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Abstract

This paper deals with existence, uniqueness, and Hyers-Ulam stability of solutions to
a nonlinear coupled implicit switched singular fractional differential system involving
Laplace operator ¢,. The proposed problem consists of two kinds of fractional
derivatives, that is, Riemann-Liouville fractional derivative of order 8 and Caputo
fractional derivative of order o, where m-1< 8,0 <m,m € {2,3,...}. Prior to
proceeding to the main results, the system is converted into an equivalent integral
form by the help of Green'’s function. Using Schauder’s fixed point theorem and
Banach’s contraction principle, the existence and uniqueness of solutions are proved.
The main results are demonstrated by an example.
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1 Introduction

Fractional differential equations (FDEs) arise in different branches of applied mathemat-
ics. Recently, it has been evidently realized that the mathematical models of systems and
processes involving fractional order derivatives often appear in the fields of physics, chem-
istry, biology, viscoelasticity, control hypothesis, speculation, fluid dynamics, hydrody-
namics, aerodynamics, information processing system networking, notable and picture
processing; see the remarkable monographs [22, 24, 37]. The study of fractional order
differential models has been associated with the fact that they provide a more accurate
description of real phenomena than the counterpart integer order models. The reason
behind this intensive interest is that FDEs provide practical tools for the depictions of
memory and inherited properties of many materials and processes. As a result, FDEs have
experienced significant developments in recent years; see [5, 6, 13, 28, 30, 32, 34, 35, 41,
45] for further details.

One of the most interesting research areas in the field of FDEs, which has attracted
great consideration amongst researchers, is dedicated to the existence theory of the so-
lutions of fractional models. The aforesaid part has been extensively explored for integer
order differential equations (DEs). However, for arbitrary order DEs, there are still many
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aspects which need further study and research. Different mathematicians have explored
the existence of solutions of FDEs in various directions [1-3, 9, 12, 17, 21, 27]. Another
imperative and more remarkable area of research, which has recently attracted more at-
tention, is committed to the stability analysis of DEs of integer and noninteger order. The
first effort was initiated by Ulam himself and later was confirmed by Hyers in [19]. That
is why this type of stability is referred to as Ulam—Hyers (UH) stability. Further, Rassias
introduced the Ulam-Hyers—Rassias (UHR) stability; see some recently reported stability
results in the sense of Ulam [4, 7, 20, 29, 33, 38, 42—-44, 47-50]. It is to be noted that the
above said areas of interest (existence and stability) have been often deliberated within
the settings of Riemann-Liouville and Caputo derivatives. The above results can also be
studied for Caputo-Fabrizio derivative [10, 11, 14-16, 23].

In the solutions of differential and integral equations, the concept of fixed point theory is
very important. Different fixed point theorems, which have numerous applications in the
mentioned equations, are presented. Few important fixed point theorems can be found in
[18, 39, 46].

For the sake of completeness and comparison, we assemble herein some relevant results.
In [26], Liu et al. investigated the existence results of fractional Sturm—-Liouville boundary

value problem:

DG (D (o)) (DG u(®)) +f (¢, u(t), Dy u(®)) =0, te(0,1),0<0,0' <1,
aplim;_, g tl“’/u(t) —bolim;_,¢ Qp_l(tl_a)p(t)Dg;M(O) =0,
colimy_1 @~1(£17) p(£) DS (0) + do limy1 £ u(t) = 0,

where Dg,, Dgi denote the Riemann—-Liouville fractional derivatives of order ¢ and o’
respectively, ag, by, co,do € R, while p : (0,1) — R* is a given continuous function. The
function f: (0,1) x R x R — R is a quasi-Carathéodory function which may be singular
at the points ¢ = 0, 1. The p-Laplacian operator @ is defined as @(s) = |s|’~? with inverse
operator represented by @~1(s) = [s|772, where }7 + %1 = 1. The analysis relies on the well-
known Leray—Schauder alternative principle.

In [25], Li studied the existence of a positive solution to the fractional differential equa-
tion involving integral boundary conditions with nonlinear p-Laplacian operator of the

form:

D*(¢p(*Du(t))) + f(t,u(t)) =0, te(0,1),2<a,0<3,
¢ (°D7 u(0)) = [¢,(“D°u(0))]" = (‘D°u(1)) = 0,
u"(0)=u'(1) =0,

Au(0) + £/ (0) = [} ult)p(t) dt,

where D%, ¢D° denote the Riemann-Liouville and Caputo fractional derivatives of order
a and o, respectively, and ¢(s) = |s|?~2, p > 1. The function ¢ satisfies ¢ : [0,1] — R* with
¢ € L'0,1], fol @(t)dt > 0 and fol to(t)dt >0, a,b € R* with fol @(t)dt < a, where b > a,
and f: [0,1] x (0,00) — (0,00) is continuous. By employing the Avery—Henderson fixed

point theorem, new results have been obtained for the above problem.
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In [8], Alkhazzan et al. studied the existence and stability results for a class of nonlinear

fractional differential equations with singularity of the form:

D [¢pDP u(t)] + Fy ()yr1 (£, u(2)) = 0,
(¢, DPu(0))) =0, j=0,1,...,m~-1,
IPw(0) =0, k=2,3,...,m,
D?(u(1)) =0,

where D? and °D° respectively represent the Riemann—Liouville and Caputo fractional
derivatives of order B and o, m— 1< 8,0 <m, m € {2,3,...}, 1 <8 < 2. The nonlinear
p-Laplacian operator ¢, has expression in the form ¢,(0) = W%’ ¢,(0) = 0, with inverse
¢, that is, ¢, = ¢, ! such that ’% + % = 1. The nonlinear function ¥, € C[0, 1] is continuous
and perhaps singular with respect to ¢, u. Some classical fixed point theorems are utilized
to prove the main results.

