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1 Introduction

The classical dispersiveless long wave equations

U + Uty + h, = 0,

hy + (uh), =0,

(1)

have a number of dispersive generalizations [1]. Kupershmidt [2] considered the following

extension of (1):

u = (5% + h— By,

hy = (uh + attyy, — Bhy)x,

(2)

where «, B are arbitrary constants. The invertible change of variables u =, 1 = i+ Y Ux,

turns (2) into

iy = (0% + b+ pity)y,

hy = (th — phy) =y + B = £/a + 2

Broer [1] derived system (2) for o = %, B =0, for which it is the proper Boussinesq equation.
In terms of the potential ¢ : u = ¢,, system (2) was derived by Kaup [3]. Later, Matveev and
Yavor [4] found algebrogeometrically a large class of almost periodic solutions. Li, Ma,
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and Zhang [5] used a scaling transformation to transfer a nonlinear long wave equation of

Boussinesq class to the Broer—Kaup (BK) system, a type of long water wave equations:

Vi = %(Vz +2w— Vx)xy

we = (vw + %wx)x.

Furthermore, some exact solutions and Darboux transformations of (1) were obtained by
applying the Lax-pair method. In terms of [5], we can study the similarity reduction, exact
solutions, and conservation laws of the Boussinesq system through the scalar transforma-
tion

Vi
v:—u,w=$+1+5,

that is, we can transform the BK system to the Boussinesq system

ét + [(1 + E)u]x = _iuxxxr

U +un, + &, =0,

where & is the elevation of the water wave, u is the surface velocity of water along the
x-direction. Hence, the results of the paper have certain physical sense.

In the paper, we construct a generalized BK system as follows:

Ve = §(ve =V = 2w), — By,

Wy = =5 (W + 2WV), — By,

where «, B are constants, so that some symmetries of (2) are produced by the symmetry
group method [6]. It follows that some similarity solutions, group-invariant solutions, and
series solutions are produced. In addition, Ibragimov and Avdonina [7] showed how to ap-
ply the symmetries of differential equations to study the self-adjointness and conservation
laws. Thus we would like to follow the approach to investigate the quasiself-adjointness

and conservation laws of the generalized BK system (2).

2 Integrability of (2)
Set

awh + §wy + Swv+ Bw —ar® - Br-Sve+ S0 + b

(ak2+ﬁk+%vx—%vz—gv —ar-%v-p )
4

2
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Then the compatibility condition of (3)
Vi-U,+UV-VU=0

admits the generalized BK system, which can be directly verified. Hence the generalized
BK system (2) is Lax integrable. Using (3), we can get some Darboux transformations for

deducing solutions of the system. Here we omit them.

3 Similarity solutions and group-invariant solutions
Applying the Lie symmetry analysis, we can get the symmetry of system (2):

0 0 1 0 0o 1 0 0
Xi=—, Xo=—, Xs=|=x+Bt)|—+t——-—v——w—. (4)
ot ox 2 0x at 2 ov ow

The vector field X3 has the following characteristic equation:

dt  dx  dv dw

dt __dx _dv _dw (5)
t %x + Bt —%V -w
which gives rise to
1
(ﬁt+ §x> dt —tdx=0. (6)

One integration factor of (6) is given by
n= e_f%dt = t_%’
which transfers (6) to the complete integration equation
1 1
ptdd +d(-t3x) =0,

from which we have the invariant variable & = Zﬂt% — t 3%, In terms of Eq. (5), we have

the formal invariants

v=t3f(E),  w=tg(), (7)

where f (&) and g(&) are arbitrary smooth functions of §. Substituting (7) into system (2)
yields the ordinary differential system

~LpE) + Lat 3 (8) = S[F1(E) + 21 (E)(E) + 28 (8)),

| (8)
—g(§) + 3at72g'(§) = —%[g"(§) - 28 (E)f (§) — 2¢(6)f"(€)].
Let 8 =0, Then system (8) reduces to
f@)+tf'(v) = —a[f"(zr) + 2f (7)f () + 2¢'(7)], ©

g(0) + 57/ (1) = §[¢"(2) - 2¢'(2)f (v) - 2¢(2)f ()],
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where T = —t’%x, which is a reduction of £. In facr, system (9) is an ordinary differential
system corresponding to the BK system (1).

