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1 Introduction

An equation of the form m j—jﬁ =X % + n(w) is called Langevin equation, introduced by
Paul Langevin in 1908. Langevin equations have been broadly used to describe stochastic
problems in image processing, physics, astronomy, chemistry, defence system, electrical
and mechanical engineering. Brownian motion is well described by the Langevin equa-
tions when the random oscillation force is supposed to be Gaussian noise. For the removal
of noise, mathematicians used fractional order differential equations, also they perform
well in reducing the staircase effects as compared to ordinary differential equations. Thus
it is very important to learn the idea of fractional Langevin equations; for more details,
see [1-4].

Fractional differential equations (FDEs) provide an excellent tool for the description of
memory and hereditary properties of different processes and materials. So, contrary to
the classical derivative, the fractional derivative is nonlocal. Fractional calculus has played
an important role in enhancing the mathematical modeling of several phenomena appear-
ing in engineering and scientific disciplines, such as blood flow systems, control theory,
aerodynamics, the nonlinear oscillation of earthquake, polymer rheology, regular varia-
tion in thermodynamics, etc. It has been observed that FDEs are more accurate than the
integer-order derivatives. Therefore in the last decades, fractional calculus got consider-
able attention from researchers, see [5-52].

It is well known that the effects of a pulse are inevitable in many processes and phe-
nomena. For example, in the population dynamics systems, there are abrupt changes in
population size due to the effects such as diseases, harvesting, and so on. So, researchers
have used impulsive differential equations to describe the aforesaid kinds of phenomena.
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In recent times, impulsive fractional differential equations are well investigated with dif-
ferent approaches, we recommend the reader to [53-61].

In fields such as numerical analysis, optimization theory, and nonlinear analysis, mostly
we deal with the approximate solutions, and hence we need to check how close these solu-
tions are to the actual solutions of the related system or systems. Many approaches can be
used for this purpose, but the Ulam—Hyers stability approach is a simple and easy one. The
aforesaid stability was first pointed out by Ulam in 1940 [62] and then solved brilliantly
by Hyers in 1941 [63]. Afterwards, stability of such form has been known as Ulam—-Hyers
stability. In 1978, Rassias [64] generalized the Ulam—Hyers approach by considering vari-
ables. Thereafter, mathematicians extended the notions for functional, differential, inte-
grals as well as FDEs [65-72].

Recently, many mathematicians have devoted considerable attention to the existence,
uniqueness, and different types of Hyers—Ulam stability of the solutions of nonlinear im-
plicit fractional differential equations with Caputo fractional derivative, see [73-75].

Wang et al. in [76] studied generalized Ulam—Hyers—Rassias stability of the following
fractional differential equation:

‘Dy,zw) =f(w,z(w)), we W], k=0,1,...,m0<v <1, 1)

z(w) = ge(w,z(w)), we (s, wil,k=1,2,...,m.

Zada et al. [77] studied the existence and uniqueness of solutions by using Diaz Margo-
lis’s fixed point theorem and presented different types of Ulam—Hyers stability for a class
of nonlinear implicit fractional differential equations with non-instantaneous integral im-

pulses and nonlinear integral boundary conditions:

Dy, z(W) = f(w,z(w),“Dy ,z(W)), we (wr,sk),k=0,1,...,m,0<v<1,we(0,1],
zw) =I5 Gewzw)),  we (ske1,wil, k=0,1,...,m,
2(0) = 75 Jy (T =5)""1n(s,2(s)) ds.

Zada et al. [78] studied the existence and uniqueness of solutions by using Diaz Margo-
lis’s fixed point theorem and presented different types of Ulam—Hyers stability for a class
of nonlinear implicit sequential fractional differential equations with non-instantaneous
integral impulses and multi-point boundary conditions:

Dy, (D + Mz(w) = f(w,z(w),“Dy,,),  we (Wi,sil,k=0,1,...,m0<v <1,
Z(W) :gk(w) Z(W))) we (Sk—lr Wk];k = 1; 21 Ry

z(0) =0, zZwy) =0, k=0,1,...,m.

In this paper, we study the following nonlocal boundary value problem of nonlinear
implicit impulsive Langevin equation with mixed derivatives:

“Dy(D + M)z(w) = f(w,z(w),“Dy (D + 1)z(w)),

we we,sil,k=0,1,...,m, 12)
z(w) = gr(w,z(w)), we (i, wi k=1,2,...,m, '

z(0) = zo, «T) = [ %p(n —sPlz(s)ds, 0<n<T,
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where Dy |, represents the classical Caputo derivative [8] of order v with the lower bound
zero, 0= wp <Sp < Wy <81 <+ < Wy, <S8y =T, T is the pre-fixed number, and A € R\ {0},
0<v<1,p>0, zg are constants, f : [0,7] x R x R — R is continuous and gy : [sx_1, W] X
R — Ris continuous for all k = 1,2,...,m.

In the second section of this paper, we create a uniform framework to originate appropri-
ate formula of solutions for our proposed model. In Sect. 3, we implement the concept of
generalized Ulam—Hyers—Rassias stability of Eq. (1.2). Finally, we give an example which
supports our main result.

2 Preliminaries
Let J = [0,7] and C(J,R) be the space of all continuous functions from J to R and
a piecewise continuous functions space PC(J,R) = {z: f — R :z € ((wx, wx_1)],R), k =
0,1,...,m, and there exist z(w;) and z(w}), k = 1,2,...,m, with z(w;) = z(w})}.

Consider the linear form of (1.1) as follows:

‘Do (D +1)z(w) =f(w), we Wpsl,k=0,1,...,m0<v <1,
z(w) =gk(w), we (sk-1,welk=1,2,...,m,
2(0) = zo, z(T) = 017z(n)

where Pz(n) = [/ Fip(n —s)P1z(s)ds,0< < T.

(2.1)

We recall some definitions of fractional calculus from [5] as follows.

Definition 2.1 The fractional integral of order v from 0 to w for the function f is defined
by

Iy, f(w) = ﬁfo f)w=s)""ds, w>0,v>0,

where I'(-) is the gamma function.

Definition 2.2 The Riemann-Liouville fractional derivative of fractional order v from 0
to w for a function f can be written as

ds, w>0,n-1<v<n,

LDS’WJC(W) — 1 dn /(;W f(S)

Fn-v)dem Jy (w—s)in
where I"(-) is the gamma function.

