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1 Introduction
This paper deals with the well-posedness and exponential stability of the modified gener-
alized Korteweg—de Vries—Burgers (MGKdVB) equation

Up + VU Uy — O Uy + Ulyyy + Volhyxax =0, x€(0,1),£>0, (1.1)
with the following boundary and initial conditions:

u(0,8) = u(1,) = uy(0,£) =0, >0,
uxx(li t) = ]:(t), t>0, (12)
u(x, 0) = uo(x), x€(0,1),

where y1, y», 0, and p are positive physical parameters, whereas « is a positive integer.
Furthermore, F(¢) is the linear boundary control to be proposed so that the solutions of
the system exponentially decay.

The MGKdVB equation has been extensively studied in literature but in some very spe-
cial cases of the physical parameters. Indeed, when o = y; =1, u = 0, and 0 < 0 in (1.1),
the MGKdVB equation becomes the Kuramoto-Sivashinsky (KS) equation which was de-
rived by Sivashinsky [33] and Kuramoto [23] with the purpose of describing the thermo-
diffusive instability in flame fronts. Due to its crucial physical aspects, numerous research
investigations were devoted to studying this equation. For instance, many scientists have
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considered the existence and uniqueness of global solutions to the Cauchy problem related
to this equation [6, 18, 19, 24, 40]. Moreover, He et al. [20] considered the KS equation
when the boundary conditions are periodic and proved the stability of this equation. In
[14], the authors proved that the mixed problem for the KS equation is globally well-posed
in a bounded domain with moving boundaries. They also proved the exponential decay
of the solutions with Z2-norm. In [24], the author considered the generalized Kuramoto-
Sivashinsky equation (i.e., when o« = y; = 1, © > 0, and y; = —o > 0 in (1.1)). He proved the
well-posedness of the problem and the exponential decay of the solution provided that o
and the norm of the initial conditions are sufficiently small.

Incaseo =0,y, =0,y =1,and a = 1, (1.1) reduces to the well-known Korteweg and de
Vries (KdV) equation which was derived by Korteweg and de Vries to describe the dynam-
ics of water waves [29]. The KdV equation was also used to describe many phenomena
such as modeling waves in a rotating atmosphere or ion-acoustic waves in plasma [15].
Many scientists paid a lot of attention to the well-posedness of this equation [9, 11, 21]. In
fact, Bona et al. [9] studied the global well-posedness of the KdV equation in appropriate
functional spaces, and Hublov [21] studied the solvability of the KdV equation with dissi-
pation in a bounded domain. Also, the well-posedness of the mixed problem for the KdV
equation when x > 0 and ¢ € (0, £) was discussed by Bui [11]. The main idea of the proof is
based on the approximation of the KdV equation by the KS type equations.

On the other hand, setting « =y, =1 and p = y» = 0 in (1.1), the MGKdVB equation
becomes Burgers equation. This equation was first derived by Burgers [12] in 1948 as a
prototype model for turbulent liquid flow. Due to its importance in describing many real
life phenomena, many scientists have studied this equation [3-5, 16, 22, 32, 34—36].

Furthermore, when o« = y; = 1 and y, = 0, the MGKdVB equation reduces to the
Korteweg—de Vries—Burgers (KdVB) equation. Many researchers used the KdVB equa-
tion to describe several phenomena [2, 7, 8].

In turn, if 4 =1 and y, = 0 in (1.1), the MGKdVB equation becomes the generalized
Korteweg—de Vries—Burgers (GKdVB) equation. This equation is useful in modeling many
physical phenomena such as the unidirectional propagation of planar waves [1]. It also
models longitudinal deformations in nonlinear elastic rod [26]. The non-adaptive and
adaptive control problems of this equation were studied in [37] and [38, 39].

