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1 Introduction

Mittag-Leffler functions are important in studying solutions of fractional differential equa-
tions, and they are associated with a wide range of problems in many areas of mathematics
and physics. The importance and great considerations of Mittag-Leffler functions have led
many researchers in the theory of special functions to exploring possible generalizations
and applications. Many more extensions or unifications for these functions are found in a
large number of papers [1-5]. A useful generalization of the Mittag-Leffler function, the
so-called Mittag-Leftler k-function has been introduced and studied in [6]. Many math-
ematicians discussed and obtained new results [7—13], seen as theoretical developments
to the fractional operators. These considerations have led various researchers in the field
of special functions for exploring possible extensions of and applications to the Mittag-
Leffler function. Recently, fractional calculus gained more attention due to its wide vari-
ety of applications in various fields [14—18]. In the literature of fractional calculus, it is
distinctly observed that the fractional integral operators and fractional integral formulas
containing special functions occupied an influential place in computational and applied
mathematics [19-21]. The fractional calculus of various types of special functions is used
in many research papers [22—25]. For more details about the recent works in the field
of dynamic system theory, stochastic systems, nonequilibrium statistical mechanics, and
quantum mechanics, we refer the interesting readers to [26—32]. Throughout this paper,
we denote by C, N, R*, and R the sets of complex numbers, natural numbers, positive real
numbers, and real numbers, respectively.
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The Gauss hypergeometric function is defined as follows [33]: for all d,e,f € C, f #
0,-1,-2,...,and |z| < 1,

o (d)n(0)n 2"

2Fi(defiz) =) =, (1)
n=0 (f)n nt
where (d),, (e),, and (f), are the Pochhammer symbols.
The Pochhammer symbols are defined as [34]
1 forn=0,l+#0,
= 2)
(+1)(I+2)---(l+n-1) forn>1,
where /e Cand n € N.
The gamma function [34] for R(x) > 0 is defined as
[e¢]
I'(z) = / et de. (3)
0
The beta function [34] is defined as
1
B, h) = / -0 dt, R >0,% (k) > 0. (4)
0
The beta k-function [33] is defined as
1 g , ,
Bi(l, k) = X sk (1—-s)k—ds, R >0,%RMh)>0. (5)
0

The generalized fractional integration operators are defined for u# > 0, d,e,f € C, and
R(d) > 0 as follows (see [35—37]):

—a-b u
(Igf&h)(u) = ?(a) /(; (u— t)“_IZFl <a +b,—c;a;1 — é)h(t) dt (6)
and
(Izgofh)(z) = %(,{) /Z (t - Z)d_lt_d_ezFl (d +e,—f;d;1— ;)h(t) dt, (7)

where I' is the gamma function [38], and F; is the hypergeometric series defined by
Rainville [39].
The Mittag-Leffler function E,(z)is defined by [40, 41]

oo n

z
E.(2) = HZO: m (8)

for z € C and o > 0. The Mittag-Leffler function E,(z) has been extended in a number of
ways and, together with its extensions, applied in various research areas such as engineer-
ing and (in particular) statistics. The Mittag-Leffler functions and related distributions
were given in [32].
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The generalization of E,(z), also known as the Wiman function [42], is given by
< n

z
Ea,ﬂ(z) = ; m: 9

for a, € C with R(x) > 0, RN(B) > 0.
In 1971, Prabhakar [43] proposed the more general function

P _ = (8)n2"
E.p@) = HX:(; I'(vn+ p)n!’ (10)

A useful generalization of the Mittag-Leffler, the so-called Mittag-Leffler k-function has
been introduced and studied in [2, 6]. The generalized Mittag-Leffler k-function [44] is
defined as

o0

_ (a)n,ktn
kvp(t) X_;m, (11)

for k e R*, v, p,8,t € C with R(v) > 0, N(p) > 0.
The integral form of the generalized gamma k-function is given by [45]

o0 _k
Ii(z) =/ £ let dt (12)
0
for k € R* and z € C with Re(z) > 0. By inspection we conclude the following relations:

Tz + k) = kI(2), (13)

iy) = (k)ilr(z). (14)
k

If k approaches one, then the generalized Mittag-Leffler k-function reduces to the gener-
alized Mittag-Leffler function.
The generalized hypergeometric function is defined as [46]

(d )n : )n
JE(dy,... dyey,.. ,eq,t)—z (ei)n (e: — (15)

where d;,e; € C,¢; #0,-1,... (i=1,2,...,p;j = 1,2,...,9).
The generalized Wright hypergeometric function is defined as [47]

