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1 Introduction

Fractional differential equations have been applied in many fields such as physics, chem-
istry, biology, engineering, and so on. Fractional differential equations have several kinds
of fractional derivatives, such as Riemann-Liouville fractional derivative, Caputo frac-
tional derivative, Grunwald—Letnikov fractional derivative, Hadamard fractional deriva-
tive, etc. The reader interested in the subject of fractional calculus is referred to the books
by Kilbas et al. [1], Podlubny [2], Samko et al. [3], Miller and Ross [4], and Diethelm [5].
A generalization of derivatives of both Riemann-Liouville and Caputo was given by Hilfer
in [6] when he studied fractional time evolution in physical phenomena. He named it gen-
eralized fractional derivative of order o € (0,1) and type $ € [0, 1] which can be reduced to
the Riemann-Liouville and Caputo fractional derivatives when 8 = 0 and § = 1, respec-
tively. Many authors call it the Hilfer fractional derivative. Such derivative interpolates
between the Riemann-Liouville and Caputo derivatives. For other current definitions of
fractional derivatives, see [7—11].

Fractional-order boundary value problems have been extensively studied by many re-
searchers. In particular, coupled systems of fractional-order differential equations have
attracted special attention in view of their occurrence in the mathematical modeling of
physical phenomena like chaos synchronization [12], anomalous diffusion [13], ecological
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effects [14], disease models [15], etc. Additionally, fixed point theory can be used to de-
velop the existence theory for the coupled systems of fractional differential equations. For
some recent theoretical results on coupled systems of fractional-order differential equa-
tions, for example, see [16—30].

Alsaedi et al. [23] studied the existence of solutions for a Riemann-Liouville coupled

system of nonlinear fractional integro-differential equations given by

D*u(t) = f (&, u(t), v(t), (pr1u)(2), (Y1v)(t)), tel0,T],
DPu(t) = g(t, u(t), v(t), (dam) (2), (Y21)(2)), 1l<a, B <2,

subject to the coupled Riemann—-Liouville integro-differential boundary conditions

D*2y(0%) =0, D1y (0*) = vI*w(n), 0<n<T,
DF-2y(0*) = 0, DA1p(0%) = P u(o), 0<o<T,

where DU, I¥) denote the Riemann—Liouville derivatives and integral of fractional order
(+), respectively, f,g: [0, T] x R* - R are given continuous functions, v, u are real con-

stants, and

t

(Gu)() = /0 W) ds,  (Gau)(t) = /0 yolt,$)u(s) ds,
(W) (0) = /O SLovs)ds (YD) = /0 82(,)V(s) ds,

with y; and §; (i = 1,2) are continuous functions on [0, T'] x [0, T7.
Alsulami et al. [24] studied a new system of coupled Caputo type fractional differential

equations

D*ult) =f(t,u(®),v(t)), tel0,T],1<a<2,
°DPy(t) = g(t, u(t),v(t)), te[0,T),1<B <2,

subject to the following non-separated coupled boundary conditions:

u(0) = 1 v(T), u'(0) = 1V (T),
v(0) = n1u(T), V'(0) = o/ (T),

where ¢D%, °D? denote the Caputo fractional derivatives of order « and 8, respectively,
f,2:10,T] x R x R — R are appropriately chosen functions and A;, ;, i = 1,2, are real
constants with A;u; #1,i=1,2.

Ahmad et al. [25] studied the existence and uniqueness of solutions for the following

boundary value problem of nonlinear Caputo sequential fractional differential equations:

(D% + k1 °D* Vu(t) = f(t, u(@®),v(t)), 1<a<2,te(0,T),
(DP + kyDPNu(t) = g(t, u(t), v(t)), 1<B<2,te(0,T),
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supplemented with coupled boundary conditions

u(0) = av(T), u'(0) = apv'(T),
v(0) = biu(T), V'(0) = byu!/(T),

where °D%, ¢D? denote the Caputo fractional derivatives of order o and 8, respectively,
ki, kpeR,, T>0,f,g:[0,T] x R x R— R are given continuous functions, and a1, a5, b1,
and b, are real constants with a;5; # 1 and aybye k1 T+keT) #1.

