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Abstract
In this paper, our main aim is to deal with two integral transforms involving the Gauss
hypergeometric functions as their kernels. We prove some composition formulas for
such generalized fractional integrals with Mittag-Leffler k-function. The results are
established in terms of the generalized Wright hypergeometric function. The Euler
integral k-transformation for Mittag-Leffler k-functions has also been developed.
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1 Introduction
Mittag-Leffler functions are important in studying solutions of fractional differential equa-
tions, and they are associated with a wide range of problems in many areas of mathematics
and physics. The importance and great considerations of Mittag-Leffler functions have led
many researchers in the theory of special functions to exploring possible generalizations
and applications. Many more extensions or unifications for these functions are found in a
large number of papers [1–5]. A useful generalization of the Mittag-Leffler function, the
so-called Mittag-Leffler k-function has been introduced and studied in [6]. Many math-
ematicians discussed and obtained new results [7–13], seen as theoretical developments
to the fractional operators. These considerations have led various researchers in the field
of special functions for exploring possible extensions of and applications to the Mittag-
Leffler function. Recently, fractional calculus gained more attention due to its wide vari-
ety of applications in various fields [14–18]. In the literature of fractional calculus, it is
distinctly observed that the fractional integral operators and fractional integral formulas
containing special functions occupied an influential place in computational and applied
mathematics [19–21]. The fractional calculus of various types of special functions is used
in many research papers [22–25]. For more details about the recent works in the field
of dynamic system theory, stochastic systems, nonequilibrium statistical mechanics, and
quantum mechanics, we refer the interesting readers to [26–32]. Throughout this paper,
we denote by C, N, R+, and R the sets of complex numbers, natural numbers, positive real
numbers, and real numbers, respectively.
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The Gauss hypergeometric function is defined as follows [33]: for all d, e, f ∈ C, f �=
0, –1, –2, . . . , and |z| < 1,

2F1(d, e; f ; z) =
∞∑

n=0

(d)n(e)n

(f )n

zn

n!
, (1)

where (d)n, (e)n, and (f )n are the Pochhammer symbols.
The Pochhammer symbols are defined as [34]

(l)n =

⎧
⎨

⎩
1 for n = 0, l �= 0,

l(l + 1)(l + 2) · · · (l + n – 1) for n ≥ 1,
(2)

where l ∈C and n ∈N.
The gamma function [34] for �(u) > 0 is defined as

Γ (z) =
∫ ∞

0
tz–1e–t dt. (3)

The beta function [34] is defined as

β(l, h) =
∫ 1

0
tl–1(1 – t)h–1 dt, �(l) > 0,�(h) > 0. (4)

The beta k-function [33] is defined as

βk(l, h) =
1
k

∫ 1

0
s

l
k –1(1 – s)

h
k –1 ds, �(l) > 0,�(h) > 0. (5)

The generalized fractional integration operators are defined for u > 0, d, e, f ∈ C, and
�(d) > 0 as follows (see [35–37]):

(
Ia,b,c

0,u h
)
(u) =

u–a–b

Γ (a)

∫ u

0
(u – t)a–1

2F1

(
a + b, –c; a; 1 –

t
u

)
h(t) dt (6)

and

(
Id,e,f

z,∞ h
)
(z) =

1
Γ (d)

∫ ∞

z
(t – z)d–1t–d–e

2F1

(
d + e, –f ; d; 1 –

z
t

)
h(t) dt, (7)

where Γ is the gamma function [38], and 2F1 is the hypergeometric series defined by
Rainville [39].

