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u() = ( ), (T) J@),u'r), tel(o,),
u(0) = u(1) = B[] u"(0) + Bolul =0, u"(1) + Bslul =

where f:[0,1] x R, x R x R_ — R is continuous, h € L'(0,1) and B;[u] is Stieltjes
integral (/= 1,2,3). This equation describes the deflection of an elastic beam. Some
inequality conditions on nonlinearity f are presented that guarantee the existence of
positive solutions to the problem by the theory of fixed point index on a special cone
in C2[0,1]. Two examples are provided to support the main results under mixed
boundary conditions involving multi-point with sign-changing coefficients and
integral with sign-changing kernel.
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1 Introduction

In this article, we study the existence of positive solutions for fourth-order boundary value
problem (BVP) with dependence on the first and second derivatives in nonlinearity subject
to boundary conditions of Stieltjes integral type

@(6) = () (& u(e), u (@), u"(2), te(0,1), @y
u(0) = u(1) = B1[u], u’(0) + Balu] =0,  u'(1) + Bs[u] = '
where B;[u] = fo t)dB;(t) is Stieltjes integral with 5; of bounded variation (i = 1,2, 3).
This equation describes the deflection of an elastic beam.
Alves et al. [1] established the existence of positive solutions for the beam equation

) = £ (2, u(e), ' ®))
under boundary conditions

u(0) = 4'(0) = 0, u” (1) :g(u(l)), W(1)=0 or u"(1)=0,

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13662-019-2404-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2404-x&domain=pdf
http://orcid.org/0000-0002-8141-4461
mailto:gwzhang@mail.neu.edu.cn
mailto:gwzhangneum@sina.com

Wang et al. Advances in Difference Equations (2019) 2019:470 Page20of 13

where g is a continuous function. Using of the monotonically iterative technique, Yao [2]
investigated the positive solution for fourth-order two-point boundary value problem

u®(t) = f(t,u(0),u'(t)), te(0,1),
u(0)=u'(0)=u"(1) =" (1) = 0.

Li [3] and Ma [4] dealt with the existence of positive solutions for the fourth-order bound-
ary value problem

u®(t) = f(t,u(t),u’ (), te(0,1),
u(0) =u"(0) =u(1) =u"(1) = 0.

Their methods are respectively based on fixed point index theory on cones and global bi-
furcation techniques. Bai [5] and Guo et al. [6] explored the existence of positive solutions
respectively for the nonlocal fourth-order problems

u (@) + Bu’ () = A (t, u(e), u" (£))

and

u® (@) + Bu’ (&) = A (t, u(t), ' (&), (), u" ()

subject to the same boundary conditions

1

1
u(0) = u(1) = /O p(s)u(s)ds, u"(0)=u"(1) = /o q(s)u’(s)ds,

where p,q € L[0, 1] are nonnegative. Li [7] discussed the existence of positive solutions for
a local fully nonlinear problem

u (@) = f(t,u(e),u' (&), u" (), u" (1)), te[0,1],
u(0) = u'(0) = (1) = u”'(1) = 0,

where f: [0,1] x R? x R_ — R, is continuous. Under the conditions that the nonlinearity
f(t,x1,%5,%3,%4) may have superlinear or sublinear growth in x1, x,, x3, x4, the existence of
positive solutions is obtained. We also refer to some previous studies, for instance, [8—12].
Recently the existence of positive solutions was proved in [13] to the following problems:

u®(¢) =f(t,u(t),u' (£),u”"(t),u”(¢)), te][0,1], (12)

u'(0) + B1[u] =0, u"(0) + Bou] =0, u(1) = Bslul, u"(1) =0, '
and

—u®(t) =g(t,u(t),u' (), u’(t),u”(t), ¢te€][0,1], (1.3)

u@0) =ayful, WO =aful, u'(0)=aslu], u"(1)=0, '

where B;[u] and «;[u] (i = 1,2, 3) are Stieltjes integrals of signed measures. All the signs of
the derivatives from the first to the third with respect to ¢ of the Green’s functions cor-
responding to (1.2) and (1.3) do not change, which plays an essential role in [13] when
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estimating the norms. The readers are referred to [14, 15] for more information and tech-
niques about the issue considered.