Aljoudi et al. [29] studied a coupled system of Hadamard type sequential fractional dif-

ferential equations with coupled strip conditions given by

(D7 + kDT VY u(t) = f(t, u(t),v(t), D°v(t)), k>0,1<q<2,0<a<]l,

(DP + kDP~NY(t) = g(t, u(t), v(t), DPu(t)), 1<p<2,0<8<]1,

u(1)=0, ule) =I"v(n) = %y) i (log g)y‘l@ ds, y>0,1<n<e,

v(1) =0, v(e) =IPv(¢) = %ﬂ) ff(log %)5’1@ ds, B>0,1<¢<e
where D" and I) denote the Hadamard fractional derivative and the Hadamard fractional
integral, respectively, and f, g : [1,e] x R® — R are given continuous functions.

Motivated by the research going on in this direction, in this paper, we study existence

and uniqueness of solutions for a new class of systems of Hilfer—Hadamard sequential

fractional differential equations

(DS + ki DY ult) = £ (& ue), VD), 1<y <2,t€[Lel,

(1)
(D" + kgD P )(t) = gt ult), v(8), 1<y <2,t€([l,el,
with two-point boundary conditions
M(l) = 0, M(e) = Al,
2)

v(1) =0, v(e) = Ay,

where yD%Pi is the Hilfer—Hadamard fractional derivative of order o; € (1,2] and type
Bi€[0,1]forie (1,2}, ki, ke, A1, A2 € R, andf,g: [1,e] x R x R — Rare given continuous
functions.

To the best of our knowledge, this is the first paper dealing with a system containing
Hilfer-Hadamard fractional derivative of order «; € (1,2], i = 1,2. For some recent results
on coupled systems of Hilfer—Hadamard fractional derivatives of order «; € (0,1],i=1,2,
we refer to [31, 32], and the references cited therein.

The paper is organized as follows. In Sect. 2, we present some preliminary concepts of
fractional calculus. Section 3 contains the main results. The first result, Theorem 3.2, is
proved by using the Leray—Schauder alternative and the second result of existence and
uniqueness, Theorem 3.3, by the Banach contraction mapping principle. Finally, Sect. 4
provides some examples for the illustration of the main results. We emphasize that our

results are new and contribute significantly to the topic addressed in this paper.
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2 Preliminaries

In this section, some basic definitions, lemmas, and theorems are mentioned.

Definition 2.1 (Hadamard fractional integral [1]) The Hadamard fractional integral of
order a € R,, for a function f : [4,00) — R is defined as follows:

t a-1
WIS () = ﬁ / (log ;) @dz (t>a) 3)

provided the integral exists, where log(-) = log,(-).

Definition 2.2 (Hadamard fractional derivative [1]) The Hadamard fractional derivative
of order « > 0, applied to the function f : [4,00) — R, is defined as follows:

D f(t) = 8" (n)0f (1), n-l<a<nn=[a]+1, (4)
where §” = (t%)” and [«] denotes the integer part of the real number «.

Definition 2.3 (Hilfer—-Hadamard fractional derivative [6, 33]) Let 0 < « <1 and 0 <
B <1, f € LY(a, b). The Hilfer—-Hadamard fractional derivative of order  and type B of
f is defined as follows:

(D 1) O = (L™ oul )0
(I SuL T f) @0 v =a+p—ap

(Hfffl_a)HD;f)(t),

)

where HI{(I'E and gD, are the Hadamard fractional integral and derivative defined by (3)

and (4), respectively.

The Hilfer—-Hadamard fractional derivative may be viewed as interpolating the Hada-
mard fractional derivative. Indeed, for 8 = 0, this derivative reduces to the Hadamard
fractional derivative.

