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1 Introduction

The Ginzburg-Landau equation (GLE) has been used to model a wide variety of physi-
cal systems [1]. The fractional Ginzburg-Landau equation (FGLE) was first suggested by
Tarasov and Zaslavsky [2, 3] for fractal media. The FGLE has been exploited to describe
many physical situations [2, 4, 5], where the FGLE is characterized by the fractional power
of the Laplacian. Recently, the coupled fractional Ginzburg-Landau equation (CFGLE)
with stochastic noise was discussed by Shu et al. [6].

There are quite a lot of numerical studies for the classical GLE and FGLE, see [7—15] and
the references therein. To the authors’ best knowledge, there are not too many numerical
studies for the CFGLE. As far as we are aware, only very recently, Li and Huang [16] pro-
posed a second-order implicit midpoint scheme for CFGLE. However, the method in [16]
is a nonlinear scheme which requires some iterations at each time step, and only L2-norm
error estimates are provided.

In this paper, we consider the following CFGLE:
e+ (v +im)(=A) S u
+ ((/q +icy)|u* + (81 + i,31)|v|2)u -yu=0, xe€R,0<t<T, (1)

v+ (Uy + i) (~A) 2y

+ ((Kz +i0)|ul* + (8 + iﬂz)lvlz)v— =0, x€R,0<t<T, (2)

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13662-019-2389-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2389-5&domain=pdf
http://orcid.org/0000-0002-0610-3495
mailto:hushuanggui808@csu.edu.cn

Xu et al. Advances in Difference Equations (2019) 2019:455 Page 2 of 22

with the initial condition
u(x, 0) = uo(x), v(x,0) =vo(x), x€R, (3)

where i = /=1 is the complex unit, u(x,t), v(x,t) are complex-valued functions of time
variable ¢ and space variable x, v; > 0, vy > 0, k1, k2, 81, 82, 11, 2, &1, &2, Y15 V2, By B2
are given real constants, (), Vo(x) are complex-valued functions satisfying certain reg-
ularity, and 1 < o < 2. The fractional Laplacian can be regarded as the Riesz fractional
derivative [17-22]

1

(CA)3() = ~0f (@) = Foers (oD + D )f @) )

where _,,D}f(x) denotes the left Riemann-Liouville fractional derivative

—ocDSf (%) =

d2 x

r2-a)ds | o (x—g)t

and ,D%_f(x) denotes the right Riemann—-Liouville fractional derivative

«Dfoof () =

dz +00
1 / f©&) d. ©)

I'(2-a)dx? (& —x)*-1

Ifu) =K1 =81 =y1 =y =Ky =83 = y» =0, Egs. (1)—(2) reduce to the coupled nonlinear
Schrodinger equation [19].

The objective of this paper is to develop an unconditionally stable linearized scheme
with optimal pointwise error estimates for the above CFGLE. The method, which uses
three time levels, is shown to be fourth-order convergence in space variable and second-
order convergence in time variable in the sense of L*-norm. Moreover, Richardson ex-
trapolation is exploited to improve the temporal accuracy to fourth order. And the method
is also shown to be almost unconditionally stable (the time step is not related to the spatial
meshsize).

The rest of this paper is organized as follows. Section 2 gives the linearized implicit finite
difference method. Section 3 provides the theoretical analysis for the proposed scheme,
which includes the convergence and stability. Section 4 presents the numerical results

which confirm the theoretical results. And the conclusion is given in the final section.

2 A three-level linearized implicit difference scheme

2.1 Spatial discretization

In this paper, we adopt the fourth-order central difference scheme proposed by [17] to the
spatial discretization for the Riesz fractional derivative, where the method is based on the

Ortigueira’s second-order scheme and an average operator [17, 23].

Lemma 1 (see [23, 24]) For o > —1, the fractional centered difference is defined by

o0

AYf(x) = hia D cife—kh), %

k=—00
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where

(=% + 1)

a+l
Ot: _ 1_— o k Z‘ 8
“TTE kDI rk+1) ( %_,,k)Ck—l forke ®)

The coefficients c have the following properties:
¢y >0, g=c <0 fork==+1,%2,.... 9)

Lemma 2 (see [24]) Letf(x) € C°(R) NLY(R) and all spatial derivatives of f (x) up to order
five belong to L*(R). Then

(-A)2f(x) = ALf(x) + O(h?) (10)
forl<a <2.

