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1 Introduction

Fractional differential equations have recently been applied in various areas of engineer-
ing, mathematics, physics, and other applied sciences [44]. For some fundamental results
in the theory of fractional calculus and fractional differential equations, we refer the reader
to the monographs [4-6, 33, 42, 47], the paper [46], and the references therein. Recently,
considerable attention has been given to the existence of solutions of initial and boundary
value problems for fractional differential equations with Caputo fractional derivative [5].
Implicit fractional differential equations were analyzed by many authors (see, for instance,
(4, 5, 22, 23, 34, 43] and the references therein). Considerable attention has been given to
the study of the Ulam stability of functional differential and integral equations; one can
see the monograph [6], the papers [3, 17-20, 28, 29, 31, 32, 39-41], and the references
therein.

Fractional g-difference equations initiated at the beginning of the nineteenth century
[10, 24] and received significant attention in recent years [21, 26]. Some interesting de-
tails about initial and boundary value problems of q-difference and fractional q-difference
equations can be found in [7-9, 12-16, 25, 27, 35] and the references therein.

In [1, 2], Abbas et al. considered some existence results for some coupled fractional
differential systems in generalized Banach spaces.
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In this paper we discuss the existence and Ulam—Hyers—Rassias stability of solutions for
the following coupled implicit fractional q-difference system:

(“Dg'ur)(t) = f1(t, ur (), w2 (8), “Dg' u1)(2)),

tel:=[0,T], (1)
(‘D uy)(t) = fo(t, ur (£), ua(t), (‘D us)(2)),
with the initial conditions
(#1(0), u2(0)) = (uo1, to2), (2)

where g € (0,1), T >0, 2, €(0,1], fi : I x R x R x R — R, i = 1,2, are given continuous
functions, and °Dj’ is the Caputo fractional q-difference derivative of order «;, i = 1,2.
Next, we discuss the existence and uniqueness of solutions for problem (1)—(2) in gen-
eralized Banach spaces, where f; : I x R®" — R, i = 1,2, are given continuous functions,
R™, m € N*, is the Euclidian Banach space with a suitable norm | - ||. This paper initi-
ates the study of implicit coupled Caputo fractional q-difference systems in Banach and

generalized Banach spaces.

2 Preliminaries
Consider the Banach space C(I) := C(I, R) of continuous functions from [ into R equipped
with the usual supremum (uniform) norm

ll24]| 0o := sup|u(z)]-
tel

As usual, L!(I) denotes the space of measurable functions v : I — R which are Lebesgue
integrable with the norm

T
vl =/0 |v(t)| dt.

Let us recall some definitions and properties of fractional g-calculus. For a € R, we set

The q-analogue of the power (a — b)" is

n-1
@-b%=1,  (a-b"=[](a-bd"), abeRneN.
k=0

In general,

o]

(a - b("‘z H(a bz+a> a,b,a € R.

Definition 2.1 ([30]) The q-gamma function is defined by

(1-gq)&D

1) = W;

EeR-{0,-1,-2,...}.
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Notice that the q-gamma function satisfies I,(1 + &) = [£],1(¢).

Definition 2.2 ([30]) The q-derivative of order n € N of a function & : I — R is defined
by (Dju)(t) = u(t),

(t) — u(qt)

(Dgun)(¢) = (D;u)m:”(l_q)t , tA0, (D)0 = lim(D)(0)

and

(Dhu)(0) = (DD u) (), telnefl2,..}.

Set I, := {tq" : n € N} U {0}.

Definition 2.3 ([30]) The g-integral of a function u : I, — R is defined by

(Lu)(6) = fo us)dgs =3t - Q' f (e,

provided that the series converges.

We note that (D,1,u)(t) = u(t), while if u is continuous at 0, then
(I;Dgu)(t) = u(t) — u(0).

Definition 2.4 ([11]) The Riemann-Liouville fractional g-integral of order o € R, :=
[0,00) of a function # : I — R is defined by (Igu)(t) = u(t), and

. L(t—gs)@V
(Iqu)(t) =/O Wu(s)dqs, tel

Lemma 2.5 ([37]) For o € R, :=[0,00) and A € (-1,00), we have

I,(1+4)

— " (t-a)*, O<a<t<T.
F(l+A+a)

(Lre-a))0) =

In particular,

e L @
(I51)(0) = ra +a)t .

