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1 Introduction
Fractional differential equations have received much attention over the past two decades,
as they are found to be important models in many physical, biological, and engineering
problems. In fact, they can be regarded as alternative models to nonlinear differential
equations and many physical phenomena with memory characteristics can be described
by fractional differential equations; see, for instance, [1-7]. Recently, the theories of frac-
tional differential equations with classical Caputo and Riemann—-Liouville derivative have
been developed and some basic properties are obtained including existence and control-
lability, see [8—27]. Among them, the differential equations with Caputo fractional deriva-
tive are studied extensively. By probability density functions, Wang and Zhou [13] gave
a suitable concept of mild solutions to Caputo fractional evolution equations. Balachan-
dran and Kiruthika [11], Balasubramaniam and Tamilalagan [23] proved the existence of
solutions to Caputo fractional integrodifferential equations by using resolvent operators.
Mallika and Baleanu et al. [26] studied the fractional neutral integrodifferential equation
with nonlocal conditions by fixed point theorems and resolvent operators.

On the other hand, in the papers of Heymans and Podlubny [28], Agarwal et al. [29],
Baleanu et al. [30], it was shown that Riemann-Liouville fractional differential equations
are useful in physics to model viscoelasticity and have different properties from the Ca-
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puto derivative. As the Riemann-Liouville fractional derivative has a singularity at zero,
the mathematical analysis to Riemann—-Liouville fractional differential equations is more
complicated. In this paper we will consider the following semilinear integrodifferential

system with a Riemann-Liouville fractional derivative:

D*x(t) = Ax(t) +f (¢, x(t), fot h(t,s,x(s))ds), te€] :=(0,b], (L1)

limy_, o+ I ()t'~x(t) = %, '
where 0 < a < 1, D% is the Riemann-Liouville fractional derivative of order «, A : D(A) C
X — X is the infinitesimal generator of an order-« fractional resolvent {S,(¢),t > 0} on a
Banach space X, the operators 1: A x X — X, f : ] x X x X — X are nonlinear functions,
where A ={(t,5),0<s<t<b},]:=[0,b].

Some authors have discussed the solutions to fractional differential equations with
Riemann—Liouville fractional derivative [18, 31-33]. For the mild solution, there are two
different types of representation that have been given. The first one was constructed in
terms of a probability density function. By Laplace transformation and probability density
function, Liu and Li [31] gave an appropriate concept of solutions to a semilinear differen-
tial system when A generates a Cy-semigroup. The second one was presented in terms of
fractional resolvents. In [32], based on («, k)-regularized operators, Lizama got the repre-
sentation of solutions for linear fractional order differential equations. Using order-« re-
solvents, Li and Peng [21], Fan [33] discussed the solutions to fractional homogeneous and
inhomogeneous linear differential system, respectively. As is well known, Cy-semigroup is
a useful tool in the study of first order differential equations in Banach spaces. In a similar
way, fractional resolvents play an important role in the theory of fractional integrodifferen-
tial equations. For a compact Cy-semigroup T'(¢), it is continuous in the sense of operator
norm for ¢ > 0. Then it is a natural question to ask whether the result is valid in the case
of Riemann-Liouville fractional resolvents; see Lemma 2.5. This is one motivation of this
paper.

Recently some interesting results on Caputo fractional resolvents have been given in
[11, 12, 26]. We note that the properties of resolvent operators for Caputo derivative and
Riemann-Liouville derivative are different in essence, though neither of them has the
semigroup property. For Caputo fractional resolvents T, (), T,(0)x = x for every x € X,
but it is not valid in the case of Riemann-Liouville fractional resolvents. So another mo-
tivation of this paper is to formulate the suitable solution to problem (1.1) by Riemann—
Liouville fractional resolvents in a Banach space C;_,(J, X), which is constructed to solve
the difficulty of fractional resolvents’ unboundedness at ¢ = 0. Then without the Lipschitz
conditions, the existence of solutions to problem (1.1) is discussed.