Definition 2.4 (Hilfer—-Hadamard fractional derivative [34]) Let # — 1 <o <n and 0 <
B < 1,f € LY(a, b). The Hilfer—-Hadamard fractional derivative of order  and type 8 of f
is defined as follows:

(4D2LF) () = (28" 7P 1) (1)
(IS L))y =+ np—ap

= (Hfffn_a)HD;f ) (@),

where HIL'Z and HDEI'E, are the Hadamard fractional integral and derivative defined by (3)

and (4), respectively.

We recommend some lemmas and theorems of the Hadamard fractional integral and
derivative by Kilbas et al. [1].
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Theorem 2.5 ([1, 35]) Let « >0, n=[a] + 1, and 0 < a < b < co. If f € L' (a,b) and
(11%f)(2) € ACS[a, b), then

-1 . e
o L TG ) [ £\
(Hla+HDa+f)(t) _f(t) - Z F(O{ _]) (10g ) ’

j=0

where f(t) € ACS = {f : [a,b] > R: 8(”’1)]’(1,‘) € ACla,b),s = t%}.

Theorem 2.6 ([33]) Leta>0,0<pB8<1l,y=a+nB-aB,n-1<y <mn=[al+1,and
O<a<b<oo Iff € LYa,b) and (ul;;" f)(t) € AC}[a, b, then

a

n=1o(n-j-1)( n-v y—j-1
W, (D)0 =l (D)0 =0 - 3 et D (g £ )

j=0

From this theorem, we notice that if 8 = 0 the formulae reduce to the formulae in The-
orem 2.5.

We will use the following well-known fixed point theorems on Banach space for proving
the existence and uniqueness of Hilfer—Hadamard fractional differential systems.

Theorem 2.7 (Leray—Schauder alternative [36]) Let T : E — E be a completely continuous
operator (i.e., a continuous map T restricted to any bounded set in E is compact). Let (T) =
{x € E:x=AT(x),0 <A < 1}. Then either the set £(T) is unbounded or T has at least one
fixed point.

Theorem 2.8 (Banach fixed point theorem [37]) Let X be a Banach space, D C X be closed,
and F : D — D be a strict contraction, i.e., |Fx — Fy|| < k||x — y|| for some k € (0,1) and all
%,y € D. Then F has a fixed point in D.

3 Existence and uniqueness results
In this section, we prove existence and uniqueness of solutions for a system of Hilfer—
Hadamard sequential fractional differential equations with boundary conditions (1)

and (2). The following lemma concerns a linear variant of system (1) and (2).

Lemma 3.1 Let hy,hy € C([1,e],R). Then u,v € C([1,e],R) are solutions of the system of

fractional differential equations

DS + kDY u() = u(e), 1<on <2,t€(lel,
(D" + lou D "PW(E) = (), 1<ar <2,te(l,e],

supplemented with the boundary conditions (2) if and only if

u(t):Al(logt)w-l+k1[<1ogt)n-1 /@ p / (s) ds}
1 1

N

1 L\ Iy (s) [ e\ )
F(al)[/; (1og;> S ds — (logt)” /1<log;> S ds] (6)

+
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and

u(t) = As(log )™ + Ky [(log o / e @ s - / | @ ds]
1 1

L (1022 729) 4o (1ogay ( _)““h(s) }
+F(a2)|:£ (logs> . ds — (logt) ‘/1 log . (7)

Proof From the first equation of (5), we have

HDP u(t) + kDS P u(t) = (2). ®)
Taking the Hadamard fractional integral of order «; to both sides of (8), we get

H[pHDOIi’ﬂ1 () + ki Iy} HDafl’mM(t) = I} (2).