Note that the boundary conditions in (1.1) are different from those in (1.2) and (1.3), and
both the first and third derivatives with respect to ¢ of the Green’s function correspond-
ing to (1.1) may be sign-changing. We reformulate BVP (1.1) as an integral equation by the
method due to Webb and Infante [16], see also [17, 18]. If #£(0) = u(1), the existence of posi-
tive solutions to the resulting integral equation is tackled by the theory of fixed point index
on a special cone in C2[0, 1] under the inequality conditions posed on the nonlinearity. In
particular, the fixed point indexes are computed via the cone expansion and compression
conditions of functional type. Two examples are provided to support the main results un-
der mixed boundary conditions involving multi-point with sign-changing coefficients and

integral with sign-changing kernel.

2 Preliminaries

In order to prove the main theorems, we need the notion of a fixed point index; see, for
example, [19, 20]. Let X be a Banach space, a nonempty subset K is called a cone in X if it
is a closed convex set and satisfies the properties that Ax € K for any A > 0, x € K, and that
+x € K implies x = 0 (the zero element in X). We say that « : K — [0, +00) is a sublinear
functional if a(¢x) < ta(x) for all x € K, t € [0, 1]. The following lemmas come from [21].

Lemma 2.1 Let K be a cone in Banach space X and S2 be a bounded open subset relative
to K with 0 € 2, S : 2 — K is a completely continuous operator. Suppose that o : K —
[0, +00) is a continuous and sublinear functional with «(0) = 0, a(x) # 0 for x #0. If Sx #x
and o(Sx) < a(x) for all x € 382, then the fixed point index i(S, $2,K) = 1.

Lemma 2.2 Let K be a cone in Banach space X and §2 be a bounded open subset rel-
ative to K with 0 € 2, S : 2 — K is a completely continuous operator. Suppose that
a : K — [0, +00) is a continuous and sublinear functional with «(0) = 0, x(x) # 0 for x # 0,
and infycyo a(x) > 0. If Sx # x, a(Sx) > a(x) for all x € 352, then the fixed point index
i(S,$2,K)=0.

Let X = C2[0, 1] be the Banach space consisting of all twice continuously differentiable

functions on [0, 1] with the norm

lullco = max{l|ulic, [« |

c’ ”U“c}’

where ||u| ¢ = max({|u(t)| : £ € [0,1]} for u € C[0,1]. Define an operator in C?[0,1] as
3 1
(Tu)(¢) = Zﬂi[u]yi(t) + /0 ko(t, )h(s)f (s, u(s), u'(s), u”(s)) ds, (2.1)
i=1

where y1(£) = 1, () = Gt(1=£)(5 - 1), y3(t) = gt(1 - )1 + 1),

%t(l—s)(2s—t2—52), 0<t=<s=<l,

2.2
Is(1-0)t-s>-1), 0<s=<t<l, 22

ko(t,s) = {
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in which ;[u] = [ u(t)dBi(t) (i = 1,2,3). We set

3 1
B0 = YAl (Fe) = [ Kalt. Y (59, ) s
i=1

so (Tu)(t) = (Bu)(t) + (Fu)(t).
We assume throughout this paper that
(Cy) f:10,1] x R, x R x R_ — R, is continuous; here R, = [0,00) and R_ = (-00,0],
h e LY(0,1) with h(2) = 0 and [} h(t)dt > 0.
(Cy) Foreachie{1,2,3}, B; is of bounded variation and

1
Ki(s) := / ko(t,s)dB;(t) >0, Vse]l0,1].
0
(C3) Bily;] =0 (i,j =1,2,3) and for the 3 x 3 matrix

Biln]  Bilya]l Bilysl
(Bl = | Balni] Balin]l  Balws] |
Bslvil  Bslya]l  Bslysl

its spectral radius r([B]) < 1.
Writing (8,v) = Z?Zl Biy: for the inner product in R3, we define the operator S in
C?[0,1] as

(Su)(t) = ((I - [B) " BLFul, y () + (Fu)(®), (2.3)

where B[Fu] = (B1[Fu), B2[Fu), B3[Fu])T is the transposed vector. Similar to [16] we have
the following lemmas.

Lemma 2.3 Suppose that (C1) holds. Then BVP (1.1) has a solution if and only if there
exists a fixed point of T in C*[0,1].

