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1 Introduction
Konopelchenko and Dubrovsky [1] ever presented a (2 + 1)-dimensional Konopelchenko
and Dubrovsky (KD) model as follows:

Up = Uy — 6By + SaZu*t, — 3vy + 3aguxv = 0,

(1)

Uy = Vi,

where u and v are two analytic functions corresponding to the variables x, y, and t; g and
by are the real parameters. If ag = 0, Eq. (1) reshapes into the well-known Kadomtsev—
Petviashvili (KP) equation; If by = 0, it turns into the modified KP equation; If u, = 0, the
first row of Eq. (1) recasts into the Gardner equation, the combination of KdV and modi-
fied KdV [2].

In the field of nonlinear partial differential equations (PDEs), one knows that all kinds
of solutions for these equations are of particular interest to scientists [3—15]. Particularly,
many researchers have made use of some effective methods to study the exact solutions
of KD Eq. (1). Special and general N-soliton solutions of Eq. (1) have been obtained via
Hirota’s bilinear approach [16]. Bilinear-form Backlund transformation and single-soliton
solutions have been presented by [17]. Based on the Hirota bilinear form of Eq. (1), the
lump waves, solitary waves, as well as interaction between lump waves and solitary waves,
have been obtained [18]. Based on the Hirota direct method and linear superposition prin-
ciple, Eq. (1) was investigated to have the complexiton and resonant multiple wave solu-
tions [19]. By means of the variable separation method and improved mapping approach,
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new types of variable-separation solutions (including solitary wave solutions, periodic
wave solutions, and rational function solutions) for Eq. (1) have been successfully obtained
[20]. Based on the similarity transformations approach together with Lie group theory, the
KD system has been reshaped into another system of ordinary differential equations, new
closed form solutions of Eq. (1) have been obtained [21]. The tanh-sech method, cosh-
sinh method, and the exponential method were employed to discuss Eq. (1) by Wazwaz
[22], and some exact solutions of distinct physical structures, solitons, kinks, and periodic
wave solutions were derived.

Motivated by these works [1, 2, 19-22], the presented paper will study the following
modified Konopelchenko and Dubrovsky (mKD) equations:

Uy — Ux — D"ty + au u, — 3vy + ku," = 0, @

Uy = Vy,

where a, b, k, and 7 are nonzero real constants. Furthermore, when n =1, b = 6bg, a = 3aj,
and k = 34, in Eq. (2), it turns into Eq. (1). The paper will make use of the auxiliary dif-
ferential equation approach to solve Eq. (2) analytically and obtains abundant new exact
solutions of Eq. (2) in general and special cases. Moreover, some Jacobi elliptic function
solutions will degenerate solitons and triangular function solutions when the module ap-
proaches to 0 or 1. It shows that most of the solutions provided in this work are different

to those presented in [1, 16—24].

2 Method description

The main idea of the auxiliary equation approach is described as follows. Firstly, we intro-
duce a transform & = p(x—ct) to a given partial differential equation (PDE) with dependent
variable #, independent variables x and ¢. The PDE will be changed into an ordinary dif-
ferential equation (ODE). Of course, 1 and ¢ should be nonzero. Secondly, we seek for the
solution of the ODE by the following:

u(€) =Y h(®), 3)

i=0

where the integer # and the constants kg, /1, ..., 1, are unknown. For nonnegative integers

q and p, the highest order of Pu and 2% are n + p and gn + p, respectively. Balancing

aEp 9P
the highest order in ODE, n will be determined. Thirdly, we introduce an expression w(§)
defined as
deo\ 2
(d—6;> =¢1 + 0w’ + %3(1)4, (4)

where ¢; € R (i = 1,2,3). Substituting Egs. (3) and (4) into ODE and then forcing the co-
efficients of each power of w(£) to be zero, several algebraic expressions will be obtained.
Solving these expressions with the aid of Maple, some exact solutions for PDE can be ob-
tained.
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3 Exact solutions to Eq. (2)
Introducing & = pu(x + y — ct) (where ¢ #0, & € R) into (2), we obtain the following form:

—cug — WPugge — b ug + a(u®)ug — 3ve + kugv" = 0,

5)
Ug = Vg.
Substituting # = v into the first equation of (5) yields
B+ — ptu” + a(uz”)u/ + (k=b)u"u =0. (6)
Using a transform »” = W, we know that
1
1 711
u/ — m 1 W/’
' = ﬁ(nlj — 1)W,,—11—2(W/)2 + ﬁwﬁ—l w, (7)
U = (2—(n)( —2n) Wn—ll—S W/Z + 3(2—n2) Wﬁ—ZW/W// + % Wﬁ—l w.
n-1) (n-1) n-1
Eq. (6) can be rewritten as
2yy7/! 2 1 1 13 2 1 Iy 2vv72 v
—(c+3) W W -l —=-1)—=-2|W?*=-3u*( —=-1|WWW -u"W*W
n n n
+(k=D)WW' +aW*W' =0, (8)
hence n = 1, Eq. (8) has the following solution:
W(€) =ho + mo, ©)

where w(&) satisfies the sub-equation (Z—‘é‘))2 = + 6w + %w‘*, some of the solutions can
be expressed in Table 1 (also listed in [23] and [24]).

Substituting Eq. (9) and the expression (Z_?)z = ¢1 + 0* + 2 into Eq. (8) and equating
to zero the coefficients of all powers of w(£) yields

5 w1 1 3 1 273 273
—ah}+—|—-1)(—-2)hjcs+3( — -1 |u“hjcs + 3uhjcs =0, (10)
2 \n n n
1
[(b - k)hl - 2611’10]’!1]]’[? - Zdhoh? + 3(; — l)ﬂzhoh%Cg + 6/,L2h0h%63 = 0, (11)

ch? + [3+ (b — K)hg — al2)i3 + 2[(b - k) — 2ahohy Jhoh? — ahi

1 1 1
+ ;ﬁ(; - 1) <; - 2) hfcz + 3(; - 1>,u2h?02 + 303M2h(2) +uleh3 =0, (12)

ZCh()h% + 2[3 + (b — k)ho — ﬂh%]h%ho + [(b - k)]’ll — Zﬂhohl]h%hl

1
+ 3(— - l)uzhfhocz +2u*h3hgey = 0, (13)
n

1 1
chghy + (3 + (b= K)ho — ahy | hghy + (— - 1) (— - 2>u2h§cl
n n

+ pW2hihic, = 0. (14)
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Table 1 Different solutions of the sub-equation

No 2(€) S © a
1 sn(E), cd(€) = ;’;(é)) 2r? -(?+1) 1
2 cn(&) -2r? 22 -1 1-r
3 dn(&) -2 2-r? -1
4 nc) = CNW(E) 200-r2) 27 -1 -
5 ns(E) = e, delE) = fgg; 2 P+ r
_ 2 2
6 nd(&) = ) 2(re-1) 2-r -1
7 cs(s):%; 2 2-72 -7
8 i) = 29 20-7) 2-7 1
9 sd€) = Ef@ 22 = 1) 28 -1 !
10 ds(&) = g} 2 27 -1 r-r
2 202
. ren(§) £ dn(@) - =t ‘”’2)
1 &) 1 —2ro+1 1
12 w® T e 2 i a
13 14 sn(&) 12 2a =2
cn@) = @) 2 2 N
14 s + S } o2 &
. dn(e) 2 22 2
15 SI’)(E) + ,CH(S)V \/ﬁm(&)icn(@ 2 Tz N
16 rsn(&) £ idn(§), ch(f()g) ] = i
sn(§) 2 °2 !
17 TEdn(€) % rT ‘
18 1175(53@ 5t = 7
) 12 241 24
19 TEsn(E) T, 2 4
20 _sn® (-r2)? 241 1
dn(&)Ecn(E) 2 ’ 4
21 @ s 222 1
1-r2+dn(£) ’ ’ !