By Theorem 2.6, one has
8(euly " w)(1) L W) S w1
1 Y1 Y1i— I + D 1 P1
u(t) - on (log?) ool (logt)"™* + kiulyi n u(t)
= I} h (). )

From equation (9), by Definition 2.4, we get

2-y1
u(t) _ S(HIF( ))(1) (log t)yl—l —

(uly-"w)(1)

yi-2 . o]
Faro1) et + ke ult) = xhiin(@). (10)

Equation (10) can be written as follows:

u(t) = colog )" ! + ¢;(log £)"1 2

u(s) - 1h<)
‘kI/ s F(al)/ ( ) s (D

In a similar way, one can obtain

v(t) = do(log £)? 7! + d; (log t)"> 2

t az—1
—k / ) st - (22) <log —) hz(s) ds, (12)
1 1

where ¢y, ¢1, do, and d; are arbitrary constants. Now, boundary conditions (2) together
with (11), (12) yield

C1
(logt)*™

1y, - lh (S)
- 4 oy
kl/; 011) ( ) s
=0

=0, (13)

u(1) = co(log 1)1~ +
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d
(logt)*7

1 1 az-1
—ky / @ ds + 1 / <log l) _hz(s) ds
1S () Jy s s

=0,

v(1) = do(log 1) +

from which we have ¢; = 0 and d; = 0. Equations (13) can be written as

4 t ar-1
i e 20

and

4 t ap-1
ot

Next, boundary conditions (2) together with (14), (15) yield

1 e\ iy (s)
F(al)/1<l°g3> y w=du

e 1 e ar—1
v(e) = do(loge)? ! — /(2/ @ ds + f log ¢ h(s) ds=A,,
1 S I'(ay) J1 s s

u(e) = co(loge)r ™! — /(1/ @ ds +
1 S

from which we have

e 1 e a;-1
co=A; +k1/ &ds— / logE I (s) ds,
1S I'(ay) Ji s s

e 1 e az-1 h
do=Ay +ky / @ ds — log ¢ 2() ds.
1S () Jy s s

(14)

(15)

Substituting the values of ¢y, ¢1, do, and d; in (11) and (12), we get integral equations (6)

and (7). The converse follows by direct computation. This completes the proof.

Let us introduce the Banach space X = C([1,e]) endowed with the norm defined by

O

ll£]] := maxe[1,¢)|u(2)]. Thus, the product space X x X equipped with the norm || (&, v)|| =

llze]| + ||v|| is a Banach space. In view of Lemma 3.1, we define an operator 7 : X x X —

X x X by
T, = (Ti(w,)(@), T2(u,v)(2)),

where

T, v)(t) = A1 (log )™ + ky |:(log fr-t /‘e @ ds — /t @ ds]
1 1

S
1 LN (s, uls), v(s))
* r(al)[/l <1°g5) P

e a-1
~ (log )" / <1og e) fls,u(s), v(s)) ds]
1

N N

(16)

(17)

Page 7 of 16
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and

Ta(u, v)(t) = Ay(logt)? ™! + ky |:(10g £ fe @ ds — /t @ ds]
1 1

1 ¢ 1 o(s, u(s), vs)
Fa ] (o2) e

ay—1
—(logt)m_I/ (log ) <M@’s]. (18)
1

N

We need the following hypotheses in the sequel:
(H;) Assume that there exist real constants m;,n; > 0 (i = 1,2) and 1 > 0, 1o > 0 such
that, forall t € [1,e],x; € R, i=1,2,

[f(t,xl,x2)| < mgy + my|x1| + my|xz|,

lg(t, 21, %2)| < 1o + my 1] + 12l ).
(H,) There exist positive constants L, L, such that, for all ¢ € [1,e], u;,v; € R, i =1,2,

f (¢, 1, u2) = f(t,v1,v2)| < L(|lug = vi] + |uz = va),

lg(t, u1,u2) — g(£;v1,v2)| < L(Jur — vil + |tz — v2l).

3.1 Existence result via Leray-Schauder alternative
In the first theorem, we prove an existence result based on the Leray—Schauder alternative.

