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Abstract

In this investigation, by applying the definition of the fractional g-derivative of the
Caputo type and the fractional g-integral of the Riemann-Liouville type, we study the
existence and uniqueness of solutions for a multi-term nonlinear fractional
g-integro-differential equations under some boundary conditions

“DRX() = wit,x(0), (@10(0), (@220(0), D x(0), D (1), ..., D" x(©). Our results are based
on some classical fixed point techniques, as Schauder’s fixed point theorem and
Banach contraction mapping principle. Besides, some instances are exhibited to
illustrate our results and we report all algorithms required along with the numerical
result obtained.
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1 Introduction

The subjects of fractional calculus and g-calculus are one of the significant branches in
mathematical analysis. In 1910, the subject of g-difference equations was introduced by
Jackson [1]. After that, at the beginning of the last century, studies on the g-difference
equation appeared in much work, especially in [2—6]. For some earlier work on the topic,
we refer to [7, 8], whereas the preliminary concepts on g-fractional calculus can be found
in [9], as indicated: Perhaps Leibniz did not expect this number of applications when he
sent a letter in 1695 to L'Hopital asking about the meaning of the derivative of order half.
For countless applications on the g-fractional calculus, see for example [10-17].

In the recent years, there have appeared many papers about differential and integro-
differential equations and inclusions which are valuable tools in the modeling of many
phenomena in various fields of science [18-25]. In 2012, Ahmad et al. [26] discussed the
existence and uniqueness of solutions for the fractional g-difference equations “Dju(¢) =
T(t, u(t)), o1u(0) — B1D4u(0) = y14(n1) and apu(1) — BoDyu(1) = you(ny), for t € I, where
a € (1,2], a;, Bi, ¥4, n; are real numbers, for i = 1,2 and T € C(J x R, R). In 2013, Zhao e/
al. [27] reviewed the g-integral problem (Dg u)(t) +f(t, u(?)) = 0, with the conditions that
u(1), u(0) are equal to ,ulgu(n), 0, respectively, for almost all ¢ € (0,1), where g € (0,1)
and «, B, n belong to (1,2], (0,2], (0,1), respectively, u is positive real number, Dy is the
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q-derivative of Riemann—Liouville and we have a real-valued continuous map u defined
on ] x [0,00). In 2014, Ahmad et al. [28] considered the problem

DYDY + M)u(t) = pf (¢, u(t)) + kI;g(t, u(t)),
a1u(0) - B1(EY)Dyu(0)|se0 = oru(n1),  cau(l) + B2Dyu(l) = oou(n),

for t,q € [0, 1], where ”Dg and °D}; denote the fractional g-derivative of the Caputo type,
0<B,y<1, Ig(.) denotes the Riemann-Liouville integral with & € (0,1), f, g are given
continuous functions, A and p, k are real constants and «;, 8;,0; € R, n; € (0,1), i = 1,2.
Also, one may refer to some research of Ahmad et al., in the recent years in [12, 14, 29—
31].In 2016, Abdeljawad et al. [32] stated and proved a new discrete g-fractional version of
Gronwall inequality, ,C5 u(t) = T(t, u(t)), where u(a) = y,such thata € (0,1],a € T, = {g":
n € 7}, t belongs to T, = [0,00), = ga:i=0,1,2,...}, 4Co means the Caputo fractional
difference of order o and T'(¢, x) fulfills a Lipschitz condition for all £ and x. In 2019, Samei
etal. [25] investigated the existence of solutions for equations and inclusions of multi-term
fractional g-integro-differential with non-separated and initial boundary conditions

In this article, motivated by these achievements and the following results, we are work-
ing to stretch out solutions for the multi-term nonlinear fractional g-integro-differential
equation with boundary conditions,

“DEx(t) = w(t,%(0), (912)(0), (22)(0),“DE x(8), ‘DI (1), .., DI (), (1)

under conditions x(0) + ax(1) = 0 and x'(0) + bx'(1) = 0, for t € ] := [0,1] and all g € (0, 1),
where 1 < <2, ; €(0,1) withi=1,2,...,n, a,b # -1, w:JxR™3 — R is continuous for
all variables and the mappings y; map / x J to R* such that sup,; | fot vi(t,s) dgs|, where
j = 1,2, are finite, the maps ¢;, where j = 1,2, are defined by (¢;u)(¢) = fot V(L 8)u(s) dys.

The rest of the paper is arranged as follows: in Sect. 2, we recall some preliminary con-
cepts and fundamental results of g-calculus. Section 3 is devoted to the main results, while
examples illustrating the obtained results and algorithm for the problems are presented
in Sect. 4.

2 Preliminaries

First of all, we point out some of the materials on the fractional g-calculus and fundamental
results of it which needed in the next sections (for more information, consider [1, 9-11,
33]). Then, some well-known theorems of fixed point theorems are presented.

