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1 Introduction

1.1 Alittle on solvability

Solvability of recurrence relations was started to be studied long time ago [1-3]. That the

relations are, in fact, difference equations has been also known for a long time [4].
Solvability of linear difference equations with constant coefficients, that is, of the equa-

tion

Kp = Q1Kp_1 + AoXup ++ + Ay, N>, (1)

was known to De Moivre [2] (see also [5]). The study was continued by other known sci-
entists (see, e.g., [4, 6]). For some presentations of classical solvability results consult, e.g.,
[7-14].

In the last two decades the topic re-attracted some interest, although it seems that a
considerable part of the results in the topic are not quite original (see, e.g., some of the
comments in [15-19]). Nevertheless, the recent investigation opened a door for further
studies of related equations and systems (see, e.g., [20—23] and the references therein).

On the other hand, Papaschinopoulos, Schinas, and their collaborators devoted a part

of their investigations to some symmetric-type systems, that is, to those of the form

Uy = g(un—s: Vn—t); Vy = g(Vn—s; un—t):

as well as to some related ones obtained from the systems by modifying the function g

in various ways (see, e.g., [24—32]). Regarding the solvability of systems, they paid more
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attention to their invariants (see, e.g., [25-27, 29, 31, 32]). Their study on systems of dif-
ference equations motivated some other authors to do some research on the related ones
(see, e.g., [15, 16, 19, 22, 23, 33-37] and the related references therein). Besides the pa-
pers on nonlinear two-dimensional systems of difference equations, there are also some
on three-dimensional ones, as well as on systems of higher orders (see, e.g., [16, 29]).

It should be pointed out that since the beginning of the study of solvability of difference
equations, many problems have been motivated by concrete applications, which to some
extent lasts up to the present time (see, e.g., [3, 4, 6, 8, 9, 13, 38—47]). It is interesting to
note that among the first ones were the problems from combinatorics (see, e.g., [2—4, 6]).
But recall also that from the ancient times many recurrent relations have been connected
to various population models, as it was the case with the Fibonacci model for the growth
of a rabbit population (see, e.g., [47]). The main idea in solvability theory is to obtain some
formulas for the general solution to a concrete difference equation or a class of difference
equations, and based on them to get some information on the long-term behavior of their
solutions.

1.2 Results related to the ones presented here
Before we continue, recall some notations. Let N = {1,2,3,...}, Ng = NU {0}, Z = -N U N,
R be the set of reals, and C be that of complex numbers. The notation s = I;, /5, where
h,hbeZ,ly <l isthesameas {se€Z:, <s<I}.
The equation
Zns1 = Ik TR e No, 2)
Zn—k + Zn-1
where k,/ € Ny, @ € R (or C), is one of those which attracted some attention, especially,
during the last two decades. Positive solutions to some concrete cases of the equation
have been studied by several authors. But it was shown in [48] that the results on the
global stability of such solutions are essentially known, since they follow from a result in
[49]. For some multi-dimensional extensions of the result in [49], see [50] and [51]. It is
easy to see that in (2) we may assume « = 1. In this case the right-hand side of (2) has the
form of known hyperbolic-cotangent sum formula. As usual, such difference equations are
candidates for solvable ones, the fact known for a long time (the observation can be found
in the old book [7], and it would not be surprising to find it even in some much earlier
sources). A natural way for studying solvability of equation (2) can be found in [52].
The corresponding close-to-symmetric system in the case k = 0, [ = 1, that is, the system
UpVy_1+a WySy_1 + @

Xn+l = — Yn+1 = -, neNp, (3)
Uy +Vy-1 Wy + Sy-1

where
, )
a,uj,w;,vy,sp € C, j=0,j =-1,0,

whereas u,, v, Wy, s, are x,, or y,, has been studied recently in [53] and [54]. Systems of
this form were studied for the first time in [22].

Quite recently in [55] we have given another solution to the solvability problem for sys-
tem (3), which is related to the method for solving equation (2) presented in [56]. Maybe
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more important is that we have also shown therein theoretical solvability of the following
generalization of system (3):

Up—kVn-1 t 4 WnkSn-1 t 4
Xnel = Y1 =—————, HNE No, (4)
Up—f + Vn-| Wh—k + Sn-i

where &, € N,

a,u_j,w_j,v_y,s_y €C, j=0,kj =0,

~

’

and each of the sequences u,, v,, w,, s, is equal to x,, or y,,.
We would like also to say that general solutions to the systems investigated in [53-55]

were presented in terms of the Fibonacci sequence, that is, in terms of the sequence defined
by

Api2 = Apy1 + ap

satisfying the initial conditions a; = a; = 1 (see, e.g., [39, 43, 47, 57] for some informa-
tion on the sequence). Such kind of representations seems to have been quite popular
among some authors in the last ten years or so. For some explanations in this direction,
see [15]. There we have shown that to some difference equations and systems of differ-
ence equations can be naturally associated some linear difference equations with constant
coefficients such that some of their solutions can be used in representations of the gen-
eral solutions to the equations and systems. For example, in [15] it naturally appears the
sequence

Apy2 = Adp1 + ﬂan

such that a9 = 0 and 4; = 1. For some related results and their applications in represen-
tations of general solutions to some classes of difference equations and systems, see also
[16-19].

1.3 What is done in this paper and how

Here, we continue our study in [55] by finding general solutions to the systems of difference
equations in (4) in the case k = 1 and / = 2, complementing the results in [55]. We show
that, in the case, the systems are practically solvable. This means that for each of the sixteen
systems in (3) there is a finite number of closed-form formulas representing its general
solution (for some more explanations related to the notion, as well as for some examples,
see [55]). This is done by considerable use of some methods and ideas on product-type
difference equations and systems, which can be found, e.g., in the following recent papers:
[33-37] (see also the related references therein).

Here we also show that for each of the systems in (3) there are a naturally associated
homogeneous linear difference equation with constant coefficients and a specially chosen
solution to the linear equation by which the general solution to the system can be repre-
sented. Unlike the closed-form formulas presented in [55], this time the associated linear
difference equations are not connected to the Fibonacci sequence, at all. The closed-form
formulas obtained here show the usual diversity of representations that we have noticed
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in some previous studies (see, e.g., [15, 16, 19, 33—37]). However, the connectedness of
the systems studied here and [55] is through the general homogeneous linear difference
equation with constant coefficients.

How is dealt with the systems in (4) in the case a = 0 is well known. Namely, in this case
the systems are easily solved by some simple changes of variables, which transform them
to linear solvable ones (for more details, see [55]). Hence, we omit here studying the case
and leave it to the interested reader as a simple exercise (see also [55]).

Let us also mention that the majority of solvable difference equations are solved by using
the idea, that is, by using suitable changes of variables which transform them to known
solvable ones. Many results of this type, out of the books and papers quoted above, can be
found, e.g., in [4, 7-9, 15-19, 21-23, 33-37, 52-55, 58].

2 Auxiliary results

Here we present some auxiliary results, which are used in the proofs of the main ones.
The following Lagrange result is well known and can be proved in several ways (see, e.g.,

(37, 39, 59]).

Lemma 1 Let xy, k = 1,m, be the roots of the polynomial
Gm(x) = byx™ + -+ + bix + by,

where b,, # 0. Assume that the roots are distinct.
Then

m x]k B
2 g, (x) 0

k=1

when0<j<m-2,and

m —
> AL
~ gy (x1) b

Special cases of the following interesting, quite useful, and applicable lemma, which
should be folklore, have been used in some of our recent papers (see, e.g., [34, 35, 37]).

Here we present it in full generality and will frequently use in the rest of the paper.