Lemma 2.4 Suppose that (Cy)—(Cs) hold. Then S can be written as
(Su)(8) = (I - B) Fu)(2)
- [0 13 K0 0] ol )5 56,6, 5) s
- /0 kst ) (5 ) 1 5) ' (9) s, (2.4)

where K(s) = (IC1(s), Ka(s), Ka(s) T, i.e.,

3
ks(t,s) = ((I - [B]) " K(s), ¥ (8)) + ko(t,5) = > rils)yilt) + ko(t, s) (2.5)

i=1

and k;(s) is the ith component of (I — [B]) ™K (s).
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Lemma 2.5 [f(C;) and (Cs) hold, then k;(s) >0 (i = 1,2),
ks(0,s) = ks(1,s) = k1(5),

and for t,s € [0,1],

co(t)Po(s) < ks(t,s) < Dol(s),

(2.6)
where
3
Bo(s) = Y _kils) + Po(s),  colt) =Co(t) + (D),
i=1
- 2541 -1, 0<t=<},
colt) = 343 1
=t(l-1)(2-1), ;<t<],
~ *2/753(1—s2)3/2, 0<s< %,
Pols) =) 75 3/2 32 1
3 (L=5)s72(2-9)"% 5<s=<1
and
02ks(t,
a0 < -5 < g, 27)
where @1(s) = 2ic2(s) + k3(s) + s(1 —s), ¢1(¢) = min{t, (1 — £)/2}.
Proof Inequality «;(s) > 0 is due to [16] and we can find in [18] the inequalities
C(t)Pols) < ko(t, s) < Po(s).
As for (2.7), it can be checked easily. O

Define a cone K in C2[0, 1] as follows:

P={ueC?0,1]: u(t) > 0,u"(t) <0,¥t € [0,1]},
K ={u e P:u(0) = u(1),u(t) = co(t)|lullc,

-u"(t) > c1(t) ||

o Ve [0,1]; Bi[u] = 0 (i =1,2,3)}. (2.8)

Lemma 2.6 If (Cy)-(Cs) hold, then S : P — K is a completely continuous operator.

Proof For u € P and ¢t € [0,1], it is easy to see that Su € C?[0,1], (Su)(¢) > 0 and
(Su)’(t) < 0. By Lemma 2.5,

1
(Su)(0) = /0 ks (0, )(s)f (s, u(s), u/(s),u" (s)) ds

1
:/0 ks (L, $)h(s)f (s, u(s), u/(s),u” (s)) ds = (Su)(1).
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Also by Lemma 2.5,

1
(Su)(t) = /o ks(t,s)h(s)f (s, u(s), u'(s),u"(s)) ds
1
zco(t)/o Cbo(s)h(s)f(s, u(s),u’(s),u”(s)) ds
and

1 2/ g
—(Su)"(¢) = - ‘/(; 0 ;St(zt s)h(s)f(s, u(s), u'(s), u"(s)) ds

1
> 6,(0) / () (5, u(s), (5, 1 (5)) i,
0
hence we have
1
(Su)(t) = /0 kg(t,s)h(s)f(s, u(s), u'(s), u”(s)) ds
1
< / Po((s)f (5, ), (), " (5)) ds
0
and

L 92ks(t,
—(Su)'(t) = - /0 ast(zt S)h(s)f(s, u(s), u'(s), u’ (s)) ds

1
< / (Vs f (5 (), 1 (5), " (5)) i,
0

therefore (Su)(t) > co(t)||Sullc and —(Su)”(¢) > ¢1(8)||(Su)”||c for t € [0,1]. Moreover, it
follows from (Cs) that

1, p1
BilSu] = /0 </0 ks(t, s)h(s)f(s,u(s), u'(s),u”(s)) ds) daBi(t)
1, 1
:/ </ ks(t,s) dB,»(t))h(s)f(s,u(s), u’(s),u”(s)) ds
o \Jo
1
- / KA (5,1(5), 4/ (5), ' (9)) 20 (1=1,2,3),
0

that is, Su € K. The complete continuity of S is obvious. O

Lemma 2.7 If (C1)—(Cs3) hold, then S and T have the same fixed points in K. As a result,
BVP (1.1) has a positive solution if and only if S has a fixed point in K.