The paper is organized as follows. In Sect. 2, we recall some concepts and facts about
the fractional resolvents. Section 3 is devoted to the sufficient conditions for solutions to

problem (1.1). Finally, an example is presented to illustrate the application of our results.

2 Preliminaries

We denote by C(J,X) the space of X-valued continuous functions on J with the norm
llx]l = sup{llx(®)|,¢t € J}, B(X) the space of all bounded linear operators from X to it-
self, LP(J, X) the space of X-valued Bochner integrable functions with the norm ||f||z» =
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( fob If @®)11P dt)P%. In order to define the solution to problem (1.1), we consider the space
Cia(J,X) := {x(~) () e CUL,X),0<a < 1},

with the norm |[|x||c,_, = sup{||t"~*x(¢)||x : t € J}, where t'=*x(¢) ;=0 = lim;_ o+ t'~*x(£). Ob-
viously Cy_4(J, X) is a Banach space.

Now we recall some definitions and results on fractional derivative and fractional dif-
ferential equations.

Definition 2.1 ([3]) The Riemann—Liouville fractional integral of a function f € L'(J, X)
of order o € R" is defined by

1 t
I’f(t) = —f (t-s)*"f(s)ds, t>O0,
tf F(a) o f
where I'(-) is the gamma function.

Definition 2.2 ([3]) The Riemann-Liouville fractional order derivative of order o € R*
of a function f € L!(J, X) is defined by

1 d”

o - - = ! _ oyr—a-1
D*f(t) = F(n—a)dt"/o(t s) f(s)ds, t>0,

wherea € (n—1,n],n e N.

Especially for 0 < & < 1, Df(£) = iz 5 Jo(E = )f(s)ds, £ > 0.
Let the symbol * be the convolution (f * g)(¢) = fot f(t - s)g(s) ds. For the sake of conve-

nience, we take g, (£) := % fort>0and g,(¢) =0 for £ <0. Then, forO<a <1,

d
L0 =)0, Df(t)= 7 (g1-a x/)(2).

Definition 2.3 ([21]) Let 0 <« < 1. A family {S,(¢), ¢ > 0} C B(X) is called an order-« frac-
tional resolvent if it satisfies the following assumptions:

(@) Sy(-)x € C(R*,X) and lim,_, ¢+ " (a)t' %S, (t)x = %, x € X;

(b) S (£)Sa(s) = Su(s)Sa(2), s, > 0;

(©) SulOMZS0(5) ~ I Su()Sa(6) = 8u (OIS () — gulS)ES, (B) 5,5 0.

The linear operator A defined by

1S, () - ﬁx
Ax = I'(Qa) lirg ——F %€ D(A),
t—0t

is the infinitesimal generator of the fractional resolvent S, (¢), where

S, (t)x - ﬁx
D(A) = {xeX: fim " T@”

exists 7.
t—0+ te

Note that the fractional resolvent S,(¢) is unbounded when ¢ is sufficiently small, but
1795, (t) is bounded on J = [0, b]. We denote M = sup,; [|t*~*S,(t)||.
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Lemma 2.4 ([21]) Let {S,(t),t > O} be an order-a fractional resolvent and A be its infinites-
imal generator. Then:

(@) Su(t)x € D(A) and ASy(£)x = Sy (t)Ax for all x € D(A), ¢ > 0.

(b) Forallx e X, t>0, Sy(t)x = %x + ALY Sy (t)x.

ta—l

)
(¢) Forallx e D(A), t>0,S,(t)x = FaX+ I2 Sy (£)Ax.
)

(d) A is closed and densely defined.

As fractional resolvents do not satisfy the property of semigroups, we need the following
convergence results for resolvents in the uniform operator topology.

Lemma 2.5 Let {t17%S,(¢),t > 0} be equicontinuous and compact. Then, for every t >0,
(@) limp_ o+ ||(£ + H)0So(t + ) — T () =Sy () - £179S,, () || = 0;
(b) limy, v [[£7*Se(£) = I (@) ~*Sy (k) - (£ = 1) =Sy (£ - H)|| = 0.