Lemma 2 Counsider equation (1), wherel € Z, a; € C,j=1,m, a,, #0. Let ty, k = 1,m, be

the roots of the characteristic polynomial
() =" —ar " —apt" P~ —

associated with equation (1). Assume that the roots are distinct.
Then the solution to equation (1) such that

%-m=0, j=Ll+m=-2, and x_,1=1 (5)



Stevi¢ Advances in Difference Equations (2019) 2019:467 Page 5 of 32

is given by

m- p+m-l
%

(6)

X, =
T =)

forn>1-m.

Proof By a well-known result from theory of homogeneous linear difference equations
with constant coefficients, a general solution to equation (1), in the case when the roots
tk, k = 1,m, of the characteristic polynomial p,, are distinct, has the following form:

Xp=Cit] + oty + -+ Cputhy, n>1-—m, (7)
where ¢, k = 1, m, are arbitrary constants (see, e.g., [7-9, 11-14]).
Since the sequence x,, defined in (6) has the form in (7), with

tm—l
k= ,k , k=1,m,
P (t)

it is obviously a solution to equation (1).

On the other hand, by Lemma 1 we see that this solution satisfies the initial conditions
given in (5), from which together with the well-known fact that each solution to equation
(1) is uniquely defined by m consecutive terms, the lemma follows. O

Remark 1 We would also like to say that we will frequently use here the fact that, when
am 7 0, every solution to equation (1) is naturally prolonged on the whole domain Z by

using the following obvious consequence of recurrence relation (1):

le—Wl -

Xn —A1Xp-1 — A2Xp-2 — *** = Am-1Xn-m+1

- ®)
Since each solution to equation (1) is uniquely defined by m consecutive members, it fol-
lows that the formulas obtained on the domain n > [ also hold on Z. Specially, formula (6)
presents the solution to equation (1) with initial conditions (5) not only on the set n > |,
but also on the whole Z.

Remark 2 Recall that

Pt =] t-1)

j=1j#k

for each k € {1,2,...,m}.
From this and due to the observation in Remark 1, it follows that formula (6) can be also
written in the following form:

m n+m-l
2

Xn = T . 4
= =)

for every n € Z.
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Before we present and give proofs of our main results, we first transform the systems stud-

ied here to some simpler forms by using some changes of variables, which are naturally

imposed.

In order to do this, first note that from the equations in (4) with k = 1 and [ = 2, after
some simple calculations, we have that the following two pairs of relations hold:

Xn+l + \/Z

(p-1 £ \/E)(VVI—Z + \/E)

Up-1+Vp2

for n € Ny, from which it follows that

Xn+1 +«/Z B Up-1 +\/E V,,,,2+\/E
= . ,

and Y1 E+a=

(W £ Va) (5,2 + Va)

Wy-1+ Sp-2

Vel + A C Waat Ja s, +a/a ©)

Xn+l — \/Z

for n € Ny.

Bearing in mind that u,, v,,

obtained. They are as follows:

Xn+1 t \/E

Up-1 — \/E

_ Xp1t ﬁ

V-2 — \/E

Wy, S, can be x,

ynH_\/a - Wn—l_\/z Sn—Z—ﬁ

or y,, from (9) sixteen different systems are

Xuo +A/a
7

Ynil + /@ Xpa+Na X, a+i/a
b

X1 —/a - X1 —~/a . RN Yn+1 — Ja - Xpo1 —a ' Xno—a (10
xn+l+\/6_l:xn—l+\/a.xn—2+\/6_l’ yn+l+ﬁ:yn—l+\/a.xn—2+\/a’ (11)
Xns1 =4 Xp1—~ad Xpo—Ja Vnr1 — /4 Yn-1— Va xno-+a
xn+1+\/5=xn—1+«/;l.xn—2+\/f'_l, yn+1+«/5_1:xn—1+\/6_l.yn—2+\/;l, (12)
Xn+l — ﬁ Xn-1— ﬁ Xn-2 — «/5 Yn+1 — ﬁ Xn-1— «/6_1 Yn-2— ﬁ
xn+1+«/5:xn_1+\/ﬁ.xn_z+\/ﬁ, yn+1+ﬁ:yn_1+«/5.yn-z+\/5’ 13)
KXn+l — \/0_1 Xn-1— ﬁ Xn-2 — «/5 Yn+1 — \/6_1 Yn-1— «/6_1 Yn-2 — «/6—1
xn+1+«/6_l:yn—1+\/ﬁ-xn—2+«/6_l, yn+1+ﬁ=xn—l+\/6_l_xn—2+\/z7 (14)
Xl — A  Yao1—Na Xu2—+Ja Yl =A@ Xp1—Na Xpo—~a
xn+1+ﬁ:yn71+\/c_z'xnfz+«/ﬁ, yn+1+\/c_z:ynf1+\/2.xnfz+\/ﬁy (15)
Xl =A@ Y1 =A@ Xpo— Ja Yl =A@  Yu1—a Xea-a
xn+1+~/o_l:yn_1+«/ﬁ_xn_z+«/5, yn+1+ﬁ:xn—l+\/6_l_yn—2+\/a’ (16)
Xni1 =4 Yuo1— a4 Xuo2—+Ja Vel =G  Xp1—Aa Yo —+Ja
xn+1+«/ﬁzyn—l+\/c_l'xn—2+«/a’ yn+1+\/f'_l:yn—1+«/a.yn—2+\/ﬁ’ 17)
Xnel =4 Yuo1—a Xu2—+Ja Yl —Na  Yuo1 =@ Y2 —Ja
xn+1+ﬁ:xn-1+ﬁ.yn—2+\/ﬁ’ yn+1+ﬁ:xn—l+\/a.xn—2+\/a, (18)
KXntl — «/&_l Xn-1— \/6_1 Yn-2 — \/&_l Yn+l — «/E Xp-1— «/E Xnp-2 — \/6_1
xn+l+ﬁ:xn—l+«/6_l.yn—2+«/6_l, yn+1+\/f'_l:yn—l+\/a.xn—2+\/"_l’ (19)
Xl — /A  Xpi—Na Yuo—+Ja Yl =A@ Y1 —ANa Xpa- Ja
xn+1+«/7z:xn_1+\/ﬁ.yn_z+«/ﬁ’ yn+1+\/5_l:xn—l+\/a.yn—2+\/5_l’ (20)
KXn+l — \/0_1 Xn-1— ﬁ Yn-2 — \/0_1 Yn+l — «/E Xn-1— «/6_1 Yn-2 — «/E
xn+1+«/o_z:x,,_1+\/2.yn_2+«/5, yn+1+x/5=yn_1+\/5.yn_2+«/5, 21)
X1 =A@ Xp1—+a yua-+a Yl =A@ Y1 —a yuo2—a
Xnsl + /@ Va1t /A Yuo+ \/E, Yuil + VA Xp1+ A X+ \/c_zy (22)

Xn+l — \/Z

- Yn-1 —«/6_;

' yn—2 _\/E

Yn+1 — \/Z Xn-1— \/E Xp-2 — «/6_1

Page 6 of 32
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Xnil +NA _Yyuata yuotNa  yuatVa Y tVa X+ a

X+l — \/b_l - Yn-1— «/5 Yn-2 — \/17 Yn+1 — \/b_l - Yn-1— «/6—1 Xp-2 — \/6_1’ 23)
xn+1+«/o_z=yn_1+\/ﬁ_yn_z+\/5, yn+1+«/o_z=xn_1+\/2.yn_z+«/5, (24)
Xn+l — ﬁ Yn-1— «/5 Yn-2 — \/5 Yn+1 — ﬁ Xn-1— \/E Yn-2 — ﬁ

xn+1+ﬁ:yn4+\/ﬁ.yniz+\/ﬁ, Il ¥ NA _ Y1+ /a Yuata (25)
Xnel — /@ Yn-1— Va Yn-2 — Ja Yn+1 — Va Yn-1— JVa Yn-2 — Va

for n € Ny.
Let
= VL and b, 2tV 26)
for n > -2.
Then (10)-(25) respectively become