Definition 2.3 The Caputo derivative of fractional order v from 0 to w for a function f
can be defined as

Do f W) = ﬁ /ow(w—s)"_"_lf”(s) ds, wheren=[v]+1.

Definition 2.4 The general form of the classical Caputo derivative of order v of a function
f can be given as

n-1
Dy, = LD(‘)),W<f(W) - Z Ff(k)(0)>, w>0,n—1<v<n
k=0 "
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Remark 2.5
(i) Iff(-) € C"™([0,00),R), then

Dol )= —v)f (wf )(vsﬂm 5= I3 f 7 (),

w>0,m—-1<v<m.

(ii) In Definition 2.4, the integrable function f can be discontinuous function. This fact
can support us in considering impulsive fractional problems in the sequel.

Lemma 2.6 ([5]) The fractional differential equation °D"f(w) = 0 with v > 0, involving
Caputo differential operator D", has a solution in the following form:

_ 2 n-1
= e G ,
fW)=co+caaw+caw” + -+ + W

wherec, € R, k=0,1,...,m—1,and m = [v + 1].

Lemma 2.7 ([5]) For arbitrary v > 0, we have

I'(“Df(W)) = co + caw + caW* + -+ + Cpy W,

wherec, € R, k=0,1,...,m—1,and m = [v + 1].

Lemma 2.8 ([6]) Letv>0and >0, f € L'([a,b]).
Then

IrPfw) =1"Pf(w), Dy, (DySfw) =Dy fw), and
I'Dy, fw)=f(w), wela,b].

Lemma 2.9 The function z € PC(J,R) is a solution of (2.1) if and only if

Jo €IS () ds + gl fo (= s)e IS (s) ds
—An [, e TIf(s)ds
+ (An(MPEqpery(aw) — ) + e T)zy,  w e (0,50,
z(w) = [gk(w) we (si, Wil k=1,2,...,m,
Jo eI () ds + F(p+l)f (n —sPe 91 f(s) ds
—Mfo e " T=91f(s) ds
+N [* eI f(s)ds + Ngewi),  w e (wis¢l,k=0,1,...,m,

where
. Al(p+1)
" Q- p+1l) P+ T(p+ DnPEq piy(aw)’
g M (p + 1)(WPEq pery(aw) — e*T)
k= ,

Ok
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AL (p+ 1) = C(p+ 1A =)L (p + 1) (1P Eq pery(aw) — e*T))
- Si(1=e* ) (p+1) =17 + L (p + DPEq piry(aw)) ’

Mo - Ar(l—e™) (p+1)e?(1—e )
k= ) St

_Bi(1- e™) (1-e*I(p+1)—n?+ I'(p+ nPEqpalaw)
B A Srerv ’

S=2I'p+ 1)(e‘“”< — et D) n”E(lwl)(uw)e_’\wk)

Ag

’

Ni

—pPe Mk — I (p + 1)Eq p.1)(aw).

Proof Let z be a solution of problem (2.1), we have the following cases.
Case 1: For w € [0, 0], we consider

“Dy,,(D + M)z(w) = f(w), z(0)=z9, and 2z(T)=Pz(n),

where D denotes an ordinary differential operator. In light of Lemma 2.7 and an ordinary

integration, we get

w 1-— —AW
z(w) = / e‘*(w_s)l"f(s) ds + co( ; ) +ae . (2.2)
0
Using boundary conditions, we get
v —A(w—s) v AH ! P ,—A(1n—s) 7v
z(w) = e I'f(s)ds + ——— | (n-s)e I'f(s)ds
0 r'p+1)Jo
T
_Allf e—l(T-S)p’f(s) ds + (An (n”E(LpH)(aw) - e”) + e’\T)zo.
0

For w € (so, w1, 2(w) = g1 (w).
Case 2: For w € (wy,51], we consider

‘D, (D + M)z(w) = f(w)  with z(wy) = g1(w1).

Since z(w1) = g1(w1), then Eq. (2.2) is of the following type:

w1 1-— e—kwl
a(wy) = / e”\(wl’s)lvf(s) ds + co (T) e, (2.3)
0

Using boundary conditions, we get

z(w) = /0 We"\(’”’s)l"f(s) ds + % /0 n(n —s)Pe M IF(s) ds

w1

T
- M, / eI f(s)ds + N, / e MIVF(5) ds + Nig (wy),
0 0

where

AC(p+1)

A = )
U (A—e ) M+ 1) =7 + T(p+ DnPEqpen(aw)
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_ )\F(P + 1)(an(l,p+1)(ﬂW) - ei)LT)

B ,
22 51
o - SIAL(p+1)=T(p+1)(1-e™)AL (p + 1) (P Eqpery(aw) — e 1))
2o 8:(1— eI (p +1) —nP + T'(p + D)nPEq pory (aw)) ’
Ap(l—e™) Tp+1)e™(1-e?")
M1 = - ’
A 51
N Bp(l-e™) (1-e*NI(p+1)-n?+(p+ DnPEqp)law)
1= - ’
A 616’\“’

81=2I(p+ 1)(e_’\wl —eMmtD) n”E(lwl)(aw)e—le)

- np€7AW1 -I'(p+ 1)E(l,p+1)(aw)-

Generally speaking, for w € (sg_1, wi], z(wi) = gi(w).

Case 3: For w € (w, s¢], we consider
D&W(D +A)z(w) =f(w) with z(wg) =ge(wx) and  u(T) = IPz(n).

By repeating again the same process, we have

z(w) = /Owef}"(wfs)lvf(s) ds + 71_'(24:(_ D /On(n _ S)pef}‘(”’s)]‘)f(s) ds

Wk

T
- My / e M9 f(s) ds + Ny / e IVE(s) ds + Nigi (W),
0 0

where
A AC(p+1)
U A —e )M (p+ 1) =0 + T'(p+ DnPEqporyaw)’
B - AT (p+ D)(PE pery(aw) —eT)
k 8k »
4 Sirl(p+1)=T(p+1)(1 - )AL (p+ 1)(MPEq piry(aw) — e*T))
k = b

k(L =e*T)C(p+1)=n? + I'(p + nPEq p1)(aw))
Ar(l—e™) (p+1)e*(1—e )
My = -
A Sk
Bi(1—-e*) (1-e?)\(p+1) -0+ '(p+ 1) Eqpm(aw)

Ny = -
k A Sretv

’

Sc=2I(p+ 1)(e_xw’< — e Mt T) an(LpH)(aw)e_’\Wk)

—pPe Mk — I'(p+ 1)Eq p.1)(aw). O

3 Stability result
By the ideas of stability in [1, 65, 79], we can generate a generalized Ulam—Hyers—Rassias

stability concept for Eq. (1.2).
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Let €,¢% > 0 and ¢ € PC(J,R,) be nondecreasing, consider

1°Dg (D + M)z(w) = f (W, z(w),“Dy (D + M)z(w))| < p(w),
we we,sikl,k=0,1,...,m0<v <1, (3.1)
|z(w) — Ngx(w,zw))| <, we(sker, Wi, k=1,2,...,m.

