embedding theorem, for any p > 2, we have
¢l < cllsls, for p =22, (3:34)
4p

therefore, by (3.19) and Hélder’s inequality, for any p > 1, there exists a constant C
such that

/ ylv(dy) < C.
H

Page 11 of 21
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Corollary 3.5 Forany 8 € [0, i), there exists cg = 4[;% such that

[ it <oo ket (335)
H

_4
46+3

need only to prove the result for k € (1,cg). Analogous to the proof of Theorem 3.3, we

Proof For any 8 € [0, i), cg = > 1, considering the conclusion of Theorem 3.3, we

need to show the following claim.

Claim 2 Forany 8 € [0, %), k € (1,cp), there exists a constant C such that

.17 k
lim /O E[|Y®)]]d < c.

T—o00

Note that Y(¢) satisfies Eq. (3.31), let y = 8 — ﬁ, it follows that

= A Y (@) HAY (2) + B(Y () + Wx(®), (=AY (2))

=-[r@]

2k-2
14

2k-2
14

I Y(t)||i+% + [YO (Y @) + Wx(), (A Y(2)),

by the interpolation inequality, we get

1-1

[y@l, =lral, *[ral},,.

then using the Poincaré inequality, || Y (£)[l, < cllY(¢)l g, yields

2k-2
Y

1d
2k dt

A

A Y@+ Y@ < Y@ [y o+ Wx(@), -4 Y @)

2k=2
B

IA

c| Y@ “|B(Y @) + Wx(©), (A Y ()|

IO (0. AP Y0, Y0)|

IA

2k-2
B

2k-2
B

= Il(t) + Iz(t) + Ig(t).

+ 2 1Y@ b(Wxlo), (-4 Y (0, Wx(®)|

+c|Y@)|, " |B(Y (@), (A Y (2), Wx(2))|

Now using the properties of the trilinear quantity b(x,y,z), set y1 = y3 =0, y» = % - % -B>
1, then, for all x,z € H, y € Vj, it follows that

|b(x, (~4)"y,2)| < cll | (-A)*" 5] ,

1_glel = clxlllyllglzl;
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applying, respectively, the interpolation inequality and Young inequality, we get

L) = ||Y t)HZk 2b(Y(8), (~A Y (2), Y©))|

= Jrollrel;

<- || Y(@)5 + e[y )™

2k2|(

|L()] = || YO, [o(Wx(®), (AP Y(2), Wx(2))]

SOl Ol

< IOl el
and

)] = | YO |6 @), (-4 Y(2), Wx(®))]

2k-1

=c[YOlyol, " [wx@

é”Y(t)H +es| YO + ca| W)™

By the above inequalities we deduce

o A YO ¢ @2 = el o]+ [wao)])

Finally, integrating the above inequality with respect to ¢ yields

1 wn 1 f* 2%k
Slear v« 2 /0 [y ds

t t
< —|x|2k + c(/ |Y(s)|4k ds + f |Wx(s)|4k ds).

Therefore, by Proposition 2.2 and Proposition 3.1, we complete the proof. O

4 Transition semigroup and the Kolmogorov operator

This section mainly study the smoothing properties of the semigroup P; defined by (1.6).
Actually, it is well known that it has the strong Feller property by the existence and unique-
ness of the invariant measure. But the result as regards the properties of its derivation
DP,¢p(x) is less obvious. We introduce an auxiliary semigroup similar to the method in
[9, 14], denoteing by

Sip(x) =E[e™ s IX(S:’C””sgo(X(t, )] (4.1)

where X(¢,x) is the unique mild solution of Eq. (2.5), the constant c is sufficiently large.
Then the required results can be derived by the estimates for the smoothing properties of
S; and identity

Pupte) =S v [ Sl Pp(e) . @2)
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4.1 Estimate for the derivation of X(t, x)
We have the following result for the Gateaux derivative of X(¢,x), which can be found in

[1].