Under the help of Maple, the above algebraic equation system can be solved as follows:

- _ (b=k) _ 4 b=k | ¢
Vl—l, hO— 2 hl—:l: 2a _av

bk [~ (b= (15)
M=t g =73

W= :{:M [__2 c=-3— 16(b-k)? (16)
- 5 3acy’ - 75a ’

2 2 2
"= 2’ = i(—Scz(lﬂ—k) +5€(b-k) 4/62—2C163)%’

48cic3a
5(b—k) u /30c 5(-k)% 1,2 (17)
ho = =g~ ho=£3 72 ¢=-3-"g, —ghc

and

_ (b-k)@n+1) _ Lk [ o _ 2
ho= S M=t 5giy o 2a6=6,

_ 4 b=kn [ onsl _ (b-k?@2n+1)
H=L"0 2a(n+1)es’ a2 (e 1)’

(18)

c=-—
where € = £1.

3.1 Solutionsinthecasen=1

Consider Eq. (15). From Table 1, some exact solutions for Eq. (2) can be obtained.

B _b—k+€(b—k)r [ 2 (b-k) 1 (x4 9 (19)
M= = 2a 2a r2+lsn 2 3a(r2+1)x Ak
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. _bok b-kr [2 [b-K L )
S VI 21 T2 Va2 T
Uiz =V _b—k+e(b—k)r 2 cn b-k (x + ct)
3= =, 22 V21| 2 \V3ai—2) " YTV

bk b=k [2 bk L )
M T T o VoY T Bar o) T )

_ b—k -k [26°-1) [b-k L )
B m s N T e Va1 2 VBaio2) YT
L bk -k [ [-k L e
16T e T T 2a r2+1 2 3a(? +1) xry ’

bk eb-b [2 -k L )

M7 =v7 = 2a * 2a r2+1 ¢ 2 3a(r2+1)x+y_c ’

R Y U Y X Vi £ I S

18=Ns = 2 22 2 \3a(2_2)" YY)
=k ok 2 o0 [

Uiy =19 =~ % T 5% TR

b-k eb-k [20-7) [b-k 1

ML = Ve = o T T s 72 % 2 3 YD)

oy bk o—hr 2D fhok [

L=V = T 2 1-272 2 \3a(l—22) " YY)

~ _b-k €b-k) 2 J b-k 1 ( 9
MmN S T e Vi—22® 2 VBaa -2 YT )
U113 =113

2a

j:nd|:

Ui14 = V114

b-k eb-k) 1 : [(b—k)
= + ren

2a 1+72

b-k

2

2

2

3a(2+ 1)

) | 2
“3a(r? + 1)(x+y—ct):|},

2

2a

b-k eb-k) 1 { |:(b—k)
= + ns
2a 2r2 -1

(b - k)

2

:I:cs|:

2

2 t
_3a(1—2r2)(x+y_c )

| I—

3a

|

(

2r2 —

1

:

)

(x+y-— ct):|

(x+y—ct)]

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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Uiis = V15
_b-k eb-k) [r2-1 (b-k) 2 ( 9
“ 24 " 2da 1+rz{nc|: 2 _Sa(r2+1)x+y_c i|
b-k) | 2
:I:sc[ 5 —3a(r2+1)(x+y—ct)i|}, (33)

Uiie = V116
_b-k e(b-k) 1 (b-k) 2 ( 9
“2a T2 V22" 2 Ba(r2_2) ¢
(b-k) 2
:I:ds[ 5 —Bd(rz_z)(x+y—ct):“, (34)
U7 =viaz
_(b-k)  elb-k)r 1 é 2 ( 9
T 2m T2 VoM 2\ Baeo) Y C
-k 2
:|: - - ’
lCl’l|: ) 3207 -2) (x+y ct)] } (35)
U118 =118
b-k eb-kr | 1
= +
2a 2a 2—r?
dn[ R -5 e+ y = )]
X _— , (36)
V1= r2sn[ &R 5 ) r22_2) (x+y—ct)] :I:cn[% _Sa(r22—2) (x+y—ct)]
U119 = V119
(b k) e(b k) (b k) ~ 2 Gty ct)
V2 3a(1—2r2) 7
[ b-k) 2
:|:ldl’l|: 5 _Sa(l o) (x+y—ct)i|}, (37)
U120 = V1.20
(b—k)
bbb [T o ey - ) 69)
2a 2a 22-1 14 cn[@ _Ba(1%2r2) (x+y—ct)]
U121 = V121