Remark 3.1 A function z € PC(J, R) is a solution of inequality (3.1) if and only if there are
G € PC(J,R) and a sequence G, k = 1,2,...,m (which depends on z) such that
(i) 1GW)| <pw),we],and |Gi| <, k=1,2,...,m;
(ii) “Dg, (D + M)z(w) = f(w,z(w), Dy (D + X)z(w)) + GW), w € (Wi, si), k= 1,2,...,m;
(iii) z(w) = Negre(w,z(w)) + G, w € (sg_1, i), k=1,2,...,m.

Definition 3.2 Equation (1.2) is generalized Ulam—-Hyers—Rassias stable with respect to
(@, ¥) if there exists ¢y, 4,,, > 0 such that, for each solution z € PC(/, R) of inequality (3.1),
there is a solution zy € PC(J, R) of Eq. (1.2) with

|Z(W) - ZO(W)| = Cf v.gr0 (‘/’(W) + 1#), wej.

Remark 3.3 If z € PC(J,R) is a solution of inequality (3.1), then z is a solution of the fol-

lowing integral inequality:

|z(w) — fow eIV f (s, 2(s),“ DY (D + M)z(s)) ds
- F‘a;il) Sl = s)Pe =91 f (s,2(s), “D" (D + A)z(s)) ds
+ An [} e T f(s,2(5), D (D + W)z(s)) ds
— (A1 (MPEq peny(aw) — €T + € T)zo),
<[y eI g(s) ds — F’?;jl) o (0 —s)Pe 191" (s) ds
+ A fOT e T9p(s)ds, w e (0,s0);

{lz(w) - Nigkw,zw))| <, we(sic,wil k=1,2,...,m;
lz(w) — [, eI f (s, 2(5), “D” (D + A)z(s)) dis
— 7055 Jo (1 = 97T f (5, 2(s), DY (D + 2)z(s)) ds
+ My [, e TIf(s,2(5),“D* (D + 1)z(s)) ds
= Ni [y % e 91F (5,2(5), “D (D + A)z(s)) ds — Nigi (Wi, z2(wi))|
< J e p(s)ds + % S = s)pe =91 p(s) ds
+ My fOT e M=)V p(s) ds + Ni Owk e[V (s) ds + U,

(3.2)

we (we,sikl,k=0,1,...,m.
In fact, by Remark 3.1, we get
Dy (D + X)z(w) = f(w,z(w), Dy (D + L)z(w)) + G(w),

we we,skl,k=0,1,...,m0<v <1, (3.3)

z(w) = Negr(w, z(W)) + G, w € (i, wil, k=1,2,...,m.
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Clearly, the solution of Eq. (3.3) is given by

fowe MW=V (£ (s, 2(s), D" (D + A)z(s)) + G(s)) ds
+ 7l Jo (0= )P eIV (f(s,2(5),“D* (D + W)z(s)) + G(s)) ds
—Ap fo e T (£(s,2(s), D" (D + 1)z(s)) + G(s)) ds

+ (A1 (PEqpery(aw) — e*T) + € 1)zo,  w e (0,50],

{ngk(w: zw), welsicuwid k=12,...,m,
f eIV (f (s, 2(s), DY (D + A)z(s)) + G(s)) ds
r(p+1 fo (n — P eIV (£ (s, 2(s), “D" (D + M)z(s)) + G(s)) ds
~ My fy €T (f(s,2(5), DV (D + M)2(s)) + G(s)) ds
+ Nie [y % e (£ (5, 2(5), “DY (D + M)z(s)) + G(s)) ds
+ Niegewi, 2(wi) + G, w € Wiy, k=0,1,...,m

For w e (wi,s¢), k=0,1,...,m, we get

2(w) - f ' eI f (s,2(), DY (D + M)z(s)) ds

0
My (7
F(p+1) 0

(n- s)pe_k(”’s)lvf(s, 2(s), “D"(D + 1)z(s)) ds — Nigi (Wi, 2(wi))
T
+ Mkf e’MT’s)I"f(s, 2(s),“D"(D + M)z(s)) ds
0

- Ni /Wk e’”w’(_s)l"f(s, z(s),“D" (D + )»)z(s)) ds
0

< +

/ eIV G(s) ds
0

M ! P o= (1-5)
_ S, 11}
T+l /0 (n—s)Ye G(s)ds

T
+ | My f e " T9"G(s) ds| + +|Grl
0

Wi
Nk/ e M) [V G(s) dis
0

w n
< / eI (s) ds + / (n - s)Pe I p(s) ds
0

My
F(p + 1) 0
T Wi
+ Mkf e Mg (s) ds + Nk/ e M (s) ds + .
0 0
Proceeding the above, we derive that
|2(w) = Nkgi(w, zW)) | < |Gkl < ¥, we (skcnwid k=1,2,...,m,

and

z(w) - / ' e IIf (s,2(5), “D" (D + M)z(s)) ds

0

- % /0 n(n —5)Pe I (s,2(5), “D" (D + A)z(s)) ds

T
+An / e M TF (5,2(5), “DY (D + A)z(s)) ds
0
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— (A (WPEq pary(aw) — €7) + €7z

< +

w
] eIV G(s) ds
0

F(p D f(n—s)pe =91 G(s) ds

T
+ An/ e M1V G(s) ds
0

" A(w=s) v —A(n—s) yv
5/0 I (s)ds+r(p 1)/ P9 p(s) ds

T
+A11/ e T9(s)ds, w e (0,50].
0

4 Main results

This section is started with the following definition.

