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1 Introduction
In this paper, we investigate the Cauchy problem for the stochastic modified Kawahara
equation:

du  u  Bu  du ,0u 9°B
—to—+f——+ty—tuu — =0 —,
ot dx° x> x ox dtdx

(1)

where a #0, 8 and y are real numbers, u is a complex number, # is a stochastic process
defined on (x,t) € R xR,, @ isalinear operator and B is a two parameter Brownian motion
on R x R,, that is, a zero mean Gaussian process whose correlation function is given by

E(B(x, t)B(y, s)) =@xAY(EAS), ts=0xyeR. (2)

In general, The covariance operator @ can be described by a kernel KC(x,y). The corre-
lation function of the noise is then given by

3’B 3’B
E{®——(x,t)® ——(y, = 3 Y)8¢—s,
( e 8t8x(ys)) o),

where t,s > 0, x,y € R, § is the Dirac function and

c(x,y) = /R Kx,2)K(y, z) dz.
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Consider a fixed probability space (£2, F, P) adapted to a filtration (F;);>¢. As usual, we
can rewrite the right-hand side of Eq. (1) as the time derivative of a cylindrical Wiener
process on L2(R) by setting

0B
We)=——=3 Bilve (3)

ieN

where (¢;);en is an orthonormal basis of L2(R) and (8;);cn is a sequence of mutually in-
dependent real Brownian motions in (§2, F,P). Let us rewrite Eq. (1) in its It6 form as
follows:

du + (ausy + Busy, + Yty + puluy) dt = @ dW (t), @

u(x, 0) = uo(x).

In order to obtain local well-posedness of Eq. (1), we mainly work on the general mild
formulation of Cauchy problem (4):

u(t) = U(t)ug + /t Ut - s)(uuzux) ds + /t U(t —s)D dW (s). (5)
0 0

Here, U(t) = 5" exp(—it¢(&))3. is the unitary group of operators related to the linearized
equation:

M:+0lM5x+l3M3x+VMx=0, (x;t)ERXRH (6)

where ¢(§) = a£® — B£3 + y& is the phase function and §, (or “%”) is the usual Fourier
transform in the x variable. We note that the phase function ¢ has non-zero singularity.
This differs from the phase function of the linear Korteweg—de Vries (KdV) equation (see
[1]) and causes some difficulties in solving the problem. To avoid these difficulties, we
eliminate the singularity of the phase function ¢ by using the Fourier restriction operators
[2]:

PNf=‘ e“f(E)dE,  Pyf= e f(€)dE, VN >0.

§I=N [§1=N

In the case of @ = 0 (effect of the noise does not exist), Eq. (1) is reduced to the deter-
ministic modified Kawahara equation:

Uy + Olldsy + Pulse + Yy + niilue =0, (1) € R x R,. (7)

As aforesaid in [3-5], Eq. (7) is a fifth-order shallow water wave equation. It arises in
study of the water waves with surface tension, in which the Bond number takes on the
critical value, where the Bond number represents a dimensionless magnitude of surface
tension in the shallow water regime. If we consider a realistic situation, in which a non-
constant pressure affects on the surface of the fluid or the bottom of the layer is not flat,
it is meaningful to add a forcing term to Eq. (7). This term can be given by the gradient
of the exterior pressure or of the function whose graph defines the bottom [6, 7]. This pa-
per focuses on the case when the forcing term is of additive white noise type. This leads
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us to study the stochastic fifth-order shallow water wave equation (1). By means of white
noise functional analysis, the analytical white noise functional solutions for the nonlin-
ear stochastic partial differential equations (SPDEs) can be investigated. This subject is
attracting more and more attention [8—15].

Itis well known that the Cauchy problem (4) is locally well-posed for datain H*(R), s € R,
if for any finite time 7, there exists a locally continuous mapping that transfers uy € H*(R)
to a unique solution u € C([0, T]; H*(R)). If the solution mapping exists for all time, we say
that the Cauchy problem (4) is globally well-posed [16]. In [17], Huo obtained a local well-
posedness result in H*(R)(s > —11/8) for the Kawahara equation. Moreover, Jia and Huo
[18] proved the local well-posedness of the Kawahara and modified Kawahara equations
for data in H*(R) with s > —=7/4 and s > —1/4, respectively. The first well-posedness result
for the Kaup—Kupershmidt equations was presented by Tao and Cui [19]. They proved
that their Cauchy problems are locally well-posed in H*(R) for s > 5/4 and s > 301/108,
respectively. Thereafter, Zhao and Gu [20] lowered the regularity of the initial data space to
s >9/8 and improved the preceding result in [19]. Also, using a Fourier restriction method,
alocal well-posedness result for the Kaup—Kupershmidt equations was established in [18]
for data in H*(R) with s > 0 and s > —1/4, respectively.