Proof As t'™*S,(t) is compact for ¢ > 0, we have the set

Py = {8, ()% : |lxl < 1},

is precompact in X for every ¢ > 0. Then we can find a finite family {£17S,(t)x; : [|x;]| <
1}, C P, satisfying for every , ||x|| <1, there exists x;, i = 1,...,m, such that

e
7S, ()x — 7S, (x| <« ————. 2.1

I ()x )| < 33 T @D (2.1)

From Definition 2.3(a), there exists /; > 0 such that
1-«a 1-a 1-a &

|61 Sa (£)x; = T (@) =Sy (h) - £ Se (E)oc: | < 3 (2.2)

foreveryO<h<hyand1<i<m.
Moreover, as t17%S,(¢) is equicontinuous for ¢ > 0, we can find 4, > 0 such that
1-a 1-a €
” (tE+h) St +h)x—t Sa(t)xH <=, (2.3)

3

for every 0 < < hy and ||x|| <1.
Now for 0 < # < min{hy, h,} and ||x]| < 1, it follows from (2.1)—(2.3) that

[t + 1) So (¢ + )x — T (c)n' =Sy (h) - £ S ()
< H (£ +h) S, (t + h)x — tl_"‘Sa(t)xH
+ [ £ S (6 = £ Se ()i
+ || 6174 So (O)xi = T(e)h 4 Sq () - £ So () |
+ | T ()"~ Se (h) - £ Sy (8)x; — T (@) Sy (h) - £ Se ()

& £ £
“3730+r@M 3

+ T (@) | S () [ S, () — 1S, (D] |
< & & & F( )M &
=3 30+ rM 3 Y30y re@m)

<e¢

’
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which implies that, for every ¢ > 0,
;in% [ (£ +h)' = Se(t + h) = T'(a)h ™Sy (h) - £*Se(8)| = 0.
(b) Let £ > 0 and 0 < z < min{¢, b}. Then, for ||x|| <1, we have

£ Su (8)x = T (@) S, (h) - (£ = B) S (¢ - h)x|
= |7 Su () — (£ + 1) 7S, (t + b
[+ B S (& + Bx = T (@) Sy (h) - £ S (0)x
| T @IS, (h) - [ Su (02 = (£ = ) S, (¢ — )] |
< |8 @) — (¢ + 1) S, (& + h)x||
[+ ) + h)x = T (@) =Sy () - 7S, (x|

+ T(@M|| 7S, (8% — (£ = 1)~ S, (- )

’

which implies the corresponding result by the conclusion of Lemma 2.5(a) and the
equicontinuity of {¢17*S,(¢), ¢ > 0}. O

Definition 2.6 A function x € C;_,(J, X) is called a solution to problem (1.1) if it satisfies

a-1

x(t) = %xo + AL x(t) + IDf (t,x(t), /Ot h(t,s,x(s)) ds), te].

Lemma 2.7 ([34]) Letf € LP(J,X) with 1 < p < 0. Then

b
lim /0 If&+h) -f@)|"de=0,
where f(t) =0 fort #J.

3 Main results
In this section we shall discuss the concept of solution to problem (1.1) by fractional resol-
vent method and give its existence theorem without Lipschitz assumptions to nonlinear
item f. Let r be a finite positive constant and set W, = {x € C1_(/,X) : [|xll¢,_, < r}. For
brevity, we define the integral operator H by (Hx)(t) = fot h(t,s,x(s))ds, x € C1_o(J, X). We
give the following hypotheses on fractional integrodifferential system (1.1).
(H1) {£1-*S,(¢),t > 0} is equicontinuous and compact.
(H2) The function : A x X — X satisfies the following:
(1) Fora.e. (t,s) € A, the function k(t,s,-) : X — X is continuous and for all x € X,
the function A(:, -, x) : A — X is strongly measurable;
(2) There exists m € R* such that || 4(t, s, x)|| < m|x|.
(H3) The function f : ] x X x X — X satisfies the following:
(1) f(¢,,-) is continuous for a.e. t € [0,b] and f(-,x,) : [0,b] — X is measurable
forall x,y € X;
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(2) Forae.te[0,b] and x,y € X,

& x )| < 6@ + ot (Il + Iy11),
where@(t)eLP(],X),p>éand0<p< o

Mba+Mb2m”

Lemma 3.1 Letf € L*(],X), p> % and hypothesis (H1) be satisfied. Then the convolution

(Su #1)(0) = fo Sut-s)f(9)ds, tef,

exists and defines a continuous function on J'.

