Zhan Advances in Difference Equations (2019) 2019:463 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-019-2400-1 a SpringerOpen Journal

RESEARCH Open Access

The weak solutions of a doubly nonlinear

Check for
updates

parabolic equation related to the
p(x)-Laplacian

Huashui Zhan'?"

"Correspondence:
huashuizhan@163.com

'School of Applied Mathematics,
Xiamen University of Technology,
Xiamen, China

2Fujian Engineering and Research
Center of Rural Sewage Treatment
and Water Safety, Xiamen, China

@ Springer

Abstract
A nonlinear degenerate parabolic equation related to the p(x)-Laplacian

N
U = div(bl) | Vaw)|™ " Vaw) +

i=1

ab(u)
8)(/

+clx, t) = bga(u)

is considered in this paper, where b(x)|ye2 > 0, b(X)|xeg2 =0, als) > 0is a strictly

1
increasing function with a(0) =0, c(x,t) > 0 and by > 0. Iff_(2 b(x) 7T dx <cand
| Z,A; bi(s)| < cd'(s), then the solutions of the initial-boundary value problem is
well-posedness. When [, b(x)™¥ dx < oo, without the boundary value condition,
the stability of weak solutions can be proved.
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1 Introduction
The evolutionary p(x)-Laplacian equation

U, = div(qu|p(x)_2Vu), (x,t) e Qr=92 x(0,7), (1.1)
with the initial value

Uli-o = uo(x), x€ 82, (1.2)
and the homogeneous boundary value

ulp, =0, (t)el'r=08 x(0,7T), (1.3)

has been subject of a profound study from the beginning of this century [1-9], where
2 c RY is a bounded domain with smooth boundary 92, p(x) is a measurable function.
In 2013, Guo—Gao [10] and Gao—Gao [11] had considered the more general equation

U = div((|u|”("’t) +dp) |Vu|p(x't)_2Vu) + ¢, t) — bou(x, t), (1.4)
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where o (x,£) > 1, dy > 0, c(x,£) > 0 and by > 0. This model may describe some properties
of image restoration in space and time, the functions u(x, t), p(x, t) represent a recovering
image and its observed noisy image, respectively. In [12], the authors obtained the exis-
tence and uniqueness of weak solutions with the assumption that the exponent o (x, t) = 0,
1<p <p* <2.1In[10], when o(x,£) = 0 and by = 0, the authors applied the method of
parabolic regularization and Galerkin’s method to prove the existence of weak solutions.
In [11], the authors generalized the results obtained in [10], moreover, they proved the ex-
istence and uniqueness of weak solution not only in the case when o (x,t) € (2, !%), but
also in the case when o (x,£) € (1,2), 1 < p~ < p* < 1 + +/2. They applied energy estimates
and Gronwall’s inequality to obtain the extinction of solutions when the exponents p~ and
p* belong to different intervals.

If o(x,t) = 0 and p(x, t) = p are constants, Eq. (1.3) can be transformed to

um -2 um
U, = div( vV— V—> +do div(|Vul’>Vu)
m m
um
+ C(x» t) - mbO_) (x’ t) € QT} (1'5)
m

whereo =(m-1)(p—-1)orm=1+ Iﬁ. For this equation, whether dy = 0 or d > 0, it is
well-known that the well-posedness problem of weak solutions had been solved perfectly.
However, since Eq. (1.4) is with nonstandard growth, it cannot been transformed to an-
other equation which has a similar type as Eq. (1.5). In fact, both in the uniformly estimates
related to the existence and in the proof of the uniqueness of weak solution, the condition
dy > 0 acts as a very important role in [10—12]. In other words, if dy = 0, how to obtain
the well-posedness of weak solutions is an important subject deserving to be pursued in
further research. In this paper, we will study a more general equation than Eq. (1.5),

0b;(u)
8xi

N
u, = div(b@)|Va() " *Vau)) + 3 +elx,0) —boa(u), (x,0)€Qr,  (L6)
i=1

where 1 < p(x) € C(2), a(s) > 0, a(0) = 0 and a(s) is a strictly increasing function, by > 0
is a constant. Meanwhile, b(x) € C1(£2) satisfies

bx)>0, xe€$, bx)=0, x€ds2, (1.7)
and b;(s) € C1(R). We set
p"=maxp(x),  1<p” =minp(x),
I7) 2

as usual.

A special case of Eq. (1.6) is a(u) = u™, the equation reflects a polytropic filtration pro-
cess if p(x) = p is a constant. In this case, a lot of important results about the existence,
the uniqueness, the Harnack inequality, the regularity, the extinction and the large time
behavior of weak solutions have been obtained by many scholars; one can refer to [13-15]
and the references therein. Also, it is worth noting that the constant by > 0 is essential,
if by < 0, the weak solutions may blow up in a finite time [16—18]. While p(x) is a C(£2)
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function, only a few references could be found (for example, [19]). Moreover, since we only
require that a(s) is strictly increasing, it can be chosen as a(s) = s”®) with m(x) > 0, and it
even can be chosen as

s™, if0<s<1,
a(s) = (1.8)
s, ifs>1,

with 71, # my. Such a form is more appropriate to represent the model of image processing.
In this paper, we will use the parabolically regularized method to prove the existence
of the weak solution, and we use some ideas of [7, 20—22] to prove the stability of weak

solutions.