If o = y =0, the model (7) is reduced to the famous modified KdV equation:

Uy + Pigy + piilug =0, (x,8) e RxR,. 8)

The well-posedness of Eq. (8) was studied by Kenig, Ponce and Vega [21]. They proved that
its Cauchy problem is locally well-posed in H*(R) for s > 3/4. Also, Ponce [1] discussed

the general fifth-order shallow water wave equation:
Us + Uy + CLUUy + Coll3y + C3UxUyy + Calllizy + C5Us, =0, (%, 1) € R x R, 9)

and gave a global well-posedness result of its Cauchy problem for data in H*(R). The well-
posedness of the SPDEs has been the subject of a large amount of work. De Bouard and
Debussche [22] considered the stochastic KdV equation forced by a random term of white
noise type. They proved existence and uniqueness of solutions in H'(R) and existence of
martingales solutions in L2(R) in the case of additive and multiplicative noise, respectively.
Since that time, many researchers paid more attention to investigate the Cauchy problems
for some SPDEs, and have obtained a number of local and global well-posedness results
[15,23-25].

The goal of this paper is to investigate the Cauchy problem of the stochastic modified
Kawahara equation (1), where the random force is of additive white noise type. By employ-
ing a Fourier restriction method, a Banach fixed point theorem and some basic inequal-
ities, we show that Eq. (1) is locally well-posed for data in H*(R),s > —1/4. Also, we give
global existence for L2(RR) solutions. An outline of this paper is as follows. Section 2 con-
tains precise statement of our new results and some important function spaces. In Sect. 3,
we give an estimation of the stochastic convolution term via a Fourier restriction method
and some basic inequalities. In Sect. 4, we use the stochastic estimation proved in Sect. 3
and the Banach fixed point theorem to obtain a local well-posedness result of Eq. (1). In
Sect. 5, we extend our technique and show global well-posedness result of Eq. (1). Sec-
tion 6 is devoted to a summary and a discussion.
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2 Main results
Before giving the precise statement of our main results, we introduce some notations and

assumptions.

Definition 1 For s,b € R, the space X; is defined to be the completion of the Schwartz

function space S(IR?) with respect to the norm
el = U0l gy = [67(r + 0@ S0l 212, (10)
where (-) =1+ -].

Definition 2 For T > 0, %gb is the space of restrictions to [0, T] of functions in X;; en-

dowed with the norm
el = inf{ [l x,, 7 € Xop, 16 = Hljo ) (11)

Definition 3 Let H be a Hilbert space, L := L)(L*(R); H) is the space of Hilbert-Schmidt

operators from L%(R) into H with the norm

P19 =D I Peillz, (12)

i1
where (g;);>1 is an orthonormal basis in L2(R). When H = H*(R), we write L3 = Lg's.

Theorem 1 Assume that s > —%, Pelyb> % and b is close enough to % If uy € H*(R)
for almost surely w € 2 and uq is Fo- measurable. Then, for almost surely w € $2, there
exist a constant T,, > 0 and a unique solution u of the Cauchy problem (4) on [0, T,,] which

satisfies
ue C([0, T, H(R)) N X7y

In fact the L2-norm is preserved for a solution of the modified Kawahara equation [4].
Therefore, in the case of s = 0, we can obtain a global existence result for Eq. (1). Precisely,

we have the following.

Theorem 2 Let uy € L*(£2,L*(R)) be an Fo-measurable initial data, and let d € Lg‘o. Then
the solution u given by Theorem 1 is global and satisfies

u € L*(2;C([0, Tol; H(R))), for any To > 0.
3 The stochastic convolution estimate
In this section, using Fourier restriction method, the properties of It stochastic integral

and some basic inequalities, we give an estimation for the last term in Eq. (5), which is the
stochastic convolution:

u(t) := /tL[(t—s)Q) dw(s). (13)
0
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Choose x € C5°(R,) such that

0 t<0,t>2,
x(t) =
1 0<t<l.

Hence, x € H?(R) for any b > % Let th := H?([0, T]; R) be the Sobolev space in the time

variable ¢ with the norm:

[ (1) — ¥ (t2)]?

2. 2 b
Wy = Wy + [ [ H S dndn, v ey, (14)

Now, we state and prove the estimation of the stochastic convolution (13) as follows.