(b k) e(b X sn[ 0 - b (e + y - b)) o)
_72 lztd[bk\/j(amy ct)]
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Ur22 =122

_(b-k) . eb-k) [1-r? dn[@ _3a(,22+1) (x+y—ct)] w0)
= / - . - ’
2a 2a Vil 1trsn[GH [- 2@ +y—ct)]

U123 = V123
b=k elb-k) [rP-1 en[ 50 ~saprm @+ = ct)] 41)
T T 1+72 1+ sn[ &R —3a(r22+1)(x+y—ct)], (
U124 = V124
_(b-k) eb-h- rz)F
2a 2a r2+1
5 sn[@ -3 (22 (x+y—ct)] w)
dn[(b;—k) /- 3a(r2+1 (x+y—ct)] :I:cn[ -k [ 3a(r2+1 (x+y- ct)],
U125 = V125
(x +y—ct)]
(43)

b-k
bk eb-Rr / cnl®
2a 2a 2 JT— 12 £ dnf bk/ kY- ct)]

(b-k)*
3-=

When r approaches 0 or 1, sn, cn, and dn degenerate into triangular or hyperbolic func-

where ¢ = —

tions. Therefore, in the case # = 1, we can deduce Jacobi elliptic function solutions, soli-

tons, and triangular function solutions for Eq (2).

When k=1[= zg_;a 1+r2 and w = k(3 + ) the solutions u1, vi, Ua, Vo, U3, V3, U, Va
n [25] are the solutions uy1, U1, 416, 417, respectively. When k =1 = 23;“ 1722# and

2
w= k(3 + M) the solutions U1 5, 41,12 are the same as us, vs, ug, vg in [25]. When k =1 =

2b’“, |2 and w= k(3 + ¢ ) the expressions us, Vs, U7, v7 are also obtained by Zhang

2a
[25].

When the modulus » — 1, choosing b = 6by, a = %a%, and k = 34, in the solutions u; ;

and u5 3, we obtain

2bg — 2bg — 4(ak + b3 —apb
7(1ih[ 0 (y¥t>]) (44)
ag Zﬂ() ay

and

2by — 2bo - 4(ak + b} - aob
Ule]l =Viel = odizﬂo <1 + coth[ ; %o (x +y+ Mt)]), (45)
0

ag

which have also been established in Wazwaz [22].
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1
2
From Eq. (16) and Table 1, we obtain solutions of Eq. (2) when n = %:

3.2 Solutionsin the case n=

Uzl ="va
20-k)  2b-kr [ 2 b-k | 2 2
- { 5a * 5a r2 + lsn|: 5 3a(r? + 1)(x Ty Ct)]} ’ (46)
Uz =V
f2b-k) 20—k [ 2 b-k | 2 2
- { 5a = 5a r2 + ICd[ 5 3a(r? + 1)(x Ty Ct):| } ’ (47)
U3z ="vay3
2=k | 2-kr [ 2 (b-k) 2 2
- { 5a * 5a 2r2 — lm|: 5 3a(1—2r2)(x+y_6t)]} » (48)
U4 =V24
2b-k) 20—k [ 2 (b-k) 2 2
:{ = + > 2_r2dn|: = —Sd(2_r2)(x+y—ct)i|} ) (49)
Uzs =Vas
[20b-k) 20—k [2r2-2 [(b-k) 2 2
'{ 52 T ba 2r2—1nc[ 5\ 3a(1—2r2)(x+y_“)“ » (50
Uze = V26

2
_{2(b—k)i2(b—k) 2 S[(b—k) 2 (x+y_ct)]}, (51)

5a 5a r2+ ln 5 3a(r? +1)

U7 =Va7

[200-k) [ 20—k [ 2 gl 2 2

- { 5a * 5a 72+1dc[§ 3a(r2+l)(x+y_0t):|} ’ (52)
Uzg =Vag

Cf2b-k) | 2b-k) [2-272 T(b-k) 2 :