In this article, we suggest the following linear boundary control:

Fo=-YLua,0, t>o (1.3)

V2

Up to our knowledge, the well-posedness and stability of the of modified generalized
Korteweg—de Vries—Burgers (MGKdVB) equation (1.1) have not been discussed in the
literature. Thus, the principal objective of this paper is two-fold: First, to investigate the
problem of existence and uniqueness of solutions to (1.1)—(1.3) as well as their long-time
behavior. The main ingredient of the proof is the utilization of Faedo—Galerkin method.
It is worth mentioning that this method has been used for many nonlinear equations (see
[14, 17,24, 27, 30, 31]). Secondly, the linear adaptive boundary control law of the dynamics
of equation (1.1) is presented.

The remainder of the paper is organized as follows: In Sect. 2, notations and prelim-

inaries are presented. Some a priori estimates will be proved in order to guarantee the
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existence and uniqueness of solutions in Sect. 3. Then, Sect. 4 is devoted to showing the ex-
ponential stability of the MGKdVB equation subject to the non-adaptive linear boundary
control (1.3). Section 5 presents a linear adaptive boundary control law for the MGKdVB
equation when both of y, and p are unknown. Section 6 shows the numerical simulations
that illustrate the theoretical results. Lastly, concluding remarks are given in Sect. 7.

2 Notations and preliminaries
In this section, we provide notations to be used throughout the paper.
Let L2(0,1) be the Hilbert space endowed with its usual inner product. In our case,

1
(u,v)(t):f0 u(x, t)v(x, t)dx, and ||u(t)”2= (u, u)(t).

In turn, ||u||? = || uH%2 Q where Q = (0,1) x (0, £). For convenience, we shall often denote by
97 the differential operator % Moreover, consider the Sobolev space (see [25] for more
details)

H"(0,1) = {u:(0,1) > R; 3/u € L*(0,1), for n € N}

equipped with the usual norm

i=n ’
1zl m0,1) = Z” 8alc””LZ(o,l)'
i=0

Thereafter, as in Larkin [24], we have the following result.
Lemma 1 Let u,y, > 0 and consider the following eigenvalue problem:

V20,; = 149,

9i(0) = 9i(1) = 9jax(0) = @a(1) + %wjxm -0,

where ; € C is the eigenvalue and ¢; € H*(0,1) is the corresponding eigenfunction for each
j € N. Then ;> 0 for each j € N and the eigenfunctions {¢;}; € N form a basis in H*(0,1).
Moreover, {¢;} is an orthonormal set in L%(0,1).

Proof Consider the operator 3 in H*(0, 1) such that the boundary conditions of Lemma 1
hold. Then, let #, ¢ € H*(0, 1) that satisfy the boundary conditions of Lemma 1. Integrating
by parts, we have

1 1
(8::’/‘, (0) = f Uxxxx® dx = [uxxxgp — UxxPx + UxPrx — u(pxxx]é + / UQxxxx dx = (M, 3,%40)
0 0
Hence, the above operator is self-adjoint. We also have
2
Vo0u, u) = s (1) + y2 | 02u .

Whereupon, the operator is also positive, and the claims of the lemma are a direct conse-
quence of the results in p. 78 of [28]. O
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3 Existence and uniqueness of solutions to system (1.1)-(1.3)
The ultimate outcome of this section is to show the existence of solutions to (1.1)—(1.3).
To do so, we will use the so-called Faedo—Galerkin method and some a priori estimates
(see [24] for a similar situation).

Recall that « is a positive integer, whereas w, o, and y, are positive real parameters. Then

we have the following result.