Definition 2.6 ([38]) The Riemann-Liouville fractional g-derivative of order « € R, of a
function u: I — R is defined by (DJu)(t) = u(t), and

(Deu)(e) = (D1 u)(e), tel,

where [«] is the integer part of «.
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Definition 2.7 ([38]) The Caputo fractional q-derivative of order o € R, of a function
u:I — R is defined by (CDgu)(t) = u(t), and

(CDEu)() = (D) (@), tel.

Lemma 2.8 ([38]) Let a € R,. Then the following equality holds:

[a]-1 k
(IgCDgu)(t) = M(t) — Z W(Dgu)(O)

k=0
In particular, if o € (0,1), then

(IXCD2u)(®) = u(t) - u(0).

From the above lemma, and in order to define the solution for problem (1)—(2), we con-
clude the following lemma.

Lemma 2.9 Let f : 1 x R¥ — R™ such that f,(-, u;, v, w;) € C(I) for each u;,v;,w; € R™.

Then problem (1)—(2) is equivalent to the problem of obtaining the solutions of the integral
equation

gi(t) = fi(t,uor + (If;‘lgl)(t),uoz + (Igzgz)(t),gi(t)), i=12,
and if g,(-) € C(I) is the solution of this equation, then
u;(t) = ug; + (C,”'gi)(t)

3 Existence and Ulam stability results
In this section, we are concerned with the existence stability of solutions of system (1)—(2).
We denote by C := C(I) x C(I) the Banach space with the norm

@) = 1ulloo + IVl oo

Definition 3.1 By a solution of problem (1)—(2) we mean a coupled function (,v) € C
that satisfies the system

Dy w)(®) = f1 (&, u(2), v(£), (D' u)(2)),
(D)) = fo(t, u(®), (£), (‘Dg?v)(1))

on I and the initial condition (x(0), v(0)) = (uo1, 4o2).

Now, we consider the Ulam stability for system (1)—(2). Let € >0 and @ : I — R, be a
continuous function. We consider the following inequalities:

|(“Dg'u)(2) —fi(t, u(t), v(t), (‘D' u)(t))| <,

el; (3)
|(CDgv)(8) — fo(t, u(t), v(2), CDPv) ()| <,
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|(°Dg" u)(®) = fi(t, u(®), v(2), ‘D' u)(®)| < P(2)
|CDZ*v)(®) = fo(t, u(®), v(0), (D) (®)| < @ (2),

|(<Dg" u)(t) — fi (£, u(t), v(£), CDg' u)(t))| < eD(t)
|(CDZv)(8) — folt, u(2), v(2), CDg*v)(2))| < €D (2),

el (5)

Set
’(u(t),v(t))‘ = ’u(t)’ + ’v(t)’.

Definition 3.2 ([5, 40]) System (1)-(2) is Ulam—Hyers stable if there exists a real number
¢, 5, > 0 such that, for each € > 0 and for each solution (i1, v;) € C of inequalities (3), there
exists a solution (u,v) € C(I) of (1)—(2) with

|(1(8) = (), (1) = v(®))| < €cppp, tEL

Definition 3.3 ([5, 40]) System (1)—(2) is generalized Ulam—Hyers stable if there exists
crfy : CR,R,) with ¢5(0) = 0, i = 1,2, such that, for each € > 0 and for each solution
(41, v1) € C of inequalities (3), there exists a solution (u, v) € C of (1)—(2) with

’(ul(t) —u(t),v1(t) - v(t))| <cpple), tel

Definition 3.4 ([5, 40]) System (1)—(2) is Ulam—Hyers—Rassias stable with respect to @
if there exists a real number cf, ;¢ > 0 such that, for each € > 0 and for each solution
(u1,v1) € C of inequalities (5), there exists a solution (,v) € C of (1)—(2) with

|(11(8) = u(®),v1(t) - v(0))| < €@ (), tel

Definition 3.5 ([5, 40]) System (1)—(2) is generalized Ulam—Hyers—Rassias stable with
respect to @ if there exists a real number cf, £, » > 0 such that, for each solution (u1,v;) € C
of inequalities (4), there exists a solution (u,v) € C of (1)—(2) with

|(1(8) = u(@®), 1 (t) = v(®))| < cp 0@ (), tel

Remark 3.6 It is clear that
(i) Definition 3.2 = Definition 3.3,
(ii) Definition 3.4 = Definition 3.5,
(iii) Definition 3.4 for @(-) = 1 = Definition 3.2.

