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1 Introduction

The qualitative study of fractional differential equations depends on the type of the imple-
mented fractional derivative. Mainly, there are two types of nonlocal fractional derivatives;
the classical ones with singular kernels such as the Riemann-Liouville and Caputo deriva-
tives, and the ones with nonsingular kernels, which have been introduced recently, such as
the Atangana—Baleanu and Caputo—Fabrizio derivatives [14, 22]. Even though that there
are no strong mathematical justifications of the new types of fractional derivatives, they
got the interests of many researchers because of their appearance in different applications;
see [7,9,10,12,13,15-17, 19, 23, 24, 27-29, 35, 39]. For recent developments of fractional
derivatives with nonsingular kernels we refer the reader to [4, 5, 8, 20, 21, 36].

The complexity of applications advises researchers to extend the definitions of fractional
derivatives. Therefore, the weighted fractional derivatives have been introduced. The the-
ory and applications of the weighted Caputo and Riemann-Liouville derivatives were dis-
cussed in [2, 11, 30—34]. Also, several types of integral equations are solved in an elegant
way using the weighted fractional derivatives; see [2, 6]. Recently in [6], we introduced
the weighted Caputo—Fabrizio fractional operators and studied related linear and non-
linear fractional differential equations. In this paper, we aim to extend the study to the
Atangana—Baleanu fractional operators. We introduce the weighted Atangana—Baleanu
fractional operators and study their properties. In Sect. 2, we present the definition of the
weighted Atangana—Baleanu fractional derivative in Caputo sense and use the Laplace
transform to solve an associated linear fractional differential equation. We then use the

© The Author(s) 2019. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-019-2471-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2471-z&domain=pdf
mailto:m_alrefai@yu.edu.jo

Al-Refai Advances in Difference Equations (2020) 2020:3 Page 2 of 11

result to define the weighted Atangana—Baleanu fractional integral. In Sect. 3, we present
the weighted Atangana—Baleanu operators in terms of the well-known Riemann—-Liouville
fractional integral, and investigate several properties of them. Finally, we end with some
concluding remarks in Sect. 4.

2 Weighted Atangana-Baleanu operators

In the classical operators, the fractional integral is introduced and then used to define the
fractional derivative. While, in the new types of fractional operators with nonsingular ker-
nels, the fractional derivative is introduced and then implemented to define the fractional
integrals. We follow the new approach and start with the definition of the left Atangana—
Baleanu fractional derivative of a function f(£) with respect to the weight function w(¢).
We have

Definition 2.1 For 0 < « < 1, the weighted Atangana—Baleanu fractional derivative of Ca-
puto sense of a function f(£) € W(0, T] with respect to the weight function w(¢) is defined
by

M) 1 t
1—a w0 Jo

d
(CDﬁ"f) (t) = E, [—u,a(t - s)"‘] 7 (wf)(s)ds, t>0. (2.1)

Here w € C'[0, T], w,w’ >0 on [0, T], M(«) is a normalization function satisfying M(0) =
M(1) = 1, E,(¢) is the well-known Mittag-Lefler function, W (0, T] denotes the space of
functions f € C1(0, T] such that f” € L'[0, T], and

o

= — 2.2
Mo =1 (2.2)

The above integral-differential operator can be written as

M) 1 . d
. M —t)(Ea[—uat]*E(wf)(t)) £>0. (2.3)

T 1l-ow(

(D)@

Theorem 2.1 Let u € W(0, T, if g(0) = 0, then the unique solution of the fractional dif-
ferential equation,

(CDi’,u)(t) =g(t), t>0,0<a<l, (2.4)
is given by

_(wu)(0) 1-«

u(t) = w0 +M(a)g(t)

il 1 ' a-1
" M(e)I (@) wlo) /0 (£ =) wls)g(s) dis.