Y+l = Vn-1Vn-2s Sus1 = VYn-1Vn-2, (27)
Y+l = Vn-1Vn-2, 8n+1 = 812, (28)
Y+l = Vn-1Vn-25 8ns1 = Yn-16n-2, (29)
Yn+l = Vn-1Vn-25 Su+1 = 8n-16n-2, (30)
Yol = 8p-1Vn-2, Sus1 = VYn-1Vn-2, (31)
Yus1 = On1Vn-2, Sns1 = 8p-1Vn-2, (32)
Va1 = 8p-1Vn-2, 8ns1 = Vn-16n-2, (33)
Yl = On1Vn-2 Sus1 = 8n-16n-2, (34)
Y1 = Yu-18n-2, Sl = VYn-1Vn-2, (35)
Vi1 = Vn-10n-2, 8n+1 = 8u-1Vn-2, (36)
Ynr1 = Vn-10n-2, 8ns1 = Vn-16n-2, (37)
Yur1 = Yu-18n-2, Sur1 = 8n-16n-2, (38)
Vi1 = 0n-104-2, S+l = VYn-1Vn-2, (39)
Va1 = 8p-10n-2, Sn+1 = 8n-1Vn-2, (40)
Va1 = 8p-104-2, Sns1 = Vn-16n-2, (41)
Yar1 = 8p-104-2, Sn+1 = 8n-16n-2, (42)

ne No.

Now we are going to study the solvability of systems (27)—(42). As we have already men-
tioned, we employ here some methods which have been used to product-type systems and
can be found, e.g., in [34-36].

3.1 Solution to system (27)
Clearly, in this case we have

Vu=6s, mnel. (43)

Page 7 of 32



Stevi¢ Advances in Difference Equations (2019) 2019:467 Page 8 of 32

Let

a; =1, by =1, c =0. (44)
Then we have

Vn = Vn-2¥Vn-3 = )/:,127/553)/;14 (45)

for n e N.
Iterating (45) we have

_ ay,b1 a0 _ b aitcr a1 _ ax by co
Yn = (Vn-aVn-5)""V2sVnia = VsV V-5 = Yn=3¥Yn=aVu’s

for n > 3, where

ay = bl, bz =da) +C, Cyi=dj.
Suppose that
b
Yn = V:fk,l ank,z)’ncfk,gv (46)
ay = by_1, by = ax_1 + ck-1, Ck = Ak-1, (47)

for k e N\ {1} and every n > k + 1.
From (45)—(47), we have

b
Vn = (Vn—k—SVn—k—AL)ak ank_zyrffk_g

_ by ag+cy _ ay
= Yuk—2VYn-k-3Vn-k-a

., %41 b1 Ck+1
= Yu-k—2VYn-k—3Vn-k-as

where
Aks1 1= by, b1 := ax + ¢ Ckel = k.

The inductive argument shows that (46) and (47) hold for every k > 2 and n > k + 1.
Note that from (47) we have

Gy =0y + a3 H>4 (48)

(in fact, (48) holds for every n € Z; see Remark 1).
Besides, by using (47), we have

ap =0, a_, =1, a-,=a3=0, a_4s=1 (49)

(see, e.g., the corresponding calculations in [33] and [37]).
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Letting k = n — 1 in (46) and using (47), we get
Vn = y(;lrl ly_bn IVC; 1

an-1,,4n . ,4n-2

=% vivs (50)

for n € N (moreover, (50) holds for n > -2, which is easily checked by a simple calculation
and the use of (49)).
From (43) and (50), it follows that

R A (51)

for n e N.

The characteristic equation associated with equation (48) is
Ps(A)=2*-1-1=0. (52)

Let A, j = 1,3, be the roots of polynomial Ps. Since the discriminant A = 23 of the poly-
nomial is different from zero, it follows that the roots are distinct (recall that if a polyno-
mial of the third order has the form Qs(1) = A3 + pA + ¢, then the discriminant is given
by A = 4p3 + 274%). Moreover, since the discriminant is positive, one of the roots is real,
whereas the two other ones are complex conjugate. They can be calculated by using known
methods (see, e.g., [59]). Since this is a routine thing and we have done similar calculations
a few times recently [34, 36], we leave it to the reader.
By Lemma 2, we have that the solution to equation (48) such that

a3=d,=0 and a_;=1

is given by

)"n+3

3
Z 1 Z. (53)
=1

From the above consideration along with the relations in (26), we see that the following
corollary holds.

Corollary 1 Consider system (10) with a # 0. Then its general solution is

K0+\/A\ay_1 (¥=1+/E \ay (X-2+/A \a,_
(0820 (S (S22 4

xo—va
xn:\/('_l - ’ 1’12—2;
x0+/a el (%= +/a X_o+/a "
G G G -1
xo+/a Ay x_1+/a an x_9+y/a Ay
Y= PTGl e e U neN
" (x0+x/_)un (%= 1+«/5)an(x 2+x/_)an 2 _ ’
x0—+a x_1-/a x_2—

where a,, is given by (53).

Page 9 of 32
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3.2 Solution to system (28)
From the previous case we see that (50) holds. Besides, we also have

8y =08u—2Vn-3, neEN.

From (50), (54), and some calculation, we have

n-1
d2n =80 1_[ V2j-1
j=0

aZ/ 2 612/ 1 “2/
—50 Yo V2

- - -1
_s Z,’io ayo Y a1 YL ayoa
=00y -1 -2

for n € Ny and

n
Bone1 =61 1_[ V2j-2
=0

=5 aj-3 “2/ 2 “2/—4
= —1| |

s, Z, 023 Yiloaz-2 Yiloa-4
=0- Y1 2

for n > -1.
Further, by using (48) and (49), we have

n-1
E dyjp = E (agjs1 — azj1) = aze1 - 1,
j=0

n—1 n-1
E a1 = g (ﬂ2j+2 - 012;') = Aoy
j=0 j=0

n-1

E azj-3 = E ﬂzj - ﬂ2j—2) = aA2n-25
j=0
n-1

E azj4 = E 612;'71 - ﬂz,;?,) =dou-3
j=0

for n € Ny.
Employing (57)—(60) in (55) and (56), we obtain

1 a a
8 _8y2n1 2n 2n-2

| A

for n € Ny and

aps1-1_ asu-1

Soms1 =815 "y T Vo)

for n > 1.

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

Page 10 of 32
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Hence, (50), (61), and (62) present the general solution to the system of difference equa-
tions (28). This consideration along with (26) shows that the following corollary holds.

Corollary 2 Consider system (11) with a # 0. Then its general solution is

20+ A\ay_1 (¥=1+/4\ay, (X-2+/A \a,,_
x =ﬁ(x0 ) R R+
n (x()Jrf)a 1(x 1+f)an(x 2+[)“n 2 _ 1

x0—+/a x_1-+/a x_g—+/a

n>-2,

G (™ (e +1
n = a
72 (yo+f)(zg+§)a2n -1k 1+[)“2n(i ;if)azn 21

(&= 1+f)(xo+f)a2n(x 1+f)azn+1 1(’“ 2+‘f)"zﬂ 1+1
y_1-v/a’ xo—v/a
Yon+1 = x/—

(G ) (ot e (A | (2 et -1

) I’IGNO,

n>-1,

where a,, is given by (53).