Lemma 3 ([17]) Letf € C’(R)NLY(R) and all derivatives up to order seven belong to L'(R)
and 1 <o <2, then

oo

> difx—kh) = AX((-A)%f(x)) + O(H*), (11)

k=-00

1
hot

where the average operator Aj, is defined as

A @)= ) + (1 _ 1a—2>f(x) - 2 e,

2.2 Fractional Sobolev norm
Under certain conditions, the solution of problem (1)—(3) converges to zero when |x| —
0o. Thus, in practical numerical computation, we truncate the original problem on a

bounded interval and take the following homogeneous Dirichlet boundary conditions:
u(x,t) =0, v(ix,t)=0, xeR/(a,b),tel0,T], (12)

where a and b are usually chosen sufficiently large negative and positive numbers.
In the numerical computation, the solution domain is defined as {(x,£) |a <x < b,0 <

t < T}, which is covered by a uniform grid {(x,¢,) | xj = a + jh, t, = nt,j=0,...,M,n =
b-a
™
function P" = P} (0 <j < M), the following notations are introduced:

0,...,N}, with spacing /1 = %&£, 7 = I, where M, N are two positive integers. For any grid

. P;’l+1 +P;1—1 8 Pn P;’l+1 _P;q—l 13)
i 2 D (
Denote

Zy ={P|P={P},Po =Py =0}.
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For any grid functions P, Q € Z?, we define the discrete inner product and the associated
L?-norm
M-1
P,Q=hY PQ,  |P|=®P). (14)

j-1

The discrete L*°-norm is defined as

IPllc = max [P (15)
1<j<M-1

LetL? = {P| P € Z), ||P| < +00}, and for any given § € [0, 1], the fractional Sobolev norm

|IP|| ;s and seminorm |P|ys are defined as

wlh wlh
IPI2,s = / /h(1+|k|23)|P(k)|2dk, P2, = / . k12| (k)| dk, (16)

where the relation between the semi-discrete Fourier transform P(k) and the grid function

is given by

Pie ™, ; / P(k)e™ dk. 17
«/271 Z 5= V2w Jam ) 17)

1<j<M-1

Obviously, [|P|[2; = [|P||* + |P[?,;. Let Hj, := {P € Zj | ||P||;s < +00}, then we introduce

the following two lemmas which are shown in [25].

Lemma4 ([25]) Foranyl<oa <2andP € HZ , there exists a constant C, > 0, independent
of h, such that

1Pl < CullPl, 5 - (18)

Lemma 5 ([25]) Forevery 1l <o <2, we have

2\ o o 2 bl
(;) P < (AfP,P)<IP?g, VPeH;, (19)
and
2\ a
(;) IPLg1Ql,s = D [ATPQ| = 1Pl g1QlLg, YP.QEH . (20)
jezZ

With the assumption of homogenous boundary condition (12), for any P € Z2, we have

j-M+1 1 M-1
AYP; = Z Py = e > Py (21)
k=j-1 k=1
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2.3 Numerical scheme
A three-level linearized difference scheme [26—29] for boundary value problem (1)—(3)
with homogeneous Dirichlet boundary conditions (12) in the finite domain §2 = [4, )] is

as follows:

. 7 . s 2\ 7 77t 7
A8 U] + (1 + i) MG + AL (e + )| U] + 61 + B0 | V] ) U] - AU
=0, 0<j<M,1<n<N, (22)

AL VI 4 (g + im) ALV + A% (k2 + &)U + (82 + i) | VI ) VI] =y ALV

=0, 0<j<M,1<n<N, (23)
U = uo(x), VP =wlx), 0<j<M, (24)
Ur=u’=0, V'=V'=0, 0<n<AN. (25)

Since the difference scheme involves three time levels, the first step values Lljl, Vj] are
required to begin stepping the numerical solution forward in time.

Using Taylor expansion and Egs. (1) and (2), one has

u' = uy + Tuy(x,0) + O(7?)
=ug—t((v1 +im)(=A) T uo
+ (1 + i61)luol® + (81 + iB1)Ivol*)uo — y1u0) + O(?), (26)
v =g+ Tvi(x,0) + O(7?)

=vo = 7((vy + im)(=A) v

+ (k2 + i82)|uol* + (82 + iBa)Ivol*)vo — yavo) + O(?). (27)

In addition, from Lemma 2 we know

M-1

(—A)%uo(xj) = hi"‘ Z c;?‘_kuo(xj) + O(hz) = Ajuo(x)) + O(hZ), (28)
k=1
. 1S
(=2)Tvolwy) = oo D vox) + O(H?) = Afvo(x) + O(ir). (29)
k=1

In the numerical simulation, U!, V! are obtained from the following scheme:
ul = U —o((v +im) AgUp
+ (G +ig) U0 + @0+ iB)| VYU - ll), 0<j<M, (30)

le = Vjo —1((v + i) A}, Vjo

+ (2 + i) [P + B2 + iB) |V )VE = 12 VD), O<j<M. (31)



Xu et al. Advances in Difference Equations (2019) 2019:455 Page 6 of 22

3 Theoretical analysis
Lemma 6 For any grid functions P,Q € Z2, we have [17]

(AP, Q) = (P, A:Q). (32)
Moreover,
1
[APl <1Pl, SR < UIPIG < 0PIP, (33)

where ||P||4 = /(A%P,P).