2 The definitions of weak solution and the main results
For completeness of the paper, we review the basic functional spaces firstly. For every fixed
t € [0, T], we define

Vi(82) = {u(x) : u(x) € LX) N WEHQ), | Vu) [ e L1(9)),

lullvie) = lullo.e + IVitllpe),2

and define V/(£2) to be its dual space. At the same time, we denote the Banach space

W(Qr) = {u:[0,T] — Vi(2)lu € L*(Qr), [Vul™ € L'(Qr),u = 0 on I'r},

lullwor) = IVullp,.or + l#ll2.0rs

and define W’'(Qr) to be its dual space.

w=wo+ Y Diwi,  wo € LXH(Qr),w; € L7'&9(Qr),

weW (Qr) <<=
Vo eW(Qr), <w,¢>= [, (wop+ 3, wiDip) dxat.

One can refer to [19, 20] for more information.

Definition 2.1 If 0 < u(x, ) € L>°(Q7) satisfies
weW(Qr),  b)|Vaw)|"™ e L(Qr), 2.1)

and, for any function ¢ € L*(0, T; Wol’p(x)(.Q)) NW(Qr),

N
// |:utg0 + b(x)|Va(u)|p(x)_2Vﬂ(u) -V + Zbi(u)wxi:| dxdt
Qr i=1

= // [c(x, t)—bou(u)]go(x, t)dxdt, (2.2)
Qr
then u(x, £) is said to be a weak solution of Eq. (1.6) with the initial value (1.2), provided
that
}in}) u(x, t)p(x) dx = / uo(x)p(x)dx, Veo(x) e C3o(82). (2.3)
—YJe 2
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Here, W'7W(£2) is the variable exponent Sobolev space, W/Ol’p (x)(.Q) is the closure of
C§°(£2) in WP®(£2), one can refer to [23—-25] for the details. The following basic lemma
reflects some important characters of variable exponent Sobolev spaces [23-25].

Lemma 2.2
(i) The space (LP®(82), 1| - [l i gy)s (WPOUR), || - [lyrptogy) and Wo™™ (82) are
reflexive Banach spaces.
(i) p(x)-Holder’s inequality. Let q1(x) and q2(x) be real functions with ﬁ + qzl(x) =1
Then, the conjugate space of L1'®)(82) is L22%(82). And for any u € LW (2) and
v e L2W(2), we have

/ uvdx
2

(i) Nll pw () and [o |ulP® dx satisfy

= 2||M||Lq1(x)(g)||V||Lq2(x)(_q)' (2.4)

Pl =1, then [ s =1
2
r- 1
[f”u”Lp(x)(_Q) >1, then |”|Lp(x)(9) = L |M|P(x) dx < |M|Lp(x)(9).
r* .
Flloigy <1, then ity o < [ 1 s <l

(iv) If the exponent p(x) is required to satisfy a logarithmic Hélder continuity condition,
then

W, PP(2) = W@ (), (2.5)
The main results are the following theorems.
Theorem 2.3 If0 < uy(x) € L>(82) satisfies
b(x)| Vo P € LY(£2), (2.6)

then Eq. (1.6) with initial value (1.2) has a weak solution u(x,t). If
/ b(x) 7T dix < 00, 2.7)
2

then Eq. (1.6) with the initial-boundary values (1.2)—(1.3) has a solution u. Moreover, let
u(x, t) and v(x, t) be two weak solutions of Eq. (1.6) with

ulx, t) =vix,t)=0, (x,t)elr,

and with the initial values u(x,0) and v(x,0), respectively, b,(s) and a(s) satisfy

N

Z bi(s1) — bi(s2)

<¢, i=12,...,N. 2.8
a(sy) —a(sy) |~ 28)

i=1
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Then
/ |u(x, t) — v(x, t)’ dx < c/ |uo(x) - vo(x)| dx. (2.9)
fo) fo)

In fact, only if b(x) satisfies (1.7) and the condition (2.8) is true, even without boundary

value condition (1.3), by a similar method of [26], we can show that

/ b(x)“|u(x, t) — v(x, t)| dx 5/ b(x)""uo(x) - Vo(x)’ dx, (2.10)
o) fo)

where « > 2 is a constant. This inequality implies that uniqueness of weak solution to
Eq. (1.6) with the initial value (1.2) is always true only if (2.8) is true, no matter whether
there is the condition (2.7) or not.

Based on this fact, we are able to improve the stability theorem to the case without
boundary value condition (1.3).