_{ 52 sa V2.7 ”d[ 5 3a(r2—2)(x+y_“)“ B
U9 =Va9

20—k  200-Kk) [ 2 [(b-k 2 2

_{ 52 T 5a r2—2“[ 5\ 3a(r2—2)(x+y_6t):|} ’ (54
Uz10 = V210

20-k)  2b-k) [2r2-2 [(b-k) 9 2
) { 5a * 5a 2_r2 SC|: 5 Ba(r2 _2) (x+y_Ct):|} ’ (55)
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5a

U 12 =V212

2b-k) | 2(b-k) [2r2(1-r?)
- { * 5a 2r2 -1

b-k [ 2 2
Sd|: z 3a—6ar2(x+y_Ct):“ ,  (56)

:{2(b—k)i2(b—k) 2

5a

Uz13 =213

5a 1-2r2

b-k | 2 2
ds[ : 3a(l_zrz)(auy—ct)j“, (57)

_{Z(b—k)iz(b—k) 1

5a

U14 = V214

5a r2+1(

b-k) | 4
rcn|: z —3a(r2+1)(x+y—ct):|
B 4 ?
£an| & -] )|

(58)

5a

_{2(b—k)i2(b—k)

1 b-k) 4
54 V_1—2r2<”s[ 5 _aa(—2r2+1)(x+y_6t)}

b-k | 4 2
:I:cs|: z —3ﬂ(_272+1)(x+y—ct)i|)}, (59)
Uz15 = V215
~ 2(b—k)i2(b—k) 1-r2 (b-k) 4 ( "
_{ 5a 5a —r2+1<nc[ 5 _Ba(r2+1)x+y_c]
isc[(b_k) - 4 (x+ —ct)])}2 (60)
5 3a(? +1) Y ’
Uz16 = V216
2(b-k) 2(b-k) 1 b-k) 4
={ 52 L5 _r2—2(m[ 5 \/_3a(r2—2)(x+y_0t):|
1 as] =K 4 t : 61
{5 am o))} @
Uz17 = V217
20b-k) 2(b-k)r 1 (b-k) 4
={ 52 T 5a V_r2—2<m[ 5 _3a(r2—2)(x+y_6t)]
+i (b-K) 4 ( £) ’ (62)
zcn[ : —3a(r2_2)x+y—c ])},

Page 9 of 18
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Uz18 = V218

~ {2(b—k) i2(b—k)r

5a 5a -2

dn[ R - @+ y— )]

2
% bk (b-k }
V1- rzsn[% - 3a( (x +y—ct)] £ cn[ ) /- 3a(r2 % (x+y—ct)]

(63)
Uz19 = 1219
(b=k) 4
2b-k) 22—k [ 1 E @ty —c)l )2
U 52 * s 221 bk ’ (64)
a a U B o 2r2 5 +y —ct)]
Uz.20 = V220

2b-k) 2(b k) (b-k) 4 ( ;
{ V2 ( [ _3a(1—272)x+y_c):|

L [B-k) | 4 2
:|:ldl’l|: z _Sa(1—2r2) (x+y—ct):|)} , (65)

U 21 =7V221

{2([) k) Z(b k)r/ \/Ex+y ct)] }2 0
_Vzlﬂ:d (bk /3(r2 5 +y—ct)] ,

Wb-k)  2Ab—k) 1= Al amery-a)] 2
Uy = Va2 = + 5 (67)
5a 5a r +llirsn[% ]

3a(r2+1 (o + V- ct)

20-h + 2(b-k) ,r2_1 [b k\/ 3a(r2+1 (x+y—ct)] }2 (63)
r
]

U3 =V223 = {

sa 5a 2414 + sn[ =k 3a(r2+1 (x+y—ct)
U224 = V224
20-k)  20b-k)A -1
= :I: el
5a 5a r2+1
(b k) (x +y—ct)] 2
(b-k (b=k) } ’ (69)
dn[ Ly (x+y ct)] :I:cn[ —3a(r2+1) (x+y—ct)]
Uz a5 =125
20-k)  2b-kr* | 1
= +
5a 5a 212
cn[@ _3a(:§—2) (x+y—ct)] 2
« } (70)
\/l—rzﬂ:dn[@ (0 +y—ct)]

- 3a(r2-2)
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16(b—k)%
3 - T .