Definition4.1 Foranonemptyset V,afunctiond: V x V — [0, 00] is called a generalized
metric on V if and only if 4 satisfies:

¢ d(uy,vp) =0 if and only if vy = vy;

o d(uv1, 1) =d(uy,v1) for all v, vy € V;

o d(Ul, U3) < d(Ul, 'Ug) + d(Uz, U3) for all vy, vy, v3 € V.

Lemma 4.2 (see [80] (Generalized Diaz—Margolis’s fixed point theorem)) Let (V,d) be a
generalized complete metric space. Assumethat T : V — V is a strictly contractive operator
with the Lipschitz constant L < 1. If there exists k > 0 such that A(T*y, TFy) < 0o for some
vin V, then the following statements are true:

(B1) The sequence {T"v} converges to a fixed point v* of T;

(By) The unique fixed point of T is v* € V* = {u € V such that d(T*v,u) < oo};

(B3) u e V*, then d(u,v*) < ﬁd(Tu, u).
We can introduce some assumptions as follows:

(Hy) feC( xR,R).

(Hy) There exists a positive constant Ly such that

[f(w,u,m) —f(w,v,n)| <tplu—vi+Lplm—n

foreachw € J and all u,v,m,n € R.

(H3) gk € C((sk-1,wx] x R,R) and there are positive constants Loy, k = 1,2,...,m, such
that

|gk(w, v) — gi(w, v)| <tglu-v| foreachw e (sx_1,wi] and all u,veR.

(Hs) Let ¢ € C(J,R,) be a nondecreasing function, there exist C,, C, >0 such that

/ I’ ((p(s)) ds < C,p(w) foreachwe], (4.1)
0

/W(D + A)(q)(s)) ds < C,p(w) foreachwe]. (4.2)
0
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Theorem 4.3 Suppose that (H,)—(H>) are satisfied and also a function z € PC(J,R) satis-
fies (3.1). Then there exists a unique solution zy of Eq. (1.2) such that

fow eIV (s, 20(s), D" (D + A)zo(s)) ds

+ 7y Jo (0 =8P e IS (5, 20(s), “DY (D + A)zo(s)) ds

— Ay [y €T (5,20(5), D" (D + M)zo(s)) ds

+ (AP Eqpery(aw) — e T) + e T)zy,  w € (0,50],

gk(W:ZO(W)): we (sk—l’ Wk],k = 17 2,..-,1’1’1,

fow e MW= f (s, 29(s), “D* (D + A)zo(s)) ds
+ Ty Jo (0 =PI (5,20(5), “D¥ (D + 1)zo(s)) ds
— My [} e TIf (s, 20(5), DY (D + M)zo(s)) ds

+ Nic [ e 91V (5, 20 (s), “D¥ (D + A)zo(s)) ds

+ Nigk(wi, 20wi),  w e (Wi, sel,

1—e?v My Pl (1—e M 1-e?T
|Z(W)_Z°(W)|§{(< x )+F(p+1)p+1( x >+M"( x )

+Nk<1_+_kw/k>)(LflC¢ +Lf2Cy)+NkLgk}(¢)(1W)%) (4-.4-)

and

forallwe]if0<v<1,and
b =max{k,, 1,5} <1, (4.5)

where

1— e—)»w Mk np+1 1— e—)m 1— e—AT
., = max + + My
A Frp+1)p+1 A A
1-—e*
+Nk<T>)(LﬁC¢ +L,C,) + Nilg such that k = 1,2,...,m},
L . 1- e—kw w’ ”_ 1- e—kw
= max + P
2 A\ T rv+n) % 3
b M (Y (1me
+
P T+ )\ p+l Py
. Mk np+1 1- e—kn nu b 1- e—AT T
+ +
T+ \p+1 ) Tw+1)) T, T(v+1)

1-e*T . 1—e*™ wy 1—e
+ sz)»Mk 3 + Lfl lNk 3 F(l) N 1) + sz)»Nk f

+ Nikgi, such thmfk:O,l,...,m}.

Proof Consider the space of piecewise continuous functions

V= {M :J — R such that ePC(],R)},

Page 10 of 26
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endowed with the generalized metric on V, defined by

d(u,v) = inf{C1 + Cy € [0, +00] such that

|(w) —v(w)| < (C1 + C)(p(w) + ) forall w e J}, (4.6)
where
Cie {C € [0, 0] such that \,u,(w) - U(w)| < Co(w) for all w € (wg,s¢], k=0, 1,...,m}
and
C, € {C €[0,00] such that |p(w) —v(w)| < Cy for all w € (sj1, wil, k = 1,2,...,m}.

It is easy to verify that (V,d) is a complete generalized metric space [80].
Define an operator A: V — V by

fow “HW=9[VE (s, 2(s), DV (D + A)z(s)) ds
I‘I(Aplil Jo (0 = 9Pe ™I f (s, 2(s), “D” (D + L)z(s)) ds
—Allfo e M9 (s5,2(5), “D¥ (D + A)z(s)) ds

+ (A1 (PPEqpery(aw) — 1) + € T)zo,  w € (0,50],

{gk(w,z(w)), we (s, wkl,k=1,2,...,m,
I e’*(W’S)I”f(s z(s), ”D“(D +A)z(s)) ds
F(p+1 fo - s)Pe 0 Vf (s, 2(s)) ds
— My fo e MT=91f(s,2(s), “D" (D + 1)z(s)) ds
+ N fowk eIV f (s, 2(s),“D¥ (D + M)z(s)) ds

+ Nige(Wi, z(wi)),  we Wi,sel,k=0,1,...,m,

(Az)(w) = (4.7)

for all z belonging to V and w € J. Obviously, according to (H;), A is a well-defined oper-
ator.

Next we shall verify that A is strictly contractive on V. Note that according to definition
of (V,d), for any u, v € V, it is possible to find C;, C; € [0, 0o] such that

C ) 3 ’k:())-ur )
1w) — )| < | 1O W E B " (4.8)
Czlﬁ, WG(Sk,l,Wk],kZL...,Wl.