One can have similar remarks for inequalities (3) and (5).

Theorem 3.7 (Schauder’s fixed point theorem) Let X be a Banach space, D be a bounded
closed convex subset of X, and T : D — D be a compact and continuous map. Then T has
at least one fixed point in D.

The following hypotheses will be used in the sequel:
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(H1) There exist functions p;,d;, r; € C(I,[0,00)), i = 1,2, with r;(¢) < 1 such that
fi(t, u, v, w)| < pi(t) + di(¢) min(|ul, [V]) + r;()|w]

foreacht el and u,v,w e R;
(H,) There exists Lg > 0 such that, for each ¢ € I, we have

(Ii®)(t) < ho®(t), i=1,2.

Set

T

L= ——
U r(1 )

i =supp;(?), df =supd;(t), rf =supr(t), @* =sup D(¢).
tel tel tel tel

Theorem 3.8 Assume that hypothesis (H;) holds. If
riary—riry + (1=r3)Lidf + (1=r})Lady < 1, (6)

then system (1)—(2) has at least one solution defined on I. Moreover, if hypothesis (Hs) holds,
then system (1)—(2) is generalized Ulam—Hyers—Rassias stable.

Proof Define the operators N; : C(I) - C(I), i = 1,2, by

(N1w)(8) = uor + (I'&1) (1), tel, (7)
and

(Nov)(2) = ug + (I;‘Zgz)(t), tel, (8)
where g; € C(I) such that

gi(0) =f (&, u(t), v(t), &(2)).
Consider the continuous operator N : C — C defined by

(NG, ) () = (N120)(8), (Nay) (1)), ©)

Set

r> L= = r3)(|mor| +[uoa]) + (1~ r3)Lapy + (1 - r{)Lop)
- 1-ri—ry+riry —(1=r})Lid} — (1 = r})Lod;

’

and consider the closed and convex ball By = {u € C : ||(u,v)|lc <R}.
Let u € By. Then, for each ¢t € I, we have

“(t—gs) 1V

Iy(an) ’g1(5)| Aas

|(N1)(8)] < |uor| + A



Abbas et al. Advances in Difference Equations (2019) 2019:527 Page 7 of 19

and

£ (t—gs)*V

|(No)(©)] < sl + fo o

|g2 (s) | dgs.

By using (H1), for each ¢ € I, we have

lgi(®)| < pi(t) + di(&) min(|u(?)|, [v(8)]) + r:(£)|gi(0)]

<pf +d:‘R+rZ‘|gi(t)|.

Thus
pi+diR
() < —7-.
lgi()] < =% 0
Hence
Li(pt +diR)
N, = ] + 2ELEAR

and

. Ly(p; + d3R)

IN2W)|| , < luton] 1—r

This implies that

[N = [N+ [N0)]

2

< luo1| + |uoa2| + Z

i=1

Li(pf +diR)
1-7f

<R

This proves that N maps the ball By into Bg. We shall show that the operator N : By — By
is continuous and compact. The proof will be given in several steps.

Step 1: N is continuous.

Let {u,}nen and {v,},en be two sequences such that (u,,v,) — (&,v) in Bg. Then, for

each t € I, we have

s)(al—l)
( |(g1n(s) = £1(5)) | s

()0 - ) = [ I
q

and

t (¢ _ gg)le2-1)
|2y (6) - (N)(0)] < / (t—goy

o Fq(otz) | (an (S) - gZ(S)) | dqs;

where g;,,g; € C(I), i = 1,2, such that

gin(t) =fi (t¢ Uy (t), vy (t)vgin(t))
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and
&(8) = fi(t: u(t), v(£), &(2)).

Since (u,,v,) — u as n — oo and f; are continuous functions, we get
gin(t) > gi(t) asnm— oo foreacht el

Thus

pi+diR
||N1(un)—N1(u)||oosﬁngm—glnmeo asn — 0o
S |

and

>+ diR
pziiﬂgn ~@llec— 0 asn— oo.

N2 (v) - N2 ()|, < 1=

Hence
||N(un,vn) —N(u,v)”c —0 asn— oo.
Step 2: N(Bg) is bounded. This is clear since N(Bg) C Bg and By, is bounded.