The objective of this paper is to use the concepts mentioned in [8] to examine the exis-
tence, uniqueness as well as different kinds of Hyers—Ulam stability for the solution of the
nonlinear coupled implicit switched singular system of fractional differential equations

with singularities of the form:

D° [¢pDP u(t)] + Fr ()1 (¢, u(t),“D* [$,DP v(t)]) =0, te]=]0,1],
DP[p,DPv(1)] + Fa(t)ra(t, D7 [p,DP u(0)], v(2)) =0, €],

(¢, DPu(0))) =0, j=0,1,...,m~-1,

(¢, DPv(O)]) =0, j=0,1,...,m—1,

I*F(u(0)) = I*P(v(0)) =0, k=2,3,...,m,

D’(u(1)) = D’ (v(1)) = 0,

(1.1)

where D? and °D° respectively denote the Riemann-Liouville and Caputo fractional
derivatives of order B and o, m—1< 8,0 <m,me€ {2,3,...}, 1 <8 <2, and Fi(-), F>(-)
are linear and bounded operators on R. Furthermore, the nonlinear p-Laplacian operator
¢, has expression in the form ¢,(6) = IHI%’ ¢,(0) = 0, with inverse operator ¢,, that is,
bq=0, ! such that }9 + é = 1. The nonlinear functions 1, {, € C[0, 1] are continuous and
perhaps singular with respect to ¢, u, v.

The current work is organized as follows: In Sect. 2, we present some basic definitions
and assertions that will be used in the subsequent sections. In Sect. 3 we state and prove
our main existence results. We discuss the Ulam stability of the proposed problem in
Sect. 4. Concrete example is illustrated to demonstrate consistency with the proposed
results.

2 Basic definitions and assertions
Here we state some fundamental facts, definitions, and lemmas which will be used
throughout this paper.

Let C(J, X') be the space of all continuous functions of the form u(t): ] - X, t € ]. It
is obvious that C(J, X') is a Banach space with norm ||| = max{|u(t)|,¢ € J}. Further, we
understand that C(J, X') x C(J, X)) is a Banach space with norm ||(, V)| = ||lu|| + V]|
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Definition 2.1 ([22]) Let @ € R*. Then the noninteger order integral in the Riemann-—
Liouville sense for a function 6 : J — R is given as

o _L ! _ -1
TY0(t) = F(a)/o(t $)* 7 0(s) ds,

such that the integral on the right-hand side is pointwise defined on R*.

Definition 2.2 ([22]) Let« € (n—1,n] with n—1 = [«]. Then the noninteger order deriva-
tive in the Caputo sense of 6 : [a,b] — R is stated as

de ~ t (t _ S)n—oz—l V4
0" ey ()

In particular, if p is defined on the interval [a, b] and « € (0, 1], then

a* 0'(s) by d0(s)
%e(t) )/ . s)“ where 6'(s) = I

It is to be noted that the integral on the right-hand side is pointwise defined on R*.

Definition 2.3 ([22]) The noninteger order derivative in the Riemann-Liouville sense
having order o for a function 6 : (0,00) — R* is defined by

1 d [t
G)ﬁ/o(t_s)”*gfle(s)ds, n-1l<o<n=1+Jo],

D‘l7+0(t) = F(n —

where the integral on the right-hand side is pointwise continuous and defined on the in-
terval (0,00) and [o] is the integer part of o.

Lemma 2.4 ([8]) Leto € (m—1,m],0 € C"',and D’ be the Caputo fractional derivative.
Then

I7DO(t) = 0(t) + by + bot + b3t® + - - - + byt™ Y,
whereb, e R,i=1,2,...m,m=[c] +1.

Lemma 2.5 ([8]) Leto € (m—1,m), 0 € C"', and D° be the Riemann—Liouville fractional
derivative. Then

I°D°0() =0(8) + c1t® L+ ot 2 4 -+ Cpt® 7,
wherec, e R,i=1,2,...m,m=[c] +1.

Lemma 2.6 ([36], Arzeli—Ascoli theorem) An operator H : B, N (£2,/2,) — B, is said to
be compact if and only if H is uniformly bounded and discontinuous.

Lemma 2.7 (Schauder fixed point theorem [39]) Let S # ¥} be a convex and closed subset of
the Banach space X . Let ¢ : S — S be a continuous operator such that ¢(S) is a relatively
compact subset of X . Then the operator system ¢ has at least one fixed point in S.
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Lemma 2.8 ([27]) Let ¢, : R — R be a nonlinear p-Laplacian operator, that is, ¢,(¢) =
[c1P~2¢, ¢ € R. Then

d¢17 _ p-2
' =@p-DigPF.

Some basic properties of the operator ¢, are as follows:
(A1) If1<p<2,81,8>0,0<0 =181, [82], then

6p(01) = p(02)| < (P = D" 2101 - ol
(A3) Forp>2,121,8| < o%, then
|65(¢1) = $p(82)| < (p = 10?2181 - Lol

Lemma 2.9 ([31]) Let X be a Banach space and B C X be a nonempty, closed, and convex
set. If a map H : B — B is compact, then H has a fixed point.