Assume that g € (0,1) and a € R. Define [a], = % [1]. The power function (x — y)g
with 7 € Ny is (x —y)(qn) = Z:é(x - yq*) and (x —y)g)) =1 where x,y € Rand Ny := {0} UN
[10]. Also, for @ € R and a # 0, we have (x —y)gl) =2 [Tooox —yg")/(x — yg***). If y = 0,
then it is clear that x* = x* (Algorithm 1). The g-Gamma function is given by T, 4(2) =
(1-q)* /(1 - q)*!, where z € R\{0,~1,-2,...} [1]. Note that I';(z + 1) = [z],I(z). The
value of the g-Gamma function, I;(z), for input values g and z with counting the number
of sentences # in summation is addressed by a simplifying analysis. For this design, we
present a pseudo-code description of the technique for estimating g-Gamma function
of order n which show in Algorithm 2. The g-derivative of the function f is defined by
(Dyf)(%) = f’&;—f;(;f) and (D,f)(0) = lim, _¢(D,f)(x), which is shown in Algorithm 3 [4]. Also,
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Algorithm 1 The proposed method for calculation of (a — b);a)

Input: a,b,a,n,q
1: s<1
2: if n =0 then
33 p<1
4 else
5. fork=0tondo
6: s<—s*(a—bxa)/(a—bxqg*r)
7. end for
8 p<a®xs
9: end if
Output: (a — b)@

Algorithm 2 The proposed method for calculation of I7(x)
Input: n,q € (0,1),x € R\{0,-1,2,...}

Lp<1

2: for k=0tondo

3 pp-gH1-g""

4: end for

5: Iy(x) < pl/(1-¢q)*!
Output: I (x)

Algorithm 3 The proposed method for calculation of (D,f)(x)
Input: g €(0,1), f(x), x
1: symsz

2: if x = 0 then

3 g < lim((f(2) - f(g *2)/((1-¢q)z),20)
4: else
5
6

g < (f(x) = flg*x))/((1 - q)x)
. end if
Output: (D,f)(x)

the higher order g-derivative of a function f is defined by (D;f )(x) = Dq(D;"lf )(x) for all
n > 1, where (Dgf)(x) = f(x) [4]. The g-integral of a function f defined on [0, §] is defined
by

1f @) = /0 F6)dgs =x(1-0) 3 ¢*f ("),
k=0

for 0 < x < b, provided that the series absolutely converges [4]. For any positive number
a and B, the g-Beta function is defined by [33]

1
B,(a,B) = /0 (1-gs) Vs’ dys. )
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Algorithm 4 The proposed method for calculation of f: f(r)ydyr
Input: g€ (0,1), @, n, f(x),a, b
1: s<0

: fori=0:ndo
s<s+qxbxfbxqg)—axflaxq))

: end for

g« (1-¢g)*s

Output: [ :f(r)dqr

2
3
4
5

The g-derivative of the function f is defined by (D,f)(x) = L ﬁ‘jjf; gj") and (D,f)(0) =

lim,_, o(Dyf)(x), which is shown in Algorithm 3 [4, 11, 33]. If 4 is in [0, b], then

b 00
/ f)dgu =1,f(b) - I,f (@) = (1 - q) > _ 4*[bf (bq") - af (aq")],
a k=0

whenever the series exists, which is shown in Algorithm 4. The operator Ij is given by
(I0h)(x) = h(x) and

(125 = (117 )) o),

for n > 1and g € C([0, b]) [4]. It has been proved that (D,(If))(x) = f(x) and (I;(Dgf))(x) =
f(x) — f(0) whenever f is continuous at x = 0 [4]. The fractional Riemann—Liouville type
g-integral of the function f on /, of « > 0 is given by (Igf)(t) =f(¢) and

o 1

' _ (a-1)
(Ol)/o(t qs) ™ f (s) dgs,

for t € J and & > 0 [31, 34]. Also, the fractional Caputo type g-derivative of the function f

is given by
(Di1)0 = (1 (01) 0

: t (3)
= m‘/o (t—qs)([a]*a—l)(DEqa]f)(s) qu’

for t € J and o > 0 [31, 34]. It has been proved that (I (I%f))(x) = (I "f)(x) and
(Dg (Ijl‘f ))(x) = f(x), where «, 8 > 0 [34]. By using Algorithm 2, we can calculate (Igf )(x)
which is shown in Algorithm 5.

Theorem 1 (Schauder’s fixed point theorem [35]) Let E be a closed, convex and bounded
subset of a Banach space X and self-map T defined on E be continuous. Then T has a fixed
point in E whenever T(E) is a relatively compact subset of X.

3 Main results
Here, we investigate the inclusion of fractional g-derivative (1). First, we recall the follow-
ing key result.
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Algorithm 5 The proposed method for calculation of (I7f)(x)

Input: g€ (0,1), a, n, f(x), x
1: s<0
2: fori=0tondo
3 pf <« (1 _ qi+1)a—1
4 s<s+pfrqg afxxq)
5. end for
6: g < (&% % (1 —q) x5)/(I;(x))
Output: (I{‘;f )(x)

Lemma 2 ([17]) Let o > 0 and n = [«] + 1. Then I;CDZx(t) =x(t) +co+crt +cot + - +
Cu1t"Y, where ¢y, c1, ..., Cu1 belong to R.

Let us define the set X of all f € C(I), such that CDgix belongs to C(I) (i =1,2,...,n) and
q € (0,1), where 0 < §; < 1. It is known that (X, | - ||) with the norm ||x|| = max,s [x(£)| +
> maxyes ICDgix(t)|, is a Banach space.