Step 3: N maps bounded sets into equicontinuous sets in Bg.
Let t1,t, € I such that #; < £y, and let (i, v) € Bg. Then we have

@i=1) _ (4 — gs)©D)

t —_ g¢)(
|(Nao) (1) - (Nao) (12)] < fo 16 - g5 i |gi9)| dys
qg\&i
1) —_ g¢)@i—1)
+[t —|(t2 qu(i))li) ||gi(5)}dqs,

where g; € C(I) such that g;(¢) = f(¢, u(t), v(¢),gi(t)). Hence

pi+diR [ |(ty — qs) ™V — (81 — gs) 17|
N} (er) - (s (e)| = 200 f ds
| | 1-r7 Jo Iy(ar) 1
* 4+ d¥R ty tH — (1-1)
+P1+ 1 / (2 — g5) |dqs
1-nx* Jy Ty(ar)
— 0 ast;— 1y,
and
4 dXR 0t — gs) 2~V — (t — gs)@2-1
R e X
1-r3 Jo Ty(a)
* d*R ty ty — (ag-1)
Pt / (2 — gs) |dqs
1- ry* t Fq(a2)

— 0 ast) — b.
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As a consequence of the above three steps with the Arzelda—Ascoli theorem, we can con-
clude that N : By — Bg is continuous and compact. From an application of Theorem 3.7,
we deduce that N has at least a fixed point (u, v) which is a solution of our system (1)—(2).
Step 4: Generalized Ulam—Hyers—Rassias stability.
Let (u1,v1) be a solution of inequality (4), and let us assume that (i, v) is a solution of
system (1)—(2). Thus, we have

(u(0), (1)) = (o + (I7' 1) (1), oz + (I;2g2) (1),

where g; € C(I), i = 1,2, such that g;(¢) = f(¢, u(t), v(¢), gi(¢)).
From inequality (4) for each ¢ € I, we have

[11(8) = o1 = (I &1) )] = (I @) @)
and
v1(8) = uop — (I282) ()| < (I22®) (2).
From hypotheses (H;) and (H), for each ¢ € I, we have

|u(t) = ur (8] < [uale) = wor — (13" &1) () + (I3 (g1 — £2)) (0)]
‘(¢ —gs)17V

o Iyloa)
pi+d;
1-r7

< (@) + (lar)] + [g2(5)]) dgs

< ('e)@) + (I ®)(t)

* 4+ d*
bt *1¢(t)
1-n7

< )»¢¢(t) + 2)\¢

pitd]
1-r7

< [1 +2 ]M(b(t)
= Cfl,(p@(t).
Also, we get

* d*
|V(L‘)—V1(t)| < [1 +2p12 * *2
r;

2

]A¢q>(t)
= Cf2,¢ [} (t)

Thus

(), v(2)) = (u1(£), (D) | = |u(t) — 12 (8)| + [w(8) = v1(8)|
2 * 4 g
< |:A¢ 21:(1 ¥ 2’%)]@5(0

= CAHO D (t).

Hence, problem (1)—(2) is generalized Ulam—Hyers—Rassias stable. (I
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4 Results in generalized Banach spaces
Now, we are concerned with the existence and uniqueness results of the coupled system
(1)-(2) in generalized Banach spaces.

Let C be the Banach space of all continuous functions v from I into R” with the supre-

mum (uniform) norm
Ivllc := sup|[v(#) .
tel

By L*°(I,R,) we denote the Banach space of measurable functions from [ into R, which
are essentially bounded.

Letx,y € R” with x = (%1,%2, .- -, %), ¥ = V1, Y2 - - > Vim)-

Byx <ywemeanw; <y;,i=1,...,m. Also,

] = (|xl|! lxal, ..., |xm|)7

max(x,y) = (max(x1,y1), max(x2, y2), ..., max(®, ym))

and
R = {xeRm:xieR+,i: 1,...,m}.
IfceR,thenx <cmeansx; <c,i=1,...,m.

Definition 4.1 Let X be a nonempty set. By a vector-valued metric on X we mean a map
d: X x X — R™ with the following properties:
(i) d(x,y) = 0forallx,y € X, and if d(x,y) = 0, then x = y;
(i) d(x,y)=d(y,x) for all x,y € X;
(iii) d(x,z) <d(x,y)+d(y,z) for all x,7,z € X.