Definition 2.10 (Urs [40], Definition 2) Let X be a Banach space such that 77,7 : X x
X — X are two operators. Then the system

y(2) = 119, 2)(1),
z(t) = 1o (3, 2)(t),

(2.1)

is said to be Hyers—Ulam stable if there exist constants f ;(j = 1,2,3,4) > O with o;(j = 1,2) >
0, and for each solution (y*,z*) € X x X of the inequalities

ly* = @029l < o,

(2.2)
lz* =¥, 29l <
there exists a solution (¥,2) € X x X of system (2.1), which satisfies
=Y < Fron + F oo,
7" =yl < Fron + F oo 2.3)

lz* =Z|l < F 30 + F acta.

Definition 2.11 Let vj, where J = 1,2,...,k, be the eigenvalues (real or complex) of a ma-

kxk s

trix € @**k, Then the term spectral radius a(f ) of f € @**¥ is defined as

o(F) =max{|v]| forJ = 1,2,...,k}.

kx

It is well known that the system corresponding to matrix / € @ *** will converge to zero

if a(F) is less than one.

Theorem 2.12 (Urs [40], Theorem 4) Counsider a Banach space X and define two opera-
tors 11,15 : X x X — X such that

IM(y,2) = Ty 2) < Fally —y*Il + Fallz— 27,
172(y, 2) = 1oy, 2)| < Fslly —y*Il + Fallz—z*|.
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If the spectral radius of the matrix

F- Fi1 F»>
Fs Fa
is less than one, then the fixed points correlated with operating system (2.1) are Hyers—Ulam
stable.

3 Existence results
This section is devoted to investigating the existence of solutions. The first result converts
the proposed problem into an equivalent integral form by the help of Green’s function.

Theorem 3.1 Let 1, Y, be integrable functions and u,v € C(J, X) satisfy (1.1). Then, for

3<o0,B,p <m, m=>4,the solution of the switched coupled system

D (¢ DPu(t)] + Fi(t) 1 (¢, u(t), "D’ [¢,DP v(£)]) =0, te€],
DP[¢pDPv(t)] + Fo(t)¥a(t,°D° [p,DPu(t)], v(t)) =0, te],
(¢, DPu(0))) =0, j=0,1,...,m~-1,

| (3.1)
(lp,DPv(O))Y =0, j=0,1,....,m—1,
I*P(u(0)) = I*P(v(0)) =0, k=2,3,...,m,
DX (u(1)) = D°(v(1)) =0
is equivalent to the integral equations
1 s
u(t) = f GP (t,5)¢q ( / (s = 0)" LR ()9 (v, u(z), D (¢,DP u(r))) df) ds
0 0
and
1 s
v(t) =/ G (t,5)p, (/ (s— 1) () (r,ch (d)pD‘Bu(t)), V(1)) dr) ds,
0 0
where GP(t,s) is Green’s function given by
et AP < pe) = (0,1
GP(t,s) = 1"_(1/3) N T S<t=Lt€] 0,1), (3.2)
S ) (1(‘[;‘;5 t<s<l1
r ’ =s=4

Proof Let u,v € C(J, X) be the solution of (3.1), then

D° [ppDP u(t)] + Fr ()Y (¢, u(t), "D’ [¢,DPv(£)]) =0, €],
D*[¢,DPv(0)] + Fo(O)¥2(t, D [$, D u(D)], V(1)) = 0, t €],
(¢, DPu(0))) =0, j=0,1,...,m~-1,

(¢, DPv(O)]) =0, j=0,1,...,m—1,

I*P(u(0)) = I*P(v(0)) =0, k=2,3,...,m,

D (u(1)) = D (v(1)) = 0.
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Since
D7 (¢, (DPu(t)) + Fr (&)1 (£, u(t), “D°[$pDP v(8)]) = O, (3.3)
where m—1<o <m,m—-1< B <m,t€]. Using Lemma 2.4, we have
¢p(DPu(t)) = ~bg — byt — byt* — -+ = by "
- ﬁ /0 (= 97 RS (s 19, D [, DP(9)). (3.4)
The (¢,(DPu(t)))? ;-0 = 0 implies that —by = 0 or by = 0. Therefore (3.4) becomes
¢p(DPu(t)) = b1t — byt® — -+ — by 1"
- [ -9 st D 0,006, (35)
Differentiating (3.5) with respect to ¢, we have
(¢ (DPu(t))) = =b1 = 2byt — - — (m = 1)by, 1"

; ‘ )02 c B
- F(G—l)/o (t - 5)" > Fuls)¥ (s uls), D”[qpr V(s)]).

Using the condition (¢,(DPu(t)))'|;-o = 0 implies that b; = 0. Similarly, by applying the
conditions (¢,,(D’3u(t)))(j)|t=o =0, we get b; =0, Vj=2,3,...m. Therefore, (3.4) becomes

DPu(t) = — ¢, (I° (Fi(@) 1 (5 u(2), “D (¢,D° v(1))))
= — g I° Fr(t)¥1 (&, u(t), D’ (¢,D"v(0)) ).