Theorem 3.2 Assume that (H,) holds. In addition it is assumed that max{Q;,Qy} < 1
where

m1 ni my ny
= 2| K s =2 k .
& (<I+F(a1+1)+F(a2+1)> Q& <2+F(a1+1)+F(a2+1))

Then system (1)—(2) has at least one solution on [1,¢€].

Proof We will use the Leray—Schauder alternative to prove that 7, defined by (16), has a
fixed point. We divide the proof into two steps.

Step I: We show that the operator 7 : X x X — X x X, defined by (16), is completely
continuous.

First we show that 7 is continuous. Let {(«,, v,,)} be a sequence such that (u,,v,) — (u,v)
in X x X. Then, for each ¢ € [1,¢e], we have

’ﬂ(un: Vn)(t) - 71(”’ V)(t)|

/ Mn(S) u(s)) ‘ /(un(s —uls)) H

t a1-1
(10 . Z) (£ (5, 4n(5), V(5)) = £ (s, (), ¥(5))) dS’

N

/e(log g)m—l (f(s, Mn(S); Vn(S)) —f(S, M(S),V(S))) s
1

N

<k [|(10g " 1|

ot [
I(ay)

+ |[(log )|

)

Page 8 of 16
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<k1[/ Iun(s /Iun(S) u(s }

[/t(logs)m 1lf(S, 1y (5), V,,,(S)S (s, u(s), V(S))|

F(Oll)
e a1—-1

/ (10g ) If (s, 1, (8), v (s)) — f (s, u(s), V(S))| i|
1

S

Since f is continuous, we get

I (5, 24 (), va(s)) = f (5, 1(5),¥(8)) | = O s (t4, Vi) = (1,7).
Then

|71 s vi) = Ti(,v) | = O as (i, via) = (V). (19)
In the same way, we obtain

| T2ty vi) = Ta(, V)| = O as (uy, vi) = (1, v). (20)
It follows from (19) and (20) that ||7 (i, v,) = T (u, v)|| = 0 as (u,,, v,) = (u,v). Hence T
is continuous.

Now we show that 7 is compact. Let £2 C X x X be bounded. Then there exist positive

constants L; and Ly such that |[f(¢, u(t), v(¢))| < L1, |g(¢ u(t),v(t))| < Ly, Y(u,v) € 2. Let

(u,v) € £2. Then there exists M such that ||(z, V)| = ||| + ||v]| <M, Y(u,v) € 2. We have

| T, v)(0)|

<A1 +k1|: |u S)| ds + / |M(S ]
1 £\ I (s, u(s), v(s)| e\ (s, uls), v(s))]
er®J-—T—Wﬁ®J-—?—4

¢ max u(s ! max u(s
SAl +k1 |:/ s€(le] | ( )| ds+/ s€(le] | ( )| d5:|
1 S 1 S

L, ¢ a1 go e e\ ds
“real) (of) S [ (oef) ]

L, o
+ m[(loge) + 1],

<Ay +kyllu| [1 + (log e)]
which, on taking the norm for ¢ € [1, ¢], yields

Ly
|71 (s vi) | < A +2|:k1||14|| + m]

In the same way, we obtain

L
|72, vi) || < Az + 2|:/<2||V|| + m}
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It follows that

L1 L2
V| <A1 +Ax+2|k k
| T <A +4,+ [ 1”u”+Q“V||+1"(a1+1)+1"(a2+1)]

Ly Ly
+ .
F(Oll + 1) F((XZ + 1)

<A;+Ax+ 2|:M(k1 +k2) +

L2 __1 guch that

This mean that there is P = A1 + Ay + 2[M(ky + ky) + ﬁ + FasT

[I'7(u,v)|| < P.Hence T is uniformly bounded.
Finally we show that 7 is equicontinuous. Let £, ¢ € [1, €] with y < ¢. Then we have
|71, v)(2) = Ti (4, v) (50) |
<Ai[(logt)"™! — (logte)* ']