Theorem 1 Let ug € H*(0,1) N H}(0,1) such that

"
u()xx(o) = u()xx(]-) + y_MOx(l) =0.
2

Then there exists a unique solution to (1.1)—(1.3) satisfying, for any T > 0,

ue L°(0, T;Hy(0,1) N H*(0,1)) N C(0, T; Hy(0,1) N H*(0, 1)),

u; € L*(0, T3 Hy (0,1) N H*(0,1)) N L>(0, T5L%(0, 1)).
Proof First of all, let
Pu=up + Y11’y — Oy + Ulhyzy + Volhazex = 0, (3.1)

and define as in [14, 24] approximate solutions X to (1.1)—(1.3)

k
W) =) [ Oew),

Jj=1

where ¢;(x) are given in Lemma 1 and ]jk (¢) are solutions to the initial-value problem,

which consists of the system of k ordinary differential equations:

(Pu, 0)(0) = (uf, )@ + (") s, 97)(0) + {26, 03) @) = o, ) (2)
+ yaldfut, g)(£) = 0, (3.2)

];k(()) = <u01 (oj)r j: 1»~~1k' (33)

One can view the system (3.2)—(3.3) as a system of k nonlinear ordinary differential
equations satisfying the existence result stated in Sect. 1.5 of [13], and hence there exist
k differentiable solutions];k(t), for j=1,2,...,k, of the system (3.2)—(3.3) on an interval
(0, T%) for some T* > 0 [13]. It remains to extend those solutions to any interval (0, T’
and pass to the limit as k — +00. To do so, a number of a priori estimates must be estab-
lished.

A priori Estimate 1:

Let us first replace ¢; by 2u in (3.2), which is possible since u* € H*(0,1) is a solution
of (1.1)—(1.3). Then, integrating by parts and using boundary conditions (1.2)—(1.3), it
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follows that

||uk(t)|| + (1) 0,8) + w(d)’ (1,0 + 23|k (0| + 20 |k (1) |* = 0. (3.4)

Clearly, (3.4) yields

d
2O + 1) 0.0+ nfub 0] <o,
and hence
t t
||uk(t)||2 + /L/ (ul;)z(o,s)d5+ Vz[ ||M§x(5)n2ds§ Clluo (3.5)
0 0

Here and in the sequel, we shall use for convenience the same letter C to represent a pos-
itive constant which is independent of ¢ and k.

A priori Estimate 2:

Substituting ¢; by 32 in (3.2) as u* € H*(0,1) is a solution of (1.1)—(1.3), we obtain

ZI"’ (3.6)

where

L = (uf, 35u")(®), L = u(d3u®, 93u*)(2), I = n((ub)* uf, auk)(2),
= —G(Sfuk, ajuk)(t), and 5= yz(afuk, aﬁuk>(t) =¥ ||8;Luk(t) H2

The immediate task is to estimate [; fori=1,...,4.

Integrating by parts and owing the boundary conditions in (1.1), we obtain

1[0
I = (u’t‘, Bﬁuk)(t) = —uk (Louk (1,8) + 5/0 &(ul;x)z dx.

Since —Quk (1,1) = uk(1,2) (see (1.3)), we get

Y
L = iufm(l t) (Lt) + EEHM ”

Therefore, I; simplifies to

1d

=5 g (2l a2 ).

Concerning I, we have

1
2
I = u(é)ﬁuk, Bﬁuk)(t) R muk dx.

XXX XXXX
0 /"2 2
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By using the following version of Young’s inequality:

ab> — — b, (3.7)
4

Ny

witha = Y24k

and b = \/—‘i e We can estimate I, as follows:

4y 2
P T

Exploiting the interpolation inequality (see, for instance, p. 233 in [10]) on the last term

of the previous inequality, we get

122-%Uaguk(t)||2_y—( elatu @] + c@ @),

2
in which € is an arbitrary positive number. Thereby, choosing € = 6:% yields

b= -B|att o) - clut]”.

Next, using Cauchy-Schwarz’s and Poincaré’s inequalities, it follows from I3 =
Y (@) uk, 94u*) (£) that

e A U 7 e ERAGI

Invoking the interpolation inequality || uk 12 < K|l u .|l where K is a positive constant
[10], we get

-2 ke, . ) VY2 04k
I K—— ~— 0 .
= (K2 k) 22 ot o]
Then, using once again Young’s inequality (3.7) and (3.5), we deduce that
bz =gl - clog o]’

for C > 0.