Applying I? to both sides and using Lemma 2.5, we have

u(t) = —ditPt—doytP 2 — .. — d P
1 t
- / (t - 9)P " g (I° F1 (&)Y (¢, u(t), “D" (¢,DP v(2))). (3.6)
rB) Jo
Putting I*Pu(t)|,-o = 0 for k = 2,3,...,m, we obtain dy = d3 = --- = d,, = 0, and using

D’u(t)|;-1 = 0, we get

== 0, Fi 0 6.0, D (4,07 0)
It follows that
u(t) = —%ﬁ) fo -9, ( /0 (5= 1) R (5, u(0), D (¢,D(n)) df) ds

Bl
_ _ \B-s-1
r'(p) /0 (1-3)

X ¢g </0 (s—1) 'R (‘L’, u(t),°D” (¢pDﬂv(r))) dr) ds
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1 s
- / GP(t,5)p, (/ (s = 1) Fi(0) v (v, ulr), “D° (¢,DPv(1))) dr) ds.
0 0

In a similar manner, we may conclude that

1 s
w0 - [ 9w, ( [ 6= 0 Eowale D (8,000, ) dr) s (37)
0 0

where G#(¢,s) is the Green’s function defined above. a
Lemma 3.2 ([8]) The Green’s function G (t,s) satisfies the following properties:

(P1) GP(t,s)>0,V0<s, t<1;

(P2) GP(t,s) is a nondecreasing function and max.c1) G (t,s) = GP (1, 5);

(P3) tP-Ymaxeo1) GP(t,8) < GP(t,s) forO<s, t < 1.

We introduce the following assumptions:

(H;) The functions ¥, ¥ : ] x X x X — X are continuous, and Vi, v,u,v € X and t €],
there exist My, My,, M'y1, M'y, >0 such that

|91t u,v) = v (6B )| < My, =Tl + My, v - 7]
and
|Wst, ) = W2 (8, 7,9) | < Moy =Tl + My, v =],
(H3) The functions ¥r1, Y5 : J X X x X — X are completely continuous such that, Vu, v €

X and t €], there exist nondecreasing continuous linear functions Ly, , iy, : Rt —
R such that

w1t uv)|| < o (rayy el + 12y, 1)
and

(W2t u,v)|| < p(rayy Nuall + 12, V1)
where

sup{py, (@)t €T} = gy, sup{iy, (), £ €T} = iy,

sup{uy, (0,0 €T} =y, sup{uy, ().t €T} =1,
(H3) The functions F7, > : (0,1) — X are nonzero and continuous with

I F1ll =Htng|f1| <oo’, P2l =HtIEaIXI]'"zI <oo™.

Let B, € B =C(],X) x C(J, X) be a cone of nonnegative functions of the form

l

B, ={wveB, min(u(e) + v(8)) = ¢°| 1|

Page 8 of 22
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and
20r) = {”(u,v)” <r ull < g vl < g} 2020 = {||w,v)| =r}.

Consider the operator H* = (H*1,H*;) : B,/(0,0) — B, where H*;, H*, are defined as
follows:

H* 1, v)(2)
= [y GP(6,8)bqg(2 [5(s — )7 T Fu(e)n (z, u(e), °D? (¢, D v(x))) d) ds,
H*o (1, v)(2)
= [y G (t,9)g(L [5(s = )L Fa(t)¥na(x, °D (¢ DP u(r)), V(1)) d) ds.

(3.8)

Theorem 3.3 Let assumptions (Hy) to (H3) hold. Then (1.1) has at least one solution.

Proof For any (u,v) € £2(r,)/$2(r1), and using Lemma 3.2, we have
H* 1w, v)(2)
1 1 s
- / GP(t,5)p, (— / (s — 1) Fi(0)y (v, ulr), “D° (¢,DPv(1))) dr) ds
0 o Jo
1 1 s
< / Qﬂ(l,s)qbq <— / (s—1) ' Fi(t)vn (t,u(r),°D” (¢pD‘3v(r))) dl') ds  (3.9)
0 o Jo
and
H* 1w, v)(2)
1 1 s
= / Q’g(t,s)¢q <— / (s— 1) ' Fi(t)vn (t,u(r),°D’ (¢pDﬂV(T))) dr) ds
0 o Jo
1
1 [ gra,
=1 [
1 [ _
<04 [ 6= 0r o (), D (0,00 ) s (3.10)
By the help of inequalities (3.7) and (3.8), we have
H* 1 (w,v)(8) = P H 1 (w,v) (D). (3.11)
Similarly, we may obtain
H* o (u,v)(2) > tP1 ||’H,*2(u, v)(¢) || (3.12)
Combining (3.11) and (3.12), we get
H*(w,v)() = 7 | 7 (w,v)(0) .

Thus H* : §£2(r;)/$2(r1) — B is closed.
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For the uniform boundedness of the operator H*, we consider

[EACRIO]
= sup|H*(u, v)(t)|

te]

= sup|(H*1, H*2) (u,v)(2) |

te]

< sup [(H*1(u, v)()] + sup| H*5(u, v)(2))|

te] te]

/01 Gh(t,9)

x %(ﬁ /0 (s =) Fi(2)y (7, u(z), D (¢, D (1)) df) ds
1
/ Gh(t,9)
0
< (L f (5= 0P a0 (0, D7 (0P u(0)), (1) dr) ds
“\TI(p) Jo v

1
B
5/0 1G7(1,59)

1 s
x ¢q(m /0 (s =" F@ |1 (7, u(x), D* (¢, (1)) | df) ds

1
s
+/0 167 (1,5)|

1 S
x ¢)q(m/0 (s—1)"1 ||]~"2(r)H || wg(r,cD"(qﬁpDﬂu(r),v(r)))|| dr)ds

< sup
te]