Proof From Proposition 1.3.4 in [35], we know that S, (¢ — -)f(:) is measurable on (0, £).
Moreover, we have

|(Sa x/)@)| = H /0 ((t=5)"Sa(t = 5)) - (- 9)*"f(s)ds

<ot [ -9 i) ds

-1\ a1\ 7
SMllfllua(<p )t)
ap-1
o-1 p_l 17}%
SM|fllppd” P | —— ,
O{p—

which shows that S, * f exists.
Next we show that S, *f € C(J',X). Let 0 < ¢ < t; < tp < b, then we have

| (Se % )(82) = (S % )@

/ " Sulty =) (5) ds - / ' Sulty - 5)f () ds
0 0

=

/ (= 9 Sults - ) — (61 = ) Sultr — 5)] - (2 — )" (5) ds
0

+ / 1 [(t2 =)' Salta = 5) = (11 = )" Su(t1 = 9)] - (2 —5)* " f (5) ds

+ /0 1(tl -80St -5) - [l =) = (L1 - 9)* ' ]f(s) ds

. / o= Sults =) - (t2 — 5)°"f(5) s

RS
< sup [(ta -9 Sultr =) — (11 ) Saltr = )| - Iflrb" 7 (fp - )

sel0,t—¢]

1 1‘}7 1 1 1
- ap—1 @p—11-2
+2M|lf||m<fp_l) [((a-t1+8) 7T —(t—t)) P T )77
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t ) 1_1%
+ M”f”l}’ (‘/(; [(tz — S)ot—l — (tl _S)a—l]pfl dS)

=

+M|lf||LP(£9—_11> (tr—11)"7P. (3.1)

Then due to the equicontinuity of {£!7S,(¢), £ > 0}, Lemma 2.7 and the arbitrariness of ¢,

we get

[(Sa % f)(t2) = (Sa % ))E1) | = 0, asty — o,
which shows that (S, * f)(¢) is continuous on (0, b]. O

Lemma 3.2 Suppose that conditions (H1)—-(H3) are satisfied. Then x € C;_4(J, X) is a so-
lution to problem (1.1) if and only if x satisfies

x(t) = Sy (t)xo + ‘/OtSa(t - S)f(s,x(s),Hx(s)) ds, te]. (3.2)
Proof By Lemma 2.4(b), we know that, for ¢ > 0,

Za(t) = Sa(t) — (Aga * Sa)(£).
Let x(-) be a solution to problem (1.1). Then we have

Qo %% = (Sy — Aga % So) %%
= Sy sk — Sy % (Agy * %)
= Sy s (x — Agy % %)
= Sy # (gao + & *f (5 %(-), Hx()))
= Za * (Sao + Sa x f (- %(-), Hx("))),

which implies

x(8) = Se(B)xg + /tSa(t - S)f(s,x(s),Hx(s)) ds.
0

Conversely, suppose x(-) satisfies Eq. (3.2). From Lemma 3.1, we know that x is well
defined on J'. For the result of AI{'x(t), by Definition 2.3(c), we have

(@)
= (51780 (5) = 5" (5)) (I S (10 + g # Su S (%), Hx () (1))
= 5" [Su($)I}'Sa ()0 — gu )1} Su ()0 ]
577 [Sals) - (1'Sa) f (- 20), Hx(:)) () = 8a(S) - (I Su) £ (- 6(), Hax()) (8)]
= 517 [Sa (O S (5)%0 — ga (1S (5)0]

(sl"’Sa (s) - %)If‘x(t)

Page 7 of 17
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+ 5180 () (8) — 1S ()8 (8)] £ (- 2(), Hx()) ¢)
= 5178, (5) [ Su (10 — ga (B0 + S #f (-4, HX() (8) = g S (- 5(), H( ) (8)]
= § LS, (5)[(0) — g O)m0 — L2 (66(0), (1)) ].