Analogously, arguing as before, the term I = —o (32u*, 92uX) (¢) gives
4,k 202 0 ko2
I = -Batt )] - = o o]
V2

Now substituting I; —I5 into (3.6), we obtain

ld 2k 2k SY2 g koo (12
3 i (2Lt ,o] « it |7) + 22 a0

< <c . %) 202 + o)
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Taking into account Estimate 1 (see (3.5)) and exploiting Gronwall-Bellman’s inequality,

the last inequality gives
t
2 @)+ ZJo2ut o + 212 f |2t (o) ds
M 4 Jo
= C[% inxx(1)|2 + ||u0”?_12(0,1)i|’ (3'8)

where C > 0.

A priori Estimate 3:

As in [24], putting £ = 0 and ¢; = uk(0) in (3.2) since u* € H*(0,1) is a solution of (1.1)—
(1.3), we obtain

[ O + {11tk + yattlee = o+ 72 () 2k, ) 0) =0,

which together with the triangle inequality and Estimate 1 (see (3.5)) imply that

|u; O < Clluoll o, 0,0)- (3.9)
On the other hand, using (3.5) and (3.8), we get

<C. (3.10)

k
max ” u'(t) ”1—12(0,1) =

Now, let us differentiate (3.2) with respect to ¢. We obtain

(1 1)(0) + (4, ) (0) + {2 () “0)  3)(0) + (0 (), )0
+ {87y, 9i)(0) + (17U, 0 )(2) — o (14 91)(2)
= 0 {1t 02)(0) + 2814, 03)(0) + 2 B0, 1)) = 0.

Substituting for ¢; (which depends only on x) by 2u¥, we get

(u'f[,Zuf)(t) + yl(((uk)au/;)tﬂuf)(t) + u(@ﬁuf,Zuf)(t) - o(uk Zuf)(t)

xxt?

+ y2<8;‘u/[,2uf>(t) =0. (3.11)

The first term in (3.11) can be written as

With regards to the second term in (3.11), we simply integrate by parts and use boundary

conditions (1.2) to conclude

1

1
()5, 268000 =2 [ (), )" s [ ()t
0 0

= —2)/1<(”k)a”f’ M§t>(t)‘

Page 7 of 17
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Similarly, the last three terms in (3.11) can be expanded as follows:

u(83ut,2ut>(t) ( ) (0,¢) - ,u( ) (1,8,

2

)

—0( xxt,Zut)( ) =20 Huit(t)

y2(84ut,2ut>(t) = —u( xt) (L,8) + 2y, ||u

where we took into account the fact that boundary conditions (1.2)—(1.3) are invariant

with respect to time-differentiation. Inserting the previous identities in (3.11) yields

d @
O =2 {(0) )0 + () 0,0) + 1 (1) (1,0 + 20 u (0]

+ 2l 0 =o. (3.12)
Consequently,
a @ ko k
SO + @ < i@ + 2] ()", 1, )0). (3.13)

A straightforward computation permits to write the last term in (3.13) as follows:

272 (0) e 0) = =i {()), () )00

This together with Cauchy—Schwarz inequality and estimate (3.10) implies that

211 1)) =

where C > 0 is independent of £ and N. Whereupon, (3.13) gives

d
L1+l 0] = 61
where C > 0.
Integrating (3.14) from O to ¢ and using Gronwall-Bellman’s inequality, we get
o1+ [ ka0 as <l
where C > 0.
Referring to (3.9), the previous inequality can be written as
”"‘ ) H + V2/ ””xxs H ds < C””‘t )| < Clluoll 0,01 0,1) (3.15)

where C > 0 does not depend on ¢ and k.