+ sup
te]

(rgv o) [rem]
“\r@g+n T6-or®) [T+

x I ||‘”(“"" - %l%llfznuvl')
1
1= | Fu Il Fall ey,

(rvo- o) lron)
FE+1 TE-0IE)) [ Te+1)

x || F: ||q_1(M1//1M1/,2||f1||||u|| +M¢2||V||>
2
L= IRy, 1,

(7o) (7o)
\r+1) r@e-sre)) \re+1

X ”F ||q—l<uw1”u” +/'LWII"L§//2”]:2””V”>
1
1= [ F Pl ey, thy,

. ( 1 )q—lll]: ||q_1<ﬂwlﬂwz||fl|||lul| + iy, IV )]
—_— 2
T'(p+1) L= 1A F2ll iy, e,

< Q.

Hence H* is a uniformly bounded operator.
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Now, we show that the operator H* is continuous and compact. For this reason, we

construct a sequence &, = (4, v,) such that (u,,v,) — (u4,v) as 1 — oco. Therefore, we have

|| (%*(um Vn) - H*(ur V)) ||
= || (H*l, H*2)(um V) — (H*lr 7'L*2)(u’ V) H
= ” (H*l(um V) — H 1 (1, V)) ” + ” (H*2(um V) — H 9 (1, V)) ”

/0 1 Gh(t,s)

<o s [ 6= O F0 00D (D0 0) ) s

= sup
te]

1 1 s
—/0 Qﬁ(t,s)d)q(m/() (S—‘L’)U_l]:l(‘[)l/fl(T,u(‘[),ch(¢pDI3V(T)))dT) ds

1
/ G (t,5)
0

x ¢q(ﬁ /0 (s = )" Fo(0)¥2 (7, °D° (¢pDP 1 (7)), v (7)) dr) ds

+ sup
te]

1 s
—/0 Qﬂ(t,s)qﬁq(%p)/o (s—t)p_l]:g(t)l/fg(u”D"((prﬁu(t)),v(t))dr) ds

1
B
sfo 16%(1,5)

x{ %(ﬁ fo (s—r)“-lfl(rm(r,u,q(r),CDp(%Dﬁvn(r)))df) s

(i [ 5= O () D (5,00 e ) s

1
B
+/0 16%(1,5)

x { %(%p) [ =0 00,1 (@0 0, ) dr) ds

(s [ 60 EOs (D (@D u) o) e ) s

1
<(g-1)¢? fo 1G%(5,9)|

L ’ _7)o-1 c B

x {F(G) /0 (s =) F @) || ¥1 (7, (1), “DP ($pDP vu(2)))
—Yn (7,', u(t),D” (d)pDﬁv(r)) ” dt) ds

o [ Ot D D).t

- wz(r,c D° ((prﬁM(t), v(r)) H dr) ds}

1
<(q-1)¢? /0 1G%(4,9)

My, 1 Fillllun = ull + Moy, M IFTFIH v, = vl
I'(o+1)
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. My My, [|F | Falllls = ull + Moy, 1 F2llllve = v
I'(p+1)

— 0, asun— oo.

Therefore, ||H* (4, V) — H* (1, v)|| = 0 as # — oo. Hence H* is continuous.

For equicontinuity, take v;, vy € ] with vy < vy, and for any (1, v) € £2(r), we have

| (H* @, v)(01) = H*(, v) ()

< [ (H* 1@, v) (1) = H 1, v)(02))) || + || (H* 20 v)(01) = HE 2 (0, v) (02)) |

1

1 s
/o gﬂ(ul,s)%(mfo (s—t)"lfl(r)wl(t,u(r),cD”(q&pDﬁv(r)))dr)ds

= sup
te]

1 s
—/0 gﬁ(vz,s)d)q(%/o (s—r)”‘lfl(r)l/fl(r,u(r),”D”(@,Dﬂv(r)))dr) ds

1
/ G (v1,s)
0

R e A A R P

+ sup
te]

1 s
—/0 Qﬂ(vz,s)qﬁq(%p)/o (s—T)p_1f2(t)1/f1(I,CD”(¢>pD’3u(t),v(r)))dr) ds

IA

1
/0 |G (r1,5) - P (2,9)|
x (L [ =0 1m0, D 0,0 0) | dr) ds
q F(a) A 1 1\ ’ b
1
B _Ch
+/0 10 (21,5) - OF (12,)|

1 s
) d’"(Tp) /0 (s =0 Il v (v, D7 (¢, D u(x), v(0)) | dr) ds

- (lvf —v§| N |Uffl—u§’1| ) o
“\I'B+1) T B-8)rB+1) o +1)
+u, uwl, |F
x ||]:1||q1<ﬂx//1||u|| M¢1M¢2|/| 2||||VII)
(AT

<(|vf—v§|+ o - uf )[ 1 ]‘H
“\r@+1) TE-9rE+1n)rp+1)

IR < P g el + 1, VI )
2 .
AT TS

This implies that ||H*(u, v)(v1) — H* (1, v)(v2)]| = 0 as v; — vy. Therefore H* is relatively
compact. By Arzeld—Ascolli theorem, H* is compact and hence completely continuous
operator.

Now let us define a set

W= {(u, v) € §2(r;)/$2(r1)) there exist A € [0, 1] such that (u,v) = AH(u, v)}.

