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1 Introduction
The following modified generalized Korteweg—de Vries—Burgers (MGKdVB) equation is

considered:
du LO0u  %u 9%u tu 0 (01,50 W
— U — —V—t U—+—=0, x€(0,1),£>0,
ot VM ax T Va2 T T g

subject to the following boundary conditions:

u(0,£)=0, t>0, (2)
22712’(0, =0, t>0, (3)
g—Z(l,t) =wi(t), t>0, (4)
ZZTZ(L £ =wy(t), t>0, (5)

and the following initial condition:
u(x’ 0) = I/l()(x), S (01 l)r (6)

where w; (£) and w;(£) are nonlinear boundary controls.
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In Eq. (1), @ is a positive integer and all the parameters 3, v, 4 and y; are nonzero known
positive real constants. The MGKdVB equation is a nonlinear partial differential equation
that is of first order in time and of fourth order in space. It exhibits the standard elements of
any nonlinear process that involves wave evolution. The terms ()275‘ and g%‘ in Eq. (1) show

d
33u

o « 94 show the features of dispersion and

the features of dissipation and the terms 3 and u* 77
nonlinearity, respectively.

The MGKdVB equation is of significant importance when it comes to describing the
physical processes in motion of turbulence and other chaotic process systems. Different
physical systems can be modeled using this equation depending on the values of y1,v, u
and y,. In fact, if @ = 1,y = y1 = 1,4 = 0 and v is negative in Eq. (1), then the MGKdVB
equation reduces to the Kuramoto-Sivashinsky (KS) equation. Note that Kuramoto [1]
derived the KS equation independently to model reaction-diffusion systems, and it was
also derived by Sivashinsky [2] to model flame front propagation in turbulent flows. The
KS equation is considered as a fourth order nonlinear equation and has been the subject
of many research studies [3-13].

When o« = y; = 1 and v is negative, the MGKdVB equation becomes the Generalized
Kuramoto-Sivashinsky (GKS) equation [14—18]. If v=y, =0,and « = y; = 1 in Eq. (1), the
MGKAVB equation becomes the Korteweg—de Vries (KdV) equation which was derived
by Korteweg and de Vries to model the translation of water waves observed by Russell [19].
The KdV equation was used to describe several phenomena such as waves in a rotating
atmosphere or ion-acoustic waves in plasma [20].

Also, the Burgers equation can be obtained from Eq. (1) by setting @ = 3 = 1 and p =
y, = 0. This equation was first derived by Burgers [21] as a prototype model for turbulent
liquid flow. Many scientists have intensively studied this equation [22—24]. Furthermore,
when o = y; =1 and y, = 0, the MGKdVB equation reduces to the Korteweg—de Vries—
Burgers (KdVB) equation [25-30].

When y; =1 and y, = 0 in Eq. (1), the MGKdVB equation gives the generalized
Korteweg—de Vries—Burgers (GKdVB) equation; the non-adaptive and adaptive control
problems of this equation were studied by Smaoui and Jamal [30] and Smaoui et al. [31-
33].

Since the nonlinear stabilization problem of the MGKdVB equation has not been inves-
tigated elsewhere, we study this equation analytically as well as numerically and show the
L2-global exponential stability of its solutions.

The existence and uniqueness of solutions of the MGKdVB equation have been inves-
tigated by Smaoui et al. [34]. The work in this paper is build upon assuming the exis-
tence of a unique solution u(x, ¢) of this equation in the following space: L (0, T; H} (0,1) N
H*(0,1)) N C(0, T; HA(0,1) N H%(0,1)).

This paper is arranged as follows. In Sect. 2, the MGKdVB equation is derived based
on the long-wave approximation and perturbation method when « = 3. In Sects. 3 and
4, two nonlinear boundary controllers are proposed for the MGKdVB equation when the
parameters v, i, y; and y, are known and positive real constants, and when « is a posi-
tive integer. A qualitative and numerical study shows the global exponential stability of
the solutions in L2(0,1). Section 5 presents a numerical simulation of the uncontrolled
MGKdAVB equation. In Sect. 6, the rates of convergence for the solutions of the two de-
signed controllers are compared with the solution obtained without control. Finally, some
concluding remarks are presented in Sect. 7.
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2 The derivation of the modified generalized Korteweg-de Vries—Burgers
equation

In this section, we use the long-wave approximation and the perturbation method [35,

36] to derive the MGKdVB equation when « = 3. It should be noted that the asymptotic

constructions presented here are formal and only have the goal to derive the MGKdVB

equation (1).

In the same spirit of the work of Demiray [35], we assume that blood behaves like an
incompressible Newtonian fluid [37], then the conservation of mass and linear momentum
equations governing the motion of prestressed thick elastic tube filled with a viscous fluid
can be derived in cylindrical polar coordinates as follows:

ou, U, au,
9 Ay =0, 7)
ar r 0z
U, ou, ou, 19P _(3*U, 19U, U, U,

+ U, +U,—+—— -7 +— - —+ =0, (8)
ot ar 9z p or orr r ar r* 93z2
olu, o, au, 19pP _/d%U, 193U, d*U,

+U,— + U, +—— -V +— + =0, 9)
ot or 0z p oz ar: r or 07>

where U, is the radial fluid velocity component, and U/, is the axial fluid velocity compo-
nent. p is the mass density, P is the fluid pressure function, and v is the kinematic viscosity
of the fluid.