The group-invariant transformations of the generalized BK system are as follows:

g @ Lv,w) > (xt+e,v,w),
S Lv,w) > (x+€,t,v,w), (10)

1 1
g3: (%, t,v,w) — (2Bte + (x — 2Bt)ezc, te, e 2v, we™©).

In what follows, we consider solutions to the BK system. Set v = V(p), w = W(p), p = x +1t.
Then (2) becomes

V' = &(V" =2VV' —2W') - BV,
IW = —&(W" +2W'V +2WV') - W/,

from which we have

V-4V -V2-2W)+ BV =c,

(11)
W+ (W' +2WV) - BW' =c,.
A special solution to (11) is given by
T A (12)
S+ C(c+E)?

in the case of [ = —f, ¢; = ¢c2 = 0. Hence we get a set of solutions to the generalized BK

system (2):

1 1
vV —, W= ————. (13)
c+x—pt (c+x— Bt)?
Applying the group-invariant transformation (10), we can deduce some other new solu-

tions to system (2):

. _ 1 _ 1
& V= ctx—P(tre)’ w= [c+x—B(t+€)]2’
. _ 1 _ 1
& V= ctx—Pt+e’ w= (c+x—Bt+e)2’
—le —€
e 2 e

g3 V= w=

— 1 — 1
c+/31,‘e‘+(x—2/.‘3t)626 [c+ﬁte€+(x—2ﬂt)62€]2

Taking 8 = 0, we can obtain group-invariant solutions to the BK system (1). In particular,

we can get the series solutions to the BK system. Indeed, let

f@ =) et g@)=) ent”, (14)
n=0 m=0

Page 4 of 14
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and substituting into (9), we have that

o0 oo
co + E T + TCL + E (n+ ey ™t
n=1 n=1

n=1

n=1

=—a |:2cz + Z(n +2)(n + 1)cn+21”:| + 2<co + Z cnr”) <c1 + Z(n + l)cmlr”)
n=1

o0
+2d1+2) (m+ Ddpa ",

m=1

m m+1
dy + mgildmr + Em’l + 5 m{l(m +1)dyat

oo o0 o0
o
= 52y + 3 (4 2)(m + Dot - 2(c0 + chr"> <d1 +Y (m+ 1)dm+1r’”>
m=1 n=1 m=1
o0 o0
- 2<d0 + der”‘) (c1 + Z(n + l)c,mr”),
m=1 n=1
from which we infer that
1
Cy = —CpC1 — %CO _dlv
1
dz = C0d1 + doCl + —do,
o
1 2 1, 2
= —_— —_— _— —_ —d ,
C3 3 (4] 3C0C2 661 3 1
1 2 1 2
dg = %dl + §C0d2 — §d1C1 + §d062,
1 20co(n + 1) 2
Cpog = ——————— | —¢,, = 2aco(n + 1)1 — 20
n+2 (X(I’l+1)(l’l+2) n 0 n+l 1tn
n
- Zcicj+1(j + 1D —2a(n + 1)d,,+1:|,
ij=2
dpio = ; Ea’ +2(n + 1)codyi1 + 2drc, + 2ic-dr 1T
n+ (}1+ 1)(ﬂ+2) o n n+ n = i%j+

n
+ 2(” + l)dOCrH—l + 2C1dn +2 Z(} + l)dicj+lfi+ji|;

ij=2

where ¢y, dy, c1, d; are arbitrary parameters. Inserting these expressions into (14), we get

the series solutions of the BK system. The second equation of system (9) can be reduced

to

&(0) - ~g(x) - 2g(r) =0
o o

(15)

Page 5 of 14
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under the condition

(f))=0 = fg=c (16)
As long as the solution of (15) is obtained, we can get the solution f(t) from (16). If g1(7)
is the known solution of (15), then we assume that g(t) = u(t)g (). If u(t) is known, then

the solution g(7) to Eq. (15) can be presented. It is easy to see that
g'(1) =g (D)’ (z) + 20 (v)g, (7) + u(z)g) (7). (17)
Substituting (17) into Eq. (15) yields
i / 1 / A 1 J 2
&i(n)u’(t) + (2g1(t) - af@(f))u (r) + (g1 (r) - a—fgl(f) - 5g1(T))u(f) =0.
Since
I 1 / 2
& (@) - —tg(r) - —gi(r) =0,
o o
we have
1" / 1 /
a(t)u’(z) + <2g1(1:) - &rgl(t)>u (r)=0. (18)

Assume that #'(7) = z(t). Then Eq. (18) becomes

@00+ <2g1(r) . érgl(r))Z(r) _0,

which has the solution

C 1 Cc 1.2
f&rdr - em?