Lemma 3 Suppose that f in C(J) and a € (1,2). Then the boundary value problem

‘Dyx(t) =f(8), te],
x(0) + ax(1) =0, x'(0) + bx'(1) = 0,

is equivalent to the following q-integral equation:

ab-b(1 +a)t

a 1
1+a)1 +b) S @)

x(t) = 12F(0) - 12 (1) +

Proof First of all, we see that Lemma 2 implies that

t _ (@-1)
x(2) :/0 %ﬂs)dqs+clt+cz, (5)

where c;, ¢, are arbitrary constants. By applying the boundary conditions we find

b

== blf; (),
_ a o b -1
c = —quf(l) W . S

Substituting ¢; and ¢; in (5) we get (4). The converse follows by direct computation. The
proof is completed. 0

Theorem 4 Let ¢ GL%(],R*), 0 <k <o —1 such that

|Ft,xi,u,'_ txv|<z (Z‘xz—x"FZWL—Vz)

for each t € ], x;, x;, with i = 1,2,3 and uy,ua,..., Uy, V1,V2,...,Vs € R, where Fyy, ., =
W(t, X1, X0, X3, U1, U, ..., Uy,) and Ft,x;,w = w(t, &, %5, X5, V1, Va,..., V). Then the problem (1)
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has a unique solution provided

1+ 2a)t*k bt*ky
(L+a) @)  (1+a)1+b)a-1)

- Tylo =)k bt*k,
’ ;(Fq(a )y — ik +1)  (L+ B2 BTy~ 1))

A= (1400 +o)»2)|:

<1, (6)
where
t 1 1 K
0A; = sup / vilt,s)dgs|, i=1,2, £ = </ (E(s)); dqs> ,
te] |J0 0
ki = ()1 and ky = (Z=255).

Proof Briefly, we put
Fye) = w(s, u(s), (o110)(s), (9214)(s), “DL u(s), “DE? u(s), ..., ‘Db u(s)),
and using Lemma 3, we define a self-map 7 on X by

(Tu)(t) = Ianu(t) - IgFu(l) + g(t)lg_lFu(l)r

b—b
where ay = 1% and g(t) = ?lm)((ll:‘?;

Holder inequality, for each #,v € X and ¢ € /, we get

is a real-valued function on J. At present, by using the

|(Tw)(8) = (Tv)(0)| = |1 (Fuy — Fuw) — aolg (Fuq) — Fu)
+ g (Fu) — Fw)|
< IJ|Fue = Fup | + a1l |Fuqy = Fy)l

+g(®) |1;H [Fuqy — Ful

2
=l (ﬂt) (!uw —v(®O)]+ (@) (®) - (piv)(®)]
i=1

+ Z|CD§"u(t) - CDgiv(t) |))

i=1

+arl) (Z(l) <|u(1) - (1)
2

+ > |l@an)@) - (p)(1))|
i=1

+ > |°Dhiu(1) - CDgiv(1)|>>

i=1

+ay(1+2lal) ;™ (13(1) <|u(1) -v(1)]
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2
£ |(@an(1) - (pm)(1)]

i=1

+ > |°Dbiu(1) - CDqﬁfv(l)|>>
i=1
t
<bd / (t —q9)“ Ve(s)dys
0

1
+ albld/ (1- qs)("‘_l)ﬁ(s) dgs
0

1
+azby(1 +2)al)d / (1-g9)*2e(s)dys
0

t 1 1-« t 1 K
< bld(/o ((t - qs)(""l))ﬁ dqs) (/0 (E(S))E dqs)

1 1-k
+ ﬂ1b1d</ ((1 - qs)(a—l))ﬁ qu)
0

([ )

1 1-«
+ a2b2(1 + 2|a|)d(/0 ((1 - qs)(""z))ﬁ dqs>

([ )

< blg*dkl + ﬂlblg*dkl + doby (1 + 2|a|)€*dk2

1+ 2|a|)b1£*
< ¢k1 + 612(1 + 2|ﬂ|)b2€*k2 d,
|1+ al
b
whered = |[u—v|,a; = “I%Ial’ a = |1+ﬂ|H‘1+b‘; by = 1”’,%1(;‘)’“ and b, = 14;2?(;1‘;?2 . Also, we have

DY (Tu)(®) - DY (TV)(@)] = |17 (Tu) () - 1,77 (Tv) (2)]

A o b
I;*ﬁt (I;l IFu(s) _ _Iot 1Fu(l)>

1+b 1

s b
I <’3 Feom Tl 1“‘“)‘

< Ié_ﬂi (Ig_l |Fu(s) - Fv(s) |)

+ aSI;_ﬂi (1:;_1 |Fu(s) - Fv(s) |)

< bldI;_ﬁ" </ (s— qt)("‘_z)ﬁ(t)dqt) dgs
0
1
+ agbzdlé’ﬁ" (/ 1- qr)(“z)ﬁ(r)dqt) dgs
0

byt*d /f 8w
<— " o | (t-gs)Ps* T d s
r,(1-8) 2Jo 7 1

agbzﬂ*d /t (-B;
+———k t—qs) P d,s
11(1(1—51‘)2 o( %) 1
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byt*d f B ke
<—Kk (1 - gs)Ps@*1 4 s
ra-p)" 4 ’
ﬂgbzz*d

T BB

where a3 = Since
\b+1|

1 Iyla — k)1 - B)
B 2y -Bi) Pt 1
By —x,1 ,31)—/0 (1 - gs) dgs = Toa-Bi—k+1)"

we obtain

. . sz(Ol—K)E* dgbzz*
DP(Tu)(t) - “DPi(Tv)(1)| <
|°DJi(Tu)(t) ”(V)()|_[Fq(ot—,3,-—/c+1)2+Fq(2—ﬁi)2
foralli=1,2,...,n Hence, we get

b1(1 + 2|al)e*
|1+ al

" sz*Fq(O{ —K,') a3b2€*
+;(Fq(a—ﬁi—x et Fq(z—ﬁi)b)}d

= Ad.