In 2003, Demiray [35] applied an averaging procedure to Eqs. (7)—(9), where he derived
the following dimensionless equations to show the propagation of small but finite am-

plitude wave in a prestressed thick viscoelastic tube that was filled with a viscous fluid
(blood):

ou aw ou
2— +(1+u)— +2w— =0, (10)
at ox ox
ow  dw dp 8w %w
— tw—+ — —v| - +—
ot ox ox (1+u)?  0x2

=0, (11)

where the dimensionless pressure equation can be represented by

0%u 9%u du 3u 5 3
P=ﬁlu+ﬁ2@+ﬁsm+ﬂ4a+ﬂsm+ﬁ6u + U+, (12)
and where u, w and v characterize the dimensionless dynamical radial displacement, the
averaged axial fluid velocity divided by the Moens—Korteweg speed and the kinematic
viscosity, respectively. The coefficients B1, B2, Bs and B; are the elastic effects, 8, and s
are the viscous effects, and B3 shows the inertial effect.

Next introduce the following coordinate’s transformation:

£=¢6(x—gt) (13)

and

S+y

T =8""gt, (14)
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where the parameter ¢ measures the size of the nonlinearity, dispersion and dissipation;
8 and y are positive constants, and the parameter g scales the speed of a linearized wave.

By applying the above transformation to Eqs. (10)—(12) one will get the following:

u du aw ou
20| -—+&"— |+ (1 +u)— +2w— =0, (15)
& at & &
a a ] a 8 02
g ——W+8V—W +w—w+—p—vs’5 - +825—W =0, (16)
o0& ot 0 0¢ (1 + u)? 02

and

3%u d%u 0%u 0%u
25 26 2 26
p=Piu+eCPr— + Bs| — —2¢7 +e”—
wu+e 2582 e7g 3(8§2 € T e 812)

9 03 33
+e@Pgp, (—— + {;‘8%) + G Plgp (—a—; + 85852%) + Beu + By, (17)

It should be noted that, since the derivation when y = 3 was not treated in [35], we will
only consider here this case, and we refer the reader to Demiray [35] for the cases y =1
and y =2.

Assuming that the viscoelastic coefficients are of order £, and by using the power series

representation of the variables #, w and p in ¢ as:

u:Zg”un(%‘,f), W:Zf‘?nwn(g’r)> Pzzgnpn(g,f): (18)
n=1

n=1 n=1

into Eq. (15) and taking y = 3, we obtain the following asymptotic expansion in &:

d d d d
P L L Ll S
I T I T

3 8141 an 23W2 38W3 48W4
+2ge\e— .. )+ |le—+E"—+tE— +E T — +---
T 9& 08 9§ 9§

BWI 8W2 8W3 3W4
+(£u1+82u2+83u3+84u4+~~~)< 2 3 t—

“or T oe T e T e T

8u1 8u2 8143 3144,
+2(8W1+82W2+83W3+84W4+~~~)< 2 3 4 - )=0,

E—— t+& — 4+ —+e& — +
G3 3 & i3

or

¢ 9 8u1 + 3W1 +82 9 3142 + aWZ + an +ow aul
SFTIMET: e Toe "M T e

3 aug 3W3 8W2 3W1 8142 8u1
+¢€ —ZgE + E tUl— +Up— +2W— + 2wy —

JE JE € JE

4 8M4 8u1 8W4 3W3 3W2 8W1
+e |\ 20— +20—+—+tu1— +tuUupr—+u
0& ot 0& 0& 0& &

ou
+2W1—— + 2wy —— +2W3— =0. (19)
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Similarly, Eq. (16) can be written as

3W1 28W2 38W3 43W4 3 8W1
-Ne—(F— t&——(— +t& —(/—+& —(— +-- )tge\EF— + -
€ JE & € It
3W1 23W2 38W3
E—+E& T —+E& —+ -
IE € €
Opr | 20p2  39p3 4 9ps
+t\é—+t&—+ —+E —+---
& & & &

o0 n » 82
—ye® _82”:;#+525 £ﬂ+-" =0,
(L4300 " un)? 082

+(8W1+82W2+83W3+~--)(

or

3 Iws oWy ow;  0ps3
+& —g—— +twi— ot o
€ € 9E 0k
d d d d d )
+et _gﬂ "1 +wy W3 +w2ﬂ w3ﬂ + oPs 8ve~(+3)y, 0. (20)
A& AT A& o & 0&

Also, Eq. (17) can be expanded to yield

Ep1 + 82]92 + €3p3 + 84[)4 + .-

3%y 0%uy
_ 2 3 4 28 2
—(8,31M1+8 Biug + €°Prus + € ,31M4+~~~)+8 2<£ 082 +é 8_52+)

9%u, 9%uy 9%uy

2 2 2 2843 2

+ Bse g<88§2 + & @‘F"')_zﬂﬁ; g(83$31’+.”)
92 el

+,33828g286<£ 8:21 +> —ﬂ488+ﬁg(83151 +)

0 93 33
+ﬁ488+ﬂg83<8%+"')—55835+Bg<8 u1+82£+--~>
T

0&3 a3
38483 9wy 2 3 2 3
+ Bse™Pge 88528 +-- +/36(8u1 +&°Uy+¢ M3)(8M1 +&°Uy+¢ ug)
T

+ /37(8141 + 82M2 + 83M3)(8u1 + 82u2 + 83u3) (8141 + 82142 + 83143),

that is,

2 3 4
EP1 +E P2+ EP3TE Pa

= e(Bru1) + & (Brua + Bous}) + & (Brus + 2Bsuruu + Brusl)

%u %u ou

4 (286-3) 1 (28-3) 2 1 5+B-3 1
+&*| Prus+ € Bo—— + B3¢ — — Bae —
( 1Ug 2 982 3 g 982 4 £ 9E

83M1

_ 35+B-3
Bse Lapye

+2Bsu1us + Botts + 3/37ufu2>. (21)
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By setting the like powers in Egs. (19)—(21) to zero, we will get the following set of differ-
ential equations.