3.3 Solution to system (29)
Note that (50) holds, and we have

8;4 = Vn—25n—3 (63)
for n € N, that is,
83n+i = V3n-2+i03(n-1)+i (64)

forneN,i=-2,-1,0.
We have

n
33, = o l—[ V3j-2
j=1

-5 “31 3 “3} 2 “3} 4
=090 Yo Vo

Z,': 143-3 Yjiazia Yy azia

=30o Y Yo (65)

for n € Ny,

n
8341 =62 1_[ V3i-1
=0

azj-2 “31 1 “31 3
=48 l_[ Yo Va Vo

Yioas-2 Xjloasi-1 Djloasi-3

=48-2%p Y- Y2 (66)
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for n > -1, and

n
O3n+2 =61 1_[ V3
=0

azj-1 5131 “31 2
=4 l_[)/ Vo1V

a1 Yloay Yoas
=y Ty e (67)

for n > -1.
Further, by using (48) and (49), we have

Zﬂsj 3= Z azj_1 —azj-a) = azu-1— 1, (68)
j=0

Zﬂs; 2= Z azj — azj_3) = azp, (69)
j=0

Zﬂs; 1= Z A3j41 — A3j-2) = A3n41 (70)
j=0

n n

Zﬂsj = Z(ﬂ3j+2 —asj1) = azp — 1, (71)

Zﬂs; 3= Z azj_1 — azj4) = Azp-1 — 1, (72)
j=1

Zﬂsl 2= Z asj — azj_3) = Az, (73)
j=1

Z azj_y4 = Z asj_y — azj_s) = Azu_y. (74)
j=1

Employing (68)—(74) in (65)—(67), we obtain

azp-1-1, asn  azn-2 (75)

831 = 0¥, ViV

for n € Ny,

a3p+1 ,43n-1-1

S3ne1 = 82y YIS (76)
for n > -1, and

R e (77)
for n > 1.

Formulas (50), (75)—(77) present the general solution to system (29). This consideration
along with (26) shows that the following corollary holds.
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Corollary 3 Consider system (12) with a # 0. Then its general solution is

(x0+~/5)an (% 1+f)an(x 2+f)a,, 241

_ x0—+/a x_1-va *-2— —
Xy = ﬂ(xoh/')a,, e 1+f) e z+«/—)an,2 _1, n>-2,
x0—~/a x_1-va x_9-+/a
YO+Va N (X0+7/@ \az,_1 -1 (%-1+/@ a3, (X244 \a3,,_
g = e GG GG L
3n (yo+f)(xo+f)a3n - 1(x71+f)43,,(x72+f)a3,,_2 _1’ ”
yo—va’ xo-va x_1-va x_3-va

(J’ 2+«/—)(xo+f)a3n(x 1+f)a3n+1(x 2+‘[)43n 1-141

y-2-va’ xo-a x_1-\/a ¥ 9-a
n+l = ) n Z _1)
o f(i 2 (20 yeon (S s (E2 a1 — |
Vo1+/a\ (X0 A \azpi1 (X144 Vaz,,0-1(¥—2+V A \a3,
Yarz = f(y1f)(xof)31(x1—ﬁ)32 (xzﬁ)3+1 n> -1
(se iiﬁﬂiﬁiﬁ)““*l(i ii%)aw 1("_?/; )asn — 1
where sequence a,, is given by (53).
3.4 Solution to system (30)
Obviously, formula (50) holds, and we have
8n = 8" 841 8% (78)

for n > -2.

Therefore, formulas (50) and (78) present the general solution to the system of differ-
ence equations (30). This consideration along with (26) shows that the following corollary
holds.

Corollary 4 Consider system (13) with a # 0. Then its general solution is

(x0+f)an = 1+f)an(x—2+f)a,, 241

x0—va x-1-va’ ‘xo-ya

Xn = a——
204V A Vg, 1 (X1t g, (X2 A\, 5
e

)’0+f Ay— J’1+«[ an yz+f Ay
f(yo— ﬂ) l(y 1- \/_) (J' z—ﬁ) T+l
= T e

Yn =

for n> -2, where a,, is given by (53).

3.5 Solution to system (31)
From the equations in (31) we have

Y+l = Vn-2Vn-3Vn-4» N =12 (79)
Let
ar=by=c¢; =1, dy=e =0. (80)
Then

b d
Vn+l = )/:_127/,,_13)/,24)/”_15)/26, n>2. (81)

Page 13 of 32
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Employing (79) in (81), we have

_ .4 b1 a o di el
V1l = Vp2Vp=3VYn-4Vn 5Vn e
ay b1 a0 d1 e
= (Vu-5Vn-6Yn-7)" V-3Vu-0Vn-5Vn6
d1+d1 aj+ey

_Vn SVtaVnls Vi Valz

_ %2 2 2 2 €2
= VYn=3Vn-aVYn=5Vn-6Vn-7

for n > 5, where

ay = bl, b2 =Cy, Cy i=aq +d1, dz =dap t+e, ey :=daj.
Suppose that

Vit = Ve Vv v s (82)
and

ax = br_1, by = ¢k, Ck = -1 + di-1, di = ai-1 +er_1, ex=ar1 (83)

forke N\ {1} and n > k + 3.
By using (79) in (82), we get

_ 0k by ck dy ek
Vel = Vyk1Vu-k—2Vn-k-3Vn-k-aVn-k-5
ay ., bk ck dy ek
= (Vu-k-aVn-k-5Vn-k-6)" Vyyor_2V-k—3Vnok-aVn-k—5

ap+dyx  ag+ex  ay
_ynk2ynk3ynk4ynk5ynk6

%kl b1 Cl+1 dies1 €k+1
= VYu-i-2Yn-k-3Yn-k-4VYn-k-5Yn-k—6

where
Aks1 1= by, b1 := cr Civ1 := Ak + s dis1 = ay + ex, k41 := Ak
for k > 2 and every n > k + 4. The inductive argument shows that (82) and (83) hold for
2<k<n-3.
From (83) it follows that

ap=ap3+ay4q+dys, N6, (84)

(in fact (84) holds for every n € Z, see Remark 1) and

ag = 0, a_1 = 0, a_p = 1, ﬂ_j = 0, ] = 3, 6,
(85)
a_; = 1, a_g = -1.
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If we take k = n — 4 in equation (82), which is obtained when # is replaced by n — 1, we
obtain
n— bVI n— dVI n—
e e SR T 2 e T

Cp-4dn-4_ en-a

= (Boy-1) ™+ (8_1y2) byt y ity

_5“n—45bn—4 Cpd ., An-d4+dy_4 _ by_s+e,_4
- Y0 -1

Yoo Va1 |
_ 8“71 48“n 3 ﬂn Zyﬂln lyfn 3+adp-5 (86)
for n > -2.

From the second equation in (31) and (86), we have

Oy = Yn-2Vn-3
_ S@n-6tan-7 odp-5tdp6, An-4tdy-5_ dp-3+dp-4  Adp-3+dp5
=8 8] Yo : : (87)
for n > 1.

The characteristic polynomial associated with equation (84) is
Ps(A)=2"-2* - - 1.
Since
Ps(A)=2"+2° =2 -2 -a-1=(A+1)(3* -1 -1),
we have that three roots of Ps coincide with the roots A;, j = 1,3, of polynomial (52),

whereas Ay5 = +i.
By Lemma 2, the solution to equation (84) such that a_; = 0, k = 3,6,and a_, = 1 is

5
_ j
a, = E P/5()\-j)’ ne. (88)

Formulas (86) and (87) present the general solution to system (31). This consideration

along with (26) shows that the following corollary holds.