From the definition of A in Eq. (4.7), (H3), (H3), and (4.8), we obtain the following.
Case 1: For w € [0, so],

[(Aw)(w) = (Av)(wW)|

_ / " eI (5, 1), D (D + )uls) d

0

- / ' e If (s, 0(s), “D" (D + A)v(s)) ds
0
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P<p+1) / (1= Ve IO (5, 1), “D (D + (o)) ds

T

—-An / e"\(T_S)I”f(s, w(s), D" (D + A)/L(s)) ds
0

+ (A1t (WP Eqpery(aw) — €'T) + €T zo

_ F(‘:lj— 5 /(;n(n _S)pe—)»(n—s)IVf(S’ v(s),“D"(D + )»)U(s)) ds

T
+An / eI (s, 0(s),“D (D + A)v(s)) ds
0

- (AH (an(l,p+1)(ﬂW) - e)‘T) + eAT)ZO

IA

f "I (5,1, D (D + () ds
0

- / ! eI (s, 0(s), “DV (D + A)u(s)) ds
0

+ All
F(p+1) 0

- F(Izlj_ 0 /0"7(’7 - S)pe_x("_s)l"f(s, v(s),“D" (D + A)U(s)) ds

(= PP (5, 10(5),“DV(D + A)a(s)) ds

T
+ A1z / e‘MT_S)I”f(s, v(s), D" (D + A)v(s)) ds
0

T
- A / e‘A(T_S)I”f(s, w(s), D" (D + A)pc(s)) ds
0

< / " g If (5, 12(5), “D* (D + M) a(s)) ds — £ (s, v(s), “D" (D + 1)v(s)) ds|
0

T
+An /0 e M T|f (5, 0(s), “DY (D + A)v(s)) ds — £ (s, 11(5), “D" (D + A)u(s)) ds|

F(p+ 1)/ (77 S)pe *(n—s) Ivlf(S M(S) CIDU(D+A.)M(S))
—f(s,u( ), “D"(D + A\)v )ds}
=ky /owe I us) - v(s)| ds
+Lf2/We WSI”|CD”(D+)»)/L() “D(D + Mv s)|ds
0
T
+Lf1A11/ eI u(s) — u(s)| ds
0
+Ly % /On(n - 5P I | u(s) — v(s)| ds

T
+E,An f eI |“DY (D + A)u(s) - “DY(D + M) uls)| ds
0

Page 12 of 26
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A n
+1y WL) /o (n —s)P e |°DY(D + M) u(s) - “DY(D + Mv(s)| ds

w

=L, / eI | u(s) - v(s)| ds + £y, / eI DY (D + )| uls) — v(s)| ds
0
T
+EqAn / e M | u(s) - u(s)| ds
0
T
+LhpAn / e M=) epy(D + A)|v(s) - /L(S)| ds
0

+Lf11‘(p 1/(77—S)pe 91| u(s) - vls)| ds

A n
+Lp, le) /0 (n —sPe 91D (D + )\)|,u(s) - v(s)‘ ds
<t G / e M=) |<p(s)| ds+LpC / e MW= epY(D + )) |¢(s)| ds
0 0

T T
+L,CAn / e M=) |g0(s)| ds +L,CiAn / e‘MT_S)I”D"(D + k)|<p(s)| ds
0

0
A1CiL

+ Fl(lpllfl ( —s)Pe SI"|¢J(S)|ds
Ay Ciky,

"Te+1)

=L, G / e M=) |<p(s)| ds+1,Cy / e (D + 1) |go(s)| ds
0 0

/ (n —sPe 9D (D + A)|<p(s)’ ds
0
T T
+L,ClAn / e MT=s)p |g0(s)| ds +L,CiAn f e M T=)(D + ) |<p(s)| ds
0

0
AuCiL
y A ( s e I |p(s)| ds

I'p+1)

AnGilby, / 1)
_— - D + M d.
P [ gpe D )] ds

v [ e ([ )
+15,C ( fo " g ds) ( /0 "D+ 2)(¢(s)) ds>
+E4 CiAL < /0 ' e M=) ds) < /0 p (¢(s)) ds>
+E5, 1AL < /0 ' e M=) ds) < /0 T(D +2)(e(s)) ds)
iy ([10-r) ([ ) [ o)
ey (L) [ era) ([ noona)

1-e?v 1—e?W
<L G o Coo(w) + L, Cy C,o(w)
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1= e—AT 1-— e—kT
+Lf1C1A11< 5 >C¢(p(W) +Lf2C1A11(T)Cy(p(W)

An np+1 1—e™"
L. C C
A 11"(1o+1)p+1 A W)
A p+1 1— —An
11 n € Cy<p(w)
I'p+l)p+1 A

1-e™*
= C1< )(p(W)(Lfl C‘p + sz Cy) + C1A11(

+Lf2 1

1-— AT

A

An Pl (11—
"Te+)p+1\ 2

1—e?v 1-e*T Ay Pt (1—e
= +A11 +
A A I'p+1)p+1 A

x Cipw)(k; C, + L5, C,).

)w(w)(Lﬂ C, +15C,)

+C )QD(W)(Lfl Cy +Lf2CV)

Case 2: For w € (sy_1, wi], we have
[(Ap)(w) = (Av)W)| = |gi(w, 1)) — g (w, v(W)) | < Ege| (W) — v(W)| <L Catp.
Case 3: For w € (wy, s¢] and s € (wy, skl,

|(AR)w) = (Av)W)|

/ " e If (s, (), DY (D + M) ls)) ds

0

- / ' e If (s, 0(s), “D" (D + A)v(s)) ds
0
t s [ e (s 00, D0 ) s

T
- My / eI (s, u(s), “DY (D + M)als)) ds
0

+ Ni /Wk e‘*(wk_s)l"f(s, u(s), D" (D + )»),u(s)) ds

F(p D / (n —spe s If(s, v(s), D" (D + A)v(s))
T
+ Mk/ e_MT_S)I”f(s, v(s),“D" (D + )»)U(S)) ds
0
- Nj /Wk e"MW""s)I”f(s, v(s),“D" (D + A)U(s)) ds
0

+ Nigk (Wi 11(Wi)) = Nigi (Wi v(wio))

< [ I (5,49, DD + 21009
0

—f(s, v(s), D" (D + A)v(s)) | ds + NiLg G

M n
“Tw \ ) /o (1 =81 |f (s, 1u(5), “D* (D + W)pa(s))
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—f(5,0(s),“D"(D + M)v(s)) | ds