We call the pair (X, d) a generalized metric space with

di(x,9)
dZ(x’y)

d(x,y) :=
A (%,y)

Notice that d is a generalized metric space on X ifand only ifd;, i = 1,..., m, are metrics
on X.

Definition 4.2 ([45]) A square matrix of real numbers is said to be convergent to zero
if and only if its spectral radius p(M) is strictly less than 1. In other words, this means
that all the eigenvalues of M are in the open unit disc, i.e., |A| < 1 for every A € C with
det(M — AI) = 0, where I denotes the unit matrix of M,,,,,(R).

Example 4.3 The matrix A € Myy»(R) defined by

()
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converges to zero in the following cases:
(1) b=c=0,a,d >0, and max{a,d} < 1.
(2) ¢=0,a,d>0,a+d<1,and -1 <b<O.
3) a+b=c+d=0,a>1,c>0,and |a—c| < 1.

Definition 4.4 Let (X, d) be a generalized metric space. An operator N : X — X is said to
be contractive if there exists a matrix M convergent to zero such that

d(N(x),N(y)) < Md(x,y) forallx,yeX.

In the sequel we will make use of the following fixed point theorems in generalized Ba-
nach spaces.

Theorem 4.5 [36] Let (X, d) be a complete generalized metric space and N : X — X be a
contractive operator with Lipschitz matrix M. Then N has a unique fixed point x,, and for
each x € X, we have

d(N*(x),%0) < M*(M)™'d(x,N(x)) forallkeN.
For n = 1, we recover the classical Banach contraction fixed point result.

Theorem 4.6 ([36]) Let X be a generalized Banach space, D C E be a nonempty closed
convex subset of E, and N : D — D be a continuous operator with relatively compact range.
Then N has at least a fixed point in D.

The following hypotheses will be used in the sequel.

(Ho1) There exist continuous functions p;,d;, [; : I — R,, i = 1,2, such that /; < 1 and

fi(ts wa, va, w1) = filt, o, va, wo) |
<piOlur — uall + di(@®)lv1 — vall + L;(@) w1 — ws|

for a.e. t € I and each u;, v;,w; e R™,i=1,2.
(Hyp2) There exist continuous functions K;, P;, D;, L; : I — R,, i = 1,2, such that

Ifit,u,v,w)| < Ki(®) + (o)l + DAOIIVI| + Li(e) [ w]

fora.e. t €I and each u,v,w e R™,i=1,2.
Set

p; =supp;(t), d; := supd;(t), I} :=supli(t), K} := sup Ki(2),
tel tel tel tel

P} :=sup Pi(t), D :=supDj(¢), LY :=sup Li(2),
tel tel tel

and

T
b= ——, i=1,2.
! I, +a)
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The space C? := C x C is a generalized Banach space with the norm

|1, 12) || 2 = (Il ll s szl ).

Definition 4.7 By a solution of problem (1)—(2) we mean a coupled continuous function
(u,v) € C? satisfying initial condition (2) and system (1) on /.

First, we prove an existence and uniqueness result for coupled system (1)—(2) by using
Banach’s fixed point theorem type in generalized Banach spaces.

Theorem 4.8 Assume that hypothesis (Ho) holds. If the matrix

p} Od}

1-1F 1-1%
M = ! 1
egp; sz;
1-13 1-13

converges to 0, then coupled system (1)—(2) has a unique solution.
Proof From Lemma 2.9, we can define the operators N1, N, : C* — C by
(Niur, u2)) (8) = woi + (L'gi) (1), i=1,2t€l, (10)
where g;(-) € C(I), with
&i(8) = fi(t, w1 (2), un(2), (1))
= fi(tsuor + (I'&1) (6), w0y + (I3282) (£),&i(8)),  i=1,2.

Consider the operator N : C> — C? defined by

(N (1, 12)) (8) = (N1 (1, 142) ) (8), (N (1, 12)) (8)). (11)

