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1 Introduction

Let f(z) be a function meromorphic in the complex plane C. We use the general nota-
tion of the Nevanlinna theory (see [12, 20, 23]) such as m(r,f), N(r.f), T(r,f), m(r,]Tla),
N(r, J%a), ..., and assume that the reader is familiar with these notations. We also use
S(r,f) to denote any quantity of S(r,f) = o(T'(r,f)) (r = 00), possibly outside a set with
finite logarithmic measure. The order and the lower order of f(z) are denoted by o (f) and
wu(f) respectively.

For any a € C, the exponent of convergence of zeros of f(z) — a (or poles of f(2)) is
denoted by A(f,a) (or k(%)). Especially, we denote A(f,0) by A(f). If A(f,a) < o(f) (or
A fl) < o(f)), then a (or 00) is said to be a Borel exceptional value of f(z). Nevanlinna’s
deficiency of f with respect to complex number a € C U {oo} is defined by
mir, 742) N 4)

8(a,f) =liminf ———— =1 -limsup ————.
f r—oo T(r,f) r—>oop T(r.f)

If a = 0o, then one should replace N(r, J%a) in the above formula by N(r,f).

A point zg € CU{oo} is said to be a fixed point of f(z) if f (zp) = zo. There is a considerable
number of results on the fixed points of meromorphic functions, we refer the reader to
Chuang and Yang [7]. It follows Chen and Shon [2, 4], we use the notation 7(f) to denote
the exponent of convergence of fixed points of f, i.e.,

log N (r, )
7(f) = limsup B

r—>00 logr
In 1993, Lahiri [13] proved the following theorem.
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Theorem A Let f be a transcendental meromorphic function in the plane. Suppose that
there exists a € C with 8(a,f) > 0 and 5(co,f) = 1. Then f has infinitely many fixed points.

In this paper, we shall study the fixed points of the differences of meromorphic functions.
For each ¢ € C\{0}, the forward difference A’c‘*lf(z) is defined (see [1]) by

Af(2)=f(z+c)—f(2), Aif(z) =Af(z+c)— Af(2).

Especially, we denote A f(z) by Af(z).

Recently, some well-known facts of the Nevanlinna theory have been extended for the
differences of meromorphic functions (see [5, 6, 9-11, 14—18]). For the existence on the
fixed points of differences, Cui and Yang [8] have proved the following theorems.

Theorem B ([8]) Let f be a function transcendental and meromorphic in the plane with
the order o (f) = 1. If f has finitely many poles and infinitely many zeros with exponent of
convergence of zeros M(f) # 1, then Af has infinitely many zeros and fixed points.

Theorem C ([8]) Letf be a non-periodic function transcendental and meromorphic in the
plane with the order o (f) = 1, max{k(f),)»(fl)} # 1. If f has infinitely many zeros, then Af
has infinitely many zeros and fixed points.

The conditions of Theorems B and C imply that 0, co are Borel exceptional values. If oo
and d € C are Borel exceptional values of f, Chen [3] obtains the following theorem.

Theorem D ([3]) Let f be a finite order meromorphic function such that )L(}) <o(f), and
let c € C\{0} be a constant such that f(z + ¢) % f (). If f(z) has a Borel exceptional value
de C, then t(Af) =o(f).

In [22], Zhang and Chen showered that the condition A( J%) < o(f) in Theorem D cannot
be omitted. Moreover, they obtained the following theorem.

Theorem E ([22]) Let f be a finite order meromorphic function, and let c € C\{0} be a
constant such that f(z + c¢) # f (). If f(z) has two Borel exceptional values, then t(Af) =

o(f).
In [19], Yi and Yang have proved the following theorem.

Theorem F ([19]) Let f be a transcendental meromorphic function in C with a positive
order. If f has two distinct Borel exceptional values, say a, and a,, then the order of f is a
positive integer or 0o and o (f) = u(f), 8(ar,f) = 8(aq,f) = 1.