Theorem 2.4 Let u(x,t) and v(x, t) be two weak solutions of Eq. (1.6) with the initial values
u(x,0) and v(x,0), respectively, the variable exponent p(x) satisfies the logarithmic Holder
continuity condition. If b(x) satisfies (1.7), (2.8) and

/ b(x)' 7 dx < 00, (2.11)
o)

then the stability (2.9) is true.

Ifa(s)=sand 1<p~ <p* <2 and
/ b(x) "t dx < o0, (2.12)
2

a similar result as Theorem 2.4 had been obtained in [22]. Clearly, (2.11) has a broader
sense than (2.12). Comparing Theorem 2.3 with Theorem 2.4, the essential improvements
lies in that, if b(x) only satisfies (2.11), the weak solutions # may lack the regularity to be
defined the trace on the boundary generally. Thus, we cannot impose the usual boundary
value condition (1.3), except for the case p(x) = 2 (in which (2.11) is equivalent to (2.7)).
Theorem 2.4 tells us that the stability of the weak solutions is controlled by the initial value
completely, only if (2.11) is true.

At the end of this section, comparing with our previous work [21, 22] and [26] etc., we
give a comprehensive overview of this paper.

It is well known that there are essential differences between the non-Newtonian fluid
equation

ue = div(|Vul’Vu), (x,t) €2 x(0,T), (2.13)
and the polytropic diffusion equation

U = div(|Vu”‘|p_2Vum), (x,t) € 2 x (0, T). (2.14)
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Inspired by this fact, roughly speaking, our original jumping-off point is to show the es-
sential differences between the electrorheological fluid equation

u, = div(a@) | VulP®2Vu) + f(x, t,u, Vu), (x,t) € 2 x (0,7T), (2.15)
and the polytropic electrorheological fluid equation
u, = div(a(x)| V™ ’p(xHVu’”) +f(x,t,u, Vu), (x,t) e R x(0,T). (2.16)

The well-posedness of solutions to Eq. (2.15) was considered in [21, 22] etc.: that the de-
generacy of a(x) on the boundary 942 can take place of the boundary value condition (1.3)
had been shown in some special cases. But very few papers on the well-posedness of so-
lutions to Eq. (2.16) can be found. In this paper, we directly study a much more general
equation,

N
Uy = div(b(x)|Va(u) |p(x)_2Va(u) Z

i=1

c(x,t) — boa(u), (x,t)eQr, (2.17)

a(s) = 0,a(0) = 0 and a(s) is a strictly increasing function. As we have said before, Eq. (2.17)
admits a(s) satisfying (1.8) and has a wider applications.

In addition, condition (2.8) implies that equation (2.17) cannot be of the hyperbolic char-
acteristic, usually, such a restriction has demonstrated a strong preference for being un-
natural before. However, a model of strong degenerate parabolic equation arises in math-
ematical finance, which indicates that condition (2.8) is important and indispensable in
the decision theory under the risk [27]. We have given more details in our previous work

[28], so it is not appropriate to repeat the details here.

3 The proof of Theorem 2.3

Lemma 3.1 Let q > 1. If u. € L¥(0,T;L*(2)) N W(Q7), luellwoy) < o
IV (4o |97 1) - 0p < ¢, then there is a subsequence of {u,} which shows relatively com-
pactness in L*(Qr) with s € (1,00).

This lemma can be found in [19].
Since a(s) is a strictly increasing function, by a limit process, we can assume that a(s) is

a C! function in the proof. Consider the following regularized system:

Ugt = diV((b(x) + 8) (!Va(u8)| + 8) e Va(us))

N
D Wlte) |, cta,0) - boatw, (5,0) € Qr, (3.1)
i=1 i
u(x,t)=¢, (0t €082 x(0,7), (3.2)
u:(x,0) = uo:(x) +e, x€$2, (3.3)

where u. o € C°(£2) and (b(x) + €)|Va(u.)P® € L'(£2) are uniformly bounded, and .
converges to 1 in Wol P) (£2). Since we assume that a(s) is a strictly increasing function, by
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the monotone convergence method, according to the classical parabolic equation theory
[29, 30], there is a unique classical solution u, of the initial-boundary value problem (3.1)—
(3.3), and

It | Lo (@) < . (3.4)

Throughout this paper, the constants ¢ may be different from one place to another.

Theorem 3.2 There is a weak solution u of Eq. (1.6) with the initial value (1.2) in the sense
of Definition 2.1.

