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1 Introduction
This paper is concerned with the following fractional Schédinger equation involving a
critical nonlinearity:

[

(A" ux) + V(@)ulx) = f (%, u(x)) + A|u(x) “ulx), xeRV, (1.1)

where « € (0,1), 2o < N, 2} = %, A > 0 is a parameter, V is potential and contin-
uous function, while f is a continuous function, both of them satisfying some condi-
tions; (-A)* is the fractional Laplacian operator of order «, which can be defined as
(=A)*u = F1(|&** Z u), where .F is the usual Fourier transform in RY.

Recently, fractional calculus attained more importance due to its wide applications in
various field, such as diffusion, electrical circuits, control theory, blood flow phenomena,
electro-analytical chemistry, etc.; for details, see [1-12] and the references therein. Prob-
lem (1.1) is related to the standing wave solutions of the following fractional nonlinear

Schodinger equation of the form:

i%(& £) = (APt + V@Y ) + g0 1), xt)eRY xR (1.2)

It was discovered by Laskin [13] when expanding the Feynman path integral, from
Brownian-like to Lévy-like quantum mechanical paths. Recently, the fractional Schodinger
equation has became a fundamental equation in fractional quantum mechanics, where,
when ¢ — 0 is taken in (1.2), the existence of solutions is very important; see [14] and
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the references therein. In the past few years, many works were devoted to establishing the
existence and multiplicity of solutions of fractional Schodinger equation, see [15-22] and
the references therein.

Recently, the existence of solutions of fractional Schodinger equation with perturbation
was investigated, see [18—21]. Shang and Zhang [18] used the Ljusternik—Schnirelemann

category theory to study the following fractional Schédinger equation with critical growth:
(= A) ux) + V(x)u(x) = |u(x) |2"§‘72u(x) +Af(ux), xeRN. (1.3)

They proved that equation (1.3) has a nonnegative ground state solution in Nehari man-
ifold. There are also some contributions considering the different forms of fractional
Schodinger equation with critical growth, see [19-21]. It is worth mentioning that [19]
studied the following fractional Schédinger equation:

|22—2

(=A)ulx) + Vix)ulx) = k(x)f(u(x)) + )»|u(x) u(x), xeRN. (1.4)
By the principle of concentration compactness and the variational method, a nontrivial
radially symmetric weak solution was obtained for (1.4).

It is well known that in the case of critical growth, the compactness of related embedding
is lost, and then certain difficulties arise in the proving of the existence of solutions. In
[18], Shang and Zhang obtained a nonnegative ground state solution for problem (1.3) in
Nehari manifold by using the Ljusternik—Schnirelemann category theory. It seems that it
is difficult to obtain the multiplicity result for problem (1.3). In [19], Zhang et al. used the
fractional version of the principle of concentration compactness [23] and obtained new
existence results for nontrivial radially symmetric weak solution of problem (1.4).

Motivated by these results, in this paper, we are interested in the fractional Schédinger
equation involving critical exponent (1.1), which is more general than (1.4). By the Eke-
land’s variational principle [24] and the Mountain Pass Theorem [25], we obtain a new
multiplicity result, which is different from the work of [18, 19]. To the best of our knowl-
edge, our work is the first attempt to use the principle of concentration compactness to
study the existence and multiplicity of solutions for fractional Schédinger equation involv-
ing a critical nonlinearity as in (1.1).

To obtain our main result, we consider the potential function V € C(RN, R) satisfying

0< inf V(x):= Vo< | Ildim Vx) := V(c0) = +00. Vo)
X|a— 00

xeRN

The hypothesis (Vp) was first introduced by Rabinowitz in [26]. Furthermore, we impose
the following assumptions for the nonlinearity f:
(f1) f € CRN x R,R), f(x,t) = o(|¢]) as t — 0 uniformly in x € RY;
(f2) There exists a constant C; > 0 such that |f(x,£)| < C;(1 + |¢|%!) for all
(x,t) e RN x R.
(f3) F(x,t) >0and @ — +00 as t — oo uniformly in x € RN, where
F(x,t) = fotf(x, s)ds.
(f4) There exist 6 > 0 such that 0 < OF(x,t) < tf (x,t) for all (x,t) € RN x R.
Now we state the main result.
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Theorem 1.1 Assume that V and f satisfy (Vo) and (f1)—(f4). There exists .1 > 0 such that
forany 0 < A < Ay, the problem (1.1) has three solutions.