By Theorem F, we can derive that the order of f in Theorems D and E is a positive integer.
Is it necessary to ask if the order of f is an integer?, i.e., Can we get similar results as those
in Theorems B, C, D, and E if the order of f is not a positive integer? The main purpose of
this paper is to study this question. In fact, we shall prove the following theorems.

Theorem 1.1 Let f be a transcendental meromorphic function of finite order in the plane.
Suppose that ¢ € C\ {0} such that A f #£ 0. If there is a € C with §(a,f) > 0 and 5(co,f) = 1,
then A f have infinitely many fixed points and t(Af) = o (f).
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Theorem 1.2 Let f be a transcendental meromorphic function of finite order in the plane.
Suppose that ¢ € C\ {0} such that Af #£0.If §(oo,f) =1, 8(0,f) = 1, then

1
T(’"quf)NT(V7f)NN(V;m>;

asr— oo, r ¢ E, where E is a possible exception set of r with finite logarithmic measure.

Let f(z) = <, then N(r,f) = logr = S(r.f), N(r, $)=0and Af = %é £ 0. By the

z(z+c
second fundmental theorem, we have

T(r, Acf) ~ T(r.f) NN(r, (A(f%) (r — 00),

and (A f) = o (f).

2 Proof of Theorems 1.1 and 1.2
Lemma 2.1 ([6]) Let f(z) be a finite order meromorphic function, then, for each k € N,
U(Aff ) <o(f).

Lemma 2.2 ([9]) Letf be a transcendental meromorphic function of finite order. Then, for

any positive integer n, we have

( At (2)

m|r, e ):S(r,f).

Lemma 2.3 Let f be a transcendental meromorphic function of finite order. Suppose that
¢ € C\ {0} such that A f # 0 and 5(0,f) >0. Then A f is a transcendental and meromor-
phic function of finite order.

Proof From Lemma 2.1, we know that 6 (A.f) < o (f) < +00. If A f is not a transcendental

meromorphic function, then there is a rational function R(z) such that R(z)A f =1, i.e.,

1 Af
7 R(z)f .

Applying Lemma 2.2 and noticing that f(z) is transcendental, we have

m(r, }) < m(rR@) + m<r, ATff> _S(f).

This contradicts §(0,f) > 0. Thus A.f is a transcendental and meromorphic function of
finite order. O

Lemma 2.4 ([11]) Let f(z) be a transcendental meromorphic function of finite order, then

( flz+c¢)
mlr,

- ) = S(rf).
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Lemma 2.5 ([14, 21]) Letf be a transcendental meromorphic function of finite order. Then

N(r,f(z+ c)) =N(r,f) + S(r,f),
T(r,f(z + c)) =T(r,f) +S(r.f).

Lemma 2.6 Let f be a finite order transcendental meromorphic function. Suppose that
c € C\ {0} such that Af #£0.If5(0,f) >0, then

T(r,f)§4N(r,f)+N(r,}c> +N(r S(r.f).

=)
,———— | +
(Af) -z
Proof By Lemma 2.3, we know that A.f is a transcendental meromorphic function. Put
F = Af, then there is n € C \ {0} such that zA,F — nF(z) # 0. If not, then

F(z) F(z+n)

z z+n

holds for any n € C \ {0}. Hence @ is a constant, which contradicts F = Af is a tran-
scendental meromorphic function. Hence there is € \{0} such that zA,F - nF(z) # 0,

ie.,
zA,F - nF(z)
= ZAn(ACf) - YIAJ
=20, ((ASf) —2) = n((Af) - 2)
=zf(z+c+n)—zf(z+n)— (z+n)f(z+¢c) + (z+ n)f(z) £0. (1)
Noticing

L_Af 28BN -1Af  (Af)-z
f o zf 20, (ASf) —nAS

(2)
Combining (1), (2) and Lemmas 2.2, 2.4, we can get
m( 1)
f
< m(r, Az—}f> + m(r, Z—A"(Ai}_ nAJ)