The O(g) equations:

8u1 an
—2g— +— =0,
9§ 0§

an 8[91
—g—— +—— =0, 22
€98 " oe (22)

p1 = Prus.

The O(£?) equations:

31/12 3W2 8W1 3141
20—+ —+u1— +2w;— =0,
9§ 0§ i3 9§

8W2 awl 8p2

- 22, 23
e "M e T ae ()
pa = Pruy + Pett.

The O(£?) equations:

3143 3W3 8W2 8W1 8u2 3141
28—+ —— tUr—— tUs—— + 2w — + 2w — =0,
9& 93¢ € € 3 €
0 d a 0
s s (24)
0& 0& & 0&

P3 = Ptz + 2Bsuruy + Pruss.

The O(¢*) equations:

8M4 8u1 3W4 8W3 3W2 Bwl
28— +20— + — U t Uy + U3
& at & & 0& &
dus duy duy
+ 2w —— + 2wy —— + 2w3—— =0,
9§ & i3
d d a a a a
—gﬂ +g£ + wlﬂ + W2ﬂ + W3£ + °Pa +8re @y, = 0, (25)
& at 0& o0& & 0&
82u1

du 3%u
pa = Prug + 828_3(/32 +g2ﬁ3) - ,3485“9‘3g_1 — Bse¥*P3g 1

&2 0 &3
+2Bsurus + Bouts + 3Bruius.
For the solution of set (22), we set
B
w=UED,  wi=2UED,  g=" and p=2gUE), (26)

where U(&, T) is unknown.
Inserting Eqgs. (26) into (23), and noting that 58; + 26 = 0, we get

wy = 2guy — 3gU>, pa =28%u, - 587U (27)
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Introducing (26)—(27) into the first equation in (24), we get

aug 8W3 d )
20—+ — + U(&,t)— (2 - 3gU
£5: * et (& )as(‘% gU”)

9 s LU
o) 220U 22 4 2(2gu, — o
+I/lza€(gu)+ (2gU) 5 " (2gu> BgU)ai3 0

The previous equation leads to

aug 8W3 3142 3(”2) ou
20—+ — + U(§,t)29—— — 3gU
PP T (’f)gag gL = PP
Buz ) ou
40U — + (4 —-6gl”)— =0.
+4g as+(th2 g )35

Hence,

8W3 9 8143 6 u(%_ t) 8142 +6 U2 ou 6 ou +3 ua(u2)
— =2g— — Jt)— — —6guy— .
0g Lo T8 g T O8F T TP8Mge T8 T

This implies that

8W3 au3 8(u2L[) 281,[
W3 _9g 0 6o T2 | o282
0r B 8T TR

Therefore,
w3 = 2gus — 6gus U + 4gl®
and
p3 = Bius + 2B6Uuy + 7 U°. (28)

Introducing the results in (26)—(28) into the first equation in (25) gives the following:

260 08 11D (ogus — bgunll + agLl?)
—2g— —t+ —(2gus — 6gu
gas gar 9E 9E gu3 — 0gus g

d 9
+ Mz% (2gus - Sgl,[z) +us—(2gU)

0§
9 ) au
+ 2(2gL[)ﬂ +2(2gu, —BgLIZ)ﬂ +2(2gus — 6gurU + 4gU*)— =0,
0§ 0§ 0
that is,
22 L 9g U e ot a2 (o)
898 T8 T og T8Y e T8
+4L[8 3+2u8u2 3u82+2 9
ou” 3 il
g Y g28§ gzas 3g8§
+4g0 2 4 a0, " 190,02 1 8132 4 401, M2 2?2
— +4guz— — 12guy U — — +Aguy—— — =0.
g £ g 335 gils 2% g ok 3425) 9% 9%
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This simplifies to

Oy U dws dus
20— +29— +6gU — — 6gU — (uyU) + 6gu) ——
9E gat 35 + 6g o€ g Bé(uz )+ gu2 3&

ou 3Z)LI
+20gU

18gu Uau
3420) 9E 9E

0
Buz
—6gU*—= =0,
g o8

+6gU3 —

that is,

9 o d dusU
g2, 27— i 62U 10yl + 6guy 2

au
1 -
€9 T8 T ae o€ oE Sgull

E €
8u2

au
+20gU° — — 6glI*—= =0. (29)
0§ &

Doing the same for the second equation in the set (25) yields

ow. a a
—g—; +gE(ZgU) + (2gu)£ (2gus — 6gus U + 4gU°)

+ (2gus - 3gU*) % (2gu> - 3gU?)