This paper organized as follows. In Sect. 2, we give some preliminaries of fractional
Sobolev spaces and prove some lemmas, which will be used later. Section 3 presents the

proof of Theorem 1.1.

2 Preliminaries
Throughout this paper, | - ||, is the usual norm of LP(RN), B(x,r) is the open ball centered
at x with radius r, C; (i = 1,2,...) and C denote positive constants, (-) is the inner product
at Hilbert space. We first provide a short review of fractional Sobolev spaces. A complete
introduction can be found in [14, 27].

For « € (0, 1), the fractional Sobolev space H*(RY) is defined by

H*(RY) := {u e L*(RN): LORLg e L* (RN x RN)},

|x _y|N+2a

endowed with the natural norm

1
|u(x) — Lt()/)|2
24l ey = (f W) dx + /fR w oy A

Moreover, by Proposition 3.6 in [14], we have

T R
//Rzzv | — y|N+20 dx dy—/RN|( A)Zu(x)|” dx. (2.1)
Therefore, for any v € H*(RY), we have
// (u(x) — u()(v(x) — v(y) dxdy = / (A3 u(x) - (=A) 5 v(x) dx. 22)
R2N |x y|N+2a

The working space E is defined by
E:= {u € H“(RN) : / V(x)u?(x) dx < +oo}.
RN
Then E is a Hilbert space with the norm
= [ Jatu e [ Vit ds
RN RN
We say that u € E is a weak solution of problem (1.1) if for any v € E,

/ (=A) T u(x) - (~A) T v(x) dx + / V (%) u(x)v(x) dx
RN RN

= / ( (2, u(x)) + )L|u(x)|2;_2u(x))v(x) dx.
RN
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The energy functional /; : E — R associated with problem (1.1) is defined by

L (u) = %AN|(—A)%u(x)’2dx+ /]RN V(x)u?(x) dx

—/ F(x,u(x))d —i |u(x)|2§ dx.
RN

2; RN

Under our assumptions, I, is well defined in E and I, € C!(E, R). It is easy to obtain that J;

is Gateaux-differentiable in E and the critical points of I, are solutions to problem (1.1).

Lemma 2.1 ([14]) Let a € (0,1) and N > 1 be such that 2o < N. Then there exists C =
C(N,a) > 0 such that

lell 25 v,y < Clleelpgoy

Sor every u € H*(RN), where 2 = 2 is the fractional critical exponent. Moreover, the

embedding H*(RN) — LY (RN) is continuous for each y € [2,2}] and is locally compact for
v €1[2,2%).

Lemma 2.2 ([15,28]) Assume that (V,) holds, then the embedding E — LP(RY) is compact
forall2 <p<?2.

Remark 2.3 From Lemmas 2.1 and 2.2, we know that the embedding E < LY (RV) is con-

tinuous for each y € [2,2}], thus

el gy < Cyllull” foreach y € [2,2%], (2.3)

where C, is the best constant for the embedding of E into L? (RV).

In the following lemma, we show that I satisfies the geometric structure of the Moun-
tain Pass Theorem [25].

Lemma 2.4 The functional I, satisfies the following condition:
(i) There exists Ao > 0 such that for any X € (0, 1o) and |\u|| = p, L, (u) > B for some
constants 3,0 > 0.

(i) There exists e € E satisfying |\e|| > p such that I, (e) < 0.

Proof (i) From conditions (f1) and (f2), for any ¢ > 0, there exists a constant C, depending
on ¢ such that

[f(x,8)| < elt] + Celt)®, (2.4)
and

€ Ce o
|F(x,t)] < = [t]* + —|¢|%. (2.5)
2 2%
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Therefore, for any u € E, by (2.3) and (2.5), we have

Ik(u):%||u||2—/RNF(x,u(x))dx—%[RN|M(9C)|2’§ dx

1 9 € 2 G 2 A 2%
Z§||14|| —_/NI:§|14(9C)| +2—*|u(x)| i|dx—2: /RN|u(x)| dx

1 * A *
_§|| ||2——/ |u(x)| dx — 2* ‘ (x)’z‘* dx—ZTfN|u(x)|2“ dx
o JR
1 2 CSCQQ 2* CZZ 2%
§||14|| - —|| I - 2 flua| ™ — [l
1 2 (Cg + )Czé; 2?;
|| I BT flaaf| ™.