[| T2 — Tv|| < |: ki + azbzf*kQ

By assumption, A < 1, thus the mapping F is a contraction and so by using the Banach
contraction mapping principle, F has a unique fixed point which is the unique solution of

the problem (1). This completes the proof. g

Corollary 1 Assume that there exists M > 0 such that

3 n
|Ft,xl‘,ul' - Ft,x;,vi| E M|:Z‘xl - x;’ + Z |ui - Vi|:|!
i=1 i=1

for each t € ] and real numbers x;, x; for i = 1,2,3, u;, v; for i = 1,2,...,n, where F,,,,, =
f(t,x1,%0,%3,u1,U,...,uy,), and F, m v =S (tx1,%5,%5,v1,v,...,v,). Then the problem (1)

has a unique solution whenever

[(1+2a)1 +b) + ba]M
1+a)1+b)y(a+1)

bM
+Z( Shy - AT ())]“’

where g}; = sup, | fot ity s)dysl, i=1,2.

(1+0r1 + 0)»2)|:

Theorem 5 Let f : JxR™3 — R be a continuous function. In addition, we assume that

there exist a positive constant k < a — 1 and a function £ € L+ (J, R*). Then problem (1) has

Page 8 of 20
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a solution whenever
3 n
P ] < L)+ Y il + Y difual™, (7)
j=1 i=1

where c;, v; belong to [0,00), (0,1), respectively, for j = 1,2,3 and d;, n; belong to [0, 00),
(0,1), respectively, for i = 1,2,...,n, or whenever

3 n
Pl <Dl + > dilu| ™, ®)
i=1 i=1

where c;, v; belong to (0,00), (1,00), respectively, for j = 1,2,3 and d;, n; belong to (0, 00),
(1, 00), respectively, for i =1,2,...,n.

Proof First, we assume that the condition (7) is satisfied. Recall that k; = (;%‘;)1"( and

ky = (1=%-)1-%_ Let B, is the set of all # € X such that ||«|| less than or equal to r; here

a—k-1

= max{ (07 + Ddocr) P, ((1+ 9 Ao ) 77,
((n + 4)Aocsory?) T3, max ((n + 4)Aod;) T, (1 + 4)1(0},

(1 +2]a])[1+ (1 +a)|b]]

T (L+a)1+b)y(a+1)
. 1 |b| )
+;<Fq(a—ﬂi+1> b ,e-p))
(1 +2|al)e* 1b|(1 + 2|al)e*
0= 2

= +
M+all@) ' 1+alll +b|Ty(a-1)

1 - (e = 0)e* |ble*
"T -1 ;(Fq(a P TARRT b|Fq(2—,Bi)k2>’

and £* = (fo1 (Z(t))% d,s)*. Note that B, is a closed, bounded and convex subset of the Ba-
nach space X. For each u € B,, we obtain

|(TM)(t)| = |[(q1Fu(t) — aOI;‘FM(l) +g(t)1(q¥_lpu(1)|

|a] |bI(1 + 2|al)

<I;1Fupl + I 1Fuqy| + L7yl

|[1+alll+b]1

|al
I°e(1 AT%(1
|1+a|q()+|1+a| 4V

[b1(1 +2|al) ,_; [DI(1 + 2|al) 1
— (1) + —————A ¢
Tramsoe O T airep

! Dy )”
5%)(/0 (¢ ) dys

« ( /0 (06s) d,,s)l

|1+ al

|a|

< I;‘E(t) + A,I;‘(l) +

(1)

~

Page 9 of 20
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|a| (1 gg)fe- le 1-1
+W(fo( ) ds)

1 !
X(/O (m(s))! d )

|b|(1 + 2|al) 1 ot

([

(1+2]a)(@+Q +a)b])
[1+alll+b|ly(a+1)
(1 +2|al)e* |b|(1 + 2|al)e*
Slran@ Tral+be-1"
(1 +2]a)(1 + (1 +a)|b])
[1+alll+b| Ty +1)

~=

ab-b(1+a)t te

where ay and g(¢) as defined in Theorem 4 (i.e. ag = Tra) 1+b) ,

—and g(t) =

1+
Fu(s) :f(S; M(S), (‘Plu)(s): (gDzM)(S), CDﬂl M(S), CDﬁzu(S)! [EES} EDﬁnM(S))
and A, = c17] + 20212 + c30hy’ 1" + Y1 diri. Also, we have

<D (Tu)(0)] = |1 (Tu) ()]

s b
= I;_ﬂl (Ig lFu(s) — —1 blg lFu(l))‘

t —B; a—2
(t—qs)™" ([ [*(s—qr)
Fyoldt)d
T, =) \Jy Tyla—1) Feoldat )

|1+b|/ - fS); (/01(11;(32((1)2) |Fu(r)|dq1'> dgs
= (tp;(fs_)ﬂ) < fo (Sp_q ((f;)_(al_;)f(f)dqt) dys
o i ([ o)