Proof For any ¢ € [0, T), we multiply (3.1) by a(u.) — a(e) and integrate it over Q; = §2 X
[0,2). By (3.3), (3.4) and

.//[[a(ug)—a(e i(14e) 20T dedt = — //t " a (ue)bi(ug) dx dt
//Q Bxl/ bi(s)a'(s) ds dx dt

=0, i=1,2,...,N, (3.5)

we have
/A(ug)dx+/ b(x)+<9 (|Va ug)| +€) |Va(u5)| dxdt

5‘/QA(uo(x))dx+a(€)/g|u(x,t)—uo(x)|dx+c

<g (3.6)

where A'(s) = a(s).
Since b(x) > 0 in £2, for any £2; CC £2, (3.6) yields

/ / )+ & ‘Va ug)’ + 8) 2 ’Vu(ug)‘zdxdt <c (3.7)
21

and

T L_
f ]Va(us)|dxdt§c< / / \Va(u.)|” dxdt) <c($2). (3.8)
0 21

Now, for any v € W(Qr), [Vllwop =1,

(Uet, V)

= _// x)(|V¢z(u5)| +¢) 2 Va(u,)Vvdxdt - Z/f b i(ue) dx dt

,//Q c(x,8) = boalus)(x, t) |vdx dt.
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By the Young inequality

2

2 P)-
// b(x)(’Va(us)‘ +8) 2 Va(u,)Vvdxdt
Qr

)=2 _p

-2 _px) @)
< C// b(x)[(|Va(ug)|2 + a)pT!m |Va(u5)|# +|VvPY] dxdt
Qr

sc[/ b@)[|Vatu:) " + |V + 1] dxde
Qr

S CY
we easily obtain
| <u8t) V) | =c

which implies

| o). |

wQp =¢ (3.9)

and

(3.10)

lao)ly o, = | @e)ttet |y g, < €

Now, let D; = {x € £2 : d(x) > A} and d(x) = dist(x, 0§2) be the distance function from 2.
For any given ¢ € Cé(.Q), 0 < ¢ < 1, which satisfies

¢ lpy,=1, ¢ l2\p, =0,

then

{lea@)] )] = l(patu)e )

and
I [‘p“(us)]tHw/(QT) < |laue): | wi(Qp) =6
If we denote u1, = a(u,), then
||(u15)t| W(Qr) <c (311)

At the same time, from (3.8),

_ T _
// }V[gpa(ug)] |p dxdt < c()»)(l + / / |sz(u€)|p dxdt) <c(r),
Qr 0 J,

ie.

[V, o, = [ V[Iea@o)]] - o, < c@. (312)

p~.Qr
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Thus ¢u;, shows relative compactness in L*(Qr) with s € (1,00) by Lemma 3.1. Accord-
ingly, pui. — @u; a.e. in Qr and so u;, — u; a.e. in Qr.
Since a’(s) > 0 and a(s) is a strictly monotone increasing function, u, = a~!(uy.), setting
u = a Y (u), we know that u, — u a.e. in Q.
From (3.4), there exists a function u such that
u, — *xu, in L>=(Qr),
and
u€ L*(Qr), u € W(Qr).
—
From (3.6), (3.8), there is a #n-dimensional vector function ¢ =(¢y,...,¢,) satisfying
%
| ¢ 1eLl(o, TLP 1(9))
such that

(b(x) + 8)|Va(u5)|p(x)_2Va(u8) — ? inL'(0, T; LP P (£2)).

In what follows, we want to prove that u satisfies Eq. (1.6). At first,

/ / [MH (b + &) (|Va(uo)|* + )7 Valu,)- V¢+Zb(u5) ¢x,} dxdt

i=1

= // [c(x, t)—boa(ug)]qo dx dt, (3.13)
Qr

for any function ¢ € L>(0, T; Wol’p ®(£2)) N W(Qr). Since u, — u almost everywhere,
bi(u.) — b;(u) and a(u,) — a(u). Letting ¢ — 0 in (3.13) yields

//Q [at<p+g V¢+Zb(u) (px:|dxdt

i=1

= // [c(x, t) — boa(u)]go dxdt. (3.14)
Qr
Secondly, we will prove that

p(x)-2 g
// b(x)|Va(u)| Va(u) - Vodxdt = / ¢ -Vedxdt, (3.15)
Qr Qr

for any function ¢ € C3°(Qr).
Let 0 < ¥ € C°(Qr) and ¥ = 1 in suppg, and let v € L®(Qr), b(x)|Vv[P® € L}(Qr).
Then
// 1//(b(x) + s)[|Va(u5)|p(x)_2Va(uS) - |VV|’”(")_2VV] . (Va(us) - VV) dxdt
Qr

> 0. (3.16)
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We choose ¢ = Yra(u,) in (3.13), then

// 1//(b(x)+8)(\Va(us)}2+8)W|Va(u8)’2dxdt
Qr
- [ wawasde [[ 69+ e)atw)(Vaw 46 F Vatw)- v dsa
Qr Qr
N
_;//QT bi(us)(a’(us)usxil/f +a(u£)1//xi)dxdt

+ //(;T[c(x, t) —boa(ug)]lpa(ug)dxdt. (3.17)