Lemma 7 For any two grid functions P, Q € ZY, there exists a linear operator A* such that
(30]

(A7P,Q) = (A“P, A%Q). (34)

Lemma 8 For any grid functions P" € Z), we have

Im(A}P",P") =0, (35)
_ 1 ~
Re(AaP", ") = ([P = [P]2), (36)
o n 1 o -
Re(AL8,P", AfP") = = ([ AP — [ 4P ). (37)

Lemma 9 (Discrete Gronwall’s inequality [31, 32]) Let {u} and {wi} be nonnegative se-
quences and o be a nonnegative constant satisfying

U, <o+ Z Wi forn> 0. (38)

0<k<n
Then, for all n, it holds

> w). (39)

0<k<n

U, §aexp<

3.1 L* convergence
Let u(x, t), v(x, t) be the exact solution of problem (1)—(3) and (12), LI;‘, Vj" be the solution
of numerical schemes (22)—(25). Let u]" = u(xj, tn), v]f‘ = v(xj, t,), the error functions

e =u - U, &'=vi-V" j=12..,Mn=12,..,N.

Define the truncation errors of scheme (22)—(23) as follows:
r}’ = AﬁStu;’ + (v + im)AZu;’
. 2 . 2\ 7 7
+ AL [((ke1 + z§1)|uf| + (61 + Lﬂ1)|vl’7| )u]”] -nAzuf, (40)
s]’7 = Afjstv;“ + (v + inz)AZVf

+ Af:[((l(g + i;‘z)‘uﬂz + (8 + iﬂ2)|v;‘ Z)V;_q] - yzAfC‘vf, (41)
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forl<j<M-landl<n<N-1
Subtracting (22) from (40) and subtracting (23) from (41) yield that

v = ALSiel + (vy +im) Al + ALP -y Alel, (42)
s) = ALSE + (vg + in) AGET + AZQ) - 1 ALES, (43)
where

P! = (G +ig)|w)[* + 5y + B v *)ul = ((er + iz) 1| + (80 + i) |V,
Q' = (2 + iC2)|M}1’2 + (82 + i) V] 2)V}_1 — (2 + iCz)’UﬂZ +(8 + i,32)|‘/;n}2) V.
Using Taylor expansion and Lemma 3, we can easily obtain the following lemma.

Lemma 10 Suppose that the solution of problem (1)—(3) is sufficiently smooth. Then it
holds that

< Cr(z®+hY), s <Ce(z?+h"), 1<j<M-11<n<N-1, (44)
where Cy is a positive constant independent of T and h.
Following a similar proof of Lemma 9 in [14], we can obtain the lemma below.

Lemma 11 Suppose that the solution of problem (1)—(3) is sufficiently smooth. Then one
has

|el,1| < C.(r* +Th?), |AZ‘e}| < Co(r?* +Th**),
(45)

|6/ < C(®+ 1), |AjE | < Ce(e? + Th?),
where C, is a positive constant independent of T and h.

Theorem 1 Suppose that the solution of problem (1)—(3) is smooth enough, then there ex-
ist two small positive constants ty and hy such that, when t < vy and h < hy, the numerical
solution (U", V") of difference schemes (22)—(25) and (30)—(31) converges to the exact so-

lution (u”,V") in the sense of L -norm with the optimal convergence order O(z? + h*), i.e.,
”u”—LI"||OO§Co(1:2+h4), ’|v"—V””oo§C0('l:2+h4), 1<n<N, (46)
where Cy is a positive constant independent of T and h.

Proof We use mathematical induction to prove (46). It follows from (45) that the error
estimate (46) holds for n = 1 when 4 < 1. Indeed,

5
' =t = ZCela? 4 1)

when # <1,and th? < % + K% is used.

Page 7 of 22
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Now assume that (46) is valid for m < n, we want to show that (46) is also valid for 7 + 1.
By the assumption, one has

7 2 |+ 1] S G (M) SCon s Az
47
[V = 7]+ 167 = Gt Gofe? + ) < Co 1, 1=mizi

for T < 7 and & < k1, where 1y, hy satisfy that 2 + i} < Cio Here,

szmax{ max |u(xt)|, max |v(x,t)|}.
a<x<b0<t<T a<x<b,0<t<T

Now, computing the discrete inner product of (42) with e” and taking the real part of
the resulting equation, we have

lle™ M IE = lle 13

VN ace P = —Re[ (A )] | o R[N, a8)

where
P = (k1 + i§1)|u;'|2uj’ — (k1 + i§1)|L[1”|2L[]ﬁ + (8 + iﬁl)ivﬂzu;—’ - (81 +iB)| ‘/jn|2l’[/'ﬁ
= (e +ie) ([ = [t )] + | Pel) + @1+ i (v = [V 1) + [V [e])
= Gy + i) (] = (L) (|egt | + | )l + €]
@+ i) (V] = V2D (v ] + [V + [V [el). (49)

By using assumption (47), one has

L e T W N P R T P
AR+ 1L+ Dl
< \Je? + G((Cu+ Con + DG [ + o+ 7] 7))
5+ G (G G+ DG "] + (v 2] )

<a(ler] + 18] + 1) 50
for T < 7y and /4 < hy, where
Cy=2(C,, + 1)2max{\m,m}.
Thus,
PI? <33l + [ + ) 1)
Moreover,

[-Re[ (472", &")]| = |(ATP", €]

Page 8 of 22
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= [ Az

(=P |+ )

IA

IA
— N = N

(271" + ")

BCH (e I” + &+ 1) + ")

3CI+1
<1 -
- 2

3C?+1
<
- 2

2

< 3(3C; +1)

< =
—2

(le"]*+ e + 20 1)

(e 17 + e [” + eI + &)

(e 5+ el + e 1 + g1,

where Lemma 6 is used.