The Mittag-Leffler function Eα(z)is defined by [40, 41]

Eα(z) =
∞∑

n=0

zn

Γ (αn + 1)
(8)

for z ∈ C and α ≥ 0. The Mittag-Leffler function Eα(z) has been extended in a number of
ways and, together with its extensions, applied in various research areas such as engineer-
ing and (in particular) statistics. The Mittag-Leffler functions and related distributions
were given in [32].
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The generalization of Eα(z), also known as the Wiman function [42], is given by

Eα,β (z) =
∞∑

n=0

zn

Γ (αn + β)
, (9)

for α,β ∈ C with �(α) > 0, �(β) > 0.
In 1971, Prabhakar [43] proposed the more general function

Eδ
ν,ρ(z) =

∞∑

n=0

(δ)nzn

Γ (νn + ρ)n!
. (10)

A useful generalization of the Mittag-Leffler, the so-called Mittag-Leffler k-function has
been introduced and studied in [2, 6]. The generalized Mittag-Leffler k-function [44] is
defined as

Eδ
k,ν,ρ(t) =

∞∑

n=0

(δ)n,ktn

Γk(νn + ρ)n!
, (11)

for k ∈R
+, ν,ρ, δ, t ∈C with �(ν) > 0, �(ρ) > 0.

The integral form of the generalized gamma k-function is given by [45]

Γk(z) =
∫ ∞

0
tz–1e

–tk
k dt (12)

for k ∈R
+ and z ∈C with Re(z) > 0. By inspection we conclude the following relations:

Γk(z + k) = kΓk(z), (13)

Γk(γ ) = (k)
γ
k –1Γ

(
γ

k

)
. (14)

If k approaches one, then the generalized Mittag-Leffler k-function reduces to the gener-
alized Mittag-Leffler function.

The generalized hypergeometric function is defined as [46]

pFq(d1, . . . , dp, e1, . . . , eq; t) =
∞∑

n=0

(d1)n · · · (dp)n

(e1)n · · · (eq)n

tn

n!
, (15)

where di, ej ∈C, ej �= 0, –1, . . . (i = 1, 2, . . . , p; j = 1, 2, . . . , q).
The generalized Wright hypergeometric function is defined as [47]

lψh(t) =l Ψh

[
(ci, pi)1,l

(dj, qj)1,h

∣∣∣∣∣t
]

≡
∞∑

n=0

∏l
i=1 Γ (ci + pin)tn

∏h
j=1 Γ (dj + qjn)n!

, (16)

where t ∈C, ci, dj ∈C, and pi, qj ∈R (i = 1, 2, . . . , l; j = 1, 2, . . . , h).
The following identity of Gauss hypergeometric function holds:

2F1(e, f ; d; 1) =
Γ (d)Γ (d – e – f )
Γ (d – e)Γ (d – f )

, �(d – e – f ) > 0. (17)
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The hypergeometric k-function [48] is defined as

2F1,k
((

α′, k
)
,
(
β ′, k

)
;
(
η′, k

)
; t

)
=

∞∑

m=0

(α′)m,k(β ′)m,k

(η′)m,k

tm

m!
, k > 0, (18)

where

α′,β ′,η′ ∈C, η′ �= 0, –1, –2, –3, . . . , |t| < 1.

2 Preliminary lemmas
In this section, we derive the fundamental results of left- and right-sided generalized k-
fractional integration with power k-function. The following lemmas proved in [35] are
needed to prove our main results.

Lemma 1 ([35]) For a, b, c,ρ ∈ C with

�(a) > 0 and �(ρ + c – b) > 0,

(
Ia,b,c

0,u tρ–1)(u) = uρ–b–1 Γ (ρ)Γ (ρ + c – b)
Γ (ρ – b)Γ (ρ + a + c)

.

Lemma 2 ([35]) For a, b, c ∈C with

�(a) > 0 and �(ρ) < 1 + min
[�(b),�(c)

]
,

we have

(
Ia,b,c

u,∞ tρ–1)(u) = uρ–b–1 Γ (b – ρ + 1)Γ (c – ρ + 1)
Γ (1 – ρ)Γ (a + b + c – ρ + 1)

.

Theorem 1 Let α′,β ′,η′ ∈C, k ∈R
+ with �(α′) > 0 and �(σ ′) > max[0,�(β ′ – η′)]. Then

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(σ ′)Γk(σ ′ + η′ – β ′)
Γk(σ ′ – β ′)Γk(σ ′ + α′ + η′)

.