o

Then there exists ¢ > 0 such that for any A € (0, A¢), we can choose two positive constants
B, p >0 such that I, (z) > B for |lu]| = p
(ii) For any u € E, by condition (f3), we have

2 «
B [ e a0 [ futal ds

2 2u?(x) 2:;
then
L (tu A% :
lim ACD —|| > - lim / |u(x)|2" dx.
t—>+00  f2 t—>+o0 2% JpN

So, I (tu) — —o0o as t — +00, which means that there exists a large enough £, > 0 such that
I (tou) < 0. Therefore, we can choose e := tyu € E with ||e| > p such that I, (e) < 0. (|

Lemma 2.5 Let Ao > 0 be given in Lemma 2.4. Then {u,} is a (PS) sequence of I, which is
bounded in E for all ). € (0, A¢).

Proof By condition (f4) and (2.3), for any {u,} C E, we have

which means that {u,} is bounded in E. O

Let £2.(RN) := {u € C(RY) : supp(u) is a compact subset of RV} and denote by £2,(RY)

the closure of 2.(RN) endowed with the norm [[1]|o = sup,gn |17(x)|. For a measure u,
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we define

lullge = sup  |(,m)
20(RN),[7lloc=1

’

where (1, n) = f]RN ndu. We assume that J is a countable set.

Definition 2.6 ([16]) Let M(RY) denote the space of finite nonnegative Borel measures
on RN, For any u € M(RN), the equation p(RY) = |||, holds. We define that u, — u
weakly- in M(RN) if (11,,,7) — (i, 1) holds for all n € C(RN) as n — oc.

Lemma 2.7 ([23]) Let {u,} C H*(RY) be a sequence and u, — u weakly as n — oo and
such that |(=A)2 u,|? — w and |u,|* — v weakly-x in M(RN). Then, either u, — u in
leg’c (RN) or there exists a set of distinct points {x;}je; C 2 (at most countable) and positive
jel Vj(Sx,, where 2 CRN s an open subset. If §2 is
bounded, then there exist a positive measure i € M(RN) with suppji C 2 and positive

numbers {vj}je; such that v = lu|% +

numbers {|uj}je such that p = (=A)Zuy|® + [ + Zje] W0

Lemma 2.8 ([19]) Define

oo = lim lim sup/ |(—A)%Mn(x)|2dx,
{xcRN:|x|>R}

R—>00 ysoo

L 2
Voo = lim lim sup/ ‘u,,(x)‘ “ dx.
R=>00 oo J{xeRN:|x|>R)

Then the quantities L and vy, are well defined and satisfy

limsup/ !(—A)%un(x)‘zdxzf ap + oo
RN RN

n—00

limsup/ |un(x)|2’§ dx :/ AV + Veo.
RN RN

n—00

Lemma 2.9 ([19]) Let {u,} C H*(RN) be such that u, — u weakly-« in H*(RN),
%
3

I(=A)3u,|> = w and |u,|% — v weakly-* in M(RN) as n — oo. Then v; < (S;'ju{x;})

2% , .
Jori€] and vy < (S;'1ieo) 2, where x;,v; are from Lemma 2.7 and i, Voo are given in
Lemma 2.8, S, is the best Sobolev constant of H*(RN) — L% (RN), i.e.,

~A)Tu(x)*dx
Se= inf Jex | 2) () ) (2.6)
ueH (RN) | M||L2§ &)

Now, we are ready to establish the following compactness result, which is used to prove

our main result.

Lemma 2.10 There exists A, > 0 such that for any A € (0, L), each bounded (PS) sequence
for functional I, contains a convergent subsequence.

Proof Let {u,} C E be a bounded (PS) sequence, i.e., there exists Cs > 0 such that

L(u,) <C; and IL(u,) >0 inE, asn— oo.
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Passing to a subsequence, we still denote by {u,}. Assume that u,, — uy weakly in E. Ac-
cording to Lemma 2.2, we have u, — uo in L#(RN) and u, — ug a.e. in RN as n — oo.
Therefore, by Prokhorov’s Theorem [29], there exist i, v € M(RN) such that

|(—A)%u,,|2 — u and |u,,|23 — v weakly- * in /\/l(]RN) as n — 00.