+ (Zgug —6gu U + 4gL13) 9

d
T (2gU) + % + 8yg~@*d (Zgl,[) =

that is,

Wi o gl + 4g? ua— 6 uﬂ 6202
gS ga 34 g U 9% g 2 9% g oE

3 281,[2 ou ou
+9¢°U o8 +4g° u3¥—12g ugug

+8 u38u+4 210 _ 192 002 1)
R ST

au® 9
+8g°U—— + P, 16gve 31 = 0. (30)

IE | F

Similarly, the third equation in (25) can be written as

ou s3U
§+6-3 £30+p-3
pa=Prug + ™" (/3 +g ,33) 8&2 4€ gag Bse gaég

+2B6Uusz + Bous + 3p,U  us. (31)

Multiplying (29) by g and then adding it to (30) to eliminate x4, ws and p4 from Eq. (29)—
(31) gives the following equation:

o duy *u
4> = = + (10g> +2ﬁ6)—§(u3[,[)+(10g +2ﬂ6)”2¥—,3 £33 e

*u au
25 3(,3 +g 133)__{_70g2u3

841,[
_ 35+p-3
Poe e 283 ok

gt
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0 ou
+16gve I + (-30g” + 3/37)1,[2%; + (-60g> + 6/37)Uu2¥ =0. (32)

Dividing Eq. (32) by 4g* and noting that 10g2 + 28 = 0, B = 2g* and assuming that —10g2 +
B7 =0, we get

au Bae®*B-3 9211 ;35835“373(’94L1M%,3 B B 83u+7ougg
g3 4 Bk

_—— e — — +_
ot 4g  0&%  4g 0&4 281 4

4
+—ve =0, (33)
g

Set the coefficients oy, @y, 03, o4 and a5 in Eq. (33) as follows:

70 Pag’*h3 B B3\ 23
o=, o = ’ GB=\s T )¢ >

4 4g 28, 4

(34)
ay=—-ve ®3 and 5= f—5835+ﬁ_3.
We get the following master equation:

ou UBBLI ?u U 1 tu 0 (35)
—toll’— —awy— taz— +oull —as—— =0.
ar ' g agz | PEs T T g

Setting § = 0, 8 = 3 and v = O(&*), and assuming that (2% + %3) is of O (£), Eq. (35) reduces
to the following equation:

ou ,0U Pu  PBU *u
+o U

= e a3 — —as— =0. 36
3 1 o€ Olzag2 3853 Olsaé_4 (36)
Now, if we let
a1 =y, ay=v, az = i, as ==y, u=U, t=r1, x=§,

Eq. (36) reduces to the MGKdVB equation with nonlinearity of order 3 (i.e. « = 3in Eq. (1)):

du J0u  *u  u otu 0 37)
— ity — —vV—+u— +n— =0.
1 x 2 923 V2 o
Remarks 1t should be noted that one can obtain the following equations from the master
equation (35):
(i) When 8 =3,8=0,v=0(e”), Eq. (35) reduces to the Burgers’ equation:

au Jou  9*U
P —ay— =0 (38)
It dE 9E2

(i) When 8 =3,8=0,v=0(c°), Eq. (35) becomes the perturbed Burgers’ equation:

—+051U3——a2—+a4u:0. (39)

Page 9 of 27
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(iii) When 8 = %, B =2,v=0(s®), Eq. (35) reduces to the well-known KdV equation:
— +aU°— +a3——=0. (40)
T

(iv) If 8 = %, B =2,v=0(£%?), the master equation produces the perturbed KdV

equation:
ou qoU U
—+O(1U —+O[3—+(X4U 0. (41)
ot & 9&3

3 The first nonlinear boundary control law for the MGKDVB equation
This section describes the first nonlinear boundary control law for the MGKdVB equation.

The following theorem presents the first result of our nonlinear boundary control law.

3.1 Design of the first controller

Theorem 1 Let o be a positive integer and all the parameters y1,v, i and y, are nonzero
known positive real constants. The modified generalized Korteweg—de Vries—Burgers
(MGKdAVB) equation given by Eq. (1) subject to the boundary conditions given by Egs. (2)—
(5) and with the initial condition uo(x) € L*(0,1) is globally exponentially stable in the
L2(0,1)-sense, by applying the following nonlinear control law:

-2
wi(t) = TVu(l, ), (42)
walt) = N e gy Yo P (43)
(a +2)(2y5v + u?) 2y + u? 9x3

Proof Consider the Lyapunov function candidate:

1
V() = %/ u?(x, t) dx.
0

Note that V > 0when # #0,and V =0iff u = 0.

Taking the derivative of V/(£) with respect to time and using Eq. (1), we obtain

1
V(t):/ u(x,t) (x,t)dx
0

/1 ?u  Pu L 0u dtu 4 (44)
= ulv— —pu— - yu*— —yp— | dx.
0 ax2  HMoxs TV Gk T2
That is,
! d ! 3%u
/ u(x, t)—u(x, t)dx — v/ ulx, t)—(x, t) dx + ,u/ x, t) dx
0 ot 0 3

1 94y
+M7 /0 u(x, t)u®(x, t) (x,t)dx+y2 / u(x, t) (x, t)dx =0. (45)
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Integrating by parts, Eq. (45) yields

2

ou
— _ 7t
Y 8x(x )

ox 0x

3
N e, - nmu) un+nwn)”mm+h
a+2 93
u %u 82u 2
RSO0 500 -7 5 )
Ix Ix

+vu(1, t) (1 t) —vu(0, t) (O t) — nu(l, t)

+uu(0t) 50,0+ (a”)< )——(3—”) (o,r)—ay—:zuw(u)

(1 £)

(46)

Using the boundary conditions (2)—(5), and noting that i(g—Z)Z(O, t) < 0, and that

2
)/2|| (x, 1)||?> <0, Eq. (46) becomes

2

3 sl <

ou
—(x,t
ax(x )

+wﬂ(muﬁ+gmm)

3
~ e~ e, t)a ‘1,0
o+ 2

+ wa(t) (yawr (£) — pu(1, 1)).