3 Positive solutions of BVP
Take 7 € (0,1/3) such that frl_f h(t)dt > 0 and denote

1 1
ho :max{/ Do (2)h(2) dt,/ D1 ()h(2) dt},
0

0
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1-t 1-7
h, = min{[ Do (t)h(t) dt,/ @1(t)h(t) dt}.
Define a functional « : K — [0, +00) as

, max |u”(t)|}.

T<t<l-t

a(u):max{ max |u(t)
T<t<l-t

Clearly, « is a continuous and sublinear functional with «(0) = 0. Moreover, since

1
a(u) > max |u(t)| > ( max co(t)>||u||C > —(9V3+D|ulle, uek,
T<t<l-t 16

T<t<l-t
it is easy to see that a(u) # 0 for u #0.

Theorem 3.1 Suppose that (C1)—(Cs) are satisfied. If there exist constants a and b with
0 < b <a satisfying 3b < ta,

St x1,%2,%3) < hig'b (3.1)
for (¢,%1,%2,x3) € D1 = [0,1] x [0,3b] x [-3b,3b] x [-3D,0] and

Stx1,%0,%3) > 30 a (3.2)
for (¢,%1,%2,x3) € Dy U D3, where

D, =[0,1] x [ta,a] x [-3a,3a] x [-3a,0],
D3 =[0,1] x [0,3a] x [-3a,3a] x [-a,-Ta],

then BVP (1.1) has at least one positive solution.

Proof Obviously, D; N (D, U Ds) = ¥ since 3b < ta. Let
le{ueK:a(u)<b}, sz{uel(:a(u)<a},

then it is clear that £2; and £2, are open sets in K with 0 € £2; and £2; C £2,.
If u € §£2,, by Lemma 2.5, we have

1 1
a> max [u()] = ( max_coft))llullc = —(OVB + Dlulc = 5 lullc
T<t<l-t 16 3

T<t<l-t

and

1
a> max |u'(0)] = (. max a®)w] = 3141

Since u(0) = u(1), there exists & € (0, 1) such that #'(¢§) = 0 and thus

/t|u”(s)|ds
&

||1,/||C = max |u/(t)| < max < ||u”||c <3a.

0=<t=1 0<t<1
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Therefore, §2; is bounded and ||u|| 2 < 3a, Yu € £2,. Similarly, £2; is bounded and ||u|| 2 <
3b, Yu e 91.
If u € 0821, then a(u) = b and ||u||c2 < 3b. From Lemma 2.5 and (3.1) it follows that

max !(Su)(t)‘ = max

T<t<l-t T<t<l-t

/1 ks(t, )h(s)f (s, u(s), u'(s),u"(s)) ds

0

1
<h3'b / ®o(s)h(s)ds < b,
0

max |(Su)”(t)|: max
T<t<l-t T<t<l-t

1 92
/ %h(s)j{(& M(S), u/(S), u//(s)) ds
0

1
< halb/ ®1(s)h(s)ds < b,
0
and hence «(Su) < a(u). So by Lemma 2.1 the fixed point index
i(S, 2,,K) =1, (3.3)

provided Su # u for u € 92;.
If u € 952,, then a(#) = a and, by Lemma 2.5 for ¢ € [7,1 - 7],

azu(t) = co@llullc = ( min _co(t))llullc
T<t<l-t

(5

2
= (5 6)’(1 = 7)lullc = tlulle = v _max [u(o) (34)

and

az ')z a®u] .z (_min_a®)lulc

=7 ”””Hc > 71T max ’u”(t)’. (3.5)

T<t<l-t
When o(u) = a = max;<,<1_ |u(t)|, it follows from Lemma 2.5, together with (3.2) and