* |1|i)|b| Ot (;_(f?(,_:))( (11";(‘52 1_) E(t)d‘f) s

Bi) 1= (x=2)
. 4 A L(t-gs)© (1-gr) dy ) dys
1+ b 0 Fq(l_,Bz) Fq(a_l)

1 ‘ _ (-Bi)
= T@-DI,a-p) /0 (=49

(o) (o)

(t — gs) P57 dys

F(a)F(l ﬁz)f

D

Page 10 of 20
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|b| ! (-Bi)
bl - DI,1-B) /0 (t=49)

x [(/01((1 g« dqr)ll(/ol(ﬂ(t))} dqr>l:| d,s

||
T+ BT T2 B)
Z*
<
n Fq(a - I)Fq(l - B)
1 ' (=Bi) q—1
)T, g | (a9 s s
b|e*
11+ b| (e - 1)T,(1- B
. ||
1+ l’)qu(Ol)Fq(Z -B)
g*
<
a Fq(a - I)Fq(l - Bi

A,

t
k2/0 (t - qrs)(”si)s""l’1 dys

t
ks f (t—qs) P dys
) Jo

A,

1
)kz/(; (l—qs)(_ﬁ")s"‘_l_ldqs

1 1
+ —A,/ (1—gs)Ps* 1 s
L) ,a-p) " Jo o 1 1

b€~ 16|

b - D= B b @ 2= f)

Since, by considering Eq. (2),

Fq(a - l)Fq(l - lgz)
Tyla—-Bi—k+1)

1
Bjla-11-8)= /0 (1- qs)(_’sl')so‘_"’1 dys =

and on the other hand

Fq(a)rq(l -B)

1
_B)— _ (=Bi) ga-1 =
Bq(Ot, 1-5) /(.) (1-4%) & qu Fq(ot —Bi+1) ’

we conclude that

, (o —10)e*
cnbi q
Dy (Tw)(0)] < R T nke
Ible* } 1 )
T b -DIL,2- ) 2 Te—pit )"
||

+ Ar
1+ b|ArFq(a)Fq(2 - B)

foreachi=1,2,...,n Hence,

1 +2|al)e* |b|(1 + 2|al)e*

Tull <
Tl =< L+a)y@ ' L+alll+ble—1)

2

1 a I(e - 0)e
"Ta-1) ;[Fq(a—ﬁ,-—l+ 1)1<2

A,.

Page 11 of 20
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1| ¢* .
bl - D,2— ) 2}

((1 +2la)1 + (1 +a)|b))

[1+alll+bll(a+1)

b
+21 m+n H+MQWMﬂ—&J)

=Kog+AA) <

4(n+4) =r.

Hence, T maps B, into B,. Now, suppose that T satisfy the condition (8). In this case,

choose

O<r

_ 1 T 1 BT
< min ) ’
- (V[ + B)A()Cl (I’l + 3)A0€20)\¥2

1 1 1 T
<M+3VMQM?> ”Wm<M+3»m¢> }

By applying a similar argument, one can prove that || Tu|| < rand so T is a self-map on B,.

Also, one can easy to check that T is continuous, because w is continuous. For each u € B,,

take
N = ntlga]x|w(t,u(t), (pru) (), (gozu)(t),CDglu(t),CDgzu(t), . ..,CDg”u(t)ﬂ +1

Thus, for each 0 < t; < £5 < 1, we have

bt —ty)
|(Tu)(t2) = (Tu)(0)| = |15 Futey = Futey + =5~ Futy
() — gs)@D _ (¢ — gs) @D
5/ (2 - q5) (tr - gs) \Fuo | dys
0 Fq(a)
2 (t - gs) ™V
+/ F7|Fu(s)|dqs
t q(a)
bt —t1) ' (1-g9)*?
s B |Fugl dys

[1+ D] o Iyla—-1)

t (t2 qs)a 1) ( _qs)(a—l)
<v (m g

tz—qs
Nfl 1"(oz) dqs
+N|b|(t2—t1) ' (1-gs)@?
1+ D] o ITyla-1)
N N|b
=ﬁ(tg—t‘f)+$(t2—tl).

(o + |1+b|Fq(Ol)
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Furthermore, foralli = 1,2,...,n, we obtain

|°DJi(Tu)(t2) - D5 (Tu) (21|

_ f (lfz — qS)(fﬂi) , h (tl - qs)(iﬂi) ’
= /(; m(Tu) (s) qu—A W(Tu) (s)dgs

0 (t — gs) =B — (¢, — gs)-F) 5 (s— gr)@2)
< [ S ([ e ) s
: r,a-p) o Tia-1)

4 (t - gs)P) — (8, — gs)F)
|1 +b) f r,(1-8)

L1 gr)e?
x ( 0 F(sz_l)|1fu<,)|dqr) dys
2 (b —qs) P ([ (s—qr)?
+/n r,0-5) (/ Iha-1) 'F””)'dq’)d‘fs

B (¢, — gs)—Bi) 1 (1= gr)e2
/ (t2 — qs)! (1-gr) Fuce| dyt ) dys
|1+b| w(1=B) Iy —-1)