+”“ATEW”WV@W“VDWD+MM9%JGM@VD%D+MM@Hﬁ

PN [ (5,16, D D+ D) -5 06, DD+ o) ds
SLﬁﬂwfmwwﬂuw—uwﬂﬁ

w
+1y f eI DY (D + A)us) - DU (D + A)u(s) | ds
0

My
I'p+

n
+iy 1) /0 (n - s)Pe 191" | 1u(s) - v(s)| ds

T
+ Lfle/ e T |U(S) - /,L(S)| ds
0
NP / "= syt D(D + M) u(s) — D" (D + A)v(s)| ds
2w+ )
T
+Ep, My / eI DY (D + A)u(s) - “DY(D + A)u(s)| ds
0
Wi
+ szNk/ e M wk=s) v !cD”(D +A)u(s) = D'(D + A)v(s)| ds
0
Wi
+ Llekf e =9y |,u(s) - v(s)‘ ds + Nikg Cor
0
-ty / eI | u(s) — v(s)|ds + £y, / e 9D (D + )| u(s) — v(s)| ds
0 0
My /" -
+b ——— — )29 1(s) — v(s)| ds
ﬁrw+no(n )4 |u(s) = v(s)]|
Wi
+ Llekf e’*(wk_s)lw,u(s) - v(s)‘ ds
0
+L A /n(n —s)Pe I eDV(D + A)!/L(S) - U(s)i ds
2T +1) Jo
T
+ Lfle/ e M9 ‘U(S) - pL(S)‘ ds
0
T
+ szMk/ e T ep (D + )»)|U(S) - /L(S)| ds
0
Wi
+ szNk/ e MW= vepY (D 4+ )L)|,u(s) - v(s)| ds + NiLg Cor
0
<b;C / eI |<p(s)‘ ds+1,Ci / e =D+ A)‘(p(s)| ds
0 0

0
+L,C / (n —s)Pe =9 ‘(p(s))| ds
0

My
I'p+1)
T
+Ly, CiMy / e T=9(D 4+ k)|<p(s)‘ ds
0

My n By
+szclm/0 (n —syPe )(D+k)|¢(s)|ds
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T
+Lf1C1Mk/ e_K(T_S)I”|g0(s)|ds
0
Wik
+Lf1C1Nk/ e”\(””"s)l"|/¢(s)—u(s)|ds
0

Wi
+E4, C1 Nk / e (D + )| (s)| ds + Nikgk Crr
0

<b;C (/Owe_)‘(w_s) ds> (/Owl” ((p(s)) ds>
L, C ' MW%)( ‘o d)
+Ly 1(/(; e s ./o (D +1)(p(s)) ds
) [ e) [ e
+L,C, 71“(];\)/% D (/:(77 —s) ds) (/One_w_s) ds> (/(;H(D + A)(go(s)) ds)
T T
L, C1M, - T‘”d)( I d)
+f1k</e s /0 (¢(s)) ds
+Lf1C1Nk(/O M=) )(fOka”(w(s))ds)
T
+Lf2C1Mk</ e TS)ds)(/ (D + 1) (p(s)) d. )
0

Wi Wi
+L, CINk (/ Hwk=9) g ) (/ (D + k)((p(s)) ds) + Nkt Coypr
0 0

1- e—kw
<L G T ¢<P(W)+Lf2C1 T C,o(w)

1- —AWg
+Ly ClNk< )ngo(w)
My Pl (1—e
3 C
My e o)
Mi gt (-
L, C C
T 11“(p+1)p+1 A re (W)
1-— AT 1— —AT
+Lg Cle< >C¢<p(w) + Lf2C1Mk< )C,,(p(w)

1—e*™
+15 C1 Nk <T> Cyow) + Nikg Cor

1- e—)»w
=C . W)k, Cy +1,C))

Mk np+1

C
* 11"(p+1)p+1

1—e ™
( : )so(w)(Lflchszy)
2T

A

1-— e*kwk

1 —
+ cle( )rp(W)(Lfl Co+15C))

+ ClNk( )(P(W)(Lfl C(p + sz Cy) + NkLgkaW
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1= e—Aw Mk np+1 1-— e—kn 1- e—AT 1-— e—kwk
= + + M| —— ) + Nk
) F'p+)p+1\ 2 A )

X Cl(p(w)(Lf1 C(p + sz Cy) + NkLgkczl//

1—e?v My Pl (1—e 1-—e?T
S + +Mk
A 'p+1)p+1 A A

_ oAk
+Nk(1 ; )>(Lﬁc¢+szcy)+NkLgk}(C1+Cz>(<ﬂ(w)+'ﬁ)'

Also, for w € (wy, s¢] and s € (sx_1, wi], we have

[(Ap)(w) = (Av)(w)|

/ "I (5,190, D (D + () ds
0

- / ' e If (5, 0(s), “D" (D + A)v(s)) ds
0

T+ 1)/ (=) e f (s, ju(s), ‘D" (D + 1) u(s)) dis

T
- M [ TIPS (5 006, DV D+ () d
0

Wi
+ Nk/ e‘*(wk_s)l"f(s, u(s), D" (D + A),u(s)) ds
0

_ 1—*(24:(_ 5 /O‘n(n _ S)pe—)»(ﬂ—s)IVf(s’ u(s),“D"(D + )\)U(S)) ds
T
+Mk/ e—k(T—s)IVf(& v(s),“D"(D + )»)U(S)) ds
0

— N /Wk e‘”wk‘s)l“f(s, v(s), “D"(D + A)u(s)) ds
0

+ Nigi (Wi (W) = Niegi (Wi v (wic))

IA

/W eI (s, (), D (D + M) uls)) ds
0

- / ' e If (5, 0(s), “D" (D + A)v(s)) ds
0

’F(p 5 / (n = Ve TP F (5, u(s), “D¥ (D + Wu(s)) ds

— F(‘ZI-/:— 5 /(;n(n _S)pefk(flfs)IVf(S’ v(s), D" (D + )»)v(s)) ds

T
+ | My / e’*(T_S)IVf(s, v(s),“D" (D + A)v(s)) ds
0

T
— My f e"\(T_S)I”f(s, w(s), D" (D + )»)pL(S)) ds
0

Wk
+ Nk / eI f (s, 10(), “DY (D + A)juls)) ds
0
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- N; /Wk e‘”w"‘s)lvf(s, v(s),“D" (D + )\)U(S)) ds
0
+ | Nkgi (Wi (W) = Nigie (wies v (i) |