Proof Because f € W(0, T], we have

t

lim | E, [—ua(t - S)“] %(wu)(s) ds=0,

t—0* Jo

and (D¢ u)(0%) = 0. Thus, a necessary condition for the existence of a solution to the prob-
lem (2.4) is that g(0) = 0. We have

M) 1
l—am

o d _
<Ea[—uat IE E(wu)(t)> =g(t),
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or

d 1-
E, [ ,uato’]*a(wu)(t) mw(t)g(t)'

Applying the Laplace transform to the above equation and using the convolution result,
we have

d _
LE[-nat )L ( 50000 = 1S L(wt0g00).

Since
N B Sot—l e
LE[-mat"]) = [ | <t
we have
5% l-«o
s 1 (SLw)(@) = (w)(0) = o L(w(g(0)-

The above equation yields

L(wu)(t) = (wu)(O) + 11\/[( )

[L(wg)(t) . —L(wg)(t)}

- WO ¢

M) [L(Wg)(t) + =

F( ) (to‘l)L(wg)(t)].

Applying the inverse Laplace operator we have

(0)(0) = ()(0) + )0+ 3 (1 w0
~ l-« o ¢ el
- )0) + 350+ s [ (e w0 ds,
which completes the proof. d

The result in Theorem 2.1 suggests to define the fractional integral operator (.I5f)(t) as
follows.

Definition 2.2 For 0 < « < 1, the weighted Atangana—Baleanu fractional integral of order
a, of f € L1(0, T) with respect to the weight function w is defined by

()@ =+ 0 / (£ - ) w(s)f(s) ds. 25)

M(a)F(a) w(t)

Remark 2.1 For w(t) = 1, the weighted Atangana—Baleanu fractional integral, coincides

with the regular Atangana—Baleanu fractional integral; see [1, 3, 14].

The following result will be used throughout the text.
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Proposition 2.1 For 0 <« < 1, the following holds true.
1.

a

(G B - 25

2. Forarbitrary c1,co € R, and f,g € wo, T],

<1. (2.6)
SC!

alf' *g) )+ ea(f x&) () = (c1 + ) (f x£)() + 2 (f(0)g() — £ (£)g(0)).  (2.7)

Proof
1. We have

L(%(Ea(“ta))) - L(% > %)

which completes the proof.
2. The proof is straightforward using integration by parts.
O

Theorem 2.2 Let u,g € W(0, T, if Au(0) + g(0) = O, then the unique solution of the linear

fractional differential equation,

(cD%u)(0) = Au(t) + g(t), t>0,0<a<]l, (2.8)
is given by
WO = M(a)((S:vu)(O) Eﬂ(x;:;‘*) N 18—aa we)®
S SR () o 29)

where 8, = M(a) = M(1 —a) #0, L #O0.
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Proof We have

1wie)(£) + (wg)(6) = wle) (D) (1) = %E‘x (~11at") * (wa) (1),

Applying the Laplace transform to the above equation yields

Lm0 + 0)(0) = T L (E, (3101 L (90 )

M) 5!
T l-a s + Uy

Mo
SO(

(SL((wu)(8)) = (wu)(0)),

<1.

Direct calculations lead to

(1-a)s* +a
L(0m®) = G =7t = a7 H0400)

Sa—l

M) =21 —))s® — dx

(1 _ ) o -1
_ rs‘;‘ j A;  L((we)(t)) + M(e)(wir) 0) (Sa; —

l-a s*1 o 1
= 5. o g—”SL((Wg)(t)) + gso‘ - %L((Wg)(t))

o o

+ M(a)(wu)(0)

, M(@)(wu)(©) s

o _ Ao
Sa s »

_1—01

L L(@(“{Q‘”))(L((wg)/(t))+<wg)(0))
1 d rat”
+ XL<%EQ (T))L((Wg)(t))

. M(a)((swu)(O)L (Ea <x;m))

hence,

(wu)(t) =

M(a)(wu)(O)E Aoet®
8 < 8a )