Corollary 5 Consider system (14) with a # 0. Then its general solution is

(J’0+~/_)an -4 (% 1+«/—)an 3(xo+f)an 2 (% 1+«/—)a,,, l(x—2+\/_)a,, 345 4 ]

x yo—va y-1-va x0-v/a x_1-va x_2-\/a
n
V04V ANa, 4 (V-14VA Vg, 5 (X0 A \g, o (X-1+\/ANg, | %= 2+«/— 3 tdy_s _
o Qs (05 (1 o (2 o s — 1
forn>-2and
Yo+v/a Ay_6+an— y-1+/a Ay_5+ay,_ xo+y/a Ap—4+dy_ x_1+/a Ap—3+dy—. x_p+a Ap—3+dy_
Yo =+a yo—v/a a) ’ 7(y 1*«/5) ’ 6(X(r«/a) s (e 1*\/5) (e 2*\/5) Tl
=
(igtg)ﬂn —6+an- 7(;71t[)“n 5+ s(xgij;)an at+ay 5(" iij—a)an 3+ap- 4(§ zt‘/f—)an 3+ans5 _ |

for n> -1, where a,, is given by (88).
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3.6 Solution to system (32)

From (32) we have

Vu=6, nelN.
So, we have
Vn+l = Yn-1Vn-2, N = 2. (89)

Hence, by using (50) it follows that

an-3,,4n-2 ,,%—4

Yn=V2 Vi Vo
= (80y-1)" 3 (8_1y_2) 2 yy "

_ 8“}’1 38“;1 -2 ﬂn 4)/_”;1 3)/“2»1 2 (90)

for n € Ny, where a,, is the solution to equation (48) such thata 3 =a_=0and a_; =1,

and consequently
6}1 — ﬂn 38ﬂn 2 “n 4yan 3,}/an 2 (91)
forneN.
Formulas (90) and (91) are the closed-form formulas for the general solution to system

(32). This consideration along with (26) shows that the following corollary holds.

Corollary 6 Consider system (15) with a # 0. Then its general solution is

(J’0+~/_)an 3(? 1*[)% 2(x0+f)an -4 (%= 1+«/—)a,,, 3(x-2+\/_)an 241

x yo—/a 1 xX0—+/a x_1-+a x_2—/a
! (zgﬂf)an 3(y—1*f)an z(zgtg)aﬂ(i—iﬂ/f—)an 3 (% 2+f)an 21

forn e Ny, and

(}’0+f)an 3 (2% 1+f)an 2(x0+f)an 4(x-1+f)an 3(x 2+J—)an 241

y Yo—va y-1-va x0—/a x_1-v/a
" Yotv/a y-1+v/a x0+y/a R LN AV S LN AS
(yof)a S(ylf)a z(xof)u 4(x1f) 3(x2f)a2 1
for n € N, where a,, is given by (53).
3.7 Solution to system (33)
Combining the equations in (33), we obtain
Vi3 = Vo VurVys neN. (92)

Let
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Then

_.m b e di el A
Yn = )’n_gyn—zLansaneVn_ﬂ’nf—s

al

_ b d
= (Vnz—a Vn-7 Vn—19) Va5 V6V Vrfl—s

c1 2a1+dy _ ai+e1 fi —ai

b
= yrt—14 Yu=5Vn_6 V-7 1-8Yn-9

_ a2 by o dy ex  fo
- yn—4yn—5yn—6yn—7yn—8ynf—9

for n > 7, where

ay = bl, l’)z =C1, Cy = 2611 +d1, dz =da + e, () I=f1, f22= —aj.
Suppose that
_ .,k b k di ek (3
Vn = Vy-k-2Vn-k-3Vn-k-4Vn-k-5Yn-k—6 V;:—k—7 (93)

for k e N\ {1} and every n > k + 5, and

ax = by, b = ¢k, Ck = 2ak-1 + di_a,
(94)
dy = ar_1 + ex_1, ex = fi-1 Ji = —ax-1.

Then

_ak by Ck dy ek 3
Yn =V k—2Vn-k-3Vn-k-4Yn-k-5Yn-k—6 yr{—k—7

(2 -1\ _ bi k dg ek i3
= (Vn—k—:s Vn-k-6 Vn—k—s) YVik-3Vn-k-aVn-k-5Yn-k-6 Vr{—k—7

b (2 2ai+dy _ ap+er  fi —ay
= Vi-k-3Vn-k-aVn-k-5 Vn-k-6Yn-k-7Yn-k-8

o, %k+1 bk+1 Ck+1 drs1 €k+1 k+1
= Yuk—3VYn-k-aVn-k-5Yn-k—-6Yn-k—7Vn-k-8

for n > k + 3, where

ars1 = b, b1 = cx, Cre1 = 2ay + d,
A1 = ax + ek, e+l =foo  Jin1 = —a.
The inductive argument implies that (93) and (94) hold for every k,n € N such that 2 <
k<n-5.
From (94) it follows that
Ap=20p-3+0y_s— Ay, N=>7 (95)

(in fact (95) holds for every n € Z, see Remark 1) and

ag =0, a1 =0, ap=1, aj=0, j=3,7, a_g=-1. (96)
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If in (93) we take k = n — 5, we get

ay-5,,bp-s, cns5. dns. ens5. fus
-2

Yn=V3 Y2 Vi Vo Y2

= (Yoy-18-2)""5 (80y-1)P-5 (8_1 y2) 5 J/o" Sylnsylns

ay_5+dy_5 . an-5+by_sten 5 Cn-5+fu-5 obu-5oCn5 gl s
y S5 s gbnos 55 5

=% V1
— yoan 2—ap— Syﬂln 1-4n-4 ,}/fzrt—3*“n—6861n—48ilq—3 8?;—5 (97)
forn > -2.

From the first equation in (33) and (97) it follows that

Oy = yrz+2/yr1—1

aAn—2ap-3+ay_¢ Gn+l—20p-2+An_5  ap-1-2dp-4+an-7

- /0 -1 -2

X (Sgn—z—ﬂn—s 5iln—l—an—4 8“;1—3‘%—6

_y0n4 fns “n58“n2“n58ﬂnlﬂn45“n3“n6 (98)
for n > -2.

The characteristic polynomial associated with equation (95) is
Ps(t)=t°-28 - +1=(F-t-1)(F +¢-1).

Let ¢}, j = 1,6, be its roots. Then ¢; = 4;, j = 1, 3 (the roots of polynomial (52)), whereas the
other three roots of Ps are the roots of the polynomial #* + £ — 1, which are routinely found
(see, e.g., [34, 36, 59]).

So, by Lemma 2, the solution to equation (95) such thata_; =0, k=3,7,anda_, = 1 is

Vl+

(99)

6
j=1

Formulas (97) and (98) present the general solution to system (33). This consideration

along with (26) shows that the following corollary holds.

Corollary 7 Consider system (16) with a # 0. Then its general solution is

(x0+f)bn (% 1+f)bn 1(%= 2+«/_)bn 3(y0+«/_)un_4(y 1+~/—)an 3(3’ 2“/—)% 541

x x0—va x-1-va x_p-va Yo—va y-1-va _2—a
" RO HANp, o (¥ 1A\, g X2+ \p, 5 Yo+/a y-1+/a y-2+va g, ’
Gomva )2 G (R = G G (o -

x+fn x+fn x+\/’ﬂ J’*\/_bn J’—‘r«/_bn J’+«/—b,,

e (R G e 1

" x+y/a x+«/_ x2+/a +v/a )b, +v/a\b,_ +f -
Erav i Erev il Eway il trev i Canv i S

for n > -2, where the sequence a,, is given by (99) and b, = a,, — a,_3.

3.8 Solution to system (34)
This system is obtained from system (29) by interchanging letters ¢ and 7.
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Thus, its general solution is

Van = Yodg 11853872 (100)
for n € Ny,

Vanel = Y285 85318817 (101)
for n > -1,

Va2 = Y1801 852 g4 (102)

for n > -1, and
8y = 8y 18 stn=2 (103)

forn > -2.
Formulas (100)—(103) present the general solution to the system of difference equations

(34). This consideration along with (26) shows that the following corollary holds.