Therefore, when n = %, we can obtain exact solutions for Eq. (2), some of them will

where ¢ = —

degenerate solitons and triangular function solutions when r approaches 0 or 1.

3.3 Solutionsin the casen=2

From the expressions of Eq. (17), we get

1
- /1 _ k)2 i
U3l =V31= {5(1236{ ul + % ;Ssn[,u(x+y+3t+ 5(22;{) t— i(r2 + l)uz)“ )

_ (b=R) (507 +1) +5¢(> - 1) 2
- 4r < 6a > ’

1
5(b-k) eur [15 5(b-k)? ¢t 2
u3.2:V3.2:{ % +T ;cd[,u(x+y+3t+ 392 t—z(r2+1),u,2 ,

(71)

=B (502 D +5e(? - 1) 2
H'_ 4r ( 6a > ’ (72)
Ussz =Vs33
:{5(bsak)+62ﬂ _tl_gcn[“(x+y+3t+%t+2(2r2_1)uz)]}7’
=R 5@ 1)+ 56\
nEET <_ 6(r2 ~1)a ) "

1
5b-k en | 5(b-k?2  t 3
M3‘4=V3.4={ 82 — ——dn[u<x+y+3t+W;ﬁ+1(2_r2)u2)“ ,
1
2
m

(b-K) (52 -7 +5¢ 12

=4 4 < 6(1 —r2)a ) 7
Uss =V35

(5(b-K)

_{ 8a

en [15(1-7r2) 5b-k? t, ., 2 z

o Tnc[,u(x+y+3t+ 372 t+1(2r —1)”)1”,

(=K (-5 = 1)+ 5¢ )\ 2

pe 4r ( 6(r2—1)a )’ (75)

1
- 1 AV i
Uz = V36 = {5(198a k) + %,/ ;ns[u(x+)’+ 3t + S(Zzak) t- i(r2 + 1)u2>]} ,

L bR (50 + 1) +5e(? - 1)\ *
- 4r < 6a > ’

1
5b—k) eun [15 5b-k?* ¢t 2
u3.7=V3.7:{ Py +7 ;dc[u(x+y+3t+vt—Z—L(r2+1)u2 )

(b k) (=5(r* +1) + 5¢(r* = 1) 3
4r ( 6a > ’

(76)

(77)

Page 11 0f 18
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U3g =V38
1
_[5(b-k)  en [15(r2-1) 5(b-k)? ¢t N 2 2
—{ 0 o nd| | x+y+3t+ 37 t+L—L(2—r)u ,
(b-k)( 5@2-7r?) +5er?
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Of course, these are Jacobi elliptic function solutions.

3.4 Solutions in general case
From the properties of the Jacobi elliptic functions, we know that when r — 1, for these
solutions listed from (19) to (40), some of them will become zero or constants, the others

will degenerate soliton-like solutions, the degenerated solitons for Eq. (2) are expressed by
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In the solutions from u 1, V1.1 to 4325, V3.5, if r — 0 or r — 1, these solutions can also be
found from u41, V41 to g5, V415 while 7 = 1,2 and % respectively. Specially, when r — 1,
uy17 and us 17 can be expressed by
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which are the same as 46, V46 in the case of n = %, 2, respectively.

4 Conclusion

The auxiliary differential equation approach has been successfully employed to seek the
exact solutions of the modified (2 + 1)-dimensional Konopelchenko—Dubrovsky equations
(2) which possess high order nonlinear terms. After handling the mKD equations, it shows
some new solutions compared with these obtained in [22, 25] by this approach. On the
one hand, for special exponent # such as 1, 2, and 1/2, we derive many Jacobi function
solutions, some of which can degenerate triangular function solutions and solitons. On the
other hand, the paper presents abundant new exact traveling wave solutions for general
exponent 7.
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