Proof Consider the left-sided generalized k-fractional integral operator

(
Iα′ ,β ′ ,η′

0,y g
)

k(y) =
y

–α′–β′
k

kΓk(α′)

∫ y

0
(y – s)

α′
k –1

× 2F1,k

((
α′ + β ′, k

)
,
(
–η′, k

)
;
(
α′, k

)
; 1 –

s
y

)
g(s) ds. (19)

Using the power k-function in equation (19), we have

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y) =
y

–α′–β′
k

kΓk(α′)

∫ y

0
(y – s)

α′
k –1

× 2F1,k

((
α′ + β ′, k

)
,
(
–η′, k

)
;
(
α′, k

)
; 1 –

s
y

)
s

σ ′
k –1 ds. (20)
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Using equation (18) in equation (20), we get

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y) =
y

–α′–β′
k

kΓk(α′)

∫ y

0
(y – s)

α′
k –1

×
∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

(
1 –

s
y

)m

s
σ ′
k –1 ds. (21)

By putting

s = vy 	⇒ ds = y dv,

s = 0 	⇒ v = 0,

s = y 	⇒ v = 1

in equation (21), we obtain

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y)

=
y

–α′–β′
k

kΓ (α′)

∫ 1

0
(y – vy)

α′
k –1(1 – v)m(vy)

σ ′
k –1

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!
y dv

=
y

–α′–β′
k

kΓ (α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

∫ 1

0
y

α′
k –1(1 – v)

α′
k –1(1 – v)mv

σ ′
k –1y

σ ′
k –1y dv

=
y

–α′–β′
k

kΓ (α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

∫ 1

0
y

α′
k –1+ σ ′

k –1+1(1 – v)
α′
k +m–1v

σ ′
k –1 dv

=
y– α′

k – β′
k + α′

k + σ ′
k –1

kΓ (α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

∫ 1

0
(1 – v)

α′
k +m–1v

σ ′
k –1 dv

=
y

σ ′–β′
k –1

Γk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!
1
k

∫ 1

0
(1 – v)

α′+mk
k –1v

σ ′
k –1 dv. (22)

Since

βk(l, h) =
Γk(l)Γk(h)
Γk(l + h)

, (23)

by equations (5) and (22) we have

=
y

σ ′–β′
k –1

Γk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!
Γk(α′ + mk)Γk(σ ′)
Γk(α′ + σ ′ + mk)

. (24)

Since

Γk(t + mk) = (t)m,kΓk(t), (25)
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from equation (24) we get

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y) =
y

σ ′–β′
k –1

Γk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!
(α′)m,kΓk(α′)Γk(σ ′)

(α′ + σ ′)m,kΓk(α′ + σ ′)

= y
σ ′–β′

k –1 Γk(σ ′)
Γk(α′ + σ ′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′ + σ ′)m,km!
. (26)

Using equation (18), from equation (26) we have

(
Iα′ ,β ′ ,η′

0,y sσ ′–1)
k(y) = y

σ ′–β′
k –1 Γk(σ ′)

Γk(α′ + σ ′) 2F1,k
((

α′ + β ′, k
)
,
(
–η′, k

)
;
(
α′ + σ ′, k

)
; 1

)
.

We can also write

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(σ ′)
Γk(α′ + σ ′)

× 2F1,k
((

α′ + β ′, k
)
,
(
–η′, k

)
;
(
α′ + σ ′, k

)
; 1

)
. (27)

Since

2F1,k
[(

α′, k
)
,
(
β ′, k

)(
η′, k

)
; 1

]
=

Γk(η′)Γk(η′ – β ′ – α′)
Γk(η′ – α′)Γk(η′ – β ′)

, (28)

from equation (27) we obtain

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(σ ′)
Γk(α′ + σ ′)