Page 12 of 22
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We will show that W is bounded. Suppose on the contrary that W is unbounded. Let
(#,v) € W such that ||(z,v)|| = K — o0. But

e )] = 3200
< [y

1 1
= (rw v T8 —8)F(ﬁ)>

y [( 1 )’H”]__ ”q_l(,um llell + M¢1M:/,2||-7:2||||V||)
—— 1
I'(o+1) L= | A NIF2 Ny oy

+< 1 )q_1||.7" ”q—l(/il//l//“l/fz”fl”llull +'U“/¢/2HV”>]
— 2 *
I'(p+1) L= I Al F2lliely, ity

This implies that

1 1
[, v)| < (p(ﬂJr 1) F(,B—tS)F(ﬁ))

1 q-1 4 T
x[( ) ”fl”q_l(wln I+ ey | ||)
rod L= 1A N2y v,

( 1 >q—1“]: ”q_l(MmMmelH”u” + /’l’://2||v”)j|
T+l 2 ATV ATy |

equivalently

Lot ( 1 1 )
T @I \rg+1)  I'(B-8I(B)

) [< 1 )q-lnf ”q_l(MmHull +umu;,,2||fz||||v||)
7 AN 1
Fo+1) AT

/
) 1! (wlumnﬂnuun +M,,,2||V||)}
L= 1Pl F2ll by, iy,

X

I(
s lll + g iy, [ Bl V]
< ) ||f1||q'1( n L
AT

7
) 2”q_l(u¢1%||f1||||u||+u¢,2||v||)}
AT

-0 asK — oo.

+

(7o

i 1( B+1) T(B- tn (ﬁ))
|
(7o

This is a contradiction. Ultimately W is bounded, therefore by Lemma 2.7 the operator H
has at least one fixed point in §2(r;)/§2(r1), which is a solution of coupled system (1.1).
Thus, by Lemma 2.9, (1.1) has at least one solution. O

Page 13 of 22
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To control the growth bound of the nonlinearity functions v, ¥, and proceed to the

next result, we need the following height functions. Let

(3.13)

%maxtE]‘bo (tx x) = maX{{l/fh l/fz} : tﬂ_lx = (I/l, V) = x}’
Smingeg a0 (&%) = min{{r1, Yo} : £77'x < (w,v) < x).

Theorem 3.4 Let assumptions (Hy) to (H3) hold, and there exist r*,fi € R* such that one
of the following conditions is satisfied:

(31)

1 s
hf/() gﬂ(l,s)¢>q< 1 /0(S—r)”_lfl(t)Smin(t,h,CD"(qprﬂv(t))) dr) ds < 00"

I'(0)
and
/1 GP(,s)¢ (L /S(s—r)“’l]: (O)3max (T, 7%, D (¢ DPv(7))) dr) ds<r*
o ) q F(O’) o 1 ~Smax\ bl 'p =
(32)
/1 GP,s)¢ (L /S(s— ) LR (S (‘L’ h,°DP (¢ Dﬁv(t))) d‘L’) ds < h;
o ) q F(O‘) ) 1 max \ “» /b 'p ’
and

1 s
r*S/O gﬁ(l,s)ng(%/o (s—r)"‘l}"l(t)fsmin(t,r*,CDp(d)pDﬂv(t)))dr) ds < 00*;

(S3)
1 s
h< / gﬂ(l,s)qbq(ﬁ / (5= )7 Fo (1) min (T, °D” (¢, DP (), ) ) dr) ds < 00*;
0 0
and
1 1 s
/0 Qﬁ(l,s)qbq(m /0 (5= 1) Fo1)Imax (T, D ($pDP ui(7)), 1) dt) ds <r%
(34)
1 1 s
/ gﬁ(l,s)qbq(m / (s = 7)° L Fo (1) Smax (‘l:,CD’O (d)pDﬂu(t)), h) dr) ds < h;
0 0
and

1 s
r < /0 Q‘S(l,s)qbq(ﬁ /0 (s=7)° 1 Fo () Jmin (r,cD" (qpr’Su(r)), r*) dr) ds < oo,

Then problem (1.1) has a nonnegative solution (u*,v*) € B, x By, so that h < ||(u*,v*)|| < r*.
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Proof Without loss of generality we take only (J7) and (3;). If (4,v) € 9£2(h), then
l(u,v)|| = hand t#~'h < (u,v) < h, t €]. By (3.13) we have

[#*wn @]

= (13, H5) ()0
= sup/‘1 g‘s(t,s)d)q(L /S(s - T)U_l]:l(l')l/fl(f,u(‘(),ch((f)pDﬁV(l'))) dr) ds
te] Jo I'(o) Jo
+ sup /1 g’s(t,s)qz&q(L /S(s — )P L Fy(0)yn (r,cD" (q)pD’Su(t)), v(r)) dr) ds
te] Jo I'(p) Jo

1 K
2o gﬂ(l,sm( 1/ (s—r)“1f1<r)w1(r,u(f);“D"(%Dﬂv(r)))df) ds
1
B-1 B 1,
+t /0 Gr(1,s)
1 : p-1 o B
X ¢q<m‘/o\ (S—T) _/_"2(1')1//2(7:, D (¢pD M(T)))V(T)) df) ds
> flgﬁu S)p (—1 /S(s—r)"_l[]: (T)Smi (r h CD"(q) Dﬁv(r)))] dr) ds
- ) ) q F(O‘) o 1 mingej PR 'p

1 s
+ /0 gﬁu,s)qbq(%p) /0 (s—r)ﬂ‘l[fzm%mmte,(rfD"(aspDﬁu(r)),h)]dr) ds

ZE.}.E:]"'L:{
2 2

(u,v) || .