Applying the first nonlinear control law (i.e. (42)—(43)), we obtain

||u(x,t)“ < -y —(x,

Zdt

Using Poincaré inequality leads to

2

d ou
o ”u(x, t) ||2 <-2v g(x, | < —2v||u(x, t) ”2

Thus,
d 2 2
p “u(x, t) || < —2v|| u(x, t) H .
Integrating inequality (49) with respect to time, we obtain

[ute. 0] < e |uo@)]

(47)

(48)

(49)

(50)

Since uo(x) € L*(0,1), one can conclude from inequality (50) that ||u(x, £)|| converges ex-

ponentially to zero as £ —> co. This proves that the equation is exponentially stable under

the first nonlinear non-adaptive control law.

O

In the next subsection, we present the dynamical behavior of the MGKdVB equation

numerically when applying the nonlinear boundary control law presented in Eqs. (42)-

(43).
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Figure 1 A 3-d landscape of the dynamics of the MGKdVB equation when using the first nonlinear control
law; v=0.01, 4 =0.001,y1 = 1,5, =0.0005 and up(x) = sin(rx); @ a=1;b) =2, (a=3;d) a =4

3.2 Numerical solutions of the MGKdVB equation using the first nonlinear control
law

The dynamical behavior of the MGKDVB equation, subject to the controllers w;(¢) and

wo(t) given by Egs. (42)—(43), is simulated using the COMSOL Multiphysics software

which is based on the Finite Element Method (FEM) . The simulations are shown for sev-

eral values of , namely, @ = 1,2,3, and 4.

Different initial conditions u((x) were considered in our study. In the numerical simula-
tions reported in this section, we set the kinematic viscosity v to be 0.01, while the dynamic
viscosity u is chosen to be 0.001, and the parameters y; and y, are set to be 1 and 0.0005,
respectively. Figures 1(a)—(d) depict the numerical results obtained when u(x) = sin(wx).
Moreover, the L2-norm of u(x,t), ||u(x,t)||, versus time and the natural logarithm of the
L2-norm of u(x, t), In(||u(x, £)||) versus time are presented in Fig. 2 and Fig. 3, respectively.
A careful look at Fig. 3 shows that the curves of In(||u(x, t)||) after approximately ¢ = 4 sec-
onds are presented by parallel lines with a negative slope less than —v = —0.01, and this is
in accordance with the analytical results given by inequality (50). Therefore, one can con-
clude from Figs. 1-3 that the L2-norm, [|u(x, ¢)||, converges exponentially to zero as ¢ tends
to infinity. In addition, Figs. 1-3 indicate that, as o increases from 1 to 4, the solutions of
the MGKdVB equation takes longer time to reach the steady state solution. This is due to

the effect of the nonlinear term u* 3" over the diffusion term 3 %, and the dispersion term
Pu
ax3

Figures 4(a)—4(d) depict the solution of the MGKdVB equation when the initial condi-
tion u(x) = sin(27x). Figures 5 and 6 present the L2-norm of u(x, t), ||u(x, t)||, versus time
and the natural logarithm of the L2-norm of u(x, t), In(||u(x, £)||) versus time, respectively.
Again, a careful look at Fig. 6 shows that the curves of In(||u(x, £)||) after approximately

Page 12 of 27
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0.8

o=1

lu(x,

Figure 2 The 2-norm of u(x, t), ||u(x, t)||, versus time for various values of & when using the first nonlinear
non-adaptive control law; v =0.01, u = 0.001, 1 = 1,2 = 0.0005 and ug(x) = sin( x)

t

Figure 3 The natural logarithm of the L2-norm of u(x, 1), In(||u(x, t)|), versus time for various values of & when
using the first nonlinear non-adaptive control law; v =0.01, u = 0.001,y; = 1,y> = 0.0005 and ug(x) = sin(7rx)

t = 5 seconds are presented by parallel lines with a negative slope less than —v = —-0.01,
and this is in accordance with the analytical results given by inequality (50). Therefore,
one can conclude from Figs. 4—6 that the L>-norm, || u(x, t)||, converges exponentially to
zero as ¢ tends to infinity. However, it should be noted that depending whether « is odd
or even as it increases, the solutions of the MGKdVB equation takes longer time to reach
the steady state solution.

The numerical simulations presented are in good agreement with the analytical work
presented previously in this section. In the next section, another nonlinear control law is

proposed to speed up the convergence of the solution to the steady solution.
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Figure 5 The [2-norm of u(x, t), ||u(x, )|l versus time for various values of & when using the first nonlinear
non-adaptive control law; v =0.01, u = 0.001, 1, > = 0.0005 and up(x) = sin(27 x)

4 The second nonlinear boundary control law for the MGKdVB equation

In this section, the second nonlinear non-adaptive controller for the modified generalized
Korteweg—de Vries—Burgers (MGKdVB) equation will be presented. In this control law,
a positive control gain ¢; is introduced to speed up the convergence of the solution to
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In(lu(x,Hll)

Figure 6 The natural logarithm of the L2-norm of u(x, ), In(|lu(x, H)||), versus time for various values of & when
using the first nonlinear non-adaptive control law; v =0.01, u = 0.001, y1, ¥> = 0.0005 and ug(x) = sin(27 x)

the steady state solution. The following theorem gives the results of our second nonlinear

non-adaptive boundary control law.