Clearly, the fixed points of the operator N are solutions of coupled system (1)—(2). We
show that N satisfies all the conditions of Theorem 4.5.
For each (u1,u2), (v1,v2) € C? and ¢t € I, we have

t (t— qs)(a—i)

| i, 1) ® - (Nt v2) O] = | =505

|i(s) — hi(s) | dgs, (12)
where g;(-), h;(-) € C(I), i = 1,2, with

&) = fi(t, w1 (8), un(2), &i(8))
= fi(t uor + (I3 61) (1), w0 + (I522) (1), 8i(2))

and

hi(t) = fi(£,va(2), va(2), hi(2))
:ﬁ(t, Uop + (Iglhl)(t), Uy + (Igzhg)(t),h[(t)).
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From hypothesis (Hp;), we have

|gi@® = ()| = pi®) |1 @) = vi (D] + i @)ll2 = ol + L2 l1gi = .
Then
|g:() = hi®)]| = p®) | ur (&) = 1 ()| + i @) | wa ) = va (D) | + Li(£) | i) = Pua(e) |
Thus
lgi — hillc = p; llur = vilic + i lluz = vallc + [ llgi — hill -
This implies that
(1= ) lgi = illc = P}l = villc + df llua = vallc.
Hence

* %

i i
uy —vllc +
l—l;‘” 1—villc -

g — hillc = luz = v2llc.

From (12), we get

t(f— (ej=1)
| 0) - (i) | < [ B ) - o) s
tip} i
< 1101;« iy =villc + 2 s = valc

Consequently,

d((N (1, u2)), (N(v1,v2))) < Md((1,u2), (v1, 1)),

where

let2 = vallc

d((ul;u2)¢ (V1,Vz)) = (””1 - V1||c) '

Since the matrix M converges to zero, then Theorem 4.5 implies that coupled system (1)—
(2) has a unique solution. O

Now, we prove an existence result for coupled system (1)—(2) by using Schauder’s fixed
point theorem type in a generalized Banach space.

Theorem 4.9 Assume that hypothesis (Hyy) holds. Then coupled system (1)—(2) has at
least one solution.

Proof Let N : C?> — C? be the operator defined in (11). We show that N satisfies all the
conditions of Theorem 4.6. The proof will be given in several steps.

Page 13 0of 19
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Step 1. N is continuous.
Let {(#41,, 2,)}» be a sequence such that (uy,, us,) — (u1,u;) € C* as n — oo. For any
i=1,2 and each ¢ € I, we have

£ (¢—gs)iV

| N1, 200} 0= (Nitir, ) O] < | s

|gin(s) — gi(s) | g,
where g;(-), gin(-) € C(I), i = 1,2, with
8i(8) = fi(t, 11 (2), ua(t), &i(t))
= filt, wor + (I3 €1) (0), won + (I;2g2) (£), &i(£))

and

gin(t) =fi(t¢ Mln(t)’u2n(t)’gin(t))
= fi(t, uor + (17" €un) (8), tho2 + (12820 ) (1), in(2)).-

From (Hy,), we have

%k &

n—gillc < ——lluy, — 1]l c + —
llgin gz”C_l_L?” 1n illc 1-L;

let2, — usllc.

Thus,

*

0P 0.D;
[ (Ni (w1, 1120)) (&) = (N1, w2) ) (8) | < Clur, —wllc + 2, —usllc
1-L; 1-L7

— 0 asn— oo.
Hence, we get
||Ni(u1n, Uy) — Ni(u1, uz) ”c — 0 asn— oo.
Consequently,

||N(M1m uZn) - N(ul; u2) || c2

= (|| N1 (w10, 20) = N (a1, ) | s |

Na(v1y, ) — No (1, u2) ” C)

— (0,0) asn— .

Finally, N is continuous.
Step 2. N maps bounded sets into bounded sets in C2.
Set

K = sup hy(t), K := sup k(t), I :=supli(t).

tel tel tel

Let R > 0 and set

Be:={(u,v) € C:llullc <R |Ivlc <R}.
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For any i = 1,2 and each (u,v) € Bg and t € I, we have

L _ gg)li—1)
| (Ni (1, 2)) (8) S/O %H&(s)ﬂ dgs,

where g;(-), e C(), i = 1,2, with

gi(t) = filt, ur (8), un(2), gi(2))
= fi(t uor + (151 €1) (1), uoa + (I52€2) (1), &i(1)).