(Cl’pt)ll
Wn(t) = |:(d,,q,)1h

1_[5 1 F Cl + pin ) t"
(16)
:| Z ]—L I (d +q,n)n‘

wheret € C, ¢;,dj e C,and p;, g e R (i=1,2,...,5j=1,2,...,h).
The following identity of Gauss hypergeometric function holds:

r@drd-e-f)

oFi(e,f;d;1) = Fd—old—f)

Nd—-e—f)>0. 17)
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The hypergeometric k-function [48] is defined as

o / " / m "
2Fii((o,k), (B k); (1, k); £) = Z % — k>0, (18)
=0 (77 )m,k m.
where
o, B eC, n #0,-1,-2,-3,..., |t < 1.

2 Preliminary lemmas
In this section, we derive the fundamental results of left- and right-sided generalized k-
fractional integration with power k-function. The following lemmas proved in [35] are

needed to prove our main results.

Lemma 1 ([35]) Fora,b,c,p € C with

N(a)>0 and NR(p+c-b)>0,

(o) (p+c—b)
T'p-b)I'p+a+c)

(gt ™) ) = w0
Lemma 2 ([35]) For a,b,c € C with
N(a)>0 and R(p)<1+min[R(b),NR()],

we have

rb-p+1)I'(c—p+1)
Fl-p)l(a+b+c—p+1)

(Iz:gftp’l)(u) =y, b1

Theorem 1 Let o/, B',n € C, k € R* with R(a’) > 0 and R(c’) > max[0, R(B' —n')]. Then

oy (o) ilo" +n" - B)
(o’ = Bkl + o + 1)

(Igyﬂ '7 ——1) (y)_

Proof Consider the left-sided generalized k-fractional integral operator

oz B o
0500t / 0=
X 2F1,k<(a' +B,k), (=, k); (o, k)5 1 = i)g(s) ds. (19)

Using the power k-function in equation (19), we have

o B “——1 _ ——1
(IOJ’ ﬂ )(y) k]'vk(a/)/ (y S)

X 2F1,k((o/ +B,k), (=1’ k); (o', k)3 1 = ;)5’%-1 ds. (20)



Mubeen and Safdar Ali Advances in Difference Equations (2019) 2019:520

Using equation (18) in equation (20), we get

—o/—p

B YR
(Igyﬁ Y- l)k(y) Ko@) / (y s) 1

By putting

s=vy = ds=ydv,
s=0 = v=0,

s=y = v=1

in equation (21), we obtain

(1T, )

—o/-p’

e (@4 B k1 Dk
kr(a/)/ O=m) E =) Z @t

m=0

Ol +:3 mk /)mk /1 01_/_1 Ot_/_l G_/_l 0_/_1
! 13 1—-v)*% 1-vV"v* 13 d
kF(ot’) E Y Q- A -v)"vE "y ydy

(o) pcm!

(Ol + /3 )mk( n )mk / _/_1+i_1+1 i+m—1 L/_l
E 1- d
kF(ot’) A y & I3 ( V) K 3 v

(@) pem!
J’f%f%w_/ﬂ%f N (1 I G 1 o o’
= Z “ . /(1—1/)7””_11/7_1611/
kI () — (o) erm! 0

o —ﬁ/ 1 o
)k @ + B )mx (=1 )mx 1 oimk g o
=@ ; @)yl X /0 1-v) & Yvr gy (22)
Since
LD Ik(h)
Bi(l,h) = m, (23)
by equations (5) and (22) we have
_ (@ + B i (=1 )k Tk(a’ + mk)Ik(c")
- Fk(a/) Z (&) pm! T’ + o' +mk) (24)

Since

Ti(t + mk) = (£)miIi(2), (25)
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from equation (24) we get

(Ioz B ;_1) () = 7 @ + B i (=1 )i (& )i k(') k(o)
Tia) £ (@) pm! (@ + 0 )il k(' +07)
- Ti(o’) - @ + B i (=1")mx
=y Ti(e + o) ; (o +0")pm! (26)
Using equation (18), from equation (26) we have
“/3”0 -1 /ﬁ/—l Fk(a/) ’ ’ o/ . ’ ’ .
(Lo, ) ) = 7Fk(a/+a’)2a’k((a +B,k), (=0, k); (o' +0',k);1).
We can also write
N _ e T(o")
(IOJ’ sk )k(y) =y Kk Fk(O[/ + O‘/)
X oF1i((e + B, k), (-0, k); (o + 07, k);1). (27)
Since
1" ’ F / _ ! _ !
SFa[(@R), (88) (7, K)s1] = DD 2P Z ) (28)