Lemma 4.1 Forany h € H, the Gdteaux derivative of the mild solution X(t,x), denoted as
n"(t,x) =: DX (t, x)h, satisfies

i dn"(t,%) = [An" (£,%) + b/ (X (&, )" (&, )] dt + g/ (X (£, %)) (2, %) AW (2), (4.3)

77h(0, x) = hy

where b/ (X(t,x))n"(t,x) = 3 (X(¢,x)n"(t,x)). Furthermore, for any T > 0, p > 2, there exists
a constant ¢, 1 > 0 such that

||nh(t,x) ||pT = E[ sup |nh(t,x) |p] <cprlhlP < o0,
te[0,T]
It is easy to see that 1" (t,x) fulfills the following integral equation:

t
n'(t,x) = e h + / ey (X(s,x)) " (s, x) ds
0

, (4.4)
+ / =g (X(s,%))n" (s, %) dW.
0
Formally, we denote the stochastic integral term as Z(¢), defining
t
Z(t) = / 4G (X(5,2)) 7 (5,2) AW, (4.5)
0

Now, in view of the generalized form of the maximal inequality for the stochastic integral

with respect to martingales, see e.g. [16], forany k > 1, B < i, one can obtain

t 1 k
B[P zo] = [ Elfare e emptemli)a)

here

| (~A)P 9’ (X (5,2)) " (5,2) | 1

A)e
Z (AP g (X(s,2)) 0" (5, 0)er] )|
:Zmr*ﬂ 2T (¢ (X (s, (s e )|

( )4ﬂ 2% (b |g (X(s,x))ﬂ (S;x)e}|

~
I
—

~p"qg 5

<c|g|n" )| Z% s,

Page 14 of 21
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then we define
ad 2
Jp(t) = Z}M‘f/ :
j=1

it is easy to show that there exists a constant cg > 0 such that
Jo(t) < cpt 12, (4.6)
Hence combining Eq. (3.5), as for -3 — 2 + 1> 0, that is, 8 < ;, we have
E[|z@;] = E[|Ar z@)[*]
< [ el LBl o0 D om0 )
<ell ([ ea)
< cprglhl™. (4.7)

Lemma 4.2 Forany 8 € [—%, - i), there exists a constant c1, ¢y > 0, such that, for any t > 0,
x,h € H, we have

e A IR
0

< ||All3e". (4.8)
Proof Forany ¢t >0,x,h e H,set Y'(t) = n(t,x) — Z(t), thus Y"(¢) satisfies

% Yh(t) = AY" () + b/ (X (2, %)) 1" (¢, %),

taking the inner product in H with (~A)**Y"(t), integrating by parts and using Holder’s

inequality, one finds

1d
2dt

1
IY" @5 + Y@ H;% /0 3 (X6 0[Y"(#) + Z()]) (~A) P Y (¢) d

1
- / X&) [Y"®) + Z(1)]0: (AP Y (1)) de
0

IA

XeR|(| @], + |20)],)]3 (4% V')

4’

and on account of the imbedding V% < L*(0,1) and the interpolation inequality, we ob-

tain

3 —2B+1
Y@, < Yol <cy @l ol
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and
|0 (A Y"®) |, < e o (CA* Y (@) [,
g1 W5
=T O] R O] el O] it
Therefore
1d, ., .2 Ny NN,
SV Ol + Y05 = dx@al[Y" o[y @l ,,,

+ C‘X(t,x)’ |Z(t)‘4|| Y"(t) ”&%
<alxeo IO+ vl
+[x@ x| +c|zo)] + in Y@},

Integrating the last inequality with respect to ¢ and taking expectations, we have
t
el 4 2 e[S 4 2
]E[e c1 fo 1X(sx)[*ds H Yh(t) ||ﬂ] + ]E|:/ el Jo 1X(z.%)|*de || Yh(S)pr,% ds] < ||h||§€czt.
0

Therefore, using once again that n"(¢,x) = Y"(t) + Z(t), (4.8) follows by the Minkowski
inequality and (4.7). O