Since

* *
llurllc +

lgillc = luallc,

—1- L* lL*

we get

*

iD;
1-L7

Z *
N1, w2) | o < — - L* lurlic + lluzllc-

Thus,

Re;P} RZD*
||Ni(M1,M2)||C_1 L* - L* =M,

Hence,
|(N@ )| < (M1, M) := M

Step 3. N maps bounded sets into equicontinuous sets in C2.
Let Bg be the ball defined in Step 2. For each t3, £, € I with ¢; <, and any (&, v) € Bg and

i=1,2,we have

(N1, u2)) (11) - (Ni(ul: 1)) (82)

nt - qS) 2 (t, - qS)
T~ 7 4N 1 d TN 7 4N 1 d ’
5/0 Ty(ai- ”g “ /o Tyei- ”g ] des

where g;(-), € C(I), i = 1,2, with

gi(®) = fit, ur (2), un(2), gi(2))
= filt o1 + (I3 €1) (6), uon + (I;2g2) (), &i(t)).
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Thus,

| (N1, 2)) (82) = (NiConr, 1)) (82)]
0

1-LF 1-L Ty(er) e
RP;  RD; \ [ |(t;—gs)®V
s i, RD; / (22 — gs) "] ds
1-1r 1-1) ), )

— 0 ast; — b.
Hence,
(N (1, 42)) (11) = (N (1, 12)) (&)

= (|| (N1 (1, w2)) (1) = (N1 (41, 12) ) (£2)

— (0,0) ast; — to.

(Na(u1,2)) (81) = (Na(u1, 12) ) (82) )

’

As a consequence of steps 1 to 3 together with Theorem 4.6, we can conclude that N has
at least one fixed point in Bg which is a solution of our coupled system (1)—(2). O

5 Examples
Example 1 Consider the following coupled system of implicit fractional i-difference
equation:

(D W)(8) = (8, u(t), v(D), (D W)(®)),
DIV = folt, () VD), DIV, LE0,1], (13)
((0),1(0)) = (1,2),

where

2 - 1
filt,x,y,2) = m(e T+ )8+ x4 2),

ftx,y,2) = L(e‘ +ty +2);

e 5 (L |xl+1yl+12])

€ (0,1],

and ¢ > 0. Hypothesis (H;) is satisfied with

1
() =di(t) = (67 + m)C#,
e

~ 1 ct? ct? ct?
ri(t) = <e 7+ et+5)Ct2’ pa(t) = prave dy = g ry(t) =

Also, condition (6) is satisfied. Indeed,
vy +ry -1y + (1 - r;‘)lei‘ + (1 - rT)L2d§ <1
implies the inequality

(2+3L)e %2 -3(1+L)e®c+1>0,
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2)

which is satisfied for all ¢ € R, because
A=9(1+L)* " -4(2+3L)e"" = (1+6L+9L%*)e " >0,

and (2 + 3L)e™!? > 0. For example, if we take ¢ = 1, we can see that
ri+ry—rirs+ (1=r3)Lid; + (1= 7{)Lody =3e>(1+ L) —e (2 + 3L) < L.

Hence, Theorem 3.8 implies that system (13) has at least a solution defined on [0, 1].
On the other hand, hypothesis (H>) is satisfied with @ (¢) = £2. Indeed, for each ¢ € (0, 1],
there exists a real number 0 < € < 1 such that e <t < 1, and
tz
ro)(t) < ———
G20 = o v
1
= o) d(2)

= Ao D(2).
Consequently, problem (13) is generalized Ulam—Hyers—Rassias stable.

Example 2 Consider now the following coupled system of implicit fractional i-diﬁ’erence
equations:

(D W)(8) = i (8, u(t), v(D), (D )(®)),
DI)(®) = ot ul®) v(e), CDIV)®),  tE10,1] (14)

((0),v(0)) = (1,2),

where

2 - 1 2
filt,x,y,2) = m(e T+ )t + 2),

F(6,%,9,2) = zs—E——(ty + 2);

el > (L[l +1yl+12])

te€(0,1],

and ¢ > 0. Hypothesis (Hy1) is satisfied with

1
pi(t) = <e‘7 + ef+5>5t4’ di(t) =0,

1 ct? ct?
L(g) = (67 + ez+5>0t2’ pa(t) =0, dy = gt OE

Also, with a good choice of the constant ¢, the matrix

pi
i
M := 0 l2d§

-1
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converges to 0. Hence, Theorem 4.8 implies that system (14) has a unique solution defined
on [0,1].

6 Conclusion

We have provided sufficient conditions for the existence, uniqueness, and Ulam stability
of the solutions of two classes of coupled implicit Caputo fractional q-difference systems
with initial conditions. Suitable fixed point theorems have been used. As illustration, we

have presented two examples.
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