(Af) -z
+ m(r, Z—A,,(Acf) - HAJ) +log2

§m<r,AT“f) +m(r’@> +m<r’f - )
m(r’f(z; n)) . m(r (AJ) z Oltog)

-nAS
_ (Af) -z
(0 i vag) T
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Applying the first fundamental theorem of Nevanlinna theory, we have

1 (ASf) -z
rn=N(rg ) orl g uag) S0 ¥

and we get

(8072 )
"Z0(Af) - nASf
3 m(ﬁ 20, (Af) - nAJ) . N(y} 20, (Af) - nAS

Bf) -z Bf) -2 ) O @

It follows from (1) that

m(r’ ZA ) (Af) - nAJ) - m(ﬂ Ay((Agf) - 2)

-z A ). ©

Applying Lemma 2.3 and Lemma 2.5, we know that (A.f) — z is a transcendental mero-

morphic function of finite order and

T(r,(Af) —2) <2T(r,f) + S(r,f).

Therefore,

S(r,(AJ)—z) =S(@r,f). (6)
It follows from Lemma 2.2 and (6) that

( ZAL(Af) —nAf
m\v, ————

NPT ) =50, ?)

By Lemma 2.5 and (1), we derive

ZN(Af) —nASf
N(” (Af) -z )

1
< N(r,z8,(Af) - nAf) +N<r, m)

§N<r’(Aqf%> +4N(r,f) + S(r.f). (8)

Combining (3)—(5) and (7)—(8), we have

1 1
T(V,f)§4N(r,f)+N<r,J7)+N<r,m)+S(r,f). O

Page 50of 8
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2.1 Proof of Theorem 1.1
Denoting g = f — a, by Lemma 2.6, we have

I(r.f) = T(r,g) + O(1)

1
§4N(r,g)+N<r,§> +N<r, ) +S(r,g2)

_
(Ag) -z

:ZLN(r'f)-FN(r']%a)*-N(V’(AQf%) +S(r.f). 9)

Since 8(a, f) > 0 and §(00,f) = 1, then there is a positive number 6 < 1 such that

NQ’/%) <0T(r.f), (10)
N(r,f) < o(1)T(r.f). (11)

Combining (9)—(11), we can get

(1-0(1)-0)T(r.f) §N<r, (12)

Goe)

Note that f is transcendental, we can get that A f has infinitely many fixed points and
T(Af) = o(f) from (12).

2.2 Proof of Theorem 1.2

Since

Sm(r,%qf) +S(r.f). (13)

By the first fundamental theorem of Nevanlinna theory and (13), we can get

T(r.,f) <T(r,Af) +N(r,%> +S(r.f). (14)

Hence

i TEAH L N
PRI G TP TG,
=1irr3£fT(T%,AJCQ{)+( -8(0,1))

T(r, A
=1iminfM

r—00 T(r,f) : (15)
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On the other hand, we have

T(r, Acf) = m(r, Af) + N(r, Af)

m<r,f?cf

) +N(r, Af)
A
< m<r, TJ) +m(r,f) + N(r,f) +N(r,f(z+ c)).
It follows from Lemma 2.2 and Lemma 2.5 that

T(r,AQf)fT(r,f)+N(r,f)+S(r,f).

As §(co,f) =1, s0

. T(r, Af) . N(r,f)
limsup ———— <1 +limsu =1.
r—>oop T(}",f) - r—>oop T(T,f)
Therefore
Irad) (16)

e T(rf)

Since §(0,f) = 1 and §(o0,f) = 1, then

N(r, %) = S(r,f),N(r,f) = S(r.f). (17)

By (17) and Lemma 2.6, we have

1
T(V,f) SN(T,m) +S(V,f)
1
<1 gagrs) 50
< T(r, Af) + S(r,f). (18)

Combining (16) and (18) implies

1
T(r, Af) ~ T(r,f) ~ N(r, m)

asr — Q.
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