Similarly, one has

, 1 _
Re(e)| = 5 (11 + )
1 _
<SP e o e )
1 3 _
<P (e s e ),

where Lemma 6 is used.
From (48), (52), and (53), we have

2 —172
lle™ M IE = lle 13

4t
= v | 4°¢7|* - Re[ (412", &) ]+ 1 |€" [, + Re[ (", €)]
- 3(3C7 +1)

< 2D e el ¢ e + e )

B et e ) + 3171+ 21 + e 1)
<ol + e+ e I+ e )

L e e )+ 5 1

9C2+6
where C; = ——. Thus,

et 5 = e I < aCar (e [ + eI+ e 1+ e 1) + 221

w2nle(|e )%+ e )

(52)

(53)

(54)

(55)

Page 9 of 22



Xu et al. Advances in Difference Equations (2019) 2019:455 Page 10 of 22

Similarly, computing the discrete inner product of (43) with £” and analyzing the result-
ing equation, one can obtain

lem % - 1&m 15 < acsr (&5 + 1&" 5 + 675 + e ]2) + 2|5
w2yl (e + e, (56)

9(Cy)2+6
2

Cy=2(Cp + 1)2max{,//<22 + 0383 + ,622}

Next, computing the discrete inner product of (42) with A%e” and taking the real part

where C;, = ,and

of the resulting equation, we obtain

A% % — | A%e" 13
4t

= Re[-(A2P", AZe;‘)] _— || A%e" ”j +Re(r", A‘;fe;‘), (57)

+v; || AZe;’ HZ

where Lemma 6 and Lemma 7 are used.
From (50), one obtains

[P17 <3 (e 17+ e P + e I + &) (58)

fort <t h<h.
Thus, we have
[Re[-(ALP", A" ]|
< [AzP"|[|a%e”

= [Pz’

1 v _
= g PP 15
3C? ~ y 7
e i e s W G PR IV
9C7 7
< ol o I o e+ 1) + s £
1

and

[Re(r, Afe)| = [ ][] Afie™] = 2%1 7+ 5 ase). (60)

Substituting (59) and (60) into (57), one has

A% 15 - | A%e" 115
4T

2
_oct

- - 1
= Sor (e L Bl et I+ 6 + il ae L+ -1
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2
_9¢

< soc (e sl e + 1)

[y1l _ 1
s (fae  + |ae ) + oL I” (61)
Thus,

[aert |~ | ace ],

18C3t ,\ ,_
e (o R R B R
c2nle(ace [ fae )« )

when t <11, h < l3.
Similarly, computing the discrete inner product of (43) with A,£" and analyzing the

resulting equation, one can obtain

e e PR

7\2
< 18(Cy)*t

e (Ll o+ 05+ 185 + el
2T

w2dple(fate [+ favet )+ s

, (63)

when t <11, h < I3
Adding inequalities (55), (56), (62), and (63), one obtains
[acers I+ face G+ et I + e 1
o o PR A R P R A
<Gr(e G+ 2e [ + e + [ ae [ + 2] a%e [ + | ave]})

+ Cor (e I+ 20 + &G + a5+ 2] ave” |+ | ace ] )

. (2+ U%)fnrnn% (2+ Uiz)f”sn

2 /2
where C3 = max{ lifl, 18(521) ,4Cy,4C3, 2|y1, 2] o}

-172 -12 2 2 —172 -112 2
Let E" = [|A%" V3 + lle" I3 + 1A% 1% + lle” 5 + IA“E™ 1% + 1" 115 + 1.A“E" 115 +

€713, then one has

2, (64)

B _Er < Cg‘C(En+l +E”) + (2 + 3)t”r” HZ + <2 + 3)1”5" 2
U1

U2

; (65)

which is equivalent to

(1= Cyo)(E™ — E") < 2CoeE" + (z . U3>z||rn 12+ (z . U3>f||sn 2 (66)
1 2
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When 7 <15 = then 1 - C3t > , (47) gives