4.1 Design of the second controller

Theorem 2 Let o be a positive integer and all the parameters y,,v, L and y, are nonzero
known positive real constants. The modified generalized Korteweg—de Vries—Burgers
(MGKdAVB) equation given by Eq. (1) subject to the boundary conditions given by Egs. (2)—
(5) and with the initial condition uo(x) € L*(0,1) is globally exponentially stable in the
L%(0,1)-sense, by applying the following nonlinear control law:

wi(t) = Bru(l, 1), (51)
aBM o+l
WZ(t) = IBZM(I; t) - ﬁ?’a_xg(lf t) + ﬁ4u (1) t)’ (52)
where
P “2v ~ pes + ey v?
' wov/) 221 1 9yppe + 202 ,
m 2C1 "
VULY2 VY1
Ps = 2 2,)’ Pa= 2 2,)’
(2y2v? + 12t + n?v) (o +2)(=2y2v* — c1ya it — ?v)
and ¢y > 0.

Proof Consider the Lyapunov function candidate:

1
V() = %/ u?(x, t) dx.
0

Note that V >0 when u #0,and V =0 iff u = 0.
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Taking the derivative of V/(£) with respect to time and using Eq. (1), we obtain

. 1 du ! 0%u %u o 0 *u
V(L‘):/‘0 u(x,t)g(x,t)dx:/‘ u[v@—uﬁ—m 8——)/28 4]dx. (53)
That is,
1 d ! 0%u
/ u(x, t)—u(x, t)dx — v/ ulx, t)—(x, t) dx + ,u/ x, t) dx
0 ot 0 0x2
1 94y
+M7 / u(x, t)u® (x, t) (x, t)ydx+y, / u(x, t) (x, t)dx =0. (54)
0

Integrating by parts, Eq. (54) yields

d 2
5 7@l

2 2

v 8—u(x,t) +vu(l, t) (1 t) —vu(0, t) (0 t) - /u,t(l,t)zTZ:(l,t)

0x

ou 0
+ 1u(0, t) (o £+ ( ax) (1, )——(—”) (O,t)—a)%u“*z(l,t)

ox
3, 93u 52

520, 0) = yyu(L, t)a 1,0+ 70,0 =0 D+ S

+
o+2
2 2

8
mw ma ﬁmn (55)

Using the boundary conditions (2)—(5), and using the fact that u and y, are positive,
Eq. (55) becomes

2

E%HM(% t)“2 < -v g—Z(x, Bl +wi(t) (vu(l,t) + %wl(t))
21, - nmlﬂ (lﬂ
o+2
+wo(8) (yowr (£) — pu(1,1)). (56)

Applying the second control law given by Egs. (51)—(52), we obtain the following:

1d
L Jutw o

2
<-v

ou
—(x,t
8x(x )

+ Bru(1,t) (vu(l, )+ %ﬂlu(l, t))

83
— 21, - a1, 055 (1L0)
o+2

3

+ (ﬁzu(l, 1) - ,3327?(1» £) + Bau (1, t)) (vaBru(1, 1) — pu(1,1)). (57)
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Or,
1d 2
ol
2
<-v|—=M&0| + (Vﬂ1 + %ﬂf +Y2P1Ba2 - Mﬁz)bﬁ(l,t)

+ (- no, v2P1Ba— /34M>Ma+2(1,t)
oa+2

9%u
+ (28183 — v2 + Bap)u(l, t)a—xg,(L £). (58)

Next, letting 81 = (’72" — <L), where c; is a positive control gain, inequality (58) reduces to

2

ad
u(x; t) _Cluz(lrt)
ox

22 w/-2v a)’ 2V ¢
+ (—— + —(— - —1> + 7/2(— - —l)ﬁz —Mﬂz)”z(ljt)
1% 2\ u v 1% 14

-2
+ (— no, V2<—V - c—1>ﬁ4 - ﬁ4u>u"‘+2(1, t)
o+2 uw v

1d 2
Sl = -v

2v ¢ 03u
+ (—Vz(— - —1)/33 P ﬂsu)u(l, B2 (1,2). (59)
% 1% ox
2 2
i - kavav g v - vy
Now, choosing £, = 4V37V2+2W2C1+2V2M"33 T Crvrarn+n?y) and fy = (@+2)(=2y2v2—c1y2p—12v)’
m

inequality (59) reduces to

2 Jutw ol < v s el (60)

2 dt ’ - ax AR
Since ¢; > 0, (60) becomes

1d 2 du ?