< /W e M=) [f(s, w(s), D" (D + A)M(s)) —f(s, v(s), D" (D + k)v(s)) ‘ ds
0

P(p T / (=) eI |f (s, 1u(s), “D¥ (D + A)pals))
—f(5,0(9),“D*(D + Au(s)) | ds
+Mk/OTe-“T"S)IV[f(S,U(S),CD”(D + 1006) ~F (5 1(5), DD + A)uls) | ds
+ N /0 I (s, 1), DD 4 Wnls)) —F (5 v(6), DD + WY(s)) | ds
+NkLgkC21ﬂ

=ty /Owe I uls) = v(s)| ds

My ! _ “i(n=s) v B
+Lflr(p+1)/o (n —sye ™91 | u(s) — v(s)| ds

w
+L, / eI EDY (D + A)u(s) - “D(D + A)v(s)| ds
0

Mk K —A(n—
13 =)V |¢D"(D + A “DY(D + M)v(s)| d
rby ot [ 0= DD 4t DD 4l

T Wi
+ Lflef e M=) |U(S) - /,L(S)| ds + Llek/ e”\(wk’s)l"m(s) - U(s)| ds
0 0
T
+ by, My / e T |“DY (D + A)u(s) - “DV(D + M) uls)| ds
0

Wk
+ szNk/ e M=) v !CD”(D +AM)u(s) = D" (D + A)v(s)| ds + NiLgk Cor
0

=L, f eI | u(s) - v(s)|ds + £y, / eI DY (D + )| uls) — v(s)| ds
0

My (7 o
bp——— - 0= | w(s) = v(s)| ds + Nk C
+Ly T +1)/0 (n—s)e |11(s) — v(s)| ds + Nk Coyr

Mk ! — —S) yvc v
+Lyp rp+1) /o (n —s)P e =1 ep¥(D +)»)|,u(s) - U(S)‘ ds
T
+ Lfle/ e”\(T’s)I”|U(S) - /,L(S)| ds
0
T
+ L, My f eI DY (D + 1) |u(s) — u(s)| ds
0
Wk
+ 5 N / eI () - v(s)| ds
0

Wk
+E5, Nk f eI DY (D + )| u(s) — v(s)| ds
0

<L, Coyr / eI (1) ds + £y, Gy / (D 1 0) (1) ds
0 0
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Mk 7 —A(n=s) rv ’ —A(T-s) yv
+Lf1C21//m/(; (n—spe 91 (1)ds+Lf1C21//Mk/O e M9 (1) ds
M n s
+Lf2c2wm/0 (n—s)Pe (D + 1)(1) ds
T
+ szcgl//Mk/ e T=N(D + 0)(1) ds
0

w,

Wi k
+L1, Gy Nk /0 e[V (1) ds + g, Coy N /0 e (D + ) (1) ds
+ Nk Gy
ks Coyr / eIV (1) ds + ky, Coyr / e (D(1) + A(1)) ds
0 0
+14C WL/H( —sPe 91" (1) ds + L., Cryr M, /Te_“T_S)I”(l)ds
leF(p+1)0n ‘12 kO
My n
bp, Cotp ———— —sPe*=9(D(1) + 1(1)) d.
rpCot s [ ope (D) +a0) ds
T Wk
+Lf2C21ﬁMkf e_’\(T_s)(’D(l)+A(1))ds+Lf1C21/ka/ eI (1) ds
0 0
Wk
+E5, YNk / e (D(1) + A(1)) ds + Nekgt Cor
0
=L, Coyr / eI (1) ds
0
w Wi
+Lf2C2Mb/ e‘)‘(w_s)ds+Lf2C21//)\Nk/ e M)
0 0
My "
b Cop ———— —syPe =91 (1)d.
iy 2wr(p+1)/o(n eI (1) ds
Mk 7 _a(n—
L, CoYh——— - =) g
+L, Gy F(p+1)/(;(n s)e s
T

T
+ Lfl CZl/ka'/ e*A(T—s)]v(l) ds + sz CZI”)\Mk'/‘ e MT=9) g
0 0

Wik
+E4 Y Ni / eI (1) ds + Nk Cr ¥
0

cpo () () e oy (2
=2 Y Frw+l)) 272 A

1-— e—kwk
+ 15 CoAY Ny (f)

Mk 7,]p+1 1- e—An nv 1- e—AT
3 L, Cohy M
" flczw[‘(p+1)(p+l x For1 ) T M| —

b,y (N (LY (S e r
+ +
R P+ )\ prl Y e Y T(v+1)

b Cune( Wi NeEo Cor
TEAR2V R A 1"(\)+1)+kgk2

_ 1—e?v wY Eo 1—e?v
{5 () o (5)
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My P\ 1—e™
+ szk
Frp+1)\p+1 A

Mk 77P+1 1- e—}w] nu
+
flr(p+1) p+1 Y Tv+1)
b M 1-e*T T
+
AT T Tv+1)
Lot () op g (12 Wi
TR T ) TR Ty Tw+1)
1—e*™
+Lf2)»Nk<T> +NkLgk}C21//
e l_e—kw w’ ” l_e—Aw
+ JR—
=1\ rv+l)) * )
M p+1 1= —An
+Lf2)\. k il ¢
Frp+1)\p+1 A

Mk np+1 1-— e—)»n nv
+ Lfl
Fp+)\p+1 A r'v+1)

+Lf1Mk( )(F v+1))
1-— ’)‘Wk WZ
+Lf2)\Mk( )+LfllNk< )(r(v+1)>
—Aw
+ LfZ)LNk< k) + NkLgk}(Cl + CZ) ‘P(W) + 1//)

From the above we have
(A (W) = (Av)W)| <E(C1 + &) (ew) +¥), we[0,7],
that is,
d(Ap, Av) <E(Ci + C) (W) + ¥).
Hence, we conclude that
d(Ap, Av) =L d(u,v)
for any u, v € V, since condition (4.5) is strictly contractive property is shown.

Now we take uy € V. From the piecewise continuous property of 1o and Ao, it follows
that there exists a constant 0 < G; < oo such that

|(Apo)(w) — o(w)| <

/ ¥ g hw=s) 'F (s, 120(5), D" (D + M) paols)) ds
0

* % /On(n = )P e I (s, 110 (s), ‘DY (D + A)pao(s)) dis

T
—-Ay / e M TF (s, 110(5), “D” (D + A) eo(s)) ds
0



Zada et al. Advances in Difference Equations (2019) 2019:489

+ (A (PEqprny(aw) — €7) + €7)zo — po(w)

< Gip(w) < G (go(w) + 1/f), w € (0,s0].