S

1 to £\t to \ N I (s, u(s), v(s))|
+ T |:/1 ((log ;) - (log :) >7s ds

t a1—-1
. / (log f) If (s, uls), vSI
to S

S

e aj-1
+((log"" ~ (log o)) / (10g§) Maﬁ]
1

S
< A;[(log )" = (log i) ]

+ ki [llull ((log )"~ = (log £)" ™) + [lull(log £ — log to) ]
L fo £\ ds fo to\ " ds t £\ ds
+ log - — = log — —+ log - —
(o) L/ s s 1 s s Ji s s

e a1-1
+ ((log £t — (log to)”l_l)/ (log e) §:|
1

s s
< Ay[(log )" — (log 1) ']
+ /<1M[((10g £ — (log to)”l_l) + (logt —log to)]

Ly

+ m[((log )71 — (log o)) + ((log ©)** — (log £6)*") ] (21)

and

| 720, v)(8) = Ta (1, v) (80|
< Ay[(log )" — (log )]

N

1 o £\ 0\ 2 Ig(s, u(s), v(s))|
L) ((oef) —(oef) )

t ar—1
. / <log f) lg(s,u(s), vl
t s s

Page 10 of 16
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e ay—1
+ ((log Hrt - (log to)yz_l)/ (10g f) 7@(& u(s), vis)) ds]

1 N N
< Ay[(log )" — (log )]

+ k[ IVl ((log )2 — (log £6)">™") + [[vll(log £ — log £o) ]

L, fo £\ ds fo to\ 2V ds ¢ £\ ds
+ — log - — = log — —+ log - —
I'(ay) [ )y s s 1 s s f s s

e ar—1
+ ((log )" - (log to)m_l)/ (log e) éi|
1

s s
< Az[(log )21 — (log to)”z‘l]

+ kgM[((log 127! — (log to)”Q_l) + (logt —log to)]

Ly

T [((log )" = (log o)) + ((log £)* — (log o)) ]. (22)

Take t — £y, from (21) and (22), we have
| Ti(,v)(6) - Ti(w,V)(to)| > 0 and  |Ta(u,v)() - Ta(u,v)(to)| > O ast— to.

Hence 7 is equicontinuous. By Arzeld—Ascoli theorem, we get that 7 (£2) is compact, that
is, 7 is compact on §2. Therefore T is completely continuous.
Step II: We show that the set e = {(&,v) € X x X | (&, v) = AT (u,v),0 < A < 1} is bounded.
Let (&, v) € ¢, then (u,v) = AT (4, v). For any ¢ € [1,e], we have u(t) = AT1(u, v)(¢), v(£) =

AT (1, v)(¢). Then, in view of assumption (H;), we obtain

lu(t)| < | T1(w,v)(0)]

¢ Ju(s)] Elu(s)l
§A1+k1|:/1‘ P dS+‘/l P dSi|
1 LN (s uls), v(s))|
+ F(al)[/l <log ;) — ds
e a1—-1
.\ f (log g) [f (s, u(s), v(s)) ds:|
1 s s
°d td
sAmq[nun/1 f+||u||f1 f]
(mg + m ||| + mo|lVI) T [ £\ ds e e\ ds
' e [/1 (“gz) =) (“’gz) ?]

(o + ]+ m V)
1 ],
T Leed” +1]

<A+ k1||u||[1 + (loge)] +

which, on taking maximum for ¢ € [1, ¢], yields

(23)

ol < Ay + 2Ky ||uell +2(mo + my ||u| +m2||v||>

F(O(1+1)
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In a similar manner, one can obtain
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no + my||ul| + na|v]|

V|| <Ay + 2k ||| + 2
vl < Az 2(lvll ( Tyt

From (23) and (24), we have

|G| = lull + v

2Wlo

5 ) (24)

21’10

<A;+Ay+

ny

I'(op+1) " I'(og +1)

+2(k1 +

my

P— )nun
F(O[1+1) F(Olz+1)