——lulx, )| <-v|—x1)| . 61

Zdt” 0] < ax( ) (61)
Utilizing the Poincaré inequality leads to

d 2 2

d—”u(x,t)” <-2v|ulxt)|". (62)

t

Integrating inequality (62) with respect to time, we obtain

[, )| < e |uo)|. (63)

Since uo(x) € L*(0,1), ||u(x,t)| converges to zero exponentially as ¢ —> oo. This proves
that the equation is exponentially stable when utilizing the second nonlinear controller. [J

In the next subsection, the dynamical behavior of the MGKdVB equation when applying
the second nonlinear control law presented by Egs. (52)—(53) will be shown numerically.
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Figure 7 A 3-d landscape of the dynamics of the MGKdVB equation when using the second nonlinear
non-adaptive control law; v=0.01, 4 = 0.001, 7 = 1,7y, = 0.0005 and ug(x) = sin(x); @) @ = 1; (b) & = 2; (¢)
a=3da=4

4.2 Numerical solutions of the MGKdVB equation using the second nonlinear
control law

Numerical solutions for the modified generalized Korteweg—de Vries—Burgers (MGKdVB)

equation (i.e. Eq. (1)—(6)) with the controllers w;(t) and w,(t) as presented by Egs. (51)—

(52) were simulated using COMSOL Multiphysics software. The solutions are carried out

for several values for «. These values are 1, 2, 3 and 4.

In the numerical simulations reported in this section, we set the kinematic viscosity v to
be 0.01, while the dynamic viscosity x is chosen to be 0.001, and the parameters y; and y;
are set to be 1 and 0.0005, respectively. Figures 7(a)—(d) present a 3-d landscape of the nu-
merical results obtained when (%) = sin(rx). Moreover, the L2-norm of u(x, t), || u(x, t)||,
versus time and the natural logarithm of the L2-norm of u(x, t), In(||u(x, )||) versus time
are presented in Fig. 8 and Fig. 9, respectively. A careful look at Fig. 9 shows that after ap-
proximately ¢ = 4 seconds the curves of In(||u(x, t)||) for different values of « are presented
by parallel lines with a negative slope less than —v = —0.01, and this is in accordance with
the analytical results given by inequality (50). Therefore, one can conclude from Figs. 7-9
that the Z2-norm, ||u(x, t)||, converges exponentially to zero as ¢ tends to infinity. In ad-
dition, Figs. 7-9 indicate that, as « increases from 1 to 4, the solutions of the MGKdVB
equation converge slowly to the steady state solution.

Figures 10(a)—(d) depict the solution of the MGKdVB equation when the initial con-
dition ug(x) = sin(27x). Figures 11 and 12 present the L2-norm of u(x, t), ||u(x,t)|, ver-
sus time and the natural logarithm of the L2-norm of u(x, t), In(||u(x, £)||) versus time, re-
spectively. Again, a careful look at Fig. 12 shows that after approximately ¢ = 4 seconds
the curves of In(]|u(x,t)||) are presented by parallel lines with a negative slope less than
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a=1

lu(x,

Figure 8 The 2-norm of u(x, t), ||u(x, t)||, versus time for various values of & when using the second nonlinear
non-adaptive control law; v =0.01, u = 0.001, 1 = 1,2 = 0.0005 and ug(x) = sin( x)

a=1

In(llu(x, 1)

t

Figure 9 The natural logarithm of the L2-norm of u(x, ), In(lu(x, H)|]), versus time for various values of & when
using the second nonlinear non-adaptive control law; v =0.01, u = 0.001, y; = 1,y = 0.0005 and
Up) = sin(mr x)

—v = -0.01, and this is in accordance with the analytical results given by inequality (50).
Therefore, one can conclude from Figs. 46 that the L?-norm, |lu(x,t)||, converges expo-
nentially to zero as ¢ tends to infinity.

In Sect. 5, numerical solutions of the MGKdVB equation without control are presented,
and a comparison between the performances of the two proposed nonlinear controllers
will be discussed in Sect. 6 for each value of . Moreover, the performances of these control

laws will be compared to the behavior of the solutions without applying any control.
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Figure 10 A 3-d landscape of the dynamics of the MGKdVB equation when using the second nonlinear
non-adaptive control law; v=0.01, u = 0.001,; = 1,, = 0.0005 and up(x) = sin(2x); (@) @ = 1; (b) & = 2; (c)
a=3da=4
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Figure 11 The L2-norm of u(x, t), ||u(x, )||, versus time for various values of & when using the second
nonlinear non-adaptive control law; v =0.01, u = 0.001, 1, > = 0.0005 and up(x) = sin(27x)

5 Numerical solutions of the MGKdVB equation without control

The COMSOL Multiphysics software is used to simulate the numerical solution of the
MGKdVB equation Egs. (1)—(6) subject to the homogeneous boundary condition (i.e.,
w1 (£) and wy(t) are set to be zero in Egs. (4)—(5)). The simulations were tackled for «

having the values: 1, 2, 3 and 4.
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when using the second nonlinear non-adaptive control law; v =0.01, u = 0.001, 1, ¥, = 0.0005 and

N \x\sis:z‘a}:g\%@}\x

=TT
.

\\ X\\ ss\\«s* >

08
z =
S 04 w“\\‘ Y
\\\“\\\\:\\‘\‘\“ =
\ \\\\\\\\\\;\\\“‘\ \\\\\\“ N
0.2 \\\ \\\‘ \\‘\\\\\‘\\\ \\‘“ S
\\\\\ nne Nt
NN
\‘\\\\\\\‘\«\\“