Γk(α′ + σ ′)Γk(α′ + σ ′ – α′ – β ′ + η′)
Γk(α′ + σ ′ – α′ – β ′)Γk(α′ + σ ′ + η′)

,

(
Iα′ ,β ′ ,η′

0,y s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(σ ′)Γk(σ ′ + η′ – β ′)
Γk(σ ′ – β ′)Γk(σ ′ + α′ + η′)

. �

Theorem 2 Let α′,β ′,η′ ∈C. Then

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(β ′ – σ ′ + k)Γk(–σ ′ + k + η′)
Γk(–σ ′ + k)Γk(α′ – σ ′ + β ′ + k + η′)

. (29)

Proof Consider the right-sided generalized k-fractional integral operator

(
Iα′ ,β ′ ,η′

y,∞ g
)

k(y) =
1

kΓk(α′)

∫ ∞

y
(s – y)

α′
k –1s

–α′–β′
k

× 2F1,k

((
α′ + β ′, k

)
,
(
–η′, k

)
;
(
α′, k

)
; 1 –

y
s

)
g(s) ds. (30)

Using the power k-function in (30), we have

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y) =
1

kΓk(α′)

∫ ∞

y
(s – y)

α′
k –1s

–α′–β′
k

× 2F1,k

((
α′ + β ′, k

)
,
(
–η′, k

)
;
(
α′, k

)
; 1 –

y
s

)
s

σ ′
k –1 ds. (31)
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Using equation (18) in equation (31), we get

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y) =
1

kΓk(α′)

∫ ∞

y
(s – y)

α′
k –1s

–α′–β′
k

×
∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

(
1 –

y
s

)m

s
σ ′
k –1 ds. (32)

Putting

s =
y
v

	⇒ ds = –
y
v2 dv,

s = y 	⇒ v = 1,

s = ∞ 	⇒ v = 0

in equation (32), we obtain

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y)

=
1

kΓk(α′)

∫ 0

1

(
y
v

– y
) α′

k –1(y
v

) –α′–β′
k ∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

× (1 – v)m
(

y
v

) σ ′
k –1(

–
y
v2

)
dv

=
1

kΓk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

∫ 1

0
y

α′
k –1

(
1 – v

v

) α′
k –1

y
–α′–β′

k v
α′+β′

k

× (1 – v)my
σ ′
k –1v1– σ ′

k yv–2 dv,
(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y)

=
1

kΓk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

∫ 1

0
y

α′
k –1– α′

k – β′
k + σ ′

k –1+1(1 – v)
α′
k +m–1

× v1– α′
k + α′

k + β′
k +1– σ ′

k –2 dv

=
y

σ ′
k – β′

k –1

kΓk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!

∫ 1

0
(1 – v)

α′
k +m–1v

β′–σ ′
k dv

=
y

σ ′–β′
k –1

Γk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!
1
k

∫ 1

0
(1 – v)

α′+mk
k –1v

β′–σ ′
k +1–1 dv.

(33)

Using equation (5) and equation (23) in equation (33), we get

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y) =
y

σ ′–β′
k –1

Γk(α′)

×
∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!
Γk(α′ + mk)Γk(β ′ – σ ′ + k)
Γk(α′ + β ′ – σ ′ + mk + k)

. (34)
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Using equation (25) in equation (34), we obtain

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y)

=
y

σ ′–β′
k –1

Γk(α′)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′)m,km!
(α′)m,kΓk(α′)Γk(β ′ – σ ′ + k)

(α′ – σ ′ + β ′ + k)m,kΓk(α′ – σ ′ + β ′ + k)

= y
σ ′–β′

k –1 Γk(β ′ – σ ′ + k)
Γk(α′ – σ ′ + β ′ + k)

∞∑

m=0

(α′ + β ′)m,k(–η′)m,k

(α′ – σ ′ + β ′ + k)m,km!
. (35)

Using equation (18) in equation (35), we have

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(β ′ – σ ′ + k)
Γk(α′ – σ ′ + β ′ + k)