It follows that

ALx(2)

(578, 5) = (0

= lim I'(2a)
s—0t s¥

= lir(r)1+ I (200)s 22T S (8)[(8) — ga ()0 — If (£, %(£), Hx(£)) ] (3.3)
Noticing that

|| I(20)s" IS, (s)x — x||

- ?((2:‘)) Osslfm(s_f)aflsa(r)xdr—x

_ FF((Z:‘)) Olsl_a(l—‘t)a_lso,(st)xd‘r—x

- Ui ((i‘;‘])z /O e (@)1 - 1)L (s dr — x

_ % / (1= 1) 0o P () (s7) S, (st dr

otlal
ma)/(‘) xdr

< (e [, 00 e s @i

< sup ||F(ot)(st)1 “Se(sT)x — x||
7€(0,1]

By Definition 2.3(a), we get

” F(Za)sl’hI;"Sa(s)x —x” —-0, ass— 0". (3.4)
Combining (3.3) and (3.4), we have

AL x(t) = x(£) — go ()0 — I f (£, %(2), Hx(£)).
That is,

x(t) = go (£)x0 + AL x(2) + If‘f(t,x(t),Hx(t)),

which shows that x is a solution to problem (1.1). O
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Lemma 3.3 Suppose that assumptions (H1)—(H3) are satisfied. Let W, = {x € C1_,(J, X) :
lxllc,, <r}. Then the mapping G : W, — Ci_o(J,X) defined by

(Gx)(t) = /tSa(t - s)f(s,x(s),Hx(s)) ds
0
is compact.

Proof In view of the relationship between (Ci_o(J, X), || - llc,_,) and (C(J, X), || - llc), for the
compactness of GW, in C;_,(J, X), it is sufficient to prove that the set

B={yeC(,X):y(t) =" (Gx)(t),x € W), €]}
is precompact in C(J, X).
Firstly, we show that B(¢) = {y(¢) : y € B} € X is precompact in X for everyt €].If £t =0,

then B(0) = 0 is obviously satisfied. If ¢ > 0, we can define a set B°(¢t) = {y°(¢),x € W,,t €
J'} € X, where

Yo () = 1Sy () - T'(cr) ™ ‘/H Se(t—s— s)f(s,x(s),Hx(s)) ds.
0

For x € W,, s € [0, D], we have

/Sh(s, r,x(t)) dr
0

<0(5) + ps™ (”x(s) |+ /0 ()| df)

<0(s)+ ps'™@ Hx(s) ” + ,osl’“/ mt% ! ”rl_"‘x(t) ” dr
0

Hf(s,x(s),Hx(s)) ” <0(s)+ ps'™ (”x(s)” +

)

SC(
<0(s)+ pr+ pst™m—r
a

ms
<6(s)+pr+p—r
o

b
<0(s)+pr+ pm—r. (3.5)
o

By (3.5), for x € W,, t € (0, ], we get

£ /t_s Sult = s = £)f (5,x(s), Hax(s)) ds
0

<b / T s e S s—e) - (£ 5 — e (5,205), Hxls) | ds
0
< M / e s e (5,205 Hxt9) | ds
0

t—e ]9
sMbl_"‘/ (t—s—e)a_1<9(s)+,or+pm—r> ds
0 o

Page9of 17
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t—¢ t—¢ b
< Mp' f (t—s— ) '0(s) ds + Mb"™ / (t—s—g)* (,or+ pm—r) ds
0 0 o

p-1\"7 Mb mb
<M(b—— 10llr + —\ pr+p—r
ap-1 o o

< 00. (3.6)

Moreover, due to hypothesis (H1), for & > 0, the operator £17%S, (¢) is compact. So we know
that B®(¢) is precompact in X for each t € J'.
Let t € (0,b] and § € (g, t). We have

ly@) -y |

< tl—a |:

-8, (e) (@) /t_s(t —s—g)l S, (t—s—¢g)- (£ - s)a’lf(s,x(s),Hx(s)) ds
0

/H(t —s)S, (t—s)- (¢ - s)""lf(s,x(s),Hx(s)) ds
0

+

el™S, ()M () /H(t —s—e)l S, (t-s—¢)- ((t —s)* —(t—s- 8)“‘1)
0

x f (s,x(s),Hx(s)) ds

+

ft (t =) 7Se (= 5) - (£—5)*7'f (s, %(s), Hx(s)) dsH]

< pi /M H [(t — )08, (t =) — T(@)er ™S, (e)(t —s— &) %S,(t — s — 8)]
0
x (t - s)""lf(s,x(s),Hx(s)) H ds

+ b ||81_a5a(8) || I'(a) .M./o i || [(t B R ¢y s)a_llf(s,x(s),Hx(s)) || ds
+ bl‘”‘M/t || (t - s)“’lf(s,x(s),Hx(s)) || ds
t=5
b / (=58t = 5) = M(@)eSale)(t -5 — €)' Su(t —s—¢)
0
X (t—s)“"1<0(s) + pr+ p%br) ds

+b' f T 9 St -~ P SNt~ ) St —s )]
-8

x (t—s)*1 (9(5) + pr+ ,om—br) ds
o

1-1

+ bl‘“MZF(oe)</(;”[(t—s)°“l ~(t-s—g) 1] ds) ’ (Al

+b1M t (£ = 9)*71f (s, %(s), Hx(s)) | ds

t-¢e

=L+ L+ 13+ 1,

Page 10 of 17
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where
=5
I =b'™ / || (£ =998, (t —8) = T'(@)e ™S, (e)(t —s — 8) %S, (t —s— &) ||
0
x (£ —s)%! (9(5) +pr+ p%br> ds,
L = b /H (=875, — ) — T(@)e"Sule)t —s— £) St —s5— &)
-3

x (t—s)*7 (9(5) + pr+ pm—br) ds,
a

P

t—¢ 1_%
13=Hﬂnﬂrﬂn</ [U—QMJ—U—S—8V41“1$> If 27
0
=u = 597 (5,29, Hx) | s

From Lemma 2.5, we know that I; — 0, as ¢ — 0*. By the arbitrariness of ¢, § and absolute

continuity of integral, we get
12 — 0, 14 — 0,

as &,8 — 0*. The conclusion of Lemma 2.7 shows that I3 — 0, as ¢ — 0*. Now for t € J/,

we get

Jim (&) -y @) =0,
which implies that B(¢t) = {y(¢) : y € B} is precompact in X as there is a family of precompact
sets arbitrarily close to it.

Next, we show the equicontinuity of B on J. Similar to the computational procedure of
(3.6), we can get

H /t Sq(t— s)f(s, x(s), Hx(s)) ds
0

w1 p=1\"7 Mb* mb
<Mb"r 601 + pr+p—r
ap—-1 o o

:=F, <00, (3.7)
forte]J,xe W,.Lety € B,0 < tj <ty <b. Then we have

”J’(tz) —J’(fl)“

t

t%—a /0 Se(ty — S)f(S,x(S),Hx(s)) ds— ti_a /0

1 Sa(t1 — s)f(s,x(s),Hx(s)) ds ”

{

=) [ St (o, )

l-a
+1

/tz Sty — s)f(s,x(s),Hx(s)) ds — /tl Sa(t1 — s)f(s,x(s),Hx(s)) ds
0

0
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<(B-4F

+ b

/tz Sa(ts = $)f (s,%(s), Hx(s)) ds — /tl Sa(ty = 8)f (s, x(s), Hx(s)) dsH

0 0
From (3.5), we know
If (s,x(s), Hx(s)) | < 6(s) + pr + p%br, 0 eL?(J,X).