L' = o) k(' = B)
from equation (27) we obtain

ﬂ 4 Tkle) Tl +oVi(e +o’ -’ =" +7)
Tl +0') (o' + 0’ —a' = BTl + o' +717')’

(Igyﬂ '7 ——1) (y)_

B o o gy Ti(o") k(o' +n' = B')
(Ig,}’ﬁ nS k l)k(y) =)y k ! / ’ ’ ’ ne O
Ii(o’ = ) (o" + o' + 1)

Theorem 2 Let o/, B',n € C. Then

/ Y I~ _~! /
(I"Z;f/'"/s%_l)k(y) _y -+ (B —o' + k) (-0' +k+71) ' (29)
» (-0’ + k)i (a' =0’ + B/ +k+1)

Proof Consider the right-sided generalized k-fractional integral operator

/_pl

—a/-B

!’ opl o 1 o Ct/
i - — ) FF
L0 = gy | 6T

X zFLk((a' + ,3’,/(), (—r/’,k); (a’,k); 1- J—})g(s) ds. (30)

N

Using the power k-function in (30), we have

, o/ -

! ! (el 1 el O(l
- [Tt
(y,oo s )k()/) k@) J, (s=y)*%"s

X 2F1,1<((0/ +B,k), (-0, k); (o', k);1 - Z) Tds, (31)

S
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Using equation (18) in equation (31), we get

;o 1 o0 o -o/-p’
Ia B _71 ) = / (s—y)Fts—r
( )k(y ka(Ot/) ) J

3 (@ + Bk (=1 Dk (1 _ %)m T ds. (32)

(o) pmm!

m=0
Putting

4

s= = ds:—%dv,
v v

s=y = v=1,

s=00 — v=0
in equation (32), we obtain

(I"‘ B —71) )
__ L / (v NF(\ T S @ Bt
k() J1 \v d v re (") pem!
Ny
x (1- v)m<—> (——2) dv
v 1%
0 ’ / ’ 1, _ -1 o —f o+
_ 1 Z(Ol +,B)m,k(_77)m,k/ S 1-v y b olap
kTi(a') — (@) pm! 0 v

x (1— v)’”yaT‘lvl‘UTyV_2 dv,
(33)

(5 —-1> 0

Z a +,B mk( n)mk/ y%_l_%_%+%_l+1(1_v)%+m_l
ka(oﬂ) (@) ! 0

o B oo
yr ok (a+/3 mk( n)mk/ 1_
— 1 k +m— d
kTi() % (@) ( ’
ya/;ﬁ/_l (@' +8) 1 k
mk(=1")mk o k1, "i1m1
- 1- dv.
Ti(a’) % (& )m le' / 1-v ’
Using equation (5) and equation (23) in equation (33), we get
’ y(r,;ﬁ, -1
Ia/,ﬁ/,r]/ 0'7_1 _
( 2,00 s )k(y) Fk(O[,)
8 i @ + Bk (=1 )k Tkl + mk) [ (B" — o' + k). (34)
(@) pm! (o' + B/ — o’ + mk + k)

m=0
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Using equation (25) in equation (34), we obtain

(I 5,0

o/—p
Y F o @+ Bk (0 )mk (@ )i k(@) [k (B' — o' + k)
I(a’) — (@) pem! (@ ="+ B +K)mili(e' =’ + B + k)
_ et DB =0 4R i (@ + Bkl Y 5)
4 Mo =o'+ '+ k) == (&' 0" + B/ + K)m !
Using equation (18) in equation (35), we have
o _ o8 (B —a'+k)
]a B -1 =y & 1
(&, s¥ )"(y) 4 T =o'+ B’ +k)
X oF1i((e + B, k), (-0, k); (o' =o' + B+ k. k); 1). (36)
Using equation (28) in equation (36), we get
(]a/’ﬂ/:n/s%/’l) (y) _ *f‘ 1 Fk(ﬂ -0 + k)
»00 (o' =o'+ B +k)
I —o'+ B +k)i(0 -’ +B +k—a' -8 +7)
N(o' =o'+ B +k—o = B k(e =0’ + B +k+1/)
(I“;f/"’/sal_!’l)k(y) :yc’;ﬁ/71 I —o' +k)Ii (=o' +k+7n') . .
» Ti(—o’' +k)Ii(o' =o' + B/ +k+17)

3 Generalized fractional integrals in terms of Wright functions
In this section, we solve the composition of the Mittag-Leffler with power function to
generalized left- and right-sided fractional integral operators and also discuss k-calculus.