By (3.16), we can extrapolate to

/ Y A(u,) dx dt — // (b(x) + e)a(ua)(’Va(ua”z +¢) = Va(u,) - Vi dx dt
Qr

- s) e/Wex; ( s) Xi d dt
Z//Q () (a (e ) ther, W + aue )V, ) X
+5177c(.(2)—// (b(x)+8)1#|Va(ug)‘p(x%zVa(ug)Vvdxdt
Qr
—/ (b(x)+8)¢|VV|”(x)_2Vv~V(a(ug)—v) dxdt
Qr

+//QT[C(’C’L‘)—bod(us)]wa(us)dxdt

>0. (3.18)

Accordingly,

(x)—-2

/ Y A(u,) dx dt — // (b(x) + s)a(ua)(|Va(u£)|2 + 8)17(2 Va(u,) - Vi dxdt
Qr

_Zf/Q 10:) (@ )ty ¥ + @it r,) vt
re'To(2) - // (b(x) + ) |Valu.) "> Va(u,) Vvdxdt
- / fQ Yb)| VPP 2Vy . (Va(u,) - Vv) dxdt

—s/Q Y| VPRV (Va(u,) - Vv) dxdt

+//QT[C(’W)—boﬂ(us)]l/fa(ug)dxdt

>0. (3.19)
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Now, since

px)-2

(|Va(us)|2+e) 2 Val(u,)

_ 1 (%)~
r®) 28/ (|Voz(u5)|2 +85)1%¥ dsVa(u,),
0

= |Va(u5)|P(x)_2Va(us) +

we have

plx)-4

1
é!i_r)r(l) //QT p(x)z— 28/0 (’Vﬂ(u8)|2 + e;s)T dsVa(u,)Vira(u,)dxdt = 0.

At the same time, using the Holder inequality

/ b VPO | Vaus) | dx < |57 V3P 167 [Va(u)| |
o & = Ls(x)(_(z) & Lp(x)(g)’

we have

/ b(x)| V[P dx dt + / / b(x)| VP Va(u,)| dxdt < c.
Qr Qr

Here s(x) = %.

By (3.20)—(3.21), we have

lime
e—0

/ Y VPRV (Va(u,) - Vv) dxdt
Qr

<lime sup m
=0 (yneQr bx)

<lime sup m </ b(x)|VvIP® dx dt
=0 wneor DX \J Jor

+ //QT b(x)leV’(")1|Va(u5)’dxdt>

=0.

// b(x)|Vv|”(")_1‘Va(ug) - Vv’ dxdt
Qr

Let ¢ — 0. By (3.19) and (3.22), we have
/QT VA () dx i - /fQTa(u)? -V dxdt
N
- bi(u)(a' (wue, ¥ + a(u),,) dxdt
;//(zT u (ﬂ u)u + alu ) X

%
- / V¢ -Vvdxdt- / / Yb()|VvIPP2Vy . (Va(u) - Vv) dxdt
Qr Qr

+//QT[C(’W)—boﬂ(u)]wa(u)dxdt

>0.

(3.20)

(3.21)

(3.22)

Page 11 of 21
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Let ¢ = Yu in (3.14). We get

/QTw? : Va(u)dxdt—//QTa(u)wtdxdt

+ //Q a(u)? -V dxdt

N
+ Z // bi(u)(d' (w)ux,  + a(u)y,, dxdt
i=1 Y JQr
+ f/ [c(x, t) — boa(u)]l/fa(u) dxdt
Qr
=0.
From the above formulas, we can extrapolate to

/ / v (T = b@)|VvPI2v) - (Va(u) - Vv) dxdt > 0. (3.23)
Qr

If we choose v = a(u) — L¢ and choose A > 0 or A < 0, respectively, letting A — 0, we can

deduce
// g p(x)-2
tﬁ( . - b(x)|Va(u)| Va(u)) -Vedxdt=0.
Qr

Since ¥ = 1 on supp ¢, we know that (3.15) is true.
At last, (2.3) can be showed as in [19], the proof of Theorem 3.2 finishes. O

Lemma 3.3 Let u(x,t) be a solution of Eq. (1.6) with the initial value (1.2). If
1
Jo b(x)" 7T dx < o0, then

/ |Va(u)| dx < 0.
2

Proof

/ |Va(u)| dx
@

|Vu(u)‘ dx + / 1 |Va(u)’ dx

1
./{xe.(z:h(x)zﬁ |Va(u)|<1} (x€2:b(x) P 1 |Va(u)|>1}

_ﬁ P
S/Qb(x) dx+/9b(x)|Va(u){ dx

<c 0

For small 1 > 0, we define

S,,(s):/0 hy(t)dr,

Page 12 of 21
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where 1, (s) = %(1 - 'S‘ >).» and clearly

nlil%)l+ 58, (s) = %133) shy(s) =0,

lim S, (s) = sgn(s),
n—0%

where sgn(s) is the sign function.