Thus

[ @@ zh=|

(u,v) ||

When (u,v) € 02(r*), then |(u,v)| = r*, and by (3.13), #"1r* < (u,v) < r*, we have
Smaxge) = {1, ¥}, therefore

1+ (e, v) (@)
= | (M5, H3) )@ |

1 s
=rrt1€a]x/0 gﬁ(t,s)qsq(%/‘o (s—t)"’l}'l(r)wl(t,u(r),CD”(qprﬁv(r)))dr) ds
1
B
+nt12]xf0 G’ (t,s)
X ¢ (L /S(S_r)pfl}' ()2 (t, D% (¢,DP u(r)), v(1)) dr) ds
\T(p) Jo e v ,

1 s
<! fo gﬂ(l,swq(ﬁ /0 (s—r)“-lfl(r)wl(r,u(f)fD”(@D‘*v(r)))df) ds

1
+tF1 / G’ (1,s)
0

<00 s [ (6 OV (0D (Do) ) e ) s
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1 s
5/0 Q’S(l,s)%(%a)/o (s—r)"1[f1(r)i”smaxtel(r,r*,”D”(qﬁpDﬁv(r)))]dr) ds
1
B 1,
+/0 g (1,s)

1 S
X ff’q(m /0 (s—) [“FZ(T)SmaxtE] (T’CD(7 (¢pDﬂu(r)),r*)] dT) ds

Thus
3w 0] = = )|
Combining these inequalities, we say that 7{* has a fixed point in the interval [k, 7*], say

(u*,v*) € £2(r*)/82(h), such that i < ||(zz*,v*)|| < r*. Next we show that (u*,v*) is a non-

negative solution for t € J as

1 1 s
uW%§/Qﬁww&———/@—ﬂWVuﬂwhamm%%@ﬁvumdﬂds
0 Ir'(o) Jo
1
> 1 max/ GP(1,s)
te] 0
1 S
x%(———/(&wr*fuﬂwmumwxﬁf@ﬂﬁwh»ﬁh)%
') Jo
implies
* p-1 * h p-1
u (t) >t ”u H > Et > 0.
Similarly, we get
* B-1 * h p-1
Vi) >t ||V || > Et >0.
With the help of Lemma 3.2 and (P3), the solution (#*, v*) is nondecreasing fort €J. O

Theorem 3.5 Let hypotheses (Hy) to (H3) be true with A = max{A1, Ay} < 1, where

A @-1e"' @B - )My, | Al [ L My ||]:2||:|
b B-8)T(B+1) Fo+1) T(p+1) [

A, @=Do" 2B - )My, || o] |:||-7:1||M/x//1 L1 }
2T (B-8)L(B+1) Fo+1) T+

Then (1.1) has a unique solution.

Proof Define operator @ = ($1,P,): £2(r)/$2(r) — B by

®(M: V)(t) = (@1(1/[, V)v @2(”[) V))(t), te],
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where
D1 (u,v)(2)
= /lgﬁ(t s)¢, (L fs(s— ) TR ()Y (r u(t) ch(¢ D%(r)))dr) ds
o T\T ) o TR
and

¢2 (u7 V)(t)

1 s
- /O gﬂ(t,s)qbq(% /0 (s—r)“-lfl(r)wl(r,u(r),fDP(qspDﬁv(r)))dr) ds.

Now, for any (&, v), (i, ) € §2(r)/§2(r), we have

|® @, v) - & (@@, v)|

1
Ssup/ |GP(t,9)
0

te]

|

- @(% [ = or A e, D (0,0050) dr) ds

1
+ sup/ ’gﬁ(t,s)
0

teJ

|

- @(%p) /0 (5= 0P (00 (0, D7 (4,DPa(0)), (7)) df) ds

¢q(%/o (s — 1:)"lfl(r)lpl(t,u(r),”Dp(¢>pD'6v(r)))dr) ds

|

1 § _ cno B
¢q(Tp)/o (s—1)° lfg(r)wg(r, D (qpr u(r)),v(r)) d‘[) ds

!

- (g-1)oT (28 -6) |:M1//1 | Fillle—ull + M:h/\/l:pz I AL Fllllv =Vl
T (B8 (B+1) T'o+1)

My, My, | F P2l = ]l + My | Fallllv = vl :|

' T(p+1)
- (g-1)e7 (2B - 8) My, I A1 [ 1 My, |l ||}'2||} -
< + lloe — ]l
B-8)rpB+1) I'oc+1) I'(p+1)
(g-1)eT (2B = )M IR [ IFIM y, -
+ lv-vl
B-=8Ip+1) roc+1) TI'(p+1)

= Arllu—all + Asllv =)l < Al| @, @) - (v, 1) .

Thus

|®(u,v) - @@, )| < A

(u, ) — (1, 7).

Hence the assumption A < 1 implies that the operator @ is a contraction. Therefore, by

Theorem 2.9, (1.1) has a unique fixed point.
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4 Stability analysis

In this section, we analyze Hyers—Ulam stability for the proposed problem.

Theorem 4.1 Let assumptions (H1)—(Hs) with A <1 hold, along with the condition that
the spectral radius of Q is less than one. Then the solution of (1.1) is Hyers—Ulam stable.