2| k
* (2+F(a1+1)+

2}’710

1)
Tyt 1)>|IVII

21’10

<Ai+Ay+

+ maX{Ql: QZ} || (M: V)

’

Ti+1) T+ 1)
and consequently,

2mg 2ng
AL+ Ay + 7G0Tt Tl

1 —max{Qy, Qz}

CAIE=

Therefore the set ¢ is bounded. By Theorem 2.7, we get that the operator 7 has at least
one fixed point. Therefore, problem (1)—(2) has at least one solution on [1, e]. O

3.2 Existence and uniqueness result via the Banach fixed point theorem
Next, we prove an existence and uniqueness result based on the Banach contraction map-
ping principle.

Theorem 3.3 Assume that (H,) holds. Then system (1)—(2) has a unique solution on [1, €]
provided that

W= 2<k1 +ky + (25)

L
+ <1.
F(Ol2+ 1))

Proof We will use the Banach fixed point theorem to prove that 7, defined by (16), has a
unique fixed point. Fixing N1 = max;e[1,¢ [f(£,0,0)| < 00, Ny = maxyeq1 ¢ 1g(2,0,0)| < 0o and

I'(ap +1)

using assumption (H), we obtain

If (& u(®), v(9))| = [f (&, u(2), v(2)) - f(£,0,0) +f(£,0,0)| < L(Jlull + v]) + N1, 6
| =

()
lg (& u(®),v(®))| = |g(t, u(t), v(t)) — g(£,0,0) + g(¢,0,0)| < L(llull + IIVIl) + Na.

We choose

Ay + Ay +2(0— 4 L))

> I'(op+1) F(“Ztl )
= L I
1-2(ki + ko + Tt r(a2+1))

We divide the proof into two steps.
Step I : First we show that 7 (B,) C B,, where B, = {(u,v) € X x X : ||(&5, V)| < r}.

Page 12 of 16
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Let (&, v) € B,. Then, using (26), we obtain

[Ti(w,v)(0)] < Ay +k1[
1

1 LO N (s uls), v(s)))]
* T [/ <1°g5> P
e a;-1
/ <log > [f (s, u(s), V(S))I ]
1 S

¢ max u(s ! max u(s
SAl +k1 |:/ s€(1,e] | ( )| ds +/ s€(1,e] | ( )| d5j|
1 S 1 S

Ll + W)+ N £ O Nds fof e\ Vds
| [ (log=) —+ [ (log=) —
F(al) 1 S S 1 s P

<A, +2k 2 N
+2kir+ ————(Lr + Ny),
=1 ! I'oe; +1) !

Clu)l tIM(S)IdS]
N 1 N

which, on taking the norm for ¢ € [1, ¢], yields

|71, v)|| < Ay +2ki7 + (Lr + Ny).

(a1 +1)

In the same way, one has

2 -
”7;(14, V) ” <Ay +2kyr + m(LV+N2).

Then we have

“T(Li, V) || §A1 +A2 + 2(/(1 + /(2)7

) L L 5 ( Ny N,
+<mm+n+m%+ny+ rmﬁn+rmﬁn>

<r.

Thus || 7 (u,v)|| <r, thatis, T (u,v) € B,. Hence T (B,) C B,.
Step II : We show that the operator 7 is a contraction.
Let (12, v2), (u1,v1) € X x X. Then, for any ¢ € [1, e], we have

| T (12, v2)(0) = Ti (w1, ) (0)|

<k[/ |ua(s) — ua (s)| M1(5)| /|M2$) M1(5)| :|

t t ar-1 lf(S; uy(s), va(s)) —f(s,ul(s),vl(s)ﬂ
* Tl [/ (bgé) . s
/E(log )(11 (s, 1a(s), va(s) sf(s,m QAZIO)I }
1

< 2killuy — g || + —(” =l + [lva - ||)
2k ||l ug — u Uy — U Vo —V
= 2K ||U2 1 o+ 1) 2 1 2= V1