4.2 Estimate to the regularity of P;¢

By the results to the Feynman—Kac semigroup ([1], Lemma 4.1) and ([15], Theorem 2.1),
for any ¢ € C,(H), which is a Banach space of all uniformly continuous and bounded func-
tions on H endowed with the supremum norm ||¢||¢ = sup,.; |¢(x)|, the semigroup S;¢ is
differentiable in any direction / € H, and the directional derivative DS;¢(x) - i can be de-
noted as

DS;p(x) -h = %E[e‘c,fé IX(S:x“”s(p(X(t,x)) /:(g_l(X(S,x))nh(s,x),dW(s)):|
—4cE [e‘cfé 'X(s"‘)‘4ds<p(X(t,x)) /(:(1 - ;) |X(s,x)|2(X(s,x), nh(s,x))ds].
(4.9)
Moreover, for any ¢ € C,| ; (H),allx € H and % € H, it follows that
DSip(x) - h = E[eJo K6 4 Do (X (2, %)) - 0 (1,%)]

—4c1[§|:e_cf(§ 'X(s’xwds‘/’(X(t,x)) /Ot‘X(s,x)‘2<X(S,x), ﬂh(S,x)>ds]. (4.10)

To estimate DS;, we always assume that the function g~! is also bounded besides the
assumptions in the introduction, and use the space of continuous functions with kth-
polynomial growth, denoted by C;, x(H), which is a Banach space of mappings ¢ : H - R
such that ﬁ € Cy(H), equipped with the norm [@lox = [|(1 + | - [¥)2¢l|o. Then the fol-
lowing result can be obtained.
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Proposition 4.3 For any ¢ € Cy4(H) and x € H, there exists a constant ¢ such that
[DSip)] 3 < ce(1+ ") (1 + 5] ,) e loa (4.11)

Proof Forany ¢ € Cpa(H), with the help of the approximation theorem, assume ¢ € C,(H),
by (4.9) and Holder’s inequality, we have

DS = 1gIRAEL X 1+ (6.0

t 3
<« E e—cfé X (s.x)|* ds (/(; <g’1 (X(s,x))nh(s,x),dW(S»)

+dcllgl|2 e o X6 (1 1 | x (2, 2)| )]

- t 2—
x E| ¢ o IXs)tds (/ |X(s,x)|2(X(s,x), nh(s,x))ds>
0 a

from the result of Proposition 2.2, we get
E[eco X605 (1 4 |X(6,0)[*)°] < cet (1 + ). (4.12)

Using the same argument as the proof of Lemma 4.1 in [9], and by the It6 formula we

obtain

t 2
]E|:e—cf(§ [X(s,%)| ds (A <g—1 (X(S, x))nh(s’ x),dW(s))) ]

t S
= Le ' [3B] [[eeBep oas]

1 3
applying once again the fact that |x| < c[|x[|*; [|x[| }, by Lemma 4.2, it implies
8 8

t 2
E|:ecf(§ |X(s,x)|4 ds (V/O‘ (g—l (X(s,x))nh(s, x)’ dW(S))) :|

t
<c|g™ HﬁlE[ / et | s 18 (s, )| 3 ds]
0 -8 8
t 1
< c||g_1||§E[/ e—cfé IX(z0)*dr ” nh(S,x) ”%% ds:|4
0

3
X E[/te‘cf(f IX(e0)* de th(s,x) ||21 dsi| '
o 3

<clg ottt Il (4.13)
8

Page 17 of 21
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Therefore,
t 2
E[e—% ()" ds ( / |X (s, *(X (5, %), n"Gs, x))ds) }
0

; 2
S]E|:ecf0‘ x<s,x>|4ds(/ |X(s,x)|3('7h(5’x)|ds> }
0

t t 2
< ]E|:eCf‘§ X(s,x)|4ds(/ |X(S,x)|6ds) (/ |77h(5,x)|2ds) :|
0 0

< ce“||h||§%. (4.14)
By Egs. (4.12), (4.13), (4.14) it follows that
|DSip() - h| < e (1+ i) (1+ g™ | o ) I3,
and (4.11) follows. a

If 9 € C}(H), combining with (4.10), the following corollary can be proved by the same

argument as above. So we omit it.