1d Aot l-« Aot ,
+ X%ED‘(?> (wg)(®) + 5 Ea( 5 >*(wg) (). (2.10)

Using the result in Eq. (2.7) we have

! qu<@) (we)(8) + 1;“15&(*“”)  (wg) (0

A dt 8s 8

B M(a)i Aot®
A8, dt T\ s,

)0+ = (o0 - o0 (%5 )}, @

and hence the result is proved by substituting Eq. (2.11) in Eq. (2.10). O
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3 Infinite series representation and properties of the weighted
Atangana-Baleanu operators

The infinite series representation of the Atangana—Baleanu fractional derivative was intro-

duced in [18] and has been used to establish several properties of the Atangana—Baleanu

fractional operators. Given the Riemann—-Liouville fractional integral

I5f)@) = / (t — )" \f(s) ds,

(@)

and the infinite series representation of the Mittag-Leffler function

oo n

X
E= 2 Fanv 1y

we have
()0 = G O s () 0 6.
and
(D)0 = T2 OtEa [—ua(t—S)“]%(Wf)(S) ds 62)
A S o
- ]1”-(02 wit) i F(om ; 1) [ S)a"%(wf )(s)ds
M) wit)i— (5 0 ). 63)

Since E, ([~ it (£—5)*] is continuous, w € C1[0, T] and f € W(0, T, the integral in Eq. (3.2)
converges for a finite interval [0, T], and hence the infinite series in Eq. (3.3) is convergent
forall t € [0, T7].

Theorem 3.1 Iff € W(0, T] then JorO<a <1,
L QD)) = f() -
2. (Dyelyf)(0) =f () -

and

Proof
1. We have

(2D = S (D)) + s s (03 (D))

oo n an+
:M(a)|:1 otw(t)z( " 0 I(Wf))(t)}

o
" M(@) W(t)

Z( l)n Iom+1 Wf) )) :|



Al-Refai Advances in Difference Equations (2020) 2020:3

t) Z( 1)l (157 owf) ) )

(t) Z( 1);4 [oz(n+1)+1( f) )(t

oo

1 /
= DD (I ) ) @)

n=0

(t) Z( 1);1 1 Iom+1(wf) )(t)

Z( 1" s (I8 (wf)') (®)

—1 - n on+
" W) X_;( Vi (15 0uf)) ¢
1 , 1
=0 (Lo (wf))(e) = ol (w(t)f (£) - w(0)f(0))

which completes the proof.
2. We have

M [e¢]
(PLILA)0 = T iy S 57 () )

M) 1 <

— _1\" n an+l
i R (e
M‘z‘a) (zg(wf»’) (t)]

+

- a® Z( "= (" D) O ~ (O (151 (1)
* “((1“” (L5 wN))®) = (15 wN)(©O)(L5"1) (1)) ]

= t) Z( 1)" n Iun(wf )(t) _ (Wf)(O)(I‘ml)(t)
+ Ma((lam—a Wf (Wf)(O)(Ignﬂxl)(t))]

= —) D) [ (I wh) () - (wH(0) (15" 1) ()]
n=0
(t) Z( 1)n af n+1 ¢ n+1)(Wf))(t) _ (Wf)(o)(lg(n+1)1) (t)]

=—Z( D" [ (1" (wh)) () = wf)O0) (I5"1) (0)]

[ee]

= — > (1 (I ) (@) - (wH(0)(15"1) (1)]

W(t) n=1
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- ((1DwH) @) - wf)(0)(191)(2))

w(t
- ()0 - N (O) (34)
= m( Wf — Wf ), B
which completes the proof. O

As a direct result of Theorem 3.1 we have the following.