2

By Lemma 2.7, we have u,, — ug in L

RNY or v = |up|% + Y ey Vidy as m— oo.
For any ¢ € E, we have

(1, (), #) = (T} (u0), ¢)

Since u, — uy weakly in E,
[0 009 - o) ) 60+ [ V00,5 - o)) s 0
as 11 — OQ.
Since
{Iunlzé’zun - Iuolzz’zuo}n is bounded in L% (RN)
and

|ZZ—2
n

lu U — o) 2ug — 0 ae.in RN,

then
2%
|t 214,y — |1t0)** 2ug — 0 weakly in L% (RY),
we obtain that

/R () o) 0 (0)) ) 0.

In the following, we prove that

/]RN (f(x, uy,(x)) —f(x, uo(x)))¢(x) dx — 0.

As (I} (u,), ) — 0, we get (I (uo), ¢) = 0, i.e., I; (o) = 0. Thus,

/|(—A)%u0(x)|2dx+/ V(x)u%(x)dx
RN RN
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A «
- / S (3, 10 (%) ) uo (%) dx + —*/ |u0(x)|2“ dx.
RN 2(x RN
By (2.4) and Young inequality, we have

[, 1) — £ (o, 140) ] |
< lunll§] + Culuea ] + ol I + Caluo "+~ |8
< litn = uoll ] +2luolI$] + Ciloty — o 9] + Calutn — o~ ||

2 2 2% 2% 2% -1
< éeluy —ugl” + CelP|” + 2|uol|@| + eluy — uol™ + C1Ce| Pl + Calup| |-
Let

Gen() 1= maxc{|[f (3,1 (%)) — f (3, 140 ) ] ()] | = 14 () — 00 )|

- 8|u,,(x) - uo(x)|2‘§,0}.
Then
0 < Genl®) < Celgp|* + 20uol|¢| + CLCelp* + Caluo* || € L' (RY),
and G, ,(x) — 0 a.e. on RV, By the Lebesgue dominated convergence theorem, we have
/ Gen(x)dx — 0 asn— oo.
RN
Therefore,

lim sup

n—00

/]RN (f(x, Mn(X)) —f(x, uo(x)))¢ dx

<lim sup/ Ge,n(x) dx + £ lim sup/ |u,,(x) - uo(x)|2 dx
RN RN

n—00 n—00

+ ¢lim sup/ |u,,(x) — uo(x)|2:i dx
RN

n—00

< Cse.

By the arbitrariness of ¢, we have
/}R N (f (%, ua(x)) = f (%, t0(x)) ) p (%) dx — O.

Next we will verify that u, — ug in L% (RN). We claim that there exists a constant A, > 0
such that v; = 0 and v = 0 holds for any 0 < A < A, and i € J. We argue by contradiction.

Suppose that there exists iy € / such that v;; > 0 or vy, > 0, then, by Lemma 2.9, we have

2

vip < (83 lxig)) 2 (2.7)

Page 8 of 15
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Let ¢ € C°(RN) be such that ¢ € (0,1), ¢ =1 in B(0,1) and ¢ = 0 in RN \ B(0,2). For any
x_:io ), where iy € J. Using (2.1) and (2.6), one has

&> 0, we define ¢, (x) := ¢(

P

f |un(x)<pg(x)!22 dx < (Sal // Iun(x)cpg(x)—un(y)%(y)lzdxdy)2,
RN R2N

|x _y|N+2a

which means that
/ |un(x)gog(ac)|22 dx — / (pfg‘ dv asn— oo, (2.8)
RN RN
and
/ <p€22 dv — v({xio}) =v,, ase—0. (2.9)
RN
By (f4), we obtain
91)»(”1'1) - <I)/L(un): un)
0 A0 -
= 5||u,,||2 -0 fRN F(%, un(x)) dx - % /RN|un(x)|2“ dx

— [l |® + /R S 610, (0) () e + 2 /R N|un(x>|zz dx

= (9%2>||u,,||2+/ [f (%, 4 (%)) (%) — OF (%, (%)) |
RN

26 x
> )\( « )/ |4 () () dlx.
2;; RN

Let n — o0, then we have §C; > )»(2:2‘—59) f]RN go?é (%) dx. By (2.8) and (2.9), we know that