2C ’
E"™ " < 4CyE" + (4 . i)r”r" 12+ (4+ i>f||sn B (67)
U1 Uy

Replacing n by k in (67) and summing over k from 1 to # yields

E"' -E'<4Cyr Yy EF+ (4+—) ZHrkH + <4+—> Z“sk“ (68)

k=1

From Lemma 10, one gets

T ZHrkH2 < rnC§(12 + h‘L)2 < CI%T(r2 + h4)2,

- (69)
T X:Hsk”2 < THCI%(TZ + h4)2 < CI%,T(I2 + h4)2.
k=1
Lemma 11 yields
le' % =l = <hZ\el|\elf
<(b-a) max |e |
1<j<M-1
<CXb-a)(t*+ th)2
25 , 4
< 16Ce(b a)(t>+h )
where th? < % + K% is used.
And
[a%e! | < [ a%e! | = (afe",e") <hZ|A &[]
<(b-a) max [Afe] max |
< Cez(b - a)(r2 + thz“")(r + rhz)
2_5 20 2, 74\2
< 16Ce(b a)(t® + h*)
for h < 1. Thus,
e, < 2CBa@ + i), A%, = 2Cohale + i) (70)

Similarly,

5 5
Oy A P O o Y PNt
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In addition, ||€°]j4 =0, | A%°||4 = O, ||E%l4 = 0, | A%E°||4 = 0. Thus,

Eb=faet [+ et + [ ae + e + [ ae! I+ et 1+ lacel + €°1
< [ty et + 1A+ et

<25C2(b - d)(l’2 + h4)2‘ (72)

Substituting (69) and (72) into (68) gives

El <4Cst ZE" + C4(r2 + h4)2, (73)
k=1

where Cy = 25C%(b—a) + (8 + U% + U%)CI%T.

By using Lemma 9, one has
E™ < Cu(t? + h4)ze4C3’” < Cue* ST (22 + h4)2. (74)

From Lemma 5, Lemma 6, and Lemma 7, one gets

1 n+l]|2 2\* n+l|2 <1 n+l |2 A%pt] 2
Ll (2) e g ) < 2o+ Lasem

<[t |G+ [a%e | < Cue' ST (2 + 1Y) (79)
Thus, one obtains that
et < 3C4e4c3T<%>a(,2 i) (76)
Therefore,
le 5 = Cs( + 1), (77)
where Cs = [3C;eiCT(3)e.
By Lemma 4, we obtain
[t = Calle™ ] g = CaCs(z? + i) (78)
Similarly, we also have
[ = Callg™ 5 = CuCs(z? + 1. (79)

Now we take Cy = max{C, Cs, %Ce}. Once Cj is fixed, the condition for y, k1, i.e., T2 + hf <
1/Cy, can be used to determine 1y, /;.

Thus, let 7y = min{t, 75} and /1y = min{/1, 1}, then (46) is valid for # + 1. The induction
is closed. This completes the proof. O
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Theorem 2 Suppose that the solution of problem (1)—(3) is smooth enough, the solution
u" of difference schemes (22)—(25) and (30)—(31) is bounded in the L*°-norm for T < 19
and h < hy, i.e.,

lu"| . <Co |V, <Co» 1=<n<N, (80)
where ty, hy are the same positive constants in Theorem 1.
Proof From Theorem 1, one has

[ = 1l + el oor

<Cu+Co(r*+h*), 1=<n<N, (81)
and

Ve = 1Vl + 18" s

<Cu+Co(r*+h*), 1<n=<N, (82)

for t < 19, 1 < hy.

Since Co(t? + h*) < 1 for 7 < 19, & < kg (see the proof in the above theorem), one has
=€ Vle=Co 22n=N, (83)
where C, = C,, + 1. This completes the proof. g
3.2 Existence and uniqueness

Theorem 3 Suppose that the solution of problem (1)—(3) is smooth enough. Then difference
scheme (22)—(25) is uniquely solvable for

. 1 1 }
T < miny To, )
{ Il + (Ve + 2+ /87 + BDC2 |yl + (V2 + 3 + /83 + B3)C2

and h < hy, where ty, hy are the same positive constants in Theorem 1.

Proof To prove the theorem, we proceed by the mathematical induction. Obviously,
U' and V! can be uniquely determined by (30) and (31). Suppose U',U72,...,U",
VLV2,...,V" (1 <n < N - 1) are obtained uniquely, we now show that J"*! and V"1
are uniquely determined by (22)—(23).

Assume that U151, 1J"*12 are two solutions of (22), and let W+ = /"1 _ [["+12 then

it is easy to verify that W"+! satisfies the following equation:

1 1 1
;Afj w4 5(u1 +in) AW+ 5,43;(((,(1 + i§1)|u;4|2 +(81 + iﬁ1)|vj"|2)v@”+1)

1
- EylAz wth=0, 0<j<M. (84)
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Computing the inner product of (84) with W”*! and taking the real part of the resulting
equation, we have

i_ﬂ n+l || 2 ﬂ o yyn+l |2

(30 -2 )Wl s S paswe
1

+ 5 Re(AL (0 + ic)|U” ) + 81+ )| V') W), wrh) = o, (85)

where Lemma 7 is used.
Thus,

1

(-m ) 1w s asweap
= —Re(A% (k1 + ic)|U* + 5y + i) |V ) wet), wret
= —Re(((er + )| U"[* + 31 + iB) | V") WL, A% W)