Page 13 of 21

Theorem 3.4 Suppose fQ b(x)fﬂ';-l dx < 00, a(s) and b;(s) satisfying (1.7) and (2.8). If
u(x, t) and v(x, t) are two weak solutions with the same homogeneous boundary value (1.3)

and with different initial values u(x,0), v(x,0), respectively, we have

/ |u(x, t) —v(x, t)| dx < c/ |u0(x) - vo(x)| dx, Vtel0,T).
2 I?)

Proof By Definition 2.1, b(x)|Va(u)[P®), b(x)| Va(v)[?* € L}(Q7), and for any

¢ € L®(0, T; W™ (2)) N W(Qr)

we have

‘//[goa(ua;‘/)dxdt

=— / / b(@)(|Va@)|"” *Va) - |Vaw) " Vaw) - Vo dxdt

_2// biu) - bi)] - 0, dxdt—//Q bo[atw) - a)]g dxds,

where Q; = £2 x (0, ).

Thus, if we choose S, (a(u) — a(v)) as the test function, we have

/ / S, (a(w) - a(v)) 3“‘8; Y gdt

+ / / b@)[|Va@)|"” > Vaw) - |Vaw) | Vaw)]
Q¢

-V(a(u) — av))h,(a(u) - a(v)) dx dt
N
+ Z // [bi(u) - bi(v)] . (a(u) - a(v))xl_h,](u —v)dxdt
i=1 ¢
=- // by [a(u) - a(v)]S,, (u(u) - a(v)) dxdt.

Since a(s) is a monotone increasing function, we can easily show that

ou—v)
nlim gS,,(a(u)—zz(v)) Py dx—EHu—vHU

(3.24)

(3.25)

(3.26)

(3.27)
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and clearly

f/ b(x)[|Va(u)|p Va |Va |p(x)72Va(v)]
Qt

V(a(u) - a(v))h, (a(u) - a(v)) dxdt > 0. (3.28)

Now, by that |s/,(s)| < 1, we have

N

‘//th{a - Z [Sy(a(w) -~ a(v))], dxdt

vl<n} 21

N
= ‘//Q e D [bilw) = biw) [y (a() - a(v)) (a(w) ~a(v)), dxdt
N {|a(u

vl<n} g

N

b; (u) b; (v)
SC//Qm{a(u v)l<n) ;

a(u) - a(v))xi ’ dxdt

LN b b)), L
= b(x) —— b - dxd
C//Qtﬂila(u)—a(V)m] @ ; a(u) - a(v) ()7 |(a(u) a(V))xi{ at
<c|:// ( Ok 5 bi0 - bM) dxdtr__
- QiNllatw)-aW)l<n) = alu)-a(v)

L

( / / b)Y (a(w) - av)) | dxdt)p . (3.29)
Q:N{la(u)-a(v)|<n}

Since |, o b(x)_ﬁ dx < 00, by the assumption (2.8), we have

_p
p -1
// dxdt
QeNf{lalu)-a(v)|<n}

<c || by 7T dxdr <c. (3.30)
11,

N
b(x)fpli Z bi(u) — by(v)

T a(u) —a(v)

Let n — 0% in (3.29). If {x € 2 : |a(u) — a(v)| = 0} is a set with 0 measure, then

lim // |b(x)P = |dxdt—// |b(x)P = |dxdt 0. (3.31)
n—>0% QeNfla(u)-a(v)|<n} QtN{|la(u)-a(v)|=0}

If the set {x € 2 : |a(u) — a(v)| = 0} has a positive measure, then

. p7
,715{)1+ //;2 . b(x)|V(a(u) —aW))|" dxdt
= // b(x)|V(a(u) - a(v)) !p_ dxdt
QeN{la(u)-a(v)|=0}
- 0. (3.32)

Therefore, in both cases, (3.29) tends to 0 as  — 0*.
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Thus,

lim /f [bi(w) — bi(V) |y (a(u) - a(v)) (a(u) - a(v)), dxdt =0, (3.33)
Q !

n—0%

- lim / /Q Dol — )]s, atu) ~a) dxa

- // bo|a(u) - a(v)| dxdt <0. (3.34)
Qt

Let n — 0* in (3.26). Then, by (3.27)—(3.34), we have

/Q |u(x, £) — v(x, £)| dx — / |uo(x) — vo(x) | dx = / —lu -Vl dt <0.
Then
/Q|u(x, t) — v(x, t)| dx < c/9|uo(x) - Vo(x)| dx, Vtel0,T).
Theorem 3.4 is proved. O

Theorem 2.3 is the directly corollary of Theorem 3.2, Lemma 3.3 and Theorem 3.4.