&) o)

zZ=

where ¢ is a constant. Thus we have

Tl 2
u(r):c/ s —~exdt +¢,
g (@)

22) :gl<r)[c / gztr)
1

Substituting (19) into Eq. (16), we can get f(t). Thus a type of special solutions to system
(9) can be obtained.

(19)

2 _
e dt +c|.

4 The self-adjointness of system (2)
Ibragimov [8] introduced a few related notations of the strict self-adjointness, the nonlin-
ear self-adjointness, and the quasiself-adjointness. Let us recall them.

Let H be a Hilbert space with the scalar product (i, v) defined by

(Fu,v) = (u,F*v), u,v€H, (20)
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where F* is the adjoint operator to a linear operator F. A special Hilbert space is given by

H= { [f(x)|2dx}
Rn

along with an inner product

(u,v) = / u(x)v(x) dx.
R}'l

Let F be a linear differential operator in H whose action on the function « is expressed by
F[u]. Then Eq. (20) becomes

(Flul,v) = (u, F*[V]),
which means that
vF[u] — uF*[v] =Di(§i), (21)

_ 0 o o
where D; = o7 H U Oy + ul,au;x +eee
For the differential equations

Fa(x,u,uxi,uxixj,...)zo, a=1,...,m, (22)
where u = (u!,...,u™). The adjoint equations to (22) are as follows:
Fy(xu,v,uy,vy,...)=0, a=1,...,m, (23)

with F} = ;T‘i,. The Lagrangian ¢ for (22) is defined by

m
¢ = vﬂFﬂ =: ZVﬂFﬁ,
B=1
(24)

) F J—“— , 9
— = ~1yD;, -+-D; ——.
Su®  u® +;’=Z1( YDy T du

iij

Definition 1 ([7, 8]) The differential Egs. (22) are said to be strictly self-adjoint if their
adjoint Egs. (23) are equivalent to (23) upon the substitution v = u. That is, the equation

F* (%, t, Uy Uy . .) = AF (%, 1, 1y . )
holds with a coefficient A.
Definition 2 ([8]) Upon a substitution
v=g(u), (25)

if (23) becomes (22), then we call (22) is quasiself-adjoint.

Page 7 of 14
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Definition 3 ([7, 8]) Upon a substitution

V=g u) 70, (26)

if (26) solves the adjoint Eqs. (23) for all the solutions of (22), then we call system (22)
nonlinearly self-adjoint, that is, we have the following equations:

Fi(x,u,¢,...) = AgF,g(x, u,...). (27)

It is easy to find that the strictly self-adjoint and quasiself-adjoint equations both are par-
ticular cases of the nonlinear self-adjoint equations.

For the generalized BK system (2), denoted by

F=v - %(Vx _V2 _2W)x + ,3va

Q

5 (Wx +2wv), + By,

G=w;+
the formal Lagrangian £ can be written as £ = pF + qG, and the adjoint system of (2) is as
follows:

% =2apVy — pr — GPxx + A(pV): — Bpx — awg, = 0,

5L = —ape— G — a(qV)s + $ux — s = 0.

(28)

Setting p = ¢(v,w) and g = ¥ (v, w) and substituting into (27), along with (28), we have

8L 8L
- =)»1F+/L1G, -
Sv

p=0,9=Y

= )\,QF + ,bLgG, (29)

Sw p=0.9=Y

where A1, Ag, 41, U2 are undetermined functions. It is easy to get

Pt = QyVe + Wy, Px = QvVx + QyWy,
Prx = PuuV2 + 200 ViWs + QuiW2 + @y Vix + PuWax,
qr = Ve + YWy, qx = Yy Vx + YWy,

Gxx = YuV2 + 2 Ve Wy + YW + Yy Vix + Yy Wa.
Inserting all these results into (29) yields that
Al=p1=A2 = =0.

Therefore, for all solutions of system (2), (28) holds. Thus system (2) is nonlinearly self-
adjoint.