Lemma 1l Assumethats,b e Rwithb > %, and let ® € LY. Then u; defined by (13) satisfies
xup € LX(£2, %)
and

E(lxumlk,,) < NG, 0191, (15)

where N (b, x) is a constant that depends on b, || x ||H;,, I |t|%x ||L% and || |t|%x llzoe-

Proof Let us introduce the function
w(t,-) = x(t)/t U(-s)®dW (s), teR,. (16)
0
this implies that U(£)w(t, -) = x (t)u;(t). Thus, by Eq. (10), we have
E(lxml,,) = E( [ [ e @ ezt ar ds)
RJR
- [ @) Bl 017 ds. (17)

According to the expansion (3) of the cylindrical Wiener process and Eq. (14), we have

E([|§w(-£)[1p) = S1 + 52 (18)
where
t 2
Si=Y. |4>Aei|2[E(H x (@) f 0 dpy(s) )} (19)
ieN 0 L2(R)

tisp(€) TR.(<) _ 2 Lisp(E) JR8.(c)|2
SZ=Z|¢Aei|2[E(/R/R|X(me AL e, S dn) |

_ 1+2b
P |t — B

(20)
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From the It6 isometry formula, we get

SI-Z|¢e,|2/|X |1E(V 596 4 Bi(s)

ieN )

=161 x 72 Y- 1 (21)

ieN

To estimate S,, we have

. 1) [P etE) dB.(s) — x (&) [ e52€) dB.(s)|?
S, = Zl(peﬁ[E(// xE) )y’ e }Tt(s) t’l‘ﬂib)f" e dtldtz)]
RJR 1=

ieN

= 2Z|¢e,|2/

ieN ty>0

X @)PE( fy? €54© dBy(s)|?)
< @e,z[/ / 0 dt, dt
Z| | £250 J£1<0 b1 — to| 1420 e

ieN

/ E(x(t) f;" €2 dBi(s) — x (t2) [;2 €*9© dpi(s)|?) e
1 2
t1<ty

|t — ta[1+2

E(‘X (1) o' €O dBi(s) - x(12) [y € dBi(s) ‘2>

(8 [2 59O dBi(s)
+ 2\/15 / |t _7 |1+2b dtl dt2:|
2>0 J0<t1<ty 1 2

2 zs¢ 2
<3 el /M/M |x (£2)] E(If ) dBi(s)| )dtldt2

—t 1+2b
ieN 2l

) — v (£)12E b isg(£) dB; 2
+4f / Ix () - x(B)IPE( [, e Bi(s)l )dtldtz
t5>0 J0<ty <ty

|t — to]1+2

X (&) PE(] [ €59© dp;i(s)[?)
+ 4/ / 2 ftl dt dt,]
t2>0 JO0<ty <ty

|t1 —t2|1+2b

=Y |Pei’lh + I + I3). (22)
ieN

Now, we limit I3, I; and I3 separately,

2
=2 [ alxe) diydty < My 1614 x (23)
0

f<0 |t — o 1*2P

Using Eq. (16), we have

Loyt £)|?
12<4/ / Ux(t) — x ()] dt, dt,

T

ty 2
<4// tilx(t) — x ()] dt, dt

Ity - t2||1+2b

alx(&a)?
+4 dty dt
/ / NIt —go1¥20 T2

< 812y + 4] 1l x||Loof / g dade

=8Il + M| 1112 x ||L?o. (24)
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Similarly,

|x (£2)]? 1, 12
13<4// Oty < 17 (25)
1~

Combining (21)—(25) with (18), we get

E([§w(,6)[ 1) <NB.x) Y 1Beil, (26)

ieN

where N (b, x) = My(||x ”th +| |t|%x ||Lz2 + ¢ 3 X llzge). Hence, the estimate (15) comes from
(17) and (26). O

4 Local well-posedness: Proof of Theorem 1

According to the stochastic estimation proved in the above section and the Banach fixed
point theorem, we deduce a local well-posedness result of Eq. (1). That is, this section is
devoted to the proof of Theorem 1. Let v(¢) = U(¢)u and u = u(t) — v(t) — uy(t), then Eq. (5)
is equivalent to

u(t) = Au(t)

1 [t d

= —/ Ut -s)— @ +uj +v*
3 Jo ox
+ 3(Wv? + 2avy + du} + 5PV + iuy + viuy + vi) ) (s) ds. (27)
Therefore, the goal of this section becomes to prove that A is a contraction mapping in
T _ (7 - xT . |7

D = {u €X;,: ||u||3€sT’h SR}, R>0,T >0,

where R and T are sufficiently large and small, respectively. Before doing this, we recall
some previous results on the linear and bilinear estimates.