4 The proof of Theorem 2.4

Proof of Theorem 2.4 For any small A > 0, denote

2, = {x € 2:bx)> k}, (4.1)
let 8 >0 and
¢(x) = (bx) - 1)". (4.2)

Let u, and v, be the mollified function of the solutions « and v, respectively, x(s be the
characteristic function of [s,t] C (0, T') and let us choose x[;S, (¢ (a(u.) — a(v,))) as a test
function. Then

/ / Sn(¢(a(us) _ﬂ(Ve)))dedt
s J2

/ / |Va Vﬂ ’Vﬂ |p(x a(v)]
2
BV (aluee) - alve) oy (¢ (aluee) - a(v,))) dcde

/ / |Va Vu |Vu |p(x u(v)]
2
Vo (alue) — a(ve))hy (o (alue) - a(v,))) dxdt

N
[ [ [0 - b)) (ate) - av.) oy (o ala) - atv))
i=1 75 Y
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N
+ Z/ / [6:() — bi(v) |, (aluae) — a(ve)) 1y (d(alne) — alve))) dxdt
i1 VS Y&
:_/ /Q bo(a(ue) — a(ve))S, (¢ (alu.) — a(ve))) dxdt. (4.3)

For any given A > 0, by (2.1) in Definition 2.1, |Va(u)| € LP¥(£2;), |Va(v)P® e LW (2)).
Thus according to the definition of the mollified function, since the exponent p(x) is re-

quired to satisfy the logarithmic Holder continuity condition, we have

a(ug) € L*(Qr),  alve) €L¥(Qr),  alus) — alu),

(4.4)
a(vy) — a(v), a.e.inQr,
[[Vaw) "], o, = [|va@["], .

(%) (%) (45)
[[Va@a ], g, < [[Va0) ™| g,
Va(u,) — Va(w),  Va(v.)— Va(v), inI’¥(&;). (4.6)

We give some explanations. Denoting w = a(x) € W™W(£2,), there is a series w, €
Wr®)(2,) such that

we — w=a(u), in WP%(2,). (4.7)
Since a(s) is a strictly monotone increasing function, by (4.7), it is easy to show that
alw,) > a(w)=u, in WY (Q,) (4.8)

by the uniqueness of the limit, then w, = a(u.), accordingly, we have (4.4)—(4.6).

By
0 <y (9 atw) - av) < =, (@9)
we have
|V (alus) = a(ve) hy (¢ (a(ue) — a(ve))) | o o,
< )|V (aue) = a(ve)) | iy g, < €()- (4.10)

If we denote
/g Y (alite) - a(ve))ny (¢ (alue) - alv)))g dx
- /9 V(a(u) - a)h, (¢ (a(w) - a(v)))p dx

- /g Y (alite) - a(ve)) [y (9 (alis) = av))) = Iy (6 (alae) = a())) |
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+ /.;z [V(a(ug) - a(vg)) - V(a(u) - oz(v))]h,7 (¢ (a(u) - a(v)))w dx

=11 +12, (411)

forany ¢ € LA (£2,), by Va(ue) — Va(u), Va(ve) = Va(v), in L/¥(£2;), we obtain
Hn})Iz Y (4.12)
Moreover,
lim 1, < g%uv(a(ue) = a0e)) | oo,
[ (@ et - atwe))) = o (0 (a0 - a)) e | o
£2
< ilj%“ V(a() - a)) | o,

| [Py (B (alue) = a(ve))) = by (¢ (a(m) - a®)))]e| o

LP@-1(2;)
=0, (4.13)

by the Lebesgue dominated convergence theorem. By (4.11)—(4.13), we obtain

V(alue) — a(ve)) hy (o (alus) — a(ve)))
— V(a(u) - cz(v))h,7 (¢ (a(u) - a(v))), in L7W(£2,). (4.14)

By (4.14)

liII(l) b(x)[|Va(u)|p(x)_2Va(u) - |Va(v) |p(x)_2Va(V)]
=0 /o,

¢V (alug) — ave))hy (o (alu,) — a(v,))) dx

x)—2

:/ b(x)[|Va(u)|p(x)_2Va(u)—|Va(v)|p( Va(v)]
£2;,

¢V (a(u) — a())hy (¢ (a(u) - a(v))) dx, (4.15)
due to
6@ [|Va) " *Vaw) - [Vaw) " *Vaw)]| e LFT (2,).

At the same time, clearly

lim | b@[|Va@|"Va(u) - [va()|" V)]
=0 /0,

) Vd)(ﬂ(ua) - "Z(Ve))hn (¢ (f'l(us) - a(Ve))) dx

:/ b(x)[|Va(u)|p(x)_2Va(u)—|Va(v)|p(x)_2Va(v)]
£2;.