Corollary 3.1 Iff Wl(O T), and f(0) = 0, then, for 0 < < 1,
L (d8:DAf)(E) =f(t), and
2. (DLif) () f(t)

Theorem 3.2 Iff € W(0, T, then, for a, B € (0, 1),
1. DUDL)(E) = Dh(DEf)(), and
2 LA AL)E) = I (0.
That is, the weighted Atangana—Baleanu fractional operators in the Caputo sense are com-

mutative operators.

Proof
1. We have
D (DEF) M(a) ﬁ i: 1y (5 (woDEF) ) (3.5)
and
(weDEf)(8) = ?@ i( 1 (13 o)) ).
pan
Thus
(chWf W—@i ~Df (15 ) ©). (3.6)
pars

By substituting Eq. (3.6) in Eq. (3.5) we have

DE(DY)0 = T S 1w <13““ T SV s ))(t)
n=0 k=0

1 M(a)M(B)

" w(t) A -a)(1-B) ¢ Z( wa)" () (13" ) ) @), (37)

and the result is proved since the last expression is symmetric in « and B.
2. We have

DO = S (L) 0+ 31 %zg (wI2f)(®

oo (l‘ﬂf(a P_1 s f)(t))

~ M(e) \ M(p) M(B) w(t) ©

Page 8 of 11
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o 1 - 1- ,3 ,3 B
+ M@ WIO <m(wf)(t) + mlo (Wf)(t)>

:(l_a)(l_ﬂ)f(t)+ pl-a) 1
M(a)M(B) M(a)M(B) w(t)
a(l-g) 1

* M) w © 0

Ol/g 1 +B
+ M)MB) ng (w)(®),

15 wf)(e)

which proves the result as the last expression is symmetric in « and 8. O

The weighted Atangana—Baleanu fractional operators are defined for ¢ > 4 and arbitrary
a € R* as listed below. However, we started with ¢ > 0, in order to apply the Laplace trans-
form to define the weighted Atangana—Baleanu fractional integral.

Definition 3.1 For 0 < « < 1, the weighted Atangana—Baleanu fractional derivative of Ca-
puto sense of a function f(£) € W(a, T], a € R* with respect to the weight function w(t)
is defined by

_M(a) 1
N l—am

4 d
(D2,) (@) / Eo[-1a(t—5)*] %(wf)(s) ds, t>a. (3.8)

Definition 3.2 For 0 < « < 1, the weighted Atangana—Baleanu fractional integral of order
a,off e LY(a, T), a € R* with respect to the weight function w is defined by

-

o 1
(Cla,wf)(t) - M

f(t) —5)*Lw(s)f (s) dis. (3.9)

o 1 ¢
@ V" M@r@ W/ ¢

By applying analogous steps in the previous section one can easily verify the following:

1 Pl a 1 .
(el )0 = e * ity wipy (<)
and
o M@ 1 (e D
(o) = 1w n§=0< 1) ua(la d—t(wf))(t).

The properties obtained in Theorems 3.1 and 3.2 will be valid for the (/5 f)(¢) and
(D% ,.f)(t) operators.

4 Concluding remarks

We have introduced the weighted Atangana—Baleanu fractional operators, and studied
their properties. By means of the Laplace transform, we have obtained the solutions of
related linear equations in closed forms. The weighted Atangana—Baleanu fractional in-
tegral is written in terms of the Riemann-Liouville integral, and the weighted Atangana—
Baleanu fractional derivative is written in terms of an infinite series of Riemann—Liouville
integrals. By means of these representations, we have established several properties of the
weighted Atangana—Baleanu fractional operators. Because of the type of the kernel, it is
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well known that dealing with the Atangana—Baleanu fractional operators is more difficult
than dealing with the Caputo—Fabrizio operators. Therefore, the problem of introducing
and studying the weighted Atangana—Baleanu fractional operators with respect to another
function z(¢) and weight function w(t) with their properties is still open. Also, the question
whether the new models in the paper can be solved by the available numerical techniques
in the literature [25, 26, 37, 38] is a valid question, and this issue has to considered in a
future research.
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