× 2F1,k
((

α′ + β ′, k
)
,
(
–η′, k

)
;
(
α′ – σ ′ + β ′ + k, k

)
; 1

)
. (36)

Using equation (28) in equation (36), we get

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(β ′ – σ ′ + k)
Γk(α′ – σ ′ + β ′ + k)

× Γk(α′ – σ ′ + β ′ + k)Γk(α′ – σ ′ + β ′ + k – α′ – β ′ + η′)
Γk(α′ – σ ′ + β ′ + k – α′ – β ′)Γk(α′ – σ ′ + β ′ + k + η′)

,

(
Iα′ ,β ′ ,η′

y,∞ s
σ ′
k –1)

k(y) = y
σ ′–β′

k –1 Γk(β ′ – σ ′ + k)Γk(–σ ′ + k + η′)
Γk(–σ ′ + k)Γk(α′ – σ ′ + β ′ + k + η′)

. �

3 Generalized fractional integrals in terms of Wright functions
In this section, we solve the composition of the Mittag-Leffler with power function to
generalized left- and right-sided fractional integral operators and also discuss k-calculus.

Theorem 3 For a, b, c,ρ, δ ∈C with

�(a) > 0 and �(ρ + c – b) > 0, ν > 0, λ > 0, w ∈R,

we have

(
Ia,b,c

0,u tρ–1Eδ
ν,ρ

(
wtλ

))
(u) =

u–b–1+ρ

Γ (δ)

× 3Ψ3

[
(c – b + ρ,λ), (ρ,λ), (δ, 1)

(a + c + ρ,λ), (ρ – b,λ), (ρ,ν)

∣∣∣∣∣wuλ

]
.

Proof Using the power function and (10) in (6), we have

(
Ia,b,c

0,u tρ–1Eδ
ν,ρ

(
wtλ

))
(u) =

u–a–b

Γ (a)

∫ u

0
(u – t)a–1

× 2F1

(
a + b, –c; a; 1 –

t
u

)
tρ–1

∞∑

n=0

(δ)n

Γ (νn + ρ)n!
(
wtλ

)n dt (37)

=
∞∑

n=0

wn(δ)n

Γ (νn + ρ)n!
(
Ia,b,c

0,u tρ+λn–1)(u). (38)
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Since for n = 0, 1, 2, . . . , �(ρ + λn) ≥ �(ρ + c – b) > 0, using Lemma 1 with ρ replaced by
ρ + λn in equation (38), we obtain

(
Ia,b,c

0,u tρ–1Eδ
ν,ρ

(
wtλ

))
(u)

=
uρ–b–1

Γ (δ)

∞∑

n=0

Γ (δ + n)Γ (ρ + λn)Γ (c – b + ρ + λn)
Γ (–b + ρ + λn)Γ (a + c + ρ + λn)Γ (νn + ρ)n!

(
wuλ

)n. (39)

Using (16) in (39), we get

(
Ia,b,c

0,u tρ–1Eδ
ν,ρ

(
wtλ

))
(u) =

u–b–1+ρ

Γ (δ)

× 3Ψ3

[
(c – b + ρ,λ), (ρ,λ), (δ, 1)

(a + c + ρ,λ), (ρ – b,λ), (ρ,ν)

∣∣∣∣∣wuλ

]
. �

Theorem 4 For a, b, c,ρ, δ ∈C with

�(a) > 0 and �(a + ρ) > max
[
–�(b), –�(c)

]
, �(b) �= �(c),

ν > 0, λ > 0, w ∈R,

we have

(
Ia,b,c

u,∞ tρ–1Eδ
ν,ρ

(
wt–λ

))
(u) =

uρ–b–1

Γ (δ)

× 3Ψ3

[
(b – ρ + 1,λ), (1 + c – ρ,λ), (δ, 1)

(1 – ρ,λ), (a + b – ρ + c + 1,λ), (ρ,ν)

∣∣∣∣∣wu–λ

]
.