Corollary 8 Counsider system (17) with a # 0. Then its general solution is

LU e e L

G
X3n = «/E(x0+\/_)(y0+f)a3 - 1()/ 1+f)a3 (y 2+f)“3n , 1’ n GNO,
x0—v/a’yo—+a y-1-va y-2-va

(x-2+«/ﬂ_1)(yo+\/5 )asn (2=1 +v/a )33+l (y72+«/5 yazn-1-1 4 |

_ x3—va’ yo-va y-1-va y-2-va
¥anvl = ﬁ x—Z*ﬁ J’O"’ﬁ asy (2= 1+/a aspe1 (2= 2+/a az,—1-1 ’ nz _1’
(Lz—ﬁ)(yo—\/ﬁ) (}’ 1-Va a) " (J/ 2—\/5) -l
x-1+«/;1) y0+\/5)a3n+1(y 1+f)a3n+2 1()’ 2+f)a3n ‘1
x3n+2:ﬁx1f yo—v/a y-1-va Va n>-1,

(B1tv/a 1+«/_)(J'0+f)a3 1 (e 1*?)“3;“2 1(9’ 2+‘[)“Sn —1

x_1-va’ yo—va y-1-va _o-va
Yo+ a,_1 (Y-1+vAay (Y-2+A\a,_
g = A v e e

(y0+f)a (= 1+f)an(y 2+f)a 21

yo—/a y1-va’ Yy o-ia

where a,, is given by (53).

3.9 Solution to system (35)

Combining the equations in (35), we have that the following recurrence relation holds:

VYn = Yn-2Vn-5Yn-6 (104')

for n > 4.
Let

li
L

a =1, b1:=0, c: dy =1, e :=1, fi:=0. (105)
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Then equation (104) can be written as follows:
b d
R Y A A S A VAL (106)
Employing (104) in (106), we have

_.a b e di el A
Vn= yn—2yn—3yn—4yn—5yn—6)/n‘—7

b d
= (Vn-aVYn-7Vn-8)" ang V;EAL ans V:16 Vy{lﬁ

b d
= Vv vy vy
b d
= Zfsyniyﬁsyn_%yfé)’f_s (107)
for n > 6, where
ay = bl, bz =a; + ¢y, Cy = dl,
(108)
dz =e1, e :=da; +f1, f22=(11.
Similarly as in the case of equation (92), it is proved that
b d
Vi = Yokt Vuok2 Vo ksVnekaVnikos Vr/?ik-s (109)
for k e N\ {1} and n > k + 4, and that
ax = br_1, by = ar-1 + cr-1, Ck = dr-1,
(110)
di = er_1, ex = a1+ fr-1,  fx = ar-1.
From (110), we have
ap=0ap2+aps5+adne N 7 (111)
(in fact (111) holds for every n € Z, see Remark 1) and
ay =0, a;=1, aj=0, j=2,6,
(112)
a_;=1, a_g=-1, a_g=1.
Taking k = n — 4 in (109), we obtain
n— by n— dy— n— n—
e e S S U T T i e
dy- n— n—
= (7-1808-2) ™ (yo8_1) P4 (y_1 o) -ty by 1ty
— yohn—4 +dp_4 yfln—zﬁcn—zﬁen—ll _3—4 83;«—45?7—48?;—4*@1—4
— y(;ln—l _ﬂn y_"l;—S 8(‘)%—4 8??3 8?;—2 (1 13)

for n > -2.
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Employing (113) in the second equation in (35), it follows that

O = VYn-2Vn-3
ap-_3+ay_4 aAp-2+ay_3 _ 4ap_7+dy_8 ¢ldpy_6tady-7 ¢dy_5+ady_6 ¢dp-4+ay_s5
_yn ny{l nyé’l nan nan n8n n—! (114)
for n > -2.

The roots of the characteristic polynomial
Ds(t) =t —t*—t-1= (£ -t -1)(£ +1)

associated with equation (111) are

ty = A1, ty = A2, 3= A3, ty=-1, 56 = etis, (115)

where 4, j = 1,3, are the roots of polynomial (52).
By Lemma 2, we see that the solution to equation (111) such that a_; = 0, k = 2,6, and

a_1 = 1is

tn+6

6
j
a, = ~—, new. (116)
;P6(tj)

This consideration along with (26) shows that the following corollary holds.

Corollary 9 Counsider system (18) with a # 0. Then its general solution is

(xo+f)an = 1+«/—)an(x-2+\/_)a,, 5(y0+f)an 4(}’-1+f)an 3(y 2+f)an 241

x, = a0 x1-v/al xp-va yo—/a y1-a

(A e (AL (2 (W (L1 s (L2 s
X0+ A \by_3 (X1 A\b,_g (¥-24V/A\b,,_7 (YO ANb,_¢ (V-1+/A \b,_5 (Y=2+v/A\b,,_

. a(,c0 N/ L Sy ) B Gy ) G f) (o f) (v 2)ornt 41

" (;‘g*«/f—)bn 3 (% 1+§)bn 2 (% 2+f)bn 7(y0+f)b 6(y—1t¢;)b 5(§ ;if)bn 4 _

for n > -2, where the sequence a,, is given by (116) and
b,=a,+a,.

3.10 Solution to system (36)
Combining the equations in (36), it follows that the following relation holds:

Vn = ViaVraVn-6 117)

for n > 4.
Let

a) = 2, b1 =-1, C1 = 1. (118)
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Since equation (117) is with interlacing indices of order two (see, e.g., [17, 23]), it can be
written as follows:

a b c
Von+i = V2(L—1)+i7’2(1n-2)+iVz(ln—s)ﬂ‘ (119)

forn>2andi=0,1.
By using (117) in (119) we have

2 -1 ai_b
Vansi = (Vau24iVain-3)1:V2n-9)41) Valn-2)+iV2(n-3)+i

_ . 2a1+by _ —ai+c1 a1
= Yon=2)+iV2(n=3)+iV2(n-4)+i

_.a by 2
= Yo(u-2)+iY2(n-3)+iV2(n-a)+i
forn>3,i=0,1, where
ay = 2(11 + bl, bz =-a; + ¢y, Cyi=daj.

As in the case of equation (45), it is proved that
ai by Ck
Vonti = Vo(u-t)+iVo(n-k-1)+i V2 (n-k-2)+i (120)
fori=0,1,and
ar = 2ai_1 + br, br = —aj_1 + k1, Ck = A1 (121)

for k e N\ {1} and every n > k + 1.
From (121) it follows that

Ay =201 — 0y +ay3, HN>4 (122)

(in fact recurrent relation (122) holds for every n € Z, Remark 1), and it is easily shown
that

ag = 1, a1 = 0, a_p = 0, a_3 = 1, a_4 = 1. (123)

For k = n -1, from (120), we have

anp-1,,bp-1. cn-1

Van =VY2 Yo Vo2
—1.,bn1.,cn1
= (Yod_1)™ 1y " yh
ap-1+bp-1_,cn-1 ¢an-1
2 8—1

=% Y-
=y Ty e (124)
for n > -1, and
n-1.,,bn- n—
l)’1 lV_Cl '

= (y-1808-2) 1 (y_18_5) 1y 55!

_.a
YVonel = V3
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ap-1+bp-1+cp— 18“;1 15“n 1+bp-1
-1

_ y_ml ﬂnaﬂn laﬂn*an 1 (125)

for n > -1.
From (36), (124), and (125), it follows that

52n+1 = y2n+4/y2r1+2

Aps2—2ap41+an | An—dp— lsﬂnu —an

=Y V2
— y(;ln 1)/_ﬂn ap— laf;{H*ﬂn (126)

for n > -1, and

8on = Vone! Vane1

Ap+2=20p11+an Ban —ap-1 8ﬂn+l —2ap+ap-1
0 _

e A (127)

for n > —1 ((126) and (127) are also obtained from (124) and (125) due to the symmetry
of system (36)).