Proof Let (u,v) be the exact and (#, v) be an approximate solution of the considered prob-

lem (1.1), then in view of Theorem 3.5 we have

| ® (e, v)(®) - @ (i1, 9) (®)|
= (@100, V)(0), @ (a1, V)(0)) = (@1(1,7)(0), @ (@1, 7)(0)) |
< | @1 v)(®) - ®1(, V)| + | P2(,v)(B) - Pt V) |

= sup’@l(u, v)(t) — D1(u, f/)(t)| + su?|¢2(u, v)(t) — Do (u, i)(t)’

te]

= sup
te]

1 s
/0 gﬂ(t,s)qﬁq(%/o (s— t)"lfl(r)lﬁl(t,u(r),”Dp(d)pDﬁv(r)))dr) ds

1 s
—/0 gﬂ(t,s)q’)q(ﬁ/o (s—1)0‘1.7-"1(1)1//1(1,L_t(r),cD”(qprﬂf/(r)))dr) ds

AZ?@Q

<015 [ 60 Falowale, D (@D u(e) o) e ) s

+ sup
te]

1 s
- /0 gﬂ(t,s)%(%p) /0 (s—t)"‘l]-"z(t)l/fz(f,CD“(qprﬂﬁ(f)),f/(r))dr) ds

IA

1 -
(g~ o™ /0 |gf‘<t,s)y{(m /0 (s — 0 N9 (7, u(2), D (9, D v(2)))
— 1 (7, 4(x), D (¢, DP9(2))) | dt) ds

+ %p) /0 (5= 1 1l |9 (0, D7 (BDPul), 2))

— 2 (z,°D° (¢,DPia(r), W(1))) | d= ds}

_ @-1e"'28-9) [M% 1 Fulllee =l + M, M, IF I v =]
T (B=r(B+1) I'lic+1)
My, My, IR Fallllu — ]| + MQ,ZH}_ZH lv—vl :|
’ I'(p+1)
_ (g-1Do"' @B - )My, I Al
- B-9r+1Hrio+1)
(g-1)7 (2B = )My, My, I F1 I F2
B-8)rpB+1)r+1)
(g - 1o (2B - §) My, My, | FrllI| |
B=-8)rB+1I(o+1)

Il — ull

lv—vl

lloe — ul]
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(-1 2B - My, I Al
(B-8)I(B+1)I'(0+1)

=< || (u’ V) - (’2’ ‘_/) || Q’

lv—vi

where Q = (g; gj) Since the spectral radius of Q is less than one, thus the solution of the
considered system (1.1) is Hyers—Ulam stable. Here

(g— D)o™' 2B - )My, I Al

O T B+ DI + D)
- (g - 1) (2B - )My My, | F1lll| F2
2 = )
B-8)I(B+1) (o +1)
o 0= 28 = )My My | P12l
T (B-8)T(B+1)I (o +1) ’
Com (g -1 (2B - )My, I F1l 5

B-)rPB+1)r+1)

The same approach can be followed to obtain results regarding the generalized Hyers—

Ulam, Hyers—Ulam—Rassias, and generalized Hyers—Ulam—Rassias stability.

5 Anillustrative example

For the support of our theoretical results, an example is presented here.

Example 5.1 Corresponding to (1.1), we consider the system of fractional order differen-
tial equations involving p-Laplacian operator ¢, as follows:
2 cno S

co B ot U (0)+1+°D% (¢pDPv(t)) _ _
D (¢pD M(t))+ m—() 106‘22-1 . ())—O; te [Or 1)_]7
cNo v(£)+2+D° (¢ DP u(t

D° (¢,DPv(t)) + \/;W e =0
(¢, DPu(0))) =0, j=0,1,2,3,...,m—1,
([¢,DPv(0)])? =0,
I*P(u(0)) = I*P(v(0)) =0, k=2,3,...,m,
D (u(1)) = D°(v(1)) = 0.

)

(5.1)

Set

¥ (6,1(0), D7 ($,DP1(2)) ) = u(t) + 1;O;§ofqipDﬂu(t))
and

U (6D° (9, DPu(®) v(1)) = L2 +Zé>+ (t(prﬂu(t))‘

Now, for any u,v,u, v € X, we have

92 (6 40, 10) 1 (6200, 70)| = 1o =+ 15 v =7
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and
926,400, ) = ¥ (680, 70)| = o il + 5 v = L

Here, My, = M'y, = ﬁ’sz =My, =2—10.Takeq= g,ﬂ:?),,o:a: %,8: %,Q=1,
thenp = %, and upon calculations we have A = 0.000192 < 1, so system (5.1) has a unique

solution. Further,

0.00002 0.00001
0.00001 0.00002

*_

and if w; and w; are the eigenvalues, then w; = 0.00001 and w, = 0.00003. Since the spec-
tral radius of 7{* is less than one, thus system (5.1) is Hyers—Ulam stable.

6 Conclusion

In this paper, we have utilized the Arzeld—Ascoli theorem, Banach’s contraction principle,
and Schauder’s fixed point theorem to establish existence and uniqueness criteria for the
solution of the nonlinear coupled implicit switched singular fractional differential system
given in (1.1). Furthermore, under some particular assumptions and conditions, we have
proved stability results in the sense of Ulam for the solutions of the said problem. We
claim that the approach used to prove the main results is powerful, effectual, and suitable
for investigating different qualitative properties of the solutions of nonlinear fractional

differential equations.
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