Proof Using the power function and (10) in (7), we have

(
Ia,b,c

u,∞ tρ–1Eδ
ν,ρ

(
wt–λ

))
(u) =

1
Γ (a)

∫ ∞

u
(t – u)a–1t–a–b

× 2F1

(
a + b, –c; a; 1 –

u
t

)
tρ–1

∞∑

n=0

(δ)n

Γ (νn + ρ)n!
(
wt–λ

)n dt

=
∞∑

n=0

wn(δ)n

Γ (νn + ρ)n!
(
Ia,b,c

u,∞ tρ–λn–1)(u). (40)

Since for n = 0, 1, 2, . . . , �(ρ –λn–1) ≤ �(ρ +a–1) > 1+max[–�(b), –�(c)], using Lemma 2
with ρ replaced by ρ – λn, we reduce equation (40) to

(
Ia,b,c

u,∞ tρ–1Eδ
ν,ρ

(
wt–λ

))
(u)

=
uρ–b–1

Γ (δ)

∞∑

n=0

Γ (δ + n)Γ (1 – a + a + b + λn – ρ)Γ (1 – a – b + c + a + b + λn – ρ)
Γ (1 – a – b + a + b + λn – ρ)Γ (1 + c + a + b + λn – ρ)Γ (νn + ρ)n!

× (
wu–λ

)n. (41)
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Using (16) in (41), we get

(
Ia,b,c

u,∞ tρ–1Eδ
ν,ρ

(
wt–λ

))
(u) =

uρ–b–1

Γ (δ)

× 3Ψ3

[
(b – ρ + 1,λ), (1 + c – ρ,λ), (δ, 1)

(1 – ρ,λ), (a + b – ρ + c + 1,λ), (ρ,ν)

∣∣∣∣∣wu–λ

]
. �

Theorem 5 For a, b, c,ρ, δ ∈C with

�(a) > 0 and �(ρ + c – b) > 0, ν > 0, λ > 0, w ∈R,

we have

(
Ia,b,c

0,u t
ρ
k –1Eδ

k,ν,ρ
(
wt

λ
k
))

(u) =
k1– ρ

k u–b–1+ ρ
k

Γ ( δ
k )

× 3Ψ3

[
(c – b + ρ

k , λ
k ), ( ρ

k , λ
k ), ( δ

k , 1)
(a + c + ρ

k , λ
k ), ( ρ

k – b, λ
k ), ( ρ

k , ν
k )

∣∣∣∣∣k
1– ν

k wu
λ
k

]
.

Proof Using the power k-function and (11) in (6), we have

(
Ia,b,c

0,u t
ρ
k –1Eδ

k,ν,ρ
(
wt

λ
k
))

(u)

=
u–a–b

Γ (a)

∫ u

0
(u – t)a–1

2F1

(
a + b, –c; a; 1 –

t
u

)
t

ρ
k –1

∞∑

n=0

(δ)n,k

Γk(νn + ρ)n!
(
wt

λ
k
)n dt (42)

=
∞∑

n=0

wn(δ)n,k

Γk(νn + ρ)n!
(
Ia,b,c

0,u t
ρ+λn

k –1)
k(u). (43)

Since for n = 0, 1, 2, . . . , �(ρ + λn) ≥ �(ρ + c – b) > 0, using Lemma 1 with ρ replaced by
by ρ+λn

k , we reduce equation (43) to

(
Ia,b,c

0,u t
ρ
k –1Eδ

k,ν,ρ
(
wtλ

))
(u)

=
k1– ρ

k u–b–1+ ρ
k

Γ ( δ
k )

∞∑

n=0

Γ ( δ+nk
k )Γ ( ρ+λn

k )Γ (c – b + ρ+λn
k )

Γ (–b + ρ+λn
k )Γ (a + c + ρ+λn

k )Γ ( νn+ρ

k )n!
(
wk1– ν

k t
λ
k
)n. (44)

Using (16) in (44), we get

(
Ia,b,c

0,u t
ρ
k –1Eδ

k,ν,ρ
(
wt

λ
k
))

(u) =
k1– ρ

k u–b–1+ ρ
k

Γ ( δ
k )

× 3Ψ3

[
(c – b + ρ

k , λ
k ), ( ρ

k , λ
k ), ( δ

k , 1)
(a + c + ρ

k , λ
k ), ( ρ

k – b, λ
k ), ( ρ

k , ν
k )

∣∣∣∣∣k
1– ν

k wu
λ
k

]
. �

Remark 1 If we replace k by one, then we get the result of [3].