(3.4), that

max |(Su)(t)| = max
T<t<l-t T<t<l-t

1
/o ks(t, )h(s)f (s, u(s), u'(s), u"(s)) ds

1-7
2( max co(t)>/ q§o(s)h(s)f(s,u(s),u/(s),u”(s)) ds

T<t<l-t

1 1-t
> §3h;1a/ Do(s)h(s)ds > a,

1 92
./ : /;St(; -2 h(s)f (s, u(s), u'(s),u"(s)) ds
0

max |(Su)”(t)|: max
<t<l-t T<t<l-t

1-7
> < max cl(t)>f 451(s)h(s)f(s, u(s), 1/ (s),u"(s)) ds

T<t<l-t

1 1-t
> §3h;1a/ D1(s)h(s)ds > a,
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and hence «(Su) > o(u); when a(u) = a = max,;<;<1_ |4”(¢)], it similarly follows from
Lemma 2.5, together with (3.2) and (3.5), that «(Su) > (). So by Lemma 2.2 and since
infyeyq, (1) = a > 0, the fixed point index

i(S,$25,K) =0, (3.6)

provided Su # u for u € 352;.
From (3.3) and (3.6) it follows that the fixed point index

l(Sl 92 \5171<) = l(S’ 9271<) - l(S! Ql! [() =-1,
hence S has at least one fixed solution and BVP (1.1) has at least one positive solution. [J

Theorem 3.2 Suppose that (C1)—(Cs) are satisfied. If there exist constants a and b with
0 < b < a satisfying a > 3hoh;'b,

St x1,%0,%3) > 30D (3.7)
for (¢,x1,%7,x3) € D1 U D,, where

D, =[0,1] x [th,b] x [-3b,3b] x [-3b,0],
D, =1[0,1] x [0,3b] x [-3b,3b] x [-b,—1b],

and
f(tx1,%0,%3) < hip'a (3.8)

for (¢,x1,%2,%3) € D3 = [0,1] X [0,3a] x [-3a,3a] x [-3a,0], then BVP (1.1) has at least one
positive solution.

Proof Obviously, D; UD, C Ds; however, (3.7) and (3.8) are well-posed since a > 3hoh;'b.
Letting

le{ueK:a(u)<b}, sz{uel(:a(u)<a},

we know form the proof of Theorem 3.1 that §£2; and §2;, are bounded open sets in K with
0 € 21 and 2, C £2; moreover, ||u||c2 < 3b for u € £2; and ||u||c2 < 3a for u € £2,.
If u € 982, then a(u) = b and, by Lemma 2.5 for t € [7,1 - 7],

bzu®) = c@lule= (_min c®)lulc

>(3\_@+1

- 2 6

)T(l—T2)||M||c2T||M||cZT max ()] (3.9)

and
b= -u'(0) = (@) u'|¢ = ( min_a®)lulc
T<t<l-t

=7 ”u” ”c > 7T max ’u”(t)}. (3.10)

T<t<l-t
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When o(u) = b = max,<;<1_, |u(t)|, it follows from Lemma 2.5, as well as (3.7) and (3.9),
that

1
. /0 ks(t, )h(s)f (s, u(s), u'(s), u"(s)) ds

max |(Su)(t)| = max
T<t<l-t T<t<l-

1-t
Z( max co(t)>/ Do ()h(s)f (s, u(s), u'(s), u"(s)) ds

T<t<l-t

1 1-7
> §3h;1bf Do(s)h(s)ds > b,

max |(Su)”(t)| = max
< <t<l-

/0 ” kS(t D W) (s, u(s), (), (5)) ds

T<t<l-t

1-t
> ( max c; (t))/ <D1(s)h(s)f(s, u(s), u’(s),u”(s)) ds

1 1-7
> 301 / ®,(s)h(s)ds > b,
T

and hence «(Su) > o(u); when a(u) = b = max,;<;<1- |¢”(¢)], it similarly follows from
Lemma 2.5, together with (3.7) and (3.10), that «(Su) > «(u). So by Lemma 2.2 and since
infyeye, o(u) = b > 0, the fixed point index

i(S, £21,K) =0, (3.11)

provided Su # u for u € 92;.
If u € 382, then a(u) = a and ||u||c> < 3a. From Lemma 2.5 and (3.8) it follows that

max !(Su )‘: max
r<t<l-t T<t<l-t

/1 ks(t, )h(s)f (s, u(s), u'(s),u"(s)) ds
0

1
< hgla/ Do(s)h(s)ds < a,
0

/0 a2 kS(t S)h( (5, u(s), 1 (5), ' (s)) dis

_max |(Su ”(t)| = max
T<t<l-
1
< hala/ D (s)h(s)ds < a,
0
and hence «(Su) < a(u). So by Lemma 2.1 the fixed point index

l(S) 92)I<) =1, (312)

provided Su # u for u € 952;.
From (3.11) and (3.12) it follows that the fixed point index