< (Vb +c2wystep2)c W]} (86)

when t < 19, & < Ky, and here Theorem 2 is used.
If T < 19, 1 < hy, then

1
(2-n- (et eet e fstep)c) v e wasw P <o )

where Theorem 2 is used.
. 1 1, Y 2, 32\ (2 .
If T < min{r, \y1\+(JKf+{f+J6f+ﬁf)C$}’ then X -y — (&} + & + /87 + BY)C? > 0. Since
v; > 0, (87) implies

[wt] = [awt] <o, (88)
which further implies
w1 = | w1 ] o, 9

where Lemma 6 is used.

Therefore, (84) has only a trivial solution. This proves the uniqueness of the numerical
solution U"*!. The proof of the uniqueness for V"*! is similar. This completes the proof
of the theorem. d

3.3 Stability

Next we will show that the numerical solutions of the proposed scheme are stable in the
sense that when initial conditions (3) and the right-hand sides of equations (1)—(2) have
small perturbations, the perturbation for the numerical solutions remains small. Consider
the following two problems.

Problem 1

we + (U1 + i) (=A) 2w+ ((er + iC)Iul + (81 + iB1) VI u - yiu

=filx,t), x€lab),0<t<T, (90)
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Ve + (Vs + i) (=A) 2V + (ke + 080) ul® + (82 + iB2) Vv — yav

=g(xt), x€labl,0<t<T, (91)

with the initial condition

u(x,0) = u1(x), v(x,0)=v1(x), x€la,bl,0<t<T, (92)

and the homogeneous Dirichlet boundary conditions

ui(x,t) =0, vi(x,t) =0, xeR/(a,b),tel0,T]. (93)
Problem 2

we + (U1 + i) (=A) 2w+ ((er + iC)Iul + (81 + iB1) VI u - yiu
=fox,t), x€la,b),0<t<T, (94)
Ve + (g + i) (=A) 2V + (k2 + &) [ul* + (82 + iB) [VI*)v = yav

=gx,t), x€labl,0<t<T, (95)

with the initial condition

u(x, 0) = uy(x), v(x,0) =vy(x), x€la,bl,0<t<T, (96)
and the homogeneous Dirichlet boundary conditions

us(x,t) =0, vo(x,t) =0, xcR/(a,b),tec|0,T]. 97)

The numerical solutions U", V}" for the first problem are given as follows:

A8 + (1 + i) AGUT + AL (e + )| L[ + 61 + B0 | V] ) U] - AU
=fi(x,t"), 0<j<M,1<n<N, (98)
A8V + (s + i) ALV + A ((ea + i) | U+ (8 + iBo) | V)" V] = o ALV
=g(%,t"), 0<j<M,1<n<N, (99)
Ul = U —((v +im) Mg U
+ (ey + ie)|UP* + @y + iB)| VU = U~ fi(x;,2°)), 0<j<M, (100)
le = Vjo - ‘L'((Uz +in) Ay, Vjo
+ (e + i) [P + B2 + iB) VY)Y = 12V — @1 (1 £°)), O<j<M, (101)

L[],O = u1 (%)), Vjo =vx), O0<j<M, (102)

ur=uy =0, VI=V0i=0, 0<n<N. (103)

Page 16 of 22
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The numerical solutions I/, V" for the second problem are given as follows:

ALSU + (oy + i) QU + AL (Ger + 80U + 81+ B0 VI U] - mASU?
=fo(xt"), 0<j<M,1<n<N, (104)
ALBV] + (g + im) ATV + AL (G2 + i) U7 [ + G + i) [V] ) V)] = ma ASV)
=@(%,t"), 0<j<M,1<n<N, (105)
Ut =UP - ((vy + im) AU
+ (ter + i) U] + 0+ BV YU =il ~fo(3,£°)), 0<j<M,  (106)
V=V o((ug + i) AR VY
+ (o + i) U] + B2 + iB) V)V = 1V - ol £°)), O<j<M,  (107)
U =uy(x), V) =wlx), 0<j<M, (108)

Uy =Uy =0, Vo=Vy=0, 0<n<N. (109)
Now denote

g, U=V
=i ") ~Lt"), g =at") -g "),
;= uy (%)) — uz (%), ;= v1(x) — valy),
wherej=1,2,...,M,n=1,2,...,N.
Subtracting (98) from (104) and subtracting (99) from (105) yield that

Jr = AL + (vy + in) AL LT + AR~y AL, (110)
g= Ag(St\A/j” + (Ug + im) A} Vﬁ + ALS! =AY \A/jh, (111)
where

R = (Ger + i) [U7 [ + @G0+ 0|V )] = (Ger + i) Ul [+ 61+ B0 [V )]