Lemma 2 ([23]) Assume thata >0, b > % and b is close enough to % Fors e R, ug € H(R)
andf € XI_,, we have

/tL[(t— 7)f(7)dt
0

< CT"f I, (28)
T Sy

xs,b

and
IWllxr, < luolle. (29)

Lemma 3 ([18]) Assumethat0<a<1, ; <b< 5 omd b is close enough to s.Forb' >
s> —1 and uy, uy, u3 € S(R?), we have

— (u1uru3) <Cllurllx_, lluzllx_, lusllx_, (30)
ax s,b s,b s,b

x&',—d

provided that the right-hand side is finite.
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According to Lemmas 1, 2 and 3, we obtain
Azl < C'T (R + ol xr, + llst0]11ss).- (31)
Therefore, for i1y, 115 € @};, we get
A = Adallr, < C T (R 4+ aull e, + et ) 4 = ] 7 (32)
Now, define the stopping time T, by
T, =inf{t>0:9C't"" "R > 1}, (33)

where RT = ||u]| X7+ l|¢4o]|zs- Then A maps the ball with center zero and radius R? in 3€st
I :
into itself, and

_ _ 1 _
Ay = Ayl 1, < 2 i = o o7 (34)

From the fixed point theory, A has a unique fixed point, which is the solution of (5) in
%g;’. Observethat u =v+ it + u; € %ST’Z, + XST;;

In the remaining part of this section, we complete the proof by showing that u €
C([0, T,,], H*(R)). Taking in attention that b,5" > % By virtue of the Sobolev imbedding
theorem, we have v € C([0, T,,], H*(R)). Under the condition that @ € Lg's and the fact
that U(¢) is a unitary group in H*(R), an application of Theorem 6.10 in [16] implies that
u € C([0, T, l; H*(R)).

Now choose a cut-off function x7 € C§°(R) such that x7(t) = 1 on [0,2], supp xr C
[-1,2] and x7(¢) = 0 on (—00,-1] U [2,00). Denote x,(:) = x(g71(-)) for some q € R. By
Lemma 3, we have i#%i1, € X, _, for any prolongation # of u in X, + X; ;. Therefor

Since 1 —a > %, then u € X, C C([0, T,,]; H*(R)). This completes the proof of Theorem 1.

X /0 U(e - 9)((s)it(s))

< Cllis)iaels) . - (35)

xs,l—a

5 Global well-posedness: Proof of Theorem 2

Fix Ty > 0 and assume that u, satisfies the conditions of Theorem 1. In this section, we
present a proof of Theorem 2, that is, we show that the solution « can be extended to the
whole interval [0, Ty]. Let (D,),en be a sequence in L8’4 such that

lim ®,=® inL)°. (36)

n—00

and let (uo,,),en be another sequence in L2(£2, H*(R)) such that

lim uo, =uo in L*(£2,L*(R)). (37)

n—00

By using a reasoning similar to that in[23], we can find a unique solution u, in C([0, Tp],
H3(R)) for

u, = U(t)ug, + /t U(t-s) (ufl(s) 881,:, (s)> ds + /t U(t —5)D, dW (s). (38)
0 0
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By using the It6 formula on ||z, ||i2 ® and Martingale inequality (see[16]), we have

E( sup lnl,) < Eluonll?) + Clnln. (39)
te[0,To) * * 2

Therefore, the sequence (u,),cn is bounded and weakly star convergent to a function u* €
L%(£2;L°([0, To]; L*(R))), which satisfies

B sup [u]};) <E(luol,) + Cllo )2 (40)

0,0
£€[0,To] Ly

In the same way as A, define the mapping A,,. It is easy to show that A, is uniformly strict
contraction on @iiﬁ; in %ST i According to the fixed point theorem, there exists a unique
function u € %ST;’ such that

u=u*=lim u, as.inl0,T,], (41)
n—0o0

where u,, is the unique fixed point of 4,,. Also, we have

|u(t()) ||L2(]R) < |lu* ||L°°([0,T0];L2(]R))‘ (42)

Thus, we can emerge a solution on [T,,27T,]. Hence, the solution u# can be extended to
[0, To] almost surely by reiteration. This completes the proof of Theorem 2.

6 Summary and discussion

This paper is devoted to employing the Fourier restriction method, the Banach contraction
principle and some basic inequalities for investigating nonlinear SPDEs and for proving
local and global well-posedness results for their solutions in convenient function spaces.
Our attention is focused to the stochastic modified Kawahara equation (1), which is a fifth-
order shallow water wave equation considered in a random environment. We prove that
Eq. (1) is locally well-posed for data in H*(R), s > —1/4 and its solution can be extended
to a global one on [0, Ty]. The Fourier restriction method is proposed due to the non-zero
singularity of the phase function ¢.

The deterministic modified Kawahara equation (7) was discussed by Jia and Huo in [18].
They proved local well-posedness result for data in H*(R), s > —1/4. In this paper, we ex-
tend their result and handle the stochastic version of the modified Kawahara equation by
choosing new appropriate stochastic function spaces (such as the space %gb) and estimat-
ing the stochastic convolution (13) in these spaces. That is, we consider a realistic situation
of the fifth-order shallow water wave equations. We believe that the ideas which we have
suggested in this paper can be also applied to a wide class of stochastic nonlinear evolu-
tion equations in the field of mathematical physics. For instance, the stochastic KdV, the
generalized KdV, the Hirota—Satsuma coupled KdV and the Swada—Kotera equations.
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