<2ki(lluz — urll + lIva —v1ll) + g — wr |l + lIva = v1ll)s

2L
F(O[l +1)(
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which, on taking the norm for t € [1, ¢], yields

2L
|71 (2, v2) = Tir,m) | < <2k1 + m) (o2 = || + [lv2 = vall). (27)
Similarly,
2L
1722, v2) = a1, v1) | < (2k2 + m) (o2 = || + [lv2 = vall). (28)

It follows from (27) and (28) that || 7 (uo, vo) — T (u1, v1) || < m(||ueg — u1]] + ||v2 — v1||), which,
in view of (25), shows that the operator 7 is a contraction. From Steps I and II, by Theo-
rem 2.8, we get that the operator T has a unique fixed point. Therefore system (1)—(2) has
a unique solution on [1, e]. O

4 Examples
In this section, we give two examples to illustrate our main results.

Example 4.1 Consider the following system:

3,1 1 11 |v(t)] 1
(tD22 + guD22)ult) = 3 4(1+|u( o) * o i LELel

é,l 1 11 sin(mu(t 1 [v(@®)]
(Hl)2 2 §HD2 2)V(t) 307 + 15«/? 100( 1+‘V( 0’ € [1) e]x (29)
ul)=0, u(e=3  v(1)=0, vie)=3

Hereay =3, 00=3,8=1,8,=1,
We see that (H7) holds, because

1
t; ] <—+—= N d t e A AN )
I uv)y_16 256| ul+ 0|v| and  [g(tu,v)] = = | |+ 100||
with
1 1 1 1 1
my = —, m = —, my = —, ny=—, n=—, Hy = —.
°" 16 ' 256 790 °7 45 1780 >~ 100

In addition, Q; ~ 0.3580 < 1, Q, &~ 0.2818 < 1, and max{Q;, Q;} ~ 0.6420. Thus, the hy-
potheses of Theorem 3.2 are satisfied. Therefore, by Theorem 3.2, system (29) has at least
one solution on [1,¢].

Example 4.2 Consider the following Hilfer—Hadamard system:

D3 4+ 1, Db = 0] v(t)] 1
D2 + 7Dt Hu(e) =1 +10gt)(100+\u<t)\) *woano * e Lellbeb
23+ 1D sin(u) | 7 Ol
(HDZ ’ 9 Dz 2) (t) - 7th)3 + 49+£2 + m(‘“\‘/(ﬁ)\)’ te [1,6], (30)
ul)=0, we)=3 v1)=0, we=1i.
Hereal:%’azzg’ﬁl 2’ﬁ2—% Z%:Azzé,/<1=%,k2=%.

Note that (H;) holds, because

lf(t» uy, u) —f (&, v1, V2)|

1
< 5(|M1—V1| + |ty = va)
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and
1
g (6 w1, u2) = g(£,v1,v5)| < E(Wl —vil + |uz = val),

. _ 1 7_1 e
with L = w5 L=175-1n addition,

L L
+
F(Ol1+1) F(Olz+1)

W= 2(/(1 +ky + ) ~ 0.580854 < 1.

Thus, all the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, system
(30) has a unique solution on [1, e].

5 Conclusion

In this paper, we studied existence and uniqueness of solutions for a system of Hilfer—
Hadamard sequential fractional differential equations with two-point boundary condi-
tions. The existence result is proved by using the Leray—Schauder alternative while the
Banach contraction mapping principle is used to obtain the existence and uniqueness re-
sult. Examples illustrating the obtained results are also presented. Our results on a system
of Hilfer—-Hadamard fractional derivatives are new in the given configuration. We empha-
size that we used Hilfer-Hadamard derivative of order 1 < o; < 2, i = 1,2. In the context
of sequential fractional differential equations with two-point boundary conditions, the
present paper significantly contributes to the existing literature on the topic. The prob-
lems studied in this paper can be extended to cover other kinds of boundary conditions.
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