2% -0
2C; > ,\< . >v,.o. (2.10)

o

Since {u,} is bounded in E, by the definition of ¢., we know that {u,¢.} is also bounded
in E. Thus

(Ii(un), Mn%) —0 asun— 00,
which means that
[ %0 8 g ds
RN

- /R o)) + s = V() 1 0) "] () i + 0(1). (2.11)

Page 9 of 15
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By (2.4), we have
tf (x, ) < elt]* + Celt) .
Then
/RN[f(x, 14 (30)) 4 () + X |10, 2) " = V@) |10,(%) ] 0 () v
< / [€]0n @) + Co ) + 2|10 ] () i
RN
Since

/ |14(%)|* 0 (%) dx = / |14 ()| 0 () dx — |to@)| p:(¥)dx  as n— oo,
RN B(x;,2¢)

B(x;,2¢)

and
/ |uo@) g (x)dx— 0 ase — 0,
B(x;,2e
we get

lim sup lim sup A;{N[f(x, u,,(x))u,,(x) + )L|u,,(x)|22 — V(x)\un(x)|2]gog(x) dx

e—0 n—00

<(Ce +A) hmsuphmsup/ }u,,(x)|2;gos(x) dx

e—0 n—00

< (Cs +A)lim sup/ (pgzz (%) dx
RN

e—0

= (Cp + )\)Ul‘o.

In order to construct a contradiction with our claim, we choose A large enough satisfies
A > Cg, then

lim sup lim sup /RN[f(x, u,,(x))u,,(x) + )‘|Mn(x)|2‘§ _ V(x)‘un(x)|2](p8(x) dx

e—0 n—00

< 2%y, (2.12)

By (2.2), we have

f (A5 10,(3) - (~A) (10 ()
// (”n x) ”n(y)) Mn(x)‘ps(x) Mn()’)%(y))
RZN

|x y|N+2a
() — ”n(y))Zws(y)
/AZN |x _y|N+2ot dx d_)/

(%) = (1)) (@e (%) — 0 () (%)
+ //Rw dxdy.

|x _y|N+2a
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It is easy to get that
~ )V '¢:0) dxdy—)/ Y. du  asnm— o0

JL.5
R2N |x y|N+2a

/ gedpn — n(lx,y}) ase— 0.
RN

and

Using Holder inequality, one has

(w0 () — 1, () (@6 (%) — gog(y))un(x)

//RZN |oc — y|N+2e
|1 (x) — uu(Y)] @6 (%) — ws(y)llun(x)l

/ /]RzN | — y| N2
ALy,

By the following equality (see (3.7) in [19])
2 _ 2
lim sup lim sup f / 1, @1¢e (@) = ¢:H)| dxdy =0,
R2N |x _ y|N+2ot

e—0 n—00

as well as (2.11) and (2.12), we obtain that

({xio}) <2Av,, foranyipe].

From (2.7) and (2.10), one has

20\ (A8 \EE  (25-0) (S \ ¥ 2
= — e A- 2a bl
2 J\2

23 2 o

which implies

2
250\ (Sa\ T
Z a = )\,*,
<2C322>< 2 )

in contradiction with our assumption 0 < A < .. Then, for any i € J,v; =0 and vy = 0

holds. Using Lemma 2.8, we have

limsup/ |u,,(x)|2‘t dx:/ |u0(x)|2§ dx.
RN RN

n—0o0
Since |u, — up|% < 2% (|u,|% + |uo|**), by Fatou’s Lemma, we obtain

/ 22+ ‘uo(x)yzg dx
RN

a ‘un(x)‘zz + 2Zz|uo(x)‘ “_

- [ iz ) — o))
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o)™ = [ (%) — 1o ()| ) dx

n—00

< liminf/ (22Z |u,,(x)|2‘>i +2%
RN
+ 2%+ / |u0(x)|22 dx — lim sup/ |t () = uo(x)|2Z dx,
RN n—00 RN
which implies that