S = (k2 + l'é°2)|u,-n|2 +(82 + i52)|\/jn|2) V,'h — (2 + i§2)|ujn|2 + (82 + i/32)|V,-"}2)Vf

forl<j<M-landl<n<N-1
Subtracting (100) from (106) and subtracting (101) from (107) yield that

i} = U0 — (o + in) ALY + R = 010 - 1), (112)
\7j1 = \A/jo—r((vz+in2)AZ1A/j°+S;’—J/2‘A/jO—§]9), (113)
where

R = ((ey +ig0)|UP]* + (81 + iB)| VO )UL — ((kx + i) UL + (81 + iB0) | V2P,

St = (k2 + i) U] + (8 + iB) | VO ) VP = ((ka + i) UL + (82 + i) V2 ) VY.
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Following a simple analysis, one can easily show the following lemma.

Lemma 12 Suppose that the initial conditions and the solutions of the above two problems

are sufficiently smooth. Then one has

A

|0} < Cy(liy) + 1) +

i)
+|af Ay
)

|A°’V1| <C (|A°‘ ]| + |A“v,| + |AhA°‘V,| +t|Ath

|45} = G| AGiy] +

(114)

V1= Gl + 151+ [A53] + 28]

), 0<j=<M,
where C, is a positive constant independent of T and h.

By using Lemma 12, the L*-norm boundedness of the numerical solutions 1", V", ",
V" from Theorem 2, the discrete Gronwall’s inequality of Lemma 9, the similar type of
mathematical induction, and inner product technics as shown in the proof of Theorem 1,

one can show the following stability results (the detailed proof is omitted).

Theorem 4 Suppose that the solutions of the above two problems are smooth enough, then
there exist two small positive constants t° and h° such that, when t < t° and h < h°, the
numerical solution (U", V") of difference scheme (98)—(103) and the numerical solution
U", V") of difference scheme (104)—(109) have the following estimates:

Ju —u)
o0

< CO(Nell® + 19107 + | Agar]® + | Ago) + | Agaga|® + | Agagy]?)
+C <2|Lf°H + 2@ + 2 Anf | + 22| g

n-1 n-1
+r2|w||2+r2||§kn2),
k=1 k=1

, (115)
v -v.,

< COal® + 1902 + || Agar])” + | Agp; + | Agaga|® + | Az ags|?)

( WL+ 21200 + 22 aif I + 2 a5°)°

-1

n-1
P IT). 12nsn
k=1

k=1
where C° is a positive constant independent of T and h.

From the above theorem, one can see that if the initial perturbations &, ¥ and the per-
turbations of the right-hand sides f , & are small, then the difference of numerical solutions
corresponding to these perturbations remains small. Therefore, the method proposed in

this paper is unconditionally stable.
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Remark 1 In order to increase the time accuracy, the following Richardson extrapolation

for the final step numerical solution is used:

- 4 1
UN(At, h) = guN(At,h) - gL1N’2(2At,h),

(116)
- 4 1
VN(AL B) = 3 VN(AL B) - 3 VN2(AL h),

where UN(At, h), UN"*(2At, h) are numerical solutions at the final step by using spatial
meshsizes /1 and time step At, 2At, respectively. We will use this temporal scheme for

numerical computation.

4 Numerical results
In this section, we present some numerical results of the proposed difference scheme (22)—

(25) to support our theoretical findings.

Example1 Inorder to test the accuracy of the proposed scheme, we consider the following
system with source terms:
u,+(1+ i)(—A)%u + ((—1 —Du?+1+ i)|v|2)u -u=f(x1t), x€(0,1),0<t<]1,

v+ L=)(=A)2v+ (A +i)ul + (1 -D)v+v=gxt), x€(0,1),0<t<1,
with the homogeneous boundary conditions
u(0,2) =u(1,t) =0, v(0,¢) = v(1,£) =0.

The initial conditions and the source terms f(x, t) and g(x, £) are determined by the exact

solutions
u(x, t) = exp(—t)x*(1 — x)%, vix t) = (¢ + 1)%x* (1 - x)*.

Table 1 and Table 2 list the errors and the convergence orders for the proposed method
with ¢ = 1.2,1.5,1.8,2.0 in the L*-norm, respectively. As we can see, these results show
that the proposed method is fourth-order convergence both in time and space variables.

In order the illustrate the unconditional stability of our methods, we fix T and vary 4,
results for o = 1.5 and o = 2 are plotted in Fig. 1. As one can see, these results clearly show
that the time step is not related to the spatial meshsize, and as the spatial meshsize goes

to zero, the dominant error comes from the temporal part.