Corollary 4.4 Assume that ¢ € Cg (H), and for any x € H, || Do (x)|| 3 < ¢y, then we have
||DStg0(x)||% <cges.

Proposition 4.5 Assume that the assumption of Corollary 4.4 holds, then there exists a

constant ¢ such that

||DPt<p(x)||% < (cp +cllgllo(1 +[x]*))e. (4.15)

Proof For any h € H, by (4.2) we have
t
DP,p(x) - h=DS;p(x) - h + c/ DSt,S(|x|4PSg0)(x) -hds,
0

considering the Feller property of the semigroup P, it follows that

4
4 lx[*|o(x)]

x| P, =sup — < .

[1a1*Pp o, = sup 5 < Nl

Consequently, applying Proposition 4.3 and Corollary 4.4 yields

t
7
[DP(x) - h| < coe|1hll_3 +cllgllo(1 + |xI*) / (1+lglg' (t=s)78)e ™ sl s
0

< (cp +cllello(1+ |x|4))6“||h||,g-

Hence the result follows. g
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4.3 Kolmogorov operator

In this section, we discuss the properties of the Kolmogorov operator in the space L2(H, v).
By a standard result it follows that the semigroup P; can be uniquely extended to a
contraction Markov semigroup in L*(H,v), whose infinitesimal generator is denoted as
(K, D(K3)), that is, K is m-dissipative by the Lumer—Phillips theorem in [21]. By using the
It6 formula we see that K; is an extension of Ky, that is, for any ¢ € 84(H), Kxp = Kog. So,
the operator Kj is dissipative and closeable in L?(H, v), here we denoted it by (Ko, D(Ky)).

Therefore, by the above results, the following conclusion holds.

Proposition 4.6 The operator K, is the closure of Ky, that is, Ko = K>, and K, is m-
dissipative in L*(H,v).

Proof Analogous to the method in [9], we introduce the approximation operator
1
Ko@) = 5 Tr[g.(x)gu(x)*D*¢(x)] + (Ax + bu(x), Do (x)), ¢ € Ea(H),

where g,, b, denotes the regular Galerkin approximations of ¢ and b. Then we consider

the elliptic equation
A = Kgn = f (4.16)
here X > 0 is sufficiently large, f € §4(H), thus its solution is given by
+00
Pu(x) = f e M PIf(x) dt, (4.17)
0

where P} is the corresponding transition semigroup associated to the approximated prob-

lem

{jz()((o): :(f;x +by(X)) dt + g, (X) dW (D), @18)
Moreover, proceeding as in [22] it is not difficult to see that ¢, € D(Ky), so that

10n(%) = Kown(®) = f(%) + (ba(x) = b(x), Dpu()). (4.19)

Upon using Proposition 4.5, we derive

Ipely < [ e lpripe]y ar

+00
5/ e 4 M (cr+cllfllo(1 + |xI*)) dt
0

_ g tellfllo(L + 2%
A—c ’




Shi and Liu Advances in Difference Equations (2020) 2020:11 Page 20 of 21

By Theorem 3.3, for any k > 0, we have [}, [lx?|1% |x|* < oo, thus
8

/ |(b(x), Dg,(x))|*v(dx) < C / 16| | Do) |3 v(dx)
H I 3 3
= C/ B Hzl 1+ |x|4)2v(dx) < 00.
H 8

On the other hand, notice the fact that ||, (x) — b(x) |I_% — 0, v-a.s.and ||b,(x) —b(x)|_3 <

1B(x)]_ 3 with the help of the dominated convergence theorem it follows that

3
8

lim (bn (x) — b(x),Dwn(x)) =0, inI?(H,v).

n—+00

Therefore, on account of (4.19) we have &4(H) C R(» — Ko) C L*(H,v), and by Theo-
rem 3.20 in [23], K, is m-dissipative in L?>(H, v). We completed the proof. O
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