I
B \\\\\\\\\\\\\\\\\\\\\\\\\\‘ ‘\‘\ \\‘\\
- \\\‘\\\\\
\\\\“\

@

««:zx‘:‘:%é‘\
=

g 10

_kiR=R TR S E
= ==

= x‘ssgxx

IR
\“\\\\“‘\:\\\“?\\\

\
\\\\\\\\\ 9 10

®

s N
e
Tl

imineaaass
\\\“\3\\\ \\“«»\““ \&3\\&&‘3&‘

N x
\\\‘k‘\\‘\\\‘ \\‘\‘\‘ R

D \\‘\\\\\
RS

\\\\\\\
N
\ \\\\\\“\\\ S 8

R R 8
\\\\\\“\‘ 4 5

N ‘\ N
N

iR \\\\

\‘\‘\\\\\ R

\\\\\\\\\\\
A \\

R\ \\\\\\\\\\\\\\\ \‘\\‘\\\\ NS

\\\\\\\\\ TR

Figure 13 A 3-d landscape of the dynamics of the MGKdVB equation without control
v=0.01,u=0.001,p =1, =0.0005 and up(x) = sin(T x); (a) & =3 da=4

Lb)a=2;(c)a=3(d)

N
=

N
‘ \\\ \ X %\

Page 21 of 27

Different initial conditions u(x) were considered in our study. In the simulations, we set
the parameters v, 4, 1 and y, to be 0.01, 0.001, 1, and 0.0005, respectively. Figures 13(a)—
(d) depict a 3-d landscape of the behavior of the solution u(x, ) as it evolves in time when
uo(x) = sin(x). The L2 -norm of u(x, t), ||u(x,t)||, versus time and the natural logarithm
of the L2-norm of u(x,t), In(||u(x,t)|)), versus time are presented in Fig. 14, and Fig. 15,
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0.8

o=1

Hu(x,Hll

Figure 14 The L2-norm of u(x, t), ||u(x, t)||, versus time for various values of & without control;
v=0.01,u=0.001,9 =1, =0.0005 and ug(x) = sin( x)

Figure 15 The natural logarithm of the L2-norm of u(x, 1), In(Jju(x, t)|), versus time for various values of &
without control; v=0.01, u =0.001, 7 =1, = 0.0005 and up(x) = sin(7T x)

respectively. This figures show that ||u(x, £)| takes a longer time to approach the steady
state solution. It can also be seen from Figs. 13-15 that the time taken to approach the
steady state solution increases as « increases.

Figures 16(a)—(d) present the solution of the MGKdVB equation when the initial condi-
tion uy(x) = sin(27rx). In the simulations, we set the parameters v, u, y; and y; to be 0.01,
0.001, 1, and 0.0005, respectively. The L2-norm of u(x, t), ||u(x, t)||, versus time and the nat-
ural logarithm of the L2-norm of u(x, t), In(||u(x, £)||), versus time are presented in Fig. 17
and Fig. 18, respectively. Looking carefully at Figs. 17 and 18 one can see that when « = 1;
3, the solution u(x, £) does not converge to the steady state solution; whereas, when o = 2;

4, the solution converges very slowly to the steady solution.
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Figure 16 A 3-d landscape of the dynamics of the MGKdVB equation without control;
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Figure 17 The L?-norm of u(x, 1), ||u(x,?)||, versus time for various values of & without control;
v=0.01,u=0.001,y =1,y, =0.0005 and ug(x) = sin(27 x)

6 Comparison of the performances of the nonlinear controllers proposed in
Theorems 1-2 with the one without control

In this section, a comparison between the performances of the nonlinear non-adaptive

designed controllers presented in Theorems 1 and 2 is given numerically for different val-

ues of o. Moreover, a comparison between the behavior of the uncontrolled system and
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Figure 19 The [2-norm of u(x, 1), ||u(x, ||, versus time for different values of a; comparison between the
behavior of the equation with and without control when v=0.01, © =0.001,y; = 1,9, = 0.0005 and
Upl) =sin(mx);@a=1;,b)a=2;a=3;daoa=4

the system after applying the two nonlinear controllers proposed previously will be also
presented.

The L2-norm of the solutions u(x, t) of the MGKdVB equation is used for comparison.
Figures 19(a)—(d) show the L2-norm of u(x, t) versus time for different values of & when
uo(x) = sin(rx). These figures show that the solution of the MGKdVB equation obtained
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using the second controller outperforms the solution obtained using the first controller
for o =1,2,3 and 4. A careful look at the figures also demonstrates that, for & = 2,3 and
4, the two controllers give better results than the solutions obtained without applying any
control. On the other hand, for & = 1, one can notice that solutions of the MGKdVB equa-
tion obtained using the two control laws seem to have a similar decay rate to the case when
no control is applied.

Figures 20(a)—(d) show the L2-norm of u(x,t) versus time when u(x) = sin(2wx) for
a =1,2,3,4. A thorough observation of the figures demonstrates that the first and the
second nonlinear controllers force the solutions to converge to the trivial solution faster
than the case when having no control. One can also notice from Figs. 20(a) and 20(c) the
significant effect of the first and the second controllers in speeding up the convergence to
the steady state solution when « is odd. Also, it can be clearly seen that the solution of
the MGKdVB equation obtained using the second controller outperforms the solutions

obtained when applying the first controller, for all values of «.

7 Concluding remarks

The boundary stabilization of the MGKdVB equation was considered in this paper. First,
the derivation of the MGKdVB equation for the case when « = 3 is obtained. Then, two
different control laws were designed for this equation when the physical parameters of
the MGKdVB equation are known and positive. The global exponential stability of the
solution in L%(0, 1) was presented analytically as well as numerically. Also, a comparison

between the convergence rates of the two presented control laws was shown.
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The adaptive control of the MGKdVB equation will be the subject of future research
studies.
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