Table 1 [°°-norm errors and convergence orders of U obtained by the fourth-order scheme for

Example 1
T h a=12 a=15 a=18 a=20

It -Ulle  Order [u"-0U"le Order |u"-0"]loc Order [u"-0U"lee Order
1/32 1/32 1.61e-08 - 2.83e-08 - 1.05e-07 - 1.68e-07 -
1/64 1/64 8.78e-10 4.20 1.81e-09 397 2.66e-09 5.31 3.15e-09 5.74
1/128  1/128  5.75e-11 393 1.05e-10 411 1.48e-10 4.16 2.24e-10 3.81
1/256  1/256  3.93e-12 3.87 6.14e-12 4.09 8.99%e-12 4.05 1.30e-11 4.1
1/512  1/512  2.67e-13 3.88 3.63e-13 4.08 540e-13 4.06 8.07e-13 401
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Table 2 [°°-norm errors and convergence orders of V obtained by the fourth-order scheme for

Example 1
T h a=12 a=15 a=18 a=20
IV -Vl Order V"Vl Order v"~Vlo Order [V -Vl Order
1/32 1/32 3.42e-07 - 5.19e-07 - 1.08e-06 - 1.29e-06 -
1/64 1/64 1.96e-08 4.12 3.04e-08 409 4.62e-08 4.55 5.69e-08 4.50
17128 1/128  1.16e-09 4.08 1.78e-09 4.09 2.79e-09 4.05 4.10e-09 3.80
1/256  1/256  7.76e-11 390 1.05e-10 4.08 1.68e-10 4.05 2.49e-10 4.04
1/512  1/512  562e-12 3.79 6.23e-12 4.08 1.01e-11 4.05 1.56e-11 4.00
] —aa=15 ] 10%E —=—o=15 73
—o— 0 =2.0 —e—q =20
10° F E S
10° 4
. 107 E E .
g < 10k E
:é 10° L 4 té
107 E
10° F E
@ 0 3
R 100 200 300 0 100 200 300
M M
Figure 1 Numerical errors othained by the fourth-order method for fixed T = 0.001.(a) Numerical error of Uat
T =1;(b) Numerical errorof Vat T =1

Example 2 In this test, we take the following parameters:

~ _u1(3./1 +4vi-1)

v =0.3, =0.5, K1 =
! n ! 2(2+90?)

’

&= -1, 81 =K1, ﬂl =0 = 0,

v2(3y/1 +4v; - 1)

2(2 +9v3)

Uy = 03, Ny = 06, Koy =
H=-1, 82 = K, B2 =0, y2 =0.

In the computation, we use our proposed fourth-order method, where the computa-
tional interval is chosen as [-15,15], final time is set to be T = 1, and the initial value is
taken as

u(x,0) = sech(x)e*™, v(x,0) = sech(x)e*™. (117)
The “exact solution” is computed on the very fine mesh /2 = 1/256, T = 1/256.
Table 3 and Table 4 list the errors and the convergence orders for the method with « =

1.2,1.5,1.8,2.0 in the L*°-norm. And these results confirm the fourth-order convergence

both in time and space variables.

5 Conclusion
In this paper, we developed a fourth-order linearized implicit finite difference method for
the CFGLE. The method is unconditionally stable. Moreover, a rigorous analysis of the
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Table 3 [°°-norm errors and convergence orders of U obtained by the fourth-order scheme for

Example 2
T h a=12 a=15 a=18 a=20

IV -Tllse Order [0 -TU'lls Order [u"-0"oo Order [u"-TU"]lo  Order
1/8 1/8 5.65e-02 - 2.22e-02 - 2.58e-02 - 2.15e-02 -
1716 1/16  841e-03 275 3.32e-03 274 2.17e-03 3.57 1.46e-03 3.88
1/32 1/32 7.56e-04 347 2.86e-04 3.54 1.43e-04 3.92 9.45e-05 3.95

1/64  1/64  535e-05 3.82 1.93e-05 3.89 9.18e-06 3.96 6.11e-06 395

Table 4 [°°-norm errors and convergence orders of V obtained by the fourth-order scheme for
Example 2

T h a=12 a=15 a=18 a=20
V' =V'lee  Order V-V Order V' =V"looc Order [V"=V"|los  Order

1/8 1/8 4.91e-02 1.55 2.13e-02 245 2.62e-02 241 2.14e-02 2.86
1716 1/16  7.69e-03 267 3.27e-03 2.71 2.14e-03 3.62 141e-03 393
1732 1/32  7.16e-04 343 2.83e-04 353 1.40e-04 393 9.17e-05 394
1/64  1/64  5.15e-05 3.80 1.92e-05 3.88 8.98e-06 3.97 5.92e-06 3.95

proposed difference scheme is carried out, which includes the unconditional stability and
the L*°-norm convergence of the method. Moreover, Richardson extrapolation is used to
increase the temporal accuracy to fourth order. Numerical tests are performed to validate
our theoretical findings.

This paper only focuses on the coupled space fractional Ginzburg—Landau equations,
where time delay is ignored. As is well known, time delay has been receiving considerable
attention and eliciting widespread interest [33—37]. However, the coupled space fractional
Ginzburg-Landau equations is a nonlinear system, the convergence analysis for the time-
delay case is not a matter of standard error analysis. We leave it as the future work.
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