Theorem 3 Fora,b,c, p,5 € C with

N(a)>0 and NR(p+c-b)>0, v >0, A>0, weR,

we have
—b-1+p
r(6)

(C -b+ ,0;)\)7 (p:)")) (81 1)
X 311/
((l +C+ p:)‘)¢ (:0 - b¢)‘)r (:0) V)

(22t B (we))(u) = =

wu}‘i| .

Proof Using the power function and (10) in (6), we have

(Ia,b,ctp—lES ( (I/l) — u b (I/l _ t)a 1
0,u v,0 F( )

t nd 5 n n
X 2F1 <ﬂ + b, —C;a; 1- ;)tp_l Z 1_,(1}1(/171)0)’/1‘ (Wtk) dt (37)
0 :

n=|

Z I'(vn +)p)m (Iahctpﬂn ) (w). (38)

Page 8 of 14
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Since for n=0,1,2,..., R(p + An) = R(p + ¢ — b) > 0, using Lemma 1 with p replaced by

p + An in equation (38), we obtain
(Igo e B (we*)) (u)

(39)

) ypb1 2 TF'G+m I (p+in)l(c—b+p+Ain) 3\
- 3 : (wa)

w
— -b+p+am)l(a+c+p+in)(vn+ p)n! “

Using (16) in (39), we get

u—b—h—p
re)

(c=b+p,A),(p,1),(5,1)
X 311/
(ﬂ o+ )0:)\)¢(,0 - b’)")x(prv)

(Ig”,f’”t”‘lEﬁ,p (wt)‘))(u) =

wu’\:| . 0

N(a)>0 and NR(a+p)> max[—iﬂ(b), —Si(c)], R(b) # N(c),

Theorem 4 For a,b,c, p,5 € C with

v >0, A >0, weR,

we have

up—b—l
r)

[ (b-p+1,1),1+c—p,A) (1)
X3W

(135t S (we™))(u) =

A-p,A),(@a+b-p+c+1,1),(p,v)

qu:| .

Proof Using the power function and (10) in (7), we have
b pp-118 h 1 o° Leab
(I@oce E) (wt ) () = @ /M (t - u)* 't

=)

|
— F(vn+ p)n!

Z W' (8)n ubctp —An- 1)(”) (40)

I'(vn+ n‘
n=0 p

Sinceforn =0,1,2,..., R(p—-rn-1) <R(p+a-1) > 1+ max[-R(b), -N(c)], using Lemma 2
with p replaced by p — An, we reduce equation (40) to

(IZ,’&”t"’lEi,p (wt’)\)) (u)

_ur! iF(S+n)F(1—a+a+b+kn—p)F(1—a—b+c+a+b+An—p)
O

— I'l-a-b+a+b+in—-p) l+c+a+b+in—p)[(va+ p)n!

X (wu’k)n. (41)

Page 9 of 14
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Using (16) in (41), we get

up—b—l

(e £, o) =

o b-p+1L,A),0+c-p,A),(6,1)
38 A=-p,A),(@a+b-p+c+1,1),(p,v)

wu’*j| . 0

Theorem 5 Fora,b,c, p,5 € C with

N(a)>0 and NR(p+c-b)>0 v >0, A>0, weR,

we have
A KRyttt
Iabct —IEB t% u) =
( kVP( ))( ) F(%)

><31113|: (C_b+ k’k) (k’k) (k,l)

v
klkwuk].

Proof Using the power k-function and (11) in (6), we have
. i
(I ek Ey, , (wek)) ()

—a- 00
uab

= a-1 . e _E 21 (8)7;1,/( Avn
_F(a)/o(u_t) 2F1<6l+b,—c,a,1 u)tk gfk(vn+p)n!(Wtk) dt  (42)

o]

W (8) i abec, LM 1
= 3 (b T (). (43)
— I(va + p)n!

Since for n =0, 1,2,..., R(p + An) > R(p + ¢ — b) > 0, using Lemma 1 with p replaced by
by £ *km , we reduce equation (43) to

(Iabc lElivp( k )(M)

-7 —bh-1+2 o0 r 8+nk r pAn T'(c—b p+An )
e kz GRG0 T0) oty e
rg) r-b+%2 ")1"(ol+c+p+ ")1"(”’””) !
Using (16) in (44), we get
kl—— —b- 1+k
Iabc -1ps % _
( kVP( ))(L[) F(})

XalI/3|:( (c=b+ 50 () (1)

a+c+ 8,70, (8-b%),(%7)

Remark 1 If we replace k by one, then we get the result of [3].