5 Another expression of system (2) and some properties

Set
_v(x %)= f W« 2
vix, t) = (x, Et> - w(x, t) = (x, §t>
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Then system (2) becomes

Vi= Vi —2VV, - 2W,,
Wi=-We —2W,V -2WV,,

(30)

which has the infinitesimal symmetries
1
X =21t +¢2)0; + (c1x + 3t +¢4) 0 + | c1v — §C3 oy + 2¢1 0y,

where c1, ¢y, ¢3, ¢4 are constants. Obviously, when ¢; = ¢; = ¢3 =0and ¢4 = 1, we get X; = 0,.
When c¢; =c3=c4 =0and ¢y = 1, we have X, = 9;. When ¢y =c¢3 = ¢4 =0and ¢; =1, we find
X3 = 2t0; + x0, + oy + 20w; X; (i = 1,2,3) all are particular cases of X.

Next, we consider the characteristic equation of X so that we can obtain the similarity
reductions of system (30). The characteristic equation of X reads as

dt dx av aw
_ - (1)
2cit+¢cy cax+ct+es —cv+ 5€3 -2aqW
Case l:c; =1.
_X—c3t+ - e 1 f&) o g@)
. v LRV, o O TR (32)
System (30) reduces to
S (&) -&f' (&) +2f(E)'(E) - f"(6) +£'(§) =0, (33)
—2g(&) -&g'(6) + g"(§) + 2g(£)"(§) + 2¢'(6)f () = 0.
Case 2: ¢; = ¢, = 0. Equation (31) becomes
at  dx 4V _dW
0 atta Ll 0
We take
_ _ __ sk 1
&=t W = W(z), V= et s cn) 263)‘(15).
Then system (30) reduces to
c3&f"(§) + caf (§) + caf'(§) = 0, (34)

c3EW(E) +caW'(§) + s W(§) = 0.

The two equations are in fact the same.
Case 3: ¢; =0, ¢; #0. Equation (31) reduces to

dt dx av. dw
i =1 =—

Cy 3t + ¢y 563 0

Page 9 of 14
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We choose
1 cst
£ = cpx — —cst? — cat, V:—+&, W =g(£).
2 2C3 Cy

Thus system (30) turns to

~2¢4f(§) + ¢3 = 263" (§) + 4f ()f'(§) + 43¢/ (§) = O,

(35)
—cag(€) + c38" (&) + 28/ (6)f (§) + 2¢(£)f'(§) = 0.
System (35) has the particular solutions
Lo .0
fO=38 -6 go)=c,
where £ satisfies the constraint
3
3_ZE24¢c-2=0.
£ -6
Thus from (32) we get a set of new solutions of system (2):
_1 1 1 (x—c3t+eq—coc3)? J2t+cs B
V(x’ t) - 563 + W(E : thcz - x—53t+C4—36263) T’
W(x, t) — %x—c3t+64—6263 .
(at+co)2
In what follows, we consider the series solutions of (33).
Setting
[o¢] o0
fE) =) at,  g&) =) bt
i=0 i=0
and substituting into system (33), we infer that
ap + 2(10(11 - 2[12 + bl =0,
4610612 + 261% - 6613 + 2b2 = 0,
—ay + 2(3apasz + 3aiay) — 12a4 + 3b3 = 0,
n—nay + 2y ai(j+ 1)aj — (1 +2)a + (1 + by =0, (36)
ij=1
—2b0 + 2b2 + 2boﬂ1 + 21’)1610 =0,
—3b1 + 6b3 + 2(2b0612 + bldl) + 2(b1611 + 2b2(10) =0,
—4-b2 + 12b4 + 2(3b0a3 + 2b1(l2 + dlbg) + 2([)1[12 + 2b2a1 + 3b3[l0) = 0,
~2by = (4 Dby + (1 +2) by +2 ) bij+ Daj +2 Y ai(j+ )b =0, (37)

ij=1 ij=1

Page 10 of 14
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from which we get

1
2

by = by — a1by — apby,
1 2
as = §(2610612 t+aj+ bz),

b3 = %bl — %(albl + 2a2b0) - %(blﬂl + szﬂo),

as = 5dg + dody + %bl,

where ay, by, a1, b are arbitrary parameters. Thus we obtain the following formal series
solutions of system (33):

1 1 1 > )
f(f) =ag+ a1§ + (Eﬂo + dod; + Ebl)“;‘z + §(2a0a2 + d% + bz)f;:g + Zaiél, (38)
i=4
8(&) = bo + b1& + (by — a1bo - 610171)52
1 1 3 . i
+ | 5b1 = 5 Q@b + 2abo + 2bsao) | € + > bt (39)

i=4

where a;,b; (i = 4,5,...) satisfy (36) and (37). Substituting (38)and (39) into (32), we can
get the series solutions of the generalized BK system.
Next, we consider the solutions to system (34). It is easy to see that

~

Cc

Er e’

3

g<s>=f(s>=—s—j—‘; or g(£)=f(&)= (40)

where ¢ is an integration constant.
System (35) is solvable similarly to system (33), and we omit the computations.