lim sup/ |u,,(x) — up(x) ’2:‘ dx =0,
RN

n—o0

then u, — ug in L% (RN) as n — oo.
Note that 7; (#,) — 0, and therefore

lim sup/ |(—A)%u,,(x)|2 dx
RN

n—00

= lim sup(/ f(x, u,,(x))u,,(x) dx + A/ |un(x)|2"; dx —/ V(x)ui(x) dx)
RN RN RN

n—00

< /RNf(x, uo(x))uo(x)dx+AAN|u0(x)|2§ dx—/RN V(x)u%(x)dx

gliminf/ |(=2) 3 4, ()| dix,
RN

n—00

which means that

lim | |(~A)3u,(x)| dx = / |(=A)% uo()[” dx. (2.13)
n—>00 JpN RN
Thus,
lim sup / V() (x) dx
n— 00 RN
. 2%
_hrIlesogp/ﬂ;N </RNf(x,u,,(x))un(x)dx+A/I;N|un(x)| dx

- |(—A)%un<x)|2dx>
RN

=/ f(x,uo(x))uo(x)dx+)\/ |u0(x)|2;dx—/ |(—A)%u0(x)|2dx
RN RN RN
= / V(x)u%(x)dx.

RN

Since u,, — up weakly in E, then by (2.13), we have

lim A{N \(—A)% (u, — uo)(x)|2 dx + A{N V(x)(un(x) - uo(ac))2 dx =0,

n—0oQ
which implies that u,, — g in E. O

Denote B, = {u € E : ||u|| < p}, where p is given in Lemma 2.4. The following lemma
expresses that the functional I, has a local minimum in B,,.

Page 12 of 15
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Lemma 2.11 Assume that (Vy) and (f4) hold. Let Ao > 0 be as in Lemma 2.4, then for every
A € (0, Ag), there exists uy € E such that

L (ug) = inf{],\(u) ‘u€ B_p} <0.

Proof Choose & € E such that [py |€(x)|% dx > 0. By (f4), for ¢ > 0 sufficiently large, we
have

£2 At «
A(té):5||s||2—ANF(x,ts(x))dx— = /RN|s(x>|2“dx

£, Atk
< — -
< SlE - = /RN\g(x)

o

2

dx

<0.
Therefore, letting p > 0 be given as in Lemma 2.4, one has
IA(uo):inf{l,\(u):ueB_p} <0. O

3 Proof of the main results
In this section, we use the Ekeland’s variational principle [24] and the Mountain Pass The-
orem [25] to prove our main result.

Proofof Theorem 1.1 Due to (f1)—(f4), we easily know that 0 is a trivial solution of problem
(1.1). Using the Ekeland’s variational principle and Lemma 2.11, there exists a minimizing

sequence u, € B, such that [ (u,) — inf, .z

I, (uo) and I () — 0 when n — oc. There-
fore, by Lemma 2.10, we have that problem (1.1) has a nontrivial solution u, which satisfies
L (u,) <0 and [Ju.]l < p.

Choose A; := min{Ag, 1.}, where Ao, A, are given in Lemmas 2.4 and 2.10. By the Moun-
tain Pass Theorem and Lemma 2.4, there exists a (PS) sequence {u,} C E for I, in E for
any 0 < A < A;. According to Lemma 2.10, there exist a subsequence of {u,} C E, still de-
noted by {u,}, and u.. € E such that u,, — u,, in E as n — oo. Moreover, I; (4,,) = 0 and
L (1) > B > 0. Hence, i, is another nontrivial solution of problem (1.1).

From the above argument, we can conclude that problem (1.1) possesses three solutions

such that I, (u,) < 0 = [,(0) < I, (t444) for all 0 < & < A1. The proof is completed. O

4 Conclusion

The fractional Schodinger equation is particularly important equation in fractional quan-
tum mechanics. Recently, lots of papers have been published on the existence of solutions
for fractional Schodinger equation. However, there are few of papers consider the exis-
tence of solutions for the fractional Schodinger equation with perturbation. In this paper,
we study a new form of fractional Schédinger equation involving a critical nonlinearity
(1.1). By using the principle of concentration compactness and the variational method,
we obtain the existence and multiplicity of solutions for it; our work differs from earlier
studies. Therefore, our results improve the corresponding results for this problem. In the
future, we think that an accurate numerical solution for the fractional Schédinger equa-
tion can be obtained by using numerical methods, such as that developed in [30, 31].
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