Theorem 6 Fora,b,c,p,5 € C with

N(a) >0 and NRa+p)> max[—ﬂ%(b), —SR(C)], R(b) # N(c),
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V>0, A>0, weR,
we have

(15t k1ED  (we ) ()

—a—b
KRy e |: (1+b-2,2),1+c-2,%),(,1)
(1

8 A
re) LB

K wu T (45)
—;,;),(1+a+b+c—

Proof Using the power k-function and (11) in (7), we have
-y
(IZ"&Ct 1E,‘iup(wt %)) (u)

1 > 1 b 21 -
= — t—u)* 7, F b,—ca;1 - Lk~
r(a)/u o 1(‘” o ) ;rk(wmn'
x (we)" dt (46)

O)n, p=hn _
- Z Fk?;l’g -2 ,(f)}'ll Iﬂbct ‘ 1)(14) (47)

Sinceforn=0,1,2,..., RN(p—-An-1) <R(p+a-1) > 1+max[-N(b), —N(c)], using Lemma 2

L2221 we reduce equation (47) to

(15t A 1ED (we ) ()

AT k1 & IR A+ b— 22 (1 + ¢ — £27) Sn
= Z pk—kn : —An vkn+p (kWLt k ) ¢ (48)
F(%) n=0F(1—T)F(1+ﬂ+b+C— )F( )!

Using (16) in (48), we get

-A
(IZ:&Ct”’lEivp (wt 3 ))(u)
—a—b
B kl—guif’ 7 +a-1 w |: 1+b- k’k) (l+C—% %),(%,1)
= 3%¥3 (1 _

re —85),(Lva+brc—2,2),(4,2)

1-v =i
k' Rwuk :| . 0
Remark 2 1f we replace k by one, then we get the result of [4].

4 Euler transform for Mittag-Leffler function
In this section, we investigate the Euler integral transformation for the Mittag-Leffler k-

function. We also derive the Euler k-transformation of the Mittag-Leffler k-function.

Theorem 7 The Euler integral operator for the generalized Mittag-Leffler function is
rb) ]
wl.

0= 0P () de = 0 s [

(6,1),(a, )
(p,v),(a+ b, 1)

Page 11 of 14
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Proof

1,a-1 b-1r6 )L - (8)” n ! a+in-1 b-1
(Lteta-o"'E E:r w)" | ¢ (1-8)b1dt
0

(v + p)n

b

0
FEb Z L'($+n)I(a+An) W)

r I'(a+b+in)I(va+ p)n!

i i

Theorem 8 The Euler integral operator for the generalized Mittag Leffler k-function is

v
kF wi| .
o0

- - A 8)nk Voan _
B 1B (wek))de = S =k ”/ N (1 -ty dr
(0 ( ) k,u,p( )) 2:(): Fk(vn+p)n! (w) A ( )

n=0

_T® 1 6@
TG, | (pv),(a+b)

batyy abigs (i g DB (2, 1),(a, %)
(ot =0 B (vt)) =y ZWZ[(%’%):WW’%)

Proof

>

TR S TGeml@+ ) oy
- T ZF(a+b+%)F(”7”+§)n!( w)

kF w:| . 0

Theorem 9 Let a,c,p,v,A € C, w e R, and k € R*. Then the Euler k-transformation for
the generalized Mittag Leffler k-function is

(ip -0t E, (we ))dt_rk(b) ” [ (8,k), (@, 1)
E1(1 - )k (wek)" .

n=0

_ Tkt @@
r@) 5 | (&0, @+b2)

Ix(8)y | (@+b,1),(p, V)

Proof

(Iéktkil(l_t)zilElivp K

Fk vn +p)n‘ k/

:Mg

o]

(5),, kW athn_q 1
k 1- F
F(un + p)n! k / ® (1-5)kdz.

=sa

Fk(b) > I (8 + nk) i (a + An)
0 Ii(a+ b+ An)[i(vn + p)n!

i i

In this paper, we have discussed two integral transforms involving the Gauss hypergeo-

metric functions as their kernels. We have proved some composition formulae for these

(w)".

_ Fk(b) l]/k ((l,)\.), ((S,k)
(8)y * | (a+b,1),(p,0)

5 Conclusion
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generalized fractional integrals with the Mittag-Leftler k-function. The results have been
established in terms of the generalized Wright hypergeometric function. We have also
developed the Euler integral k-transformation for the Mittag-Leffler k-function. Further-
more, if we take k = 1, then we find out the classical results.
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