Z(S) 92 \51)I<) = l(S; 92)I<) - l(S’ 911[() = 1;

hence S has at least one fixed solution and BVP (1.1) has at least one positive solution. [J

Page 10 of 13
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4 Examples

We consider fourth-order problems under mixed boundary conditions involving multi-
point with sign-changing coefficients and integral with sign-changing kernel

u(4)(t) = ﬁj(tr M(t), I/l/(t), I/l//(t)), te (O) 1);
( ) u(l ) i (1) Hu3), (4.1)
f (2t-3)dt=0 u'(1)+ 2u(3) - 2u@) =0,

that is, B1[u] = —u( )— u( ), Balu] = fol u(t)(2t - %)dt, Bslu] = %u(%)— iu(%). Hence for

se[0,1],
1 1 1 3
0<Ki(s) = kol =,s ) — —kol| =,s
e b() - Sa(2)
3 1
—%s +%s, O<S§Z,
3 2 1 1 3
ﬁs —55 t S~ e <SS
3
@s+192, Z<S§1

! 1 1 1 1 13
Ka(s) = / ko(t,s)[2t - = |dt = —s° — —s* - =+ —s>0,
0 2 60 48 72 720

1 1 1 3
0 < Ks(s) = Eko(i’s) - EkO(Z’S)
<

1.3 11 1
355+ 5135 0<s< 3
_ 5.3 1.2, 43 1 1 3
=1%5 "8 tssSTe 3<S=m
1.3 1.2 7 11 3
%S %S tEnpStime 1<5=L
and the 3 x 3 matrix
Bilnl Bilnl Bilysl t T ™
Bl = | gal] Balia] Balwsl |=|0 2 1
Bslnl Bslyal Bslysl i %

Its spectral radius is r([B]) =~ 0.1832 < 1. This means that (C;) and (Cs) are satisfied. More-
over,

Kk1(s) = 1.2022/C1 (s) + 0.0338/C,(s) + 0.0072/C5(s),
Ka(s) = 0.0077K1(s) + 1.0654/C,(s) + 0.0256/C5(s),

Kk3(s) = 0.3064/C; (s) + 0.0742/C,(s) + 1.0213/C3(s).

Take 7 = 1/4 and then
1 1
ho = max{ / @o(t)h(t) dt, / @, (t)h(t) dt} = max{0.0578,0.4257} = 0.4257,
0 0
3/4 3/4
h, = min{ f Do(t)h(t) dt, f ROLI0) dt} = min{0.0366,0.2600} = 0.0366.
1/4 1/4

Example 4.1 If f(t,1,%2,%3) = xl + u962 + xB, then BVP (4.1) has a positive solution.
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Proof For a =1600, b = 0.01, it is clear that 3b < a/4. Moreover,

3 2
F(tx1,%0,%3) <3 x (ﬁ) =0.0027 < hig'b = 0.0235

for (¢,x1,%9,%3) € D1 = [0,1] x [0,0.03] x [-0.03,0.03] x [-0.03,0], and
f(t,x1,%2,%3) > 400% > 3k 'a

for (¢,x1,%2,%3) € ([0,1] x [400,1600] x [-4800,4800] x [-4800,0]) U ([0, 1] x [0,4800] x
[-4800,4800] x [-1600,—400]). Then BVP (4.1) has a positive solution by Theorem 3.1. [J

Example 4.2 If f(t,x1,%5,%3) = 2000(1 — ﬁ), then BVP (4.1) has a positive solu-

1+x%+(1+t)x§+
tion.

Proof For a =1000, b = 1, it is clear that a > 3hoh;'b. Moreover,
S(&,%1,%2,%3) < 2000 < hy'a = 2350

for (¢,x1,%2,%3) € [0,1] x [0,3000] x [-3000,3000] x [-3000,0], and
1 -1
S(&,%1,%5,%3) = 2000( 1 - ——— | = 3/, 'b
1+ (1)2

for (t7x1;x2;x3) € ([01 1] X [1/4" 1] X [_37 3] S [_3’0])U([0’ 1] X [01 3] X [_3) 3] X [_1¢_1/4D
Then BVP (4.1) has a positive solution by Theorem 3.2. O
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