Estimates (3.5), (3.8), (3.15) allow us to extend the approximate solution X (x, ¢) for all
T € (0,00) and also u(x, t) converges as N — oo. Hence, taking the limit in (3.2), we con-
clude the existence of a global solution u that belongs to the classes stated in our theorem.
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The immediate task is to show the uniqueness of solutions. To this end, assume that #;

and u; are two solutions of system (1.1)—(1.3) and let w = u; — uy. Then w is a solution of

the following problem:
We + Y1 (u‘fulx - ug‘u2x) - oaﬁw + ;Lafw + ygafw =0, (3.16)
w(x,0)=0, x¢€(0,1), (3.17)
w(l,£) = w(0,£) = 3’w(0,) = 0, (3.18)
2w(1,t) = —%wx(l, £), t>0. (3.19)

Taking the inner product of (3.16) with 2w in £2(0, 1), we get

(wy, 2w)(t) + yl(u‘i‘ulx — U Uy, 2w>(t) - o(&fw,Zw)(t) + ,u(aiw,2w)(t)

+y2(0w, 2w)(¢) = 0. (3.20)

Integrating by parts and utilizing the boundary conditions (3.18)—(3.19), it follows that

d
—lwo 17+ (0 th1 = S thz, 20)(2) + 12 (2)2(0,8) + () (1, 2)

+ 2 we®)]” + 20w =0, (3.21)
which gives
d 2 2 o «
r [w@®)|” + 20 |we @ < =11 (0 t1x — 45 2, 20)(2). (3.22)
To estimate the right-hand side of inequality (3.22), we proceed as follows:

2
a1 = 0, 20)(8) = ([ =™, w)0)

2
([ = o

2
= )/11 <w(u‘f + u‘i‘_luz 4ot ulug_l + ug),wx>(t). (3.23)
o+

Utilizing Cauchy—Schwarz’s inequality, we have

o o 2y
e — e, 20)(0)| < == [w@)|K]welo)]
K _( [w@)l
_a+12< 5 «/S_HW,C(t)H>, (3.24)
where K = [lug|l% + lmllS ualloo + - + lialloollz2" + lu2llS, and |fllee =

I lco,r1:22(0,1) - Utilizing Young'’s inequality, (3.24) yields

2
|y (1 101 — Uty 20)(8)| < O’[“—fi ("W(% + 8] we(t) ||2>. (3.25)

Page9of 17
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Inserting (3.25) in (3.22), we obtain

s o = 2w+ (2520 ) waco) (3:26)
( +1
Choosing § = M,we get
K ) LS YT S (327)
20 (o + 1)

Lastly, using Gronwall-Bellman’s inequality and noting that w(0) = 0, we conclude that
W =uy — uy =0, and thus u; = u,. This proves the desired uniqueness result. O

4 Stability of system (1.1)-(1.3)

This section is concerned with the long-time behavior of solutions to system (1.1)—(1.3).
Indeed, we have the following result.

Theorem 2 Assume that a is a positive integer, while |1, o, and y, are positive real param-
eters. Given an initial condition ug € H*(0,1) N H} (0, 1) and subject to boundary conditions
(1.2)—(1.3), the corresponding solution of MGKAVB equation (1.1) is globally exponentially
stable in L*(0,1).

Proof Taking the inner product in L2(0, 1) of (1.1) with 2u, we get
1 1 1
2/ u(x, )us(x, t) dx — 20 / u(x, )ity (2, £) dx + 210 / (%, 1)ty (3, t) dx
0 0 0
1 1
+ 201 / u(x, )u® (x, £)uy(x, t) dx + 2)/2/ U(X, B)Uyrnn (X, £) dx = 0. (4.1)
0 0
Integrating by parts each term in (4.1) and using boundary conditions (1.2)—(1.3), we get
d 2 2 9 2 2
T ||u(t)|| + pu(0,8) + pu(1,£) + 2y || Uy (2) H + 20 ||ux(t) H =0. (4.2)
Thereby
d
@] + 20 |u)|* <0,
which by means of Poincaré’s inequality leads to
d 2 2
7 ”u(x, t) || <-20 ” u(x, t) || .
Integrating the latter, we obtain

[ute )] <e

(4.3)

and hence the solution of (1.1)—(1.3) is exponentially stable. O
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5 Linear adaptive boundary control law for MGKdVB equation (1.1)
In this section, we present a linear adaptive boundary control law for MGKdVB equation
(1.1), subject to the same boundary conditions as in (1.2), that is,

u(lr t) =u(0,t) = uxx(or t)=0, (5.1)

uxx(L t) = M(t)’ (52)

where M(¢) is a linear adaptive boundary control to be proposed when the parameters
1 and y, are unknowns. The following theorem states the findings of our linear adaptive
boundary control law.