Then due to Eq. (3.1) in Lemma 3.1, we have

ty I3}
H/ So(ty — s)f(s,x(s),Hx(s)) ds — f Se(t1 — s)f(s,x(s),Hx(s)) dsH — 0,
0 0
as 11 — I, independent of x € W,. Now we can obtain
Jim [[y(62) = y(e2)] =0,

which leads to the equicontinuity of B on J. Thus G: W, — Ci_,(J, X) is a compact map-
ping by the Ascoli—Arzela theorem. This proof is completed. O

Now we can present our main existence result to problem (1.1).

Theorem 3.4 Assume that the hypotheses (H1)—(H3) are satisfied. Then the system (1.1)
has at least one solution.

Proof We transform the existence of solutions into a fixed point problem. For this purpose,
by considering Lemma 3.2, we introduce the solution operator @ : C;_,(J, X) — C1_4(/, X)
by

Dx(t) = Sy (t)xo + /tSa(t - s)f(s,x(s),Hx(s)) ds.
0

It is easy to see that the fixed point of @ is just the solution to problem (1.1). Subsequently,
we shall prove that @ has a fixed point by Schauder’s fixed point theorem.
Step 1. We claim that @ W, € W, in C;_4(/, X), where
e IILP}-

> o Mol + M( p L= -
, r-2
~ a? - Mb(ap + pbm) o ap-1

=

In fact, for x € W,, t € J, from (3.7) we have
e~ ®x(t) |

< s, (O + b1

/t Se(t— s)f(s,x(s),Hx(s)) ds ”
0

p-1 -5 Mb mb
< Mlxoll + M| b— 10llr + —\ pr+p—r1
ap-1 o

o

<r.
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Step 2. We show that @ is continuous on W, C C;_,(/, X). For this purpose, we assume
that x, — x in W,.. From hypothesis (H2), (H3), for ¢ € J, we have

(t =97 (f (5, %(5), Hr(5)) = f (5, %(5), Hx(5))) = 0, a.e.s€[0,1],
and from (3.5), it follows that

(£ =97 |f (s,%u(5), Hxn(s)) — £ (5, %(5), Hx(s)) |
<2(t-s)*! (9(5) +or+ p%br>, se[0,t].
Then, by the dominated convergence theorem, we get
£ (x) (1) = (@X)(0) |
<t /0 t [(£=8)'7Se(t=3)| - (£ = )*7H||f (5,%n(), Hxu(5)) — f (5 %(s), Hx(s)) | ds
<Mb" /0 t(t — )" F (8,%n(8), Hoxu(s)) = f (5,(5), Hx(s)) || ds
—0, n— o0,

which implies the continuity of @ on W,.
Step 3. We show that the operator @ is compact. Let

D= @1 + @2,
where @1 (t) = Sy (t)x, Po(t) = fo (t—s)f (s, x(s), Hx(s)) ds. From Lemma 3.3, we have con-
cluded that @, is compact in W,. For the compactness of @y, it is sufficient to check the
set

V= {z e CU,X): 2(t) = t17%S, (t)x0, %0 € X, t e]},

is precompact in C(/, X). Obviously, V(0) = { }, V(t) = {£17%S, (£)xo}, t > 0, is precom-
pact in X. Suppose that 0 <t; <t, <b.Ift; = 0 in view of Definition 2.3(a), we get

|2(2) = 2(0) | = || 137 Sa (E2)x0 —

Yo —0
I () '
asty, — 0.If 1 > 0,

|2(t2) = z(t1) | < || &5 Salt2)0 — 57 Sa(£2)x0 | — O.

From hypothesis (H1), we know that ||z(t;) — z(¢1)|| — 0, as t; — £». By the Ascoli-Arzela
theorem, we see that V is precompact in C(/,X). Therefore, @ = ®&; + @, is a compact
operator in Cy_4(/, X).

Hence, from Schauder’s fixed point theorem, there exists a fixed point x such that @x = x,
which is the solution to problem (1.1). This completes the proof. O

Page 13 of 17
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4 Application
Consider the following integrodifferential evolution system with Riemann-Liouville frac-
tional derivative:

Du(t,x) = %u(t,x) + F(t, u(t, x), fothl(t,s, u(s,x))ds), 0<t<1,0<x<l1,
u(t,0) = u(t,1) =0, (4.1)

lim,_, o+ I (@)t~ 2u(t, x) = uo(x).
Take X = L%(0, 1) and the operator A : D(A) € X — X defined by Az = z”, with
D(A) = {z € X : z,7 are absolutely continuous,z” € X,z(0) = z(1) = 0}.