6 Conservation laws
In this section, we consider the conservation laws of the generalized BK system by using
the method in [7, 8]. From the identity

X +Di(&") =w* 5

+D;N'
Su®
we find that
) SL )
X(L) +Di(5‘)£ = W"‘é— +D,-[N’(£)], (41)
uC(
where

i 9 d
X:S‘Bxi+n"‘m +gl’m+"',
i
. . s 00 s s
Ni=¢&'+ Wa,su‘?‘ + Zs:lDil '”Dis(w“)—ls’liil o i=12,...,n,
i

Wazna_%'/u‘?‘, a=1,...,m,

and L is the Euler—Lagrange function, which satisfies

8L
—=0, a=1,...,m.
Su®

Page 11 of 14
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Since system (28) holds, we can investigate the conservation laws by using (41), where the

components of the conservation laws are the following:

C'=N(L), i=1,...,n, (42)
which satisfy the conservation equations

Di(C") iy = 0. (43)
For X; = %, we find that

whl=_y, w2 = _w,. (44)

Substituting (44) into (42) yields

C‘} =—avvy(p +q) — (@ + B)vip — aqwvy, — Bqvy + %Vx(qx ~ Dx)
+ %Vxx - %qvxxr
Cl}v = —OpYWy — BPWy — QqWWy — APWy — LGV Wy

o o o o
= Bgwx — SPxWx + SWxGx + SPWax — 5qWax.

For X, = %, we get

C2=—v(p+q) =—(p+@[-Pra+ Lvy —v? = 2w),],
Co=(p+q)[Bws + §(wy +2wv),].

For X3 = (%x + Bt)0y + t0; — %VBV — wo,,, we infer

W3 = —2v—tv, — (54 + BE)vs,

W32 = —w — tw; — (5% + BO)Wy,

C3= [—%v— tv, — (%x + Bt)vyllapv + Bp + 2wq + ap + aqv + B
+ %(p * Q)[_%Vx — Vat — %Vx - (%x + ,Bt)th];

Cfv =[-w—tw; — (%x + Bt)yw,](apv + Bp + 2wqg + ap + aqv + B)

+ 20+ Pl-Wx — tWar — 3w — (35 + BE) W,
where v;, w; are given by system (2).

Remark Anco and Bluman [9] proposed a method for constructing conservation laws of
differential equations, which uses a formula directly generating the conservation laws and
independent of the system having a Lagrangian formulation, in contrast to Noether’s the-
orem, which requires a Lagrangian. They adopted the linear equations and the adjoint
equations of the original differential equations to study conservation laws. Essentially, the
algorithm presented by Ibragimov et al. is the same as that of Anco and Bluman. Besides,

Anco [10] also gave some comments on the work of Ibragimov.
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7 Conclusions

In the paper, we have investigated various similarity reductions and exact solutions of the
generalized BK system and various its conservation laws by the Lie group analysis. We
have pointed out that the standard BK system is only a paticular case of the generalized
BK system (2) when o = —1 and 8 = 0.In addition, Lou [11, 12] applied the symmetry group
method to study some coherent solutions of nonlocal KdV systems and primary branch so-
lutions of a first-order autonomous system. We hope to extend the methods to the systems
presented in the paper in the forthcoming days. In addition, Ma [13] obtained some new
conservation laws of some discrete evolution equation by symmetries and adjoint symme-
tries. Zhang, et al. [14, 15] considered symmetry properties of some fractional equations.
Therefore there is an open problem how we can look for the fractional systems that corre-
spond to the systems presented in the paper and how we can to solve them. Besides, Liu,
Zhang, and Zhou [16] constructed the fractional Volterra hierarchy, gave a definition of
the hierarchy in terms of Lax pair and Hamiltonian formalisms, and constructed its tau
functions and multisoliton solutions. Bridgman, Hereman, Quispel, and Kamp [17] and
El-Nabulsi [18] studied the peakon and Toda lattice. The approaches adopted in [16-18]
can lead us to investigate some related properties of the generalized BK system presented
in the paper. These questions will be discussed in the future.
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