Theorem 3 Cousider a to be a positive integer. Given an initial condition uy € H*(0,1) N
H}(0,1), the modified generalized Korteweg—de Vries—Burgers (MGKAVB) equation (1.1)
subject to boundary conditions (5.1)—(5.2) is globally exponentially stable in L*(0, 1) as long
as the following linear adaptive control law is applied:

M(t) = _nlux(l)t)) (53)
where
f’l = rlui(I’tL (54')

in which the feedback gain r, is a positive real number.

Proof Let

1
V() = %/ u?(x, t) dx (5.5)
0

be the Lyapunov function candidate. Clearly, V/(¢£) > 0 for all £ > 0. Moreover, differenti-
ating V/(¢) with respect to time, and referring to (1.1), we have

1 1 1 1
V() =0 / Ulhyy dX — M/ Ulyry AX — Y1 / i, dx — y, / Uy AX. (5.6)
0 0 0 0

Integrating by parts and using the boundary conditions (5.1)—(5.2), we obtain from (5.6)

1
V() < —O'/ ufc(x, t)dx + %ui(l, t) + yau, (1, £) M (). (5.7)
0

Inserting the control law (5.3) in (5.7), we get
. 1 m
V() < -0 / 2 0+ (1,0 - yonu(1,), (5.8)
0

Using Poincaré’s inequality, (5.8) becomes

1
V() < —O'/ u?(x,t) dx — <y2171 - %)ui(l,t) for any ¢ > 0. (5.9)
0
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Now, we define an energy E(¢) as follows:

1 2
Et)=——(ym-%—a) +V(t), wherea>0. (5.10)
2yyr1 2

Obviously, E(t) > 0 for all ¢ > 0. Differentiating E(¢) with respect to time yields

E@)=V(e)+ n (yzm e —a). (5.11)
r 2

Using (5.4) and (5.9), identity (5.11) leads to

1
E@) < —a/ u?(x, t) dx — <y2;71 - %)uﬁ(l, )+ <yzr;1 - % - a)ui(l,t).
0

Therefore,
. ! % I
) < o / W) dx im0+ 5210 + (1,0 - (1,
0
—au’(1,1). (5.12)
This reduces to
) 1
E(t) < —o/ u?(x, t) dx—aufc(l, t). (5.13)
0
Since a > 0, the term —auﬁ(l, t) <0 for all t > 0, and hence (5.13) yields
) 1
E(t)<-o / u*(x,t)dx for any t > 0.
0

Thereby, E(¢) < E(0) for any ¢ > 0, which means that #; is bounded for all ¢ > 0. Thus,
u,(1,£) € L*(0,00). Using (5.5), we can write (5.9) as follows:

V() < -20V(t) - (yzm - %)ui(l, t) foranyt>0. (5.14)

Using Gronwall-Bellman’s inequality, we get
t
V() <e V() + C f ey (1, 1) dr, (5.15)
0
where C = sup [y,n1 — 5. Since
t
f e y2(1,1)dr — 0, ast— oo,
0

we conclude that V(¢) converges to zero as ¢ —> co. Thus, ||u(x, )| exponentially ap-
proaches zero as ¢ tends to infinity. O

Remark 1 It is worth mentioning that the choice of the feedback gain r; will definitely
affect the value of 17, and therefore the stability of the solution. Fixing the initial condition
n1(0) and increasing the value of r; will increase the value of 7;, which in turn speeds up
the convergence of the solution to zero.
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6 Numerical simulations of the MGKdVB equation

In order to illustrate our theoretical results, we numerically present in this section the
dynamical behavior of the MGKdVB equation when the non-adaptive boundary control
(1.3) and adaptive boundary control law (5.3) are applied. To this end, numerical solutions
for the (MGKdVB) equation will be simulated using COMSOL Multiphysics software.