/tl b - qs Bi) _ (tz _ qs)(—ﬁi) ol
=T u () r,(1-8) 1

N|b| ot - gs) P = (8 — gs)
' |1+b|r<a)/ na-g
N [2(t,—qs)P
@) / I, - ﬁl) s
. _ Nl 2 (t, — gs) P
11+ bIT() J, F(l—ﬂi)
_ L+ 2BIN (7 (0= gs) P — (8 — g3) "
T L +bIT@) Jo Fq(l—ﬂl)
, A+2BDN ® (2 — g5)F? S
L+bTy) ), T,a-8) *

(1+2|b)N [(
T 1+ b (@) (2 - Bi)

qS

qS

t; Bi

077 4 2t - 1))

Hence,

N gy, N
La+1) 2 V7 1+ bIT(e)

" (1+2|b))N Ch s
+; |1+b|Fq(a)Fq(2_ﬁ;) [(t2 tl )

+2(ty — 1)),

|| Tu(t,) — Tu(tl)H < (ta—t1)

which implies that || Tu(t;) — Tu(t1)|| — 0 as t; — £». Thus, T is uniformly bounded and
equicontinuous and so the theorem of Arzela—Ascoli implies that T is completely contin-
uous. At present, from Theorem 1, T has a fixed point in B,. Finally, the problem (1) has

a solution. 0
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Corollary 2 Assume that a real-valued function f defined on ] xR"*3 is continuous. Then
the problem (1) has at least one solution whenever there exist a positive constant [ < a — 1
and a real-valued function £ € L (J,RY) such that \w(t, x1, %2, %3, u1, U, ..., uy)| < £(t), for
each tin], and xj, with j = 1,2,3, u;, with 1 <i<mn, in R.

4 Examples illustrative for the problems with algorithms

In this part, we give complete computational techniques for checking working to illustrate
of the problem (1), in our theorems, such that it covers all the problems and we present
numerical examples which entail perfect solutions. Foremost, we present a simplified anal-
ysis that can be executed to calculate the value of the g-Gamma function, I';(x), for input
g, x and different values of n. To this aim, we consider a pseudo-code description of the
method for calculating the g-Gamma function of order # in Algorithm 2 (for more details,
see the link https://en.wikipedia.org/wiki/Q-gamma_function). Now we give the follow-

ing examples to illustrate our results.

Example 1 Consider the multi-term nonlinear fractional g-integro-differential equation

8
¢S _ et cos t+et 2|u(t)|
Dy ut) = 0 mre L 128 T Teou()] )

etsinnt () 2l(p1)(8)+°D3 u®)] )

3 1
e 1+2l010(0+<D; () ©)
cn5
+ L2 (30 u) (1) + 2201 ),

3(t3 +6) 1+2(¢D u(®)|

+

under boundary conditions #(0) + (1) = 0 and #'(0) + #'(1) = 0, where (¢1u)(¢) and (@2u)(£)
are defined by fot e 25 Dy(s) dys and 5 fot e 6D(s) ds, respectively, with

t e—Z(s—t)
/ dys
0 10

i 2¢(1-4F)
e

oA1 = sup =sup|t(l —gq) q
te] te] ; 10
0 2(1-¢)
e
= 1 —_
1-a X
and
p— o t-gha
A:sup/ dgs| =supl|t(l-q) k
072 tel [JO 10 1 tel 1 kX:O:q 10
(1-4")/4
e
=|1- k
1-q1)_|¢"—;
k=0
Then we have
1
|Fu(e) — Fup) < (|u(®) = v(®)]

307
+ |(@1)(8) = (@1v)(®)] + | (@210)(2) = (2v)(2)]

1 1 2 2
+|“Dg u(t) = DG v(t)| + |°Dg u(t) - “Dg w(¢)

)
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where
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Fuo = w(t, u(0), (u0)(0), (pa)(£), D3 u(t), Dy u(0)),

Fv(t) = W(t, V(t)r (‘PlV)(t), (¢2V)(t), CD§ V(t)’ CD§ V(t))~

Take £(t) = -1~ belongs to L5 (J,R*), k =L and

307

(w7

5

5 i 00 k
d s> _ ((1 9 "—)
) ! % (30y/7)°

1
5

For different values of g, which are shown in Tables 1, 2 and 3, by using Algorithm 6, we

obtain

A=(1+0M +o)»2)|:

3¢* £*
kl + k2
20, () 4 (o - 1)

Tylo —wc)t* 1 1

Ty(e—1) 2<Fq(a—,31—lc+1) * Fq(a—ﬂz—ic+1)>
+ i k ( ! + 1 >]

2a-1) \I,2-B1) IL2-p)

C(rohi+ A)[i(é)%+ Y
= oAl + oMo 2Fq(§) 7 Fq(%)

7\ p*
L) o)

+
%)
0* 4
- 5
2I(3)

+

<1,

%( 1 . 1
3 1,2

0~

1-k

where k; = (=£)1"% and k; = (-=%5)'"*. Now, by using Algorithms 1 and 2, we calculated

oa—k-1

oAl oA, £F, Fq(g), Fq(%), Fq(%), Fq(f—é) and I7;(2) for some values #n € N and g € (0,1).