There exists a constant 0 < G, < 0o such that

|(Apo)(w) = o(w)| = |gc(w, o)) — o(W)| < Goyr < Ga(p(w) + ),

we (s, wil, k=1,2,...,m.

Also we can find a constant 0 < G3 < 00 such that

|(Ao)w) — po(w)| < /0 e ILL (5, 10(s), “D" (D + Mptols)) dls

M n
sy /0 (n = s If (5, ols), “D” (D + M)pao(s)) dis
T
- Mk f e’)\(T*S)IVf(S’ MO(S)x CDU(D + )\.)/;L()(S)) ds
0

Wk
N[ TIPS 10(6), DD+ Aol
0

+ Nigie (Wi io(wi)) — po(w) ’

< Gzp(w) < Gg((p(w) + lp), we Wi skl,k=1,2,...,m.

Since f, g, and o are bounded on J and ¢(.) > 0, thus (4.6) implies that d( Ao, (to) < 00.

By using the Banach fixed point theorem, there exists a continuous function z:/ — R
such that A"y — zp in (V,d) as 1 — oo and Az = zy, that is, z satisfies Eq. (4.3) for every
we]j.

Now we show that {ix € V such that d(uo, i) < 00} = V. For any g € V, since pu and o
are bounded on J and min,¢;(¢(w) + ¥) > 0, there exists a constant 0 < C,, < 0o such that
lo(w) — u(w)| < C,(p(w) + ) for any w € J. Hence, we have d(uo, ) < oo for all p €
V, that is, {u € V such that d(ug, 1) < 00} = V. Thus, we determine that z is the unique
continuous function with Eq. (4.3). From (3.2) and (H,), we can write

1-— —Aw M p+1 1— —AN
d(z, Az) < ¢ + k1 ¢
A rp+)p+1 A
1-e?T 1—e*w
+M/<( . ) +Nk<T>>(Lf1C¢+Lf2Cy)+NkLgk.

Summarizing, we have

1—e?v My Pl (11—
= +
- A 'p+1)p+1 A
1-e?T 1—e 1
+Mk 5 +Nk f (LflC(p +Lf2Cy)+NkLg/< E .
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This shows that (4.4) is true for w € J. O

Finally, we give an example to illustrate our main results.

Example 4.4
. 3
= CD D
Dy, (D + 2)z(w) = LBy e 0,1)U(2,3),
8+ew+w2+CD02’W(D+2)Z(W) ( )
) - 4.9
2 = G € (L2
Z(O) — %’ Z(l) = % 04 (47S) dS, 0 < n < 11
and
) 1
|CD§W(D 4 2)2(w) - lz(w)[+°D, 1(D+2)Z(W) |<e, we(0,1]U(2,3],
8+eW+w2+‘D0,W(D+2)Z(W)
z(w)
|Z(W)_m|§1, we(1,2].
Let J = [0,3], v = %,p:%,n:i,andO:wo<so:1<w1:2<S1:T:T:3.Den0te
Fw,z(w) = G200 with kg, = 1 ky, = L forw e (0,1]U(2,3] and gy (w, 2(w)) = s

with L, =1 for w € (1,2]. Putting £ = i, pw) =¢",and C; = C, = C, = 1, we have
fowl%es ds <e”and b, ~0.1231, 1, ~ 0.4741, so £. ~ 0.4741 < 1.
By Theorem 4.3, there exists a unique solution z: [0,3] — R such that

1
D2 (D+2
fo e Mw=s) v lzo(w)l+ O’Vf( +2)zo(w) ds

8+ew+w2+‘D§w(D+2)zo(w)

1
A _ l20(W)[+¢Dg,, (D+2)zo(w)
+ TouD Jo = s)Pe An=s) v 0, ds

S S

8+eW+w2+°Dg
1

T _(T- l20(w)|+“Dg,, (D+2)z0(w)
—AH fO e MT S)IU O’Vf ds

8+8w+W2+CDgW('D+2)Z()(W)
+ (A1 (WPEq pery(aw) —eT) + € T)zo, we [0,1],

{(% we1,2,k=1,2,...,m,

3+w2)(L+]z0(w)])

1
fW o w=s) |ZO(W)\+CD02,V{(D+2)ZO(W) ds

0
8+e""+w2+”'DOz (D+2)zp(w)

w(D+2)z0(w)

zo(w) =

1
D2 (D+2
+ gy Jo (n = syrenitrmop SO D0 g

8+eW+w2+5D0 w(D+2)z0(w)

”Dz D+2
—MkfoTe"}‘(T"s)I” lzo(w)|+ O’Vf( +2)z0(w) ds

8+ew+w2+‘D071W(D+2)zo(w)

‘D3, (D+2
+Nkak A (Wge=s) v lzo(w)|+ 1( +2)z0(w) ds
8+e""+w2+C’D2 (D+2)z0(w)
20(w)
NGz W € (23]

1—e?v My gt f1—eM 1-e?T
o-a ={((5=) e () e (5)

—AW
+Nk<1_‘j\7k>)(Lf1 C, +15,C,) + NkLgk} (@%)
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Putting maximum of w = wy = T = 7, we obtain

1-e?" My Pt (1—e™ 1—e?"
|Z(W)_Z°(W)|S{(< =) el >+Mk(T)

_ AT
+Nk<1Te>>(Lfl C<ﬂ + szc},) +NkLgk} (@%)

Now, putting the values, we get

[2(w) - z0(w)| < 0.1059( —E+1
= 1-04741

<0.20136(¢” + 1) forallw e [0,3].
Thus problem (4.9) is Ulam—Hyers—Rassias stable.

5 Conclusion

In this article, we considered a nonlocal boundary value problem of nonlinear implicit im-
pulsive Langevin equations with mixed derivatives and presented its Ulam—Hyers—Rassias
stability. After introduction, we built a uniform structure to originate a formula of solu-
tions for our proposed model. We implemented the new concept of generalized Ulam—
Hyers—Rassias stability to our proposed model; finally we solved a particular example for
our proposed model.
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