6.1 Linear non-adaptive boundary control law for the MGKdVB equation (1.3)
This subsection is devoted to numerical simulations of solutions for the (MGKdVB) equa-
tion with the non-adaptive control law (1.3). The solutions are computed and simulated
fora =1,2,3, and 4.

Let us pick up the initial condition u(x) = sin(rx). Figures 1(a)—1(d) depict the behavior
of the solution u(x, t) as it evolves in time. In the simulations, we set the parameters o, ,
y1, and y, to be 0.01, 0.001, 1, and 0.0005, respectively. The norm | u(x,t)|| versus time is
presented in Figure 2. This figure indicates that the solution converges to zero as ¢ goes to
infinity. This confirms the theoretical results obtained in Sect. 4. It should be noted that
Figure 2 also emphasizes that condition (1.3), that is, u,(1,£) = —%ux(l, t), is acting as
a linear boundary control where —%ux(l, t) plays the role of the input control. A careful
look at Figures 1 and 2 shows that the decay rate to the steady state solution decreases as
o increases from 1 to 4.

6.2 Linear adaptive boundary control law for the MGKdVB equation (5.3)
In this subsection, we present numerically the dynamical behavior of the MGKdVB equa-
tion by applying the linear adaptive boundary control law presented in (5.3). Using COM-

(@) (b)
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Figure 1 A 3-d landscape of the dynamics of the MGKdVB equation subject to boundary conditions

(1.2)-(1.3); 0 =0.01, w =0.001, 1 =1, y» = 0.0005, and up(x) = sin(x); @ a =1;b) e =2; (o =3;(d) o =4
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Figure 3 A 3-d landscape of the dynamics of the MGKdVB equation using the linear adaptive control law;
0 =001,y =1,n=02and upl) =sin(@x);@a=1;,ba=2;a=3da=4

SOL Multiphysics software, the solutions are provided for several values of &. These values
are 1, 2, 3, and 4.

As in the previous subsection, let uy(x) = sin(wx). It is clear from (5.3) that the linear
adaptive control law proposed in Theorem 3 does not require the pre-knowledge of u
and y, which are assumed to be unknowns. Nevertheless, for simulation purposes, these
values are set to be 0.001 and 0.0005, respectively. The parameters o and y; are set to be
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Figure 5 n; versus time for different values of & when applying the linear adaptive control law

0.01 and 1, respectively. Moreover, r; is chosen to equal 0.2. The initial value of n; is set
to be such that 1;(0) = 1. Figures 3(a)-3(d) show a 3-d landscape of the solution of the
MGKdAVB equation when the control law is given in Theorem 3 for different values of «.
Figure 4 shows the L2-norm of these solutions. It can be noticed from the figures that as
a increases, the decay rate of the solution to the steady state solution decreases. This is
due to the effect of the nonlinear term which causes the instability in the behavior of the
solutions of the MGKdVB equation.

Figure 5 depicts the behavior of the function 1;, which appears in the control. Figure 5

shows that 1; decreases as « increases from 1 to 4.

7 Concluding remarks
In this paper, the MGKdVB equation is considered and a feedback boundary control is
proposed. Then, the well-posedness of the system and the exponential stability of the so-
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lutions are investigated. Furthermore, a linear adaptive control law is put forward when
the parameters y, and p are unknowns. In this case, the solutions are also shown to be
exponentially stable. Finally, numerical simulations are presented to illustrate our results.

The control problem of the MGKdVB equation in the presence of a time delay will be
the subject of future research studies.
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