Now note that the characteristic polynomial associated with difference equation (122)
is given by

Pyt) =t -2+t - 1.
Let 7, j = 1,3, be the roots of polynomial Dy (they are also found in a routine way [34, 36,
59], which we leave to the interested reader).
By using Lemma 2, we see that the solution to equation (122) satisfying the following
conditions

as=a_1=0 and agp=1

is

3
_ j
a, = E ~ (f/)’ neZ. (128)

The above consideration along with the changes of variables in (26) shows that the fol-
lowing corollary holds.

Corollary 10 Counsider system (19) with a # 0. Then its general solution is

(xo+f)an—an 12ty 2+«/—)an 2(3’—1*‘/_)”'1 1+1

%9y = A va x_3—va y-1—
(xgi\/;)ﬂn—ﬂn 1(i i“f;)an 2(3’ 1+~/—)an 1-1
x_1+Ja Aaps1—an Yot+i/a an— y-2t+/a ap—ay—
(L o —an (S oy Q2 o ]

_ x_1—va
Xon+l = \/E(x 1+f)ﬂn+l an(y0+f)un l(y 2+N/—)an—aﬂ 1 1

x_1-+/a y-2-va
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(x—l*‘ﬁ)an_l(y()‘*'\/_)an—an 1(y-2+f)an 241

_ x-1-va yo—va
y2n - \/— X 1+[ ap—1 ;V0+«/_ ap—au_1 (2= 2+\/_ an-o _
(x 1- «/—) (yo— a) (;V 2—a ﬂ)

(x0+«/;l)a,,_1(x 2+f)an—an (L= 1+«/—)an+1 —an 4 1

_ x0-v/a x_3-va y-1-va
Yonel = \/E(xohf)ﬂ 1(x 2+f)“n_ﬂn 1(y 1+~/—)an+1 an _ 1
xX0—+/a x_2—/a y-1-va

for n > -1, where the sequence a,, is given by (128).

Remark 3 Equation (117) can be also solved directly, that is, without reducing it to two
non-interlaced difference equations. Namely, let

a) = 2, bl =0, Cy = -1, 21 =0,
then equation (117) can be written as follows:
@b T d . E S
Vo= VoV s Vela Vs ValeVis (129)
for n > 4.
By using (117) in (129) we have
Vn = Vn 2Vn 3Vn 4Vn 5Vn 6/17’
_ G b d & fi
= (yy12—4-yn_l6yn—8)ﬂ1 ans 7/14614)/;1715 Vnei6 y7{177
b 2 a A a
= vy Ay iy
= :zsyn 4Vn 5Vn Ve 77/2

for n > 6, where

52 = ZI, Zz = 251 +Zl, ?2 = 31, 22 = —ﬁl +El, Ez ::_71, 72 = 51.

Similar to equation (104) it is proved that
~ 3 - < N 5 -

Vn = y:l(k—l ankfzyncfkfs Vn—kk—ély:fk—s ynefk—G Vr{lik—6 (130)
and

di = br, bi =2dk_1 + 1, ko =di,

~ ~ ~ (131)

dy = —ar-1 + ex-1, €k :fk—b fk =ak-1
for2<k<n-4.

From (131) it is obtained that
z;'1 = 25}1—2 - Zin—él + Zin—éj n>=7 (132)

(in fact, recurrent relation (132) holds for every n € Z, see Remark 1), and we have that

=0, j=2,6, di=1, =0
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Now note that the characteristic polynomial associated with difference equation (132) is
Qe(t) =% —2¢* +£2 - 1.
Since
Qs() = (t(2-1))’ —1=(F-t-1)(F -t +1),
we see that Qg is solvable by radicals.
Let %, j = 1,6, be the roots of polynomial Qs. Then, clearly, = ;, j = 1,3, where A;,

j=1,3, are the roots of polynomial (52), whereas the other three roots of Qg are the roots
of the polynomial

Qs(t) =1 —t+1,

which are routinely found (see, e.g., [34, 36, 59]).
So, by Lemma 2, we see that the solution to equation (132) such that

ar=0, k=2,6, and a_;=1

is

6
Ay = , Z. 133
a Z Qé(l’;) ne ( )

From (26), (36), (130) with k = n — 4, the recurrent relations in (131), and (133), another
set of closed-form formulas for general solution to system (19) is obtained.

3.11 Solution to system (37)
The form of system (37) shows that

Vp=0y neN.
Hence,

VYn = Vn—2VYn-3

for n > 4.
By using (50) we have

an-4 ,,n-3, 4n-5

Yn=V3 Y2 W

= (y-1808-2)""*(108-1)""3 (y-18_0) "5

ap-3 , ,4n-4+ap-5 o4p-4 ¢dp-3 ¢dn—4+dy 5
0 -1 80 8—1 8—2

— y(;in—s yjlln—Z 561"—4 8?2_3 8{;1;_2 (134)
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for n € N, where a,, is the solution to equation (48) such that a_3 =a_, =0and a_; =1,
and consequently

e M A A i (135)

forneN.

It is easy to see that formula (135) holds also for # = 0.

Formulas (134) and (135) present the general solution to system (37). This consideration
along with (26) shows that the following corollary holds.

Corollary 11 Consider system (20) with a # 0. Then its general solution is

(xo+\/7l yan-3 (¥-1 +ﬁ)an_2(}'0+x/;1 yan-4(2=L +/a )an-3 (;jtg yan-2 4 1

X = xo—va x_1-va yo—va y-1-va
(B2 o (A o (B s (e s (2 1
forneN and
X0+ \a,_3 (¥_14A\ay_o ( Y0+ A Nay_a (Y1 A \a,_3 (V=24 \a,_
y -Ja xo—ﬁ) ’ x—l—ﬁ) 2(yo—«/E) 4(3'—1—ﬁ) B(y—z—ﬁ) Pl
=

(G (G D G (e -1

for n € Ny, where a,, is given by (53).

3.12 Solution to system (38)
This system is got from (28) by interchanging letters ¢ and 1. Hence, its general solution

is

Von = yozﬁgz”‘l_lrSi‘i” 842 (136)
for n € Ny and

Yons1 = Vo185 5??"”_153"'1 (137)
for n > -1, and

8n =8 188 2 (138)

for n > -2.
Formulas (136)—(138) present the general solution to system (38). This consideration
along with (26) shows that the following corollary holds.

Corollary 12 Consider system (21) with a # 0. Then its general solution is

X0+4/a Y Y0+ A \ag, 11 (Y-1+va \ao, (V-2 \ag,
o - vl Gy )™ o)™ A neNg
" X0+V/@ ) (Y0HVEVan, 1 1(I=1+ENan, (V-2 ENan, 5 1 ’
(xofﬁ)(yofﬁ)uz ' (%1*«/5)“2 (}'72*«/5)&12 1-1
X_1H3/A N\ (YO A \any, (V-1+VA\ag,1-1( V=23 \a,_
wy < o/ oy GE TG S +

N A N A L B C N N WA LN A
Gomva Gomva) > G (o) -1

n>-1,
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y0+f)an 1()’—1+«/_)un(y—2+\/_)an 241

n>-2,

yo—v/a y-1-va
Yn = \/— N
(B s (2

where a,, is given by (53).