. qu(a(u) - a(v))h,7 (¢>(a(u) - a(v))) dx, (4.16)

by the Lebesgue dominated convergence theorem.
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Once more, we can obtain

(alue) = a(ve)), 1y (¢ (alue) - a(ve)))
= (a(w) —aW)), hy(¢(a@) —a®))), inL77(2,),

by a similar method to (4.14). Thus
lim /9 [6:(1) = i) ] ¢ (alue) — a(ve)), 1y (¢(alue) - a(ve))) dx
- /Q [b40) ~ b ] () = a), Iy (6 (@) — a(v)) .
Meanwhile, we have

lim [bl(u) - bi(V)]¢xf (a(ue) - a(Vs))hn ((]5(4(%8) - ﬂ("e))) dx

e=0Jg
- /Q [51(00) — b:() ], (@(20) — () iy (8 () — a(v))) di.
In addition, since
s, ve € W'(Qr),
according to [3], we have

lim | S,(¢(alu.) —a(vg)))de

e=0 /o ot

i / $i(#(a) - a)) W dx.
25,

Now, only if we let ¢ — 0, and let . — 0 in (4.3), we have

o(u—-v)

/t/ Sn(b‘3 (a(u) —a(v))) dxdt
s 2 ot

¥ f t / b@)[|Va@) " *Vaw) - |[Vaw)["* *Vaw)]
s 2

. bﬁV(a(u) - a(v))h,, (b’s (a(u) - u(v))) dxdt
+ / t / b@)[|Va@)|" > Vaw) - |Vam) " *Vaw)]
s 2

Vbt (a(u) - a(v))h,7 (bﬁ (a(u) - a(v))) dxdt

N
+ Z / f [bi(u) - bi(V)]b’S (a(u) - a(v))xlh,] (b’S (a(u) - a(v))) dxdt
i=1 VS 2 '

N ot
+ Z / / [bi(u) - bi(v)]bfi (a(u) - a))h, (b’ (a(w) - a(v))) dxdt
=1 Vs I8

=0.

Let us analyze every term on the left hand side of (4.22).

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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For the first term, by a(s) being strictly increasing,

lim Sy (bﬁ (a(u) - a(v))) 0 -v)

n—0* Jo

:/ngn(bﬂ(a(u)—d(‘/)))

~ o(u—v)
_Lsgn(u—v) 3 dx

d
= allu—vnm). (4.23)

dx

o(u—v) dx

For the second term,

/ b@)[|Va@w) " Vaw) - |[Va@)["?*Vaw)]
2
. V(a(u) - a(v))h,7 (bﬂ (a(u) - a(v)))¢(x) dx>0. (4.24)

For the third term, from (iii) of Lemma 2.2, since [, b(x)~?®- dx < 0o, and using the
Lebesgue dominated convergence theorem, we have

4

” b(x)- %1 ‘bﬁ (“(”) - “("))hn (bﬂ (a(u) - “(V))) ’ ”Lp(x)(qx:bﬁ la(u)-a(v)

[<n})

+"“

< ( / b(x)"POVpP (a(u) - a(v))h, (b (a(w) - a(v))) dx> , (4.25)
2]
which goes to zero as n — 0*.
By (4.2), we have
lim ‘/ b(x)[|Va(u) |p(x)_2Va(u) - |Va(v) |p(x)_2Va(v)]
n—0*|Jo
- VB (a(u) - a(v))h, (b (a(w) — a(v))) dx
< clim |[Va@) [ Va(w) - |Va@) ¥ Va)|
170 J b |a(u)-a(v)|<n}

. |b’3 (a(u) - a(v))h,, (bﬁ (a(u) - a(v))) | dx

)-1
@b (a(u) - av)) b, (b (a(u) - a(v))) HLﬂ(x>({x;bﬂ|a(u)—a(v)\<n})

. _plx

<clim ||b(x) Pl
n—0

px)-1

6@ [|Va)|" ™ Vatu) - [Va() " VaW]| o
LPOT (x:bP |a(u)-a(v)|<n})

= 0. (4.26)

For the fourth term, we have

/.;z[bi(u) - bi(v)]b‘g (a(u) - ”(V))x,-h'? (bﬂ (a(u) - a(v))) dx

5/;2’19(96)’%(61(14)—“("))%‘
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. b(x)fﬁ b;( bi(v) vP (u(u) - u(v))h,, (bﬂ (a(u) - a(v))) dx

u) —
(u) —a(v)

< | b) 7 (|Va(w)| + | Va®)]) | oo

) b8 (aw) — @)y (B (als) - a(v))) | g o (4.27)

which goes to 0 as n — 0*. Moreover, for the last term, since u, v € L>(Qr), |bi(1) — b;(v)| <

¢, by the dominated convergence theorem, we have

’/ﬂ [bi(u) - bi(v)]bfi (a(u) - a(v))S; (bﬂ (a(u) - a(v))) dx
< c/ b_l(x)|b‘3 (a(u) - oz(v))S,’7 (bﬁ (a(u) - a(v))) | dx
£2,,

< ; / | (a(u) - a(v))s, (b° (a(u) - a(v)))|dx
2

— 0, (4.28)

as 1 — 0*. Here, £2) = {x € £2: b(x) > A}.
Then, by (4.23)—(4.28),

t d t
/ —||U—V||L1(.Q)dt§C/ llu—vllydt.
o dt 0

It implies that

/ |u(x, t) —v(x, t)| dx < c(T)/ |u0(x) - vo(x)| dx.
I?) 2
Theorem 2.4 is proved. O
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