Theorem 6 For a, b, c,ρ, δ ∈C with

�(a) > 0 and �(a + ρ) > max
[
–�(b), –�(c)

]
, �(b) �= �(c),
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ν > 0, λ > 0, w ∈R,

we have

(
Ia,b,c

u,∞ t
ρ
k –1Eδ

k,ν,ρ
(
wt

–λ
k

))
(u)

=
k1– ρ

k u
ρ–a–b

k +a–1

Γ ( δ
k ) 3Ψ3

[
(1 + b – ρ

k , λ
k ), (1 + c – ρ

k , λ
k ), ( δ

k , 1)
(1 – ρ

k , λ
k ), (1 + a + b + c – ρ

k , λ
k ), ( ρ

k , ν
k )

∣∣∣∣∣k
1– ν

k wu
–λ
k

]
. (45)

Proof Using the power k-function and (11) in (7), we have

(
Ia,b,c

u,∞ t
ρ
k –1Eδ

k,ν,ρ
(
wt

–λ
k

))
(u)

=
1

Γ (a)

∫ ∞

u
(t – u)a–1t–a–b

2F1

(
a + b, –c; a; 1 –

t
u

)
t

ρ
k –1

∞∑

n=0

(δ)n,k

Γk(νn + ρ)n!

× (
wt

–λ
k

)n dt (46)

=
∞∑

n=0

wn(δ)n,k

Γk(νn + ρ)n!
(
Ia,b,c

u,∞ t
ρ–λn

k –1)(u). (47)

Since for n = 0, 1, 2, . . . , �(ρ –λn–1) ≤ �(ρ +a–1) > 1+max[–�(b), –�(c)], using Lemma 2
with ρ replaced by ρ–λn

k , we reduce equation (47) to

(
Ia,b,c

u,∞ t
ρ
k –1Eδ

k,ν,ρ
(
wt

–λ
k

))
(u)

=
k1– ρ+νn

k u
ρ
k –b–1

Γ ( δ
k )

∞∑

n=0

Γ ( δ+nk
k )Γ (1 + b – ρ–λn

k )Γ (1 + c – ρ–λn
k )

Γ (1 – ρ–λn
k )Γ (1 + a + b + c – ρ–λn

k )Γ ( νn+ρ

k )n!
(
kwu

–λ
k

)n. (48)

Using (16) in (48), we get

(
Ia,b,c

u,∞ tρ–1Eδ
ν,ρ

(
wt

–λ
k

))
(u)

=
k1– ρ

k u
ρ–a–b

k +a–1

Γ ( δ
k ) 3Ψ3

[
(1 + b – ρ

k , λ
k ), (1 + c – ρ

k , λ
k ), ( δ

k , 1)
(1 – ρ

k , λ
k ), (1 + a + b + c – ρ

k , λ
k ), ( ρ

k , ν
k )

∣∣∣∣∣k
1– ν

k wu
–λ
k

]
. �

Remark 2 If we replace k by one, then we get the result of [4].

4 Euler transform for Mittag-Leffler function
In this section, we investigate the Euler integral transformation for the Mittag-Leffler k-
function. We also derive the Euler k-transformation of the Mittag-Leffler k-function.