3.13 Solution to system (39)
Combining the equations in (39), we obtain

Vi = VuaV,lsVns

for n > 4.
Let

a) .= 1, bl = 2, Cy = 1, d1 = 0, e = 0,

Then equation (140) can be written as follows:

Ya = Ve vyt

for n > 4.
By using (139) in (141) we have

Vi = (Vs ¥ 2ovn10) v sy e vt vyl

aj+ey 2ﬂ1+f1 a1
= J’n L5Vt 6Vn Vuls Voo Va1
_ a b2 c d2 e }/‘2
= yn—syn—6yn—7yn—8yn—9 n-10

for n > 8, where

ay = bl, bz =C1, Cy = dl,

dy:=ay + e, ey :=2a1 +f1, fri=ay.

Similar to equation (79), we get

_ak by k dy ek i3
R A P VA A VL
and

ax = br-1, by = ¢k, Ck = di-1,

di = ar_1 + ex_1, ex = 2ai-1 + fi-1,

for k e N\ {1} and every n > k + 6.
From (145) we obtain

Ap = y_y + 20,5+ dy_g

Je=ara

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)
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and
ag = 0, a1 = 0, a_p = 0, a_3 = 1,
o (147)
ﬂ_j=0, j=4~,8, a_g = 1.
Taking k = n — 6 in (144), we have
n-6 . ,bn- 16, An— n— n—
e S DU T T T
= (80y-17-2)"0 (8081)*-5 (8_18_0) "2y "y 2T 0y T
= Y3y =g e+ On=7 §ln5An=6 sn-+nS gn—4 (148)
for n > -2.
From (39) and (148), we have
5;1 = Yn-2Vn-3
— yo"rz—B +an-6 y_"’{ﬁ—4+“n—5 yfzrz—8+2“n—9+an—l()
X 8”}1—7*2“?1—8*%1—9 8ﬂn—6+2“n—7+ﬂn—8 6“;«—6*‘“}1—7
0 -1 _2
— y(;”n—S +an-6 y:”f—4+ﬂn—5 y_ﬂzn—él 83;1—3 52?—2 8?3—6*‘%—7 (149)
for m > -2.

The characteristic polynomial associated with equation (146) is
Ps(t)=t0 -2 -2t -1= (£t -1)( +£+1).

If t;, j = 1,6, are the roots of the polynomial, then clearly 7 = A, j = 1,3, where A;,j = 1,3,
are the roots of polynomial (52), whereas the other three roots of P are the roots of the
polynomial £3 + £ + 1, which are routinely found.

In view of Lemma 2 we see that the solution to (146) such that a_; = 0, k = 4,8, and

a_z=1is
6 tn+8
j
a, = =—, HEZL (150)
" o Pi(t)

Formulas (148) and (149) present the general solution to system (39). This consideration
along with (26) shows that the following corollary holds.

Corollary 13 Consider system (22) with a # 0. Then its general solution is

X0+ A \ay_3 ( X1+ A \ay_o (%24 A \by,_6 (YO A\b,_5 (V=1 \by_g (V-2 \a,_
= o) G Gy R )+
" X0+ a, o (F1+Aa, o (524 Vb, ¢ (Y0HNEND, o (I1HAND, 4 (V-2+ENa, 4 1]
Gomva) 2 Comva) 2 Co@) e Goma) s o) G =1

(x0+\/6_l )bn,s (3L +va )bn,4 ( x_2+/a )an-4 (}/0+«/Zl)an,3(3’71 +/a )an-2 (iizig)bn,e +1

o= X0—/a x_1-/a x_3-/a yo-va y-1-va
204V AND, < (XA AND, 4 (X2t A\g, 4 (V0PN ANa, 5 (Y14 \g, o (Y24 A\p, o
(xofﬁ) S(Lr«/a) 4(9672*«/5) 4(3'07\/5) 3(%1*«/5) 2(3'72*\/5) °-1

for n > =2, where the sequence a,, is given by (150) and b, = a, + a,_1.
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3.14 Solution to system (40)
System (40) is obtained from (35) by interchanging letters ¢ and n. Hence, its general

solution is
5}’1 — 86@1—186_1718“; Sy(;ln 4)/_“;1 Syﬂéx 2 (151)
for n > -2 and

anp-3+a ap_n+a, ay_7+a, a,_e+ta, a,_s5+a, ay_4+a,
yn:8n3 n48n2 n38n7 nsyoné n77n5 n67n4 n-5 (152)

forn > -2.
Formulas (151) and (152) present the general solution to system (40). This consideration
along with (26) shows that the following corollary holds.

Corollary 14 Consider system (23) with a # 0. Then its general solution is

(;Vo+\/_)bn (L= 1+«/_) na (1= 2+«/—)bn 7(xo+«/ﬁ) n6 (2= 1+\f)b,7 5 (2 2+f)b,, 441

yo—va y-1-va y-2-va x0—va x_1-va x_p-va

xn:\/_

YOrNaNp, 3 (V=14 Np, o Y2+ A Np, x0+fb ER LNV TS LA ’
Qg )3 (o) on (U2 one (22 oo (G s (2 )t — 1
Y0+ A a1 (I-1+vAa, (Y-2+/a Ay (X0t A \ay_a (%14 Na, 3 (%-2+VA\a,_
O e e e
" Yo+i/a au_1(Y "‘\/»a yot+a ay_ x*[a x_1+a an_3 (% +/a Ay
R o I TN ] S 1N SN

for n > =2, where the sequence a,, is given by (116) and b, = a, + a,_;.

3.15 Solution to system (41)
System (41) is obtained from (31) by interchanging letters ¢ and 7n. Hence, its general

solution is

Vn = y(;ln—6+ﬂn—7 yﬁl{q—S"‘ﬂn—G 8(‘)’71—4"‘“;1—5 8?;—3+“n—48ilg—3+an—5 (153)
for n > -1 and
5 y(;ln 4yﬂn 35ﬂn 28an lsan -3+dp-5 (154)

for n > -2.
Formulas (153) and (154) present the general solution to system (41). This consideration
along with (26) shows that the following corollary holds.

Corollary 15 Consider system (24) with a # 0. Then its general solution is

5043/ Y0yt R4V Yy 5+ (W@ Va4 (VL0 Va3 ran-a (V24D )an 5ran-s 4 |

X, = a x0—/a x-1-va Yo—va y-1-va y-2-a
=
*0+VA\a, c+a X_1+V/4\q c+a Y0+ \a, 4+a J-1tva 1*[ a,_3+a Y24V \a, 3+a _
(xo—u)"6 n7(x_17ﬁ)n5 né(y )n4 n5( )n3 n4(y27\/,)n3 n-5 — 1

forn>-1and

X0+ \ay_g (1A \ay_3 (YO \ay_o (Y14 ANa,_1 (V=243 \ay_3+a,_
y :ﬁ(xo—ﬁ) i 1- f) 3(}’0 «/_) 2(;\' 1- f) l(y 2—«/5) el
(s (A o (2 (2Lt (2 oo - 1

for n> -2, where a, is given by (88).
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3.16 Solution to system (42)
This system of difference equations is obtained from system (27) by interchanging letters

¢ and n only. Hence, its solution is given by

Vi =851 8%18%2 (155)
for n € N and

8y = 8y 18 stn=2 (156)
for n > -2.

Formulas (155) and (156) present the general solution to system (42). This consideration
along with (26) shows that the following corollary holds.

Corollary 16 Counsider system (25) with a # 0. Then its general solution is

(e

SR e e
yo—+/a y-1-v/a y-2—va
Y0+v/a\ay, 1 (Y-1+vA\ay (Y-2+/A\a,,_
Yu=+a yo—ﬁ) l(y—l—ﬁ) (J’ Z—ﬁ) ! n>-2
Y o ey 2y
J’O‘\/E y_1—«/E J’—Z_«/‘_z

where a,, is given by (53).

Remark 4 Corollaries 1-16 show that all systems (10)—(25) are practically solvable. This
is obviously equivalent with the practical solvability of system (4) when k =1 and [ = 2,

which is one of the results that we wanted to present in this paper.
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