Table 1 Some numerical results for calculation of A with g= % and n =15 of Algorithm 6

n o)\.1 0)»2 o 2 A
1 0.084304 0.026252 0.013921 0.073438 0.081557
2 0.128131 0.035503 0.014745 0.077555 0.090246
3 0.145073 0.038644 0.014983 0.078740 0.093205
4 0.151006 0.039698 0.015059 0.079118 0.094206
5 0.153017 0.040050 0.015084 0.079242 0.094541
6 0.153691 0.040167 0.015092 0.079282 0.094651
7 0.153916 0.040206 0.015095 0.079297 0.094690
8 0.153991 0.040219 0.015096 0.079302 0.094703
9 0.154016 0.040224 0.015096 0.079302 0.094705
10 0.154024 0.040225 0.015097 0.079307 0.094712
M 0.154027 0.040226 0.015097 0.079307 0.094712
12 0.154028 0.040226 0.015097 0.079307 0.094713
13 0.154028 0.040226 0.015097 0.079307 0.094713
14 0.154028 0.040226 0.015097 0.079307 0.094713
15 0.154028 0.040226 0.015097 0.079307 0.094713

Page 15 of 20
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Table 2 Some numerical results for calculation of A with g= 5 1 and n =19 of Algorithm 6

n o)\.1 0)»2 o 2 A
1 0.067957 0.028329 0.014253 0.071709 0.078613
2 0.123978 0.043407 0.015456 0.077908 0.090949
3 0.159944 0.051185 0.015940 0.080482 0.097475
4 0.180322 0.055135 0.016162 0.081684 0.100917
5 0.191168 0.057126 0.016268 0.082263 0.102688
6 0.196763 0.058125 0.016320 0.082548 0.103589
7 0.199605 0.058626 0.016346 0.082691 0.104045
8 0.201037 0.058876 0.016359 0.082763 0.104274
9 0.201755 0.059002 0.016365 0.082796 0.104386
10 0.202115 0.059064 0.016369 0.082818 0.104448
M 0.202296 0.059096 0.016370 0.082823 0.104473
12 0.202386 0.059111 0.016371 0.082829 0.104488
13 0.202431 0.059119 0.016371 0.082829 0.104493
14 0.202453 0.059123 0.016372 0.082834 0.104502
15 0.202465 0.059125 0.016372 0.082834 0.104503
16 0.202470 0.059126 0.016372 0.082834 0.104503
17 0.202473 0.0591 26 0.016372 0.082834 0.104504
18 0.202475 0.05912 0.016372 0.082834 0.104504
19 0.202475 0.0591 27 0.016372 0.082834 0.104504

Table 1 shows these calculated values. So, from Theorem 4, the problem (9) has a unique

solution. In Tables 1, 2 and 3, we put

3¢* 0*
= k1 + k2
20 (@) 4, (a - 1)

Ty(o =)l 1 1
" Ty(a—1) 2(1“,1(01—;81—/c+1)+1“q(oz—,32—/c+l)>

+ v k: ( ! + ! )
Ula-1) \I,2-p) [,2-B))

Algorithm 6 shows the technique of Calculation A which was introduced in Eq. (6). Ta-
bles 1, 2 and 3 show variables of A when g = 3, q=7s and q= 5, respectively. As it is seen,
always A < 1 for all # and g € (0, 1). In addition, when values g are close to one, A is ob-
tained with more values of # in comparison with other rows. It is shown by underlined
rows. They have been underlined in line 10 of Table 1, line 14 of Table 2 and line 31 of
Table 3.

Example 2 Consider the multi-term nonlinear fractional g-integro-differential equation

7 —2mt ;
CD; u(t) — Ael+t3 + sinzt = (u(t))"l
\/2n+\u(t)\+\ch2 ult)|

—27{!(

2
+ e kO (pyu)(1)
ﬁ((fﬂzu)(ﬂ)@

N sz 1 smknt)(cDﬂk (t))
Fye)+|u(t)+<D2 u(®)])

(10)
+
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Table 3 Some numerical results for calculation of A with g=

and n =35 of Algorithm 6

n 0)\.] 0)\,2 0* 2 A
1 0.023869 0.016820 0.013036 0.056019 0.058298
2 0.050166 0.030826 0.014662 0.064329 0.069539
3 0.077341 0.042394 0.015581 0.069665 0.078006
4 0.104022 0.051889 0.016186 0.073504 0.084964
5 0.129167 0.059642 0.016613 0.076388 0.090810
6 0.152100 0.065947 0.016925 0.078595 0.095732
7 0.172475 0.071058 0.017158 0.080303 0.099860
8 0.190201 0.075189 0.017337 0.081647 0.103315
9 0.205366 0.078522 0.017474 0.082698 0.106175
10 0.218168 0.081207 0.017581 0.083531 0.108538
1" 0.228858 0.083366 0.017665 0.084192 O 110479
12 0.237710 0.085101 0.017731 0.084716 112064
13 0.244988 0.086493 0.017783 0.085133 O 113353
14 0.250940 0.087610 0.017824 0.085464 0.114397
15 0.255786 0.088506 0.017857 0.085730 0.115246
16 0.259718 0.089224 0.017883 0.085941 0.115929
17 0.262900 0.089799 0.017904 0.086111 0.116482
18 0.265468 0.090259 0.017920 0.086243 0.116922
19 0.267537 0.090628 0.017933 0.086350 0.117277
20 0.269202 0.090923 0.017944 0.086438 0.117566
21 0.270540 0.091160 0.017952 0.086505 0.117794
22 0271614 0.091349 0.017959 0.086561 0.117980
23 0.272476 0.091500 0.017964 0.086603 0.118125
24 0.273168 0.091621 0.017968 0.086637 0.118241
25 0.273722 0.091718 0.017972 0.086668 0.118340
26 0.274166 0.091796 0.017975 0.086692 0.118418
27 0.274521 0.091858 0.017977 0.086709 0.118477
28 0.274806 0.091907 0.017979 0.086724 0.118527
29 0.275034 0.091947 0.017980 0.086734 0.118564
30 0.275217 0.091979 0.017981 0.086743 0.118594
31 0.275363 0.092004 0.017982 0.086751 0.118620
32 0.275480 0.092025 0.017983 0.086758 0.118642
33 0.275573 0.092041 0.017983 0.086760 0.118654
34 0.275648 0.092054 0.017984 0.086766 0.118670
35 0.275708 0.092064 0.017984 0.086767 0.118678