Theorem 7 The Euler integral operator for the generalized Mittag-Leffler function is

(
I1

0 ta–1(1 – t)b–1Eδ
ν,ρ

(
wtλ

))
dt =

Γ (b)
Γ (δ) 2

Ψ2

[
(δ, 1), (a,λ)

(ρ,ν), (a + b,λ)

∣∣∣∣∣w
]

.
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Proof

(
I1

0 ta–1(1 – t)b–1Eδ
ν,ρ

(
wtλ

))
dt =

∞∑

n=0

(δ)n

Γ (νn + ρ)n!
(w)n

∫ 1

0
ta+λn–1(1 – t)b–1 dt

=
Γ (b)
Γ (δ)

∞∑

n=0

Γ (δ + n)Γ (a + λn)
Γ (a + b + λn)Γ (νn + ρ)n!

(w)n

=
Γ (b)
Γ (δ) 2

Ψ2

[
(δ, 1), (a,λ)

(ρ,ν), (a + b,λ)

∣∣∣∣∣w
]

. �

Theorem 8 The Euler integral operator for the generalized Mittag Leffler k-function is

(
I1

0 ta–1(1 – t)b–1Eδ
k,ν,ρ

(
wt

λ
k
))

dt =
Γ (b)k1– ρ

k

Γ (δ) 2
Ψ2

[
( δ

k , 1), (a, λ
k )

( ρ

k , ν
k ), (a + b, λ

k )

∣∣∣∣∣k
1– ν

k w

]
.

Proof

(
I1

0 ta–1(1 – t)b–1Eδ
k,ν,ρ

(
wt

λ
k
))

dt =
∞∑

n=0

(δ)n,k

Γk(νn + ρ)n!
(w)n

∫ 1

0
ta+ λn

k –1(1 – t)b–1 dt

=
Γ (b)k1– ρ

k

Γ (δ)

∞∑

n=0

Γ ( δ
k + n)Γ (a + λn

k )
Γ (a + b + λn

k )Γ ( νn
k + ρ

k )n!
(
k1– ν

k w
)n

=
Γ (b)k1– ρ

k

Γ (δ) 2
Ψ2

[
( δ

k , 1), (a, λ
k )

( ρ

k , ν
k ), (a + b, λ

k )

∣∣∣∣∣k
1– ν

k w

]
. �

Theorem 9 Let a, c,ρ,ν,λ ∈ C, w ∈ R, and k ∈ R
+. Then the Euler k-transformation for

the generalized Mittag Leffler k-function is

(
1
k

I1
0 t

a
k –1(1 – t)

b
k –1Eδ

k,ν,ρ
(
wt

λ
k
))

dt =
Γk(b)
Γk(δ) 2

Ψ k
2

[
(δ, k), (a,λ)

(a + b,λ), (ρ,ν)

∣∣∣∣∣w
]

.

Proof

(
I1

0,kt
a
k –1(1 – t)

b
k –1Eδ

k,ν,ρ
(
wt

λ
k
))

dt =
∞∑

n=0

(δ)n,k

Γk(νn + ρ)n!
1
k

∫ 1

0
t

a
k –1(1 – t)

b
k –1(wt

λ
k
)n dt.

=
∞∑

n=0

(δ)n,kwn

Γ (νn + ρ)n!
1
k

∫ 1

0
(t)

a+λn
k –1(1 – t)

b
k –1 dt.

=
Γk(b)
Γk(δ)

∞∑

n=0

Γk(δ + nk)Γk(a + λn)
Γk(a + b + λn)Γk(νn + ρ)n!

(w)n.

=
Γk(b)
Γk(δ) 2

Ψ k
2

[
(a,λ), (δ, k)

(a + b,λ), (ρ,ν)

∣∣∣∣∣w
]

. �

5 Conclusion
In this paper, we have discussed two integral transforms involving the Gauss hypergeo-
metric functions as their kernels. We have proved some composition formulae for these
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generalized fractional integrals with the Mittag-Leffler k-function. The results have been
established in terms of the generalized Wright hypergeometric function. We have also
developed the Euler integral k-transformation for the Mittag-Leffler k-function. Further-
more, if we take k = 1, then we find out the classical results.
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