From Pazy [36], A is the infinitesimal generator of a compact analytic semigroup T'(¢),
t > 0. It is known that A has the eigenvalues A, = —n?72%, n € N, and the corresponding
eigenvectors e, (x) = V2sin(nrx) for n > 1, ey = 1, which form an orthogonal basis for
L?(0,1). Then T'(¢) is given by

o0
T(t)z = Z e 7 Ve
n=1

If ug(x) = Zzl ¢, sinnmx, then we have

o0
T(Huo(x) = Z e‘”zﬂztcn sinnmx.

n=1
Moreover, from [21], we know A is the infinitesimal generator of an order-« fractional
resolvent S, (¢) and
o0
Se(B)ug(x) = Z t*Eyq (—n2n2t°‘)c,, sin nmx.
n=1

Employing the method in [13, 31], by Laplace transformation and probability density func-

tions, we can have
S (o (x) = / 0&4(0) T (£°0)uo(x) do, (4.2)
0

for any uy € X, where

@ (6) = %Z(—nn-le-m-l% sin(na), 6 € (0,00).

n=1

Equation (4.2) shows

178, () = a /oo 0&,(0)T(£70) d6.
0
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From Lemma 2.9 of [13], it follows that the family of operators {t!*S,(t) : ¢ > 0} is equicon-
tinuous, compact and ||!74S,(¢)| < % := M, where M’ = sup{|| T(¢)|| : 0 < ¢t < 1}. Then
hypothesis (H1) is satisfied.
Now, we define a continuous function f : [0,5] x X x X — X by
ft,u,h)(x) = F(t, u(t,x),h(t,x)), 0<t<1,0<x<1,
t
h(t,x) = / h (t, s, u(s, x)) ds.
0

We take

F(t, u(t,x), ft h (t, s, u(s, x)) ds)
0

= e cos(ult, x)) + pt' ™ (u(t,x) + /t cos(ts)u(s, x) ds),
0

where 0 < p < M;‘iM. So the functions f, & satisfy hypotheses (H2) and (H3). Let u(f)x =
u(t,x), for t,x € (0,1). Then the differential system (4.1) can be presented in the abstract
form (1.1) and all the conditions of Theorem 3.4 are satisfied. Hence there exists a function

u € Ci_o(J,L*(0,1)) which is a solution of (4.1).

5 Conclusions

By using fractional resolvents, this paper introduces the solution to semilinear Riemann—
Liouville fractional integrodifferential equations and discuss its existence results. There
are two points worth of attention in the study. One is that the Riemann—Liouville fractional
resolvent S, () is not bounded at ¢ = 0, which is essentially different from the case for Ca-
puto fractional resolvents, and the other is S, (£) does not have the property of semigroups,
which means that the compactness of S, (¢) (or £17*S,(¢)) cannot conclude the equiconti-
nuity of S, (¢) (or t'7S,(£)). As the existence of solutions is the basis of qualitative study
to differential equations, we can continue to discuss the controllability and stability of
the solution using the similar approach. On the other hand, some new general fractional
derivatives are introduced and studied, such as some types of extended Riemann—Liouville
fractional derivative and the fractional derivative without singular kernel of exponential
function [37-41]. Especially, the Hilfer fractional derivative is often used as a generalized
Riemann-Liouville fractional derivative, which includes Riemann-Liouville and Caputo
derivatives; see [4, 9, 42]. To the best of our knowledge, most of the existence and control-
lability results on the Hilfer fractional differential system are studied under the frame that
A generates a strongly continuous semigroup and the solution is given by semigroup and
probability density functions. It is still an open problem how to define fractional resolvents
to Hilfer and other general fractional equations and it is worth discussing later.
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