under boundary conditions #(0) + iu(l) =0 and #/(0) + zu’(l) =0, here g; = %, B2 = %,

:33 = %: ,34 = %’)‘ € [0,00),
t se=(5=ty(s)
t) = —ds, t) =
0= [ o0 uo- [
Hence, we obtain
Fuy] < £0) + —— 6] + = ()0 +
- 2 18
4
l+a Sk
* 2 o aygea | el
k=1
where
Fyp =

£16(t — s)*u(s)

V1+s?

£l

dgs

”

w(t, u(t), (pru)(0), (@a14)(2), ‘D u(t), “DY? ule), D u(t), “Df ult)),

Page 17 of 20
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Algorithm 6 The proposed method for calculation of A
Input: n, m, q € (0,1), y1(t,s), ya(t,5), €(8), &, k, B1, B2, a, b
1: t<«1

. forj=1tomdo
w<0
fork=1tojdo
w<—w+ |q" s« (8, tq"))|

2
3
4
5
6: end for
7 or < |1—qg|lxw

8: end for

9: forj=1tomdo

1. w<0

11: fork=1tojdo

12: w<—w+|q" % »(t, tg")]

13:  end for

14: ohy < |l—q|xw

15: end for

16: forj=1to m do

172 w<0

18 fork=1tojdo

19: w < w+g* x (L(tg"))~

20.  end for

2t e ((1-g)xw)

22: end for

23: Ap < (1 =)/ (o — k)"

24 Ay < (1 =)/ (o —k — 1)1

250 W <0

26: fori=1tondo

272 W Wby T'yla — )/ Tyl — Bi —k + 1) + azhy £/ T(2 - B))

28: end for

20: W (—AQW

30: Ay <= A1(b1(1+2|al)l*)/|1 +al) + asbol* Ay + W

Output: A

and m(t) = i for t belongs to J. Also, if [ = 5 and A =1, then we have

«*=<f;<«<f»%dq> (ose))

Table 4 shows the variables of I';(«), I';(oc — 1), Ag, £* and Ko when g = 3 and m=1,...,40.
Since 0 < 0j, for j=1,2,3, and §; < 1, for i = 1,2, 3,4, the assumption (7) holds. At present,
ifA=0,8>1and o;>1fori=1,2,3,4andj=1,2,3, respectively, the second condition,
(8) of Theorem 5 holds. Thus, problem (10) has at least one solution. Note the features of
the g-Gamma function, for values of g close to one, the results are obtained at a greater
rate of m.
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Table 4 Some numerical results for calculation of I'y(), Iy - 1), A, M and K in Theorem 5 with
g= % and m =40

n Iy(ar) Iyl -1) Ao * Ko
1 1.054210 1.106942 6.752182 0.065737 0.174695
2 0.996499 1.137694 6.991433 0.102154 0.271472
3 0.970276 1.152228 7.125250 0.118079 0.313793
4 0.957751 1.159303 7.195379 0.123517 0.328243
5 0.951628 1.162796 7231213 0.125129 0.332527
6 0.948600 1.164531 7.249318 0.125570 0.33370
7 0.947094 1.165395 7.258417 0.125686 0.334007
8 0.946343 1.165827 7.262978 0.125715 0.334086
9 0.945968 1.166043 7.265261 0.125723 0.334105
10 0.945781 1.166150 7.266403 0.125725 0.334111
11 0.945687 1.166204 7.266975 0.125725 0.334112
12 0.945641 1.166231 7.267261 0.125725 0.334112
13 0.945617 1.166245 7.267403 0.125725 0.334112
14 0.945606 1.166251 7.267475 0.125725 0.334112
15 0.945600 1.166255 7.267511 0.125725 0.334112
16 0.945597 1.166256 7.267528 0.125725 0.334112
17 0.945595 1.166257 7.267537 0.125725 0.334112
18 0.945595 1.166258 7.267542 0.125725 0334112
19 0.945594 1.166258 7.267544 0.125725 0.334112
20 0.945594 1.166258 7.267545 0.125725 0334112
21 0.945594 1.166258 7.267546 0.125725 0.334112
22 0.945594 1.166258 7.267546 0.125725 0334112
23 0.945594 1.166258 7.267546 0.125725 0.334112
24 0.945594 1.166258 7.267546 0.125725 0334112
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