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1 Introduction

Differential equations arise in modeling situations to describe population growth, biol-
ogy, economics, chemical reactions, neural networks, and so forth; see, e.g., [2-8]. In the
present paper, we investigate the oscillatory behavior of a third-order neutral differential

equation with damping and distributed delay. The equation is given as follows:

b NN
(ro(a(s0+ [ pems(cei)an) ) )

b ’
(e (a(t) (x(t) + [ ptesn(ete ) dM) )

/

d
+/ F(t,¢,%(g(t,¢)))d¢ =0. (1.1)

Throughout this article, we always make the hypotheses as follows:
(H1) r(2) € C'([t0, 00), (0,00)), m(#) € C([to, 00),(0,00)), [, 55 exp(~ [, %5 ds) dt = o0;
(H) a(t) € C'([to, 00, (0,00)), [° 7Ly di = oo;
(Hs) p(t, 1) € C([to, 00) x [a, ], (0,00)), 0 < p(t) = [ p(t, ) dpu < p < 1;
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(Ha) (¢ 1) € C([ty, 00) X [a,b],(0,00)) is not a decreasing function with respect to u
and satisfies t(t, u) < ¢ and lim;_, o inf} e (4 4) T(Z, 1) = 00;

(Hs) g(¢,¢) € C([t0,00) x [¢,d], [8,00)) for § > 0 is not a decreasing function with respect
to ¢ and satisfies g(t, ¢) < t and limy_, o infye[cq) (£, ¢) = 00;

(He) F(t,¢,w) € C([to,00) x [c,d] x (0,00),(0,00)), q(t,¢) € C([tr,00) x [c,d], (0,00)),
Belw) > g(t,¢).

Letting

b
y(t) = x(t) + / Pt wx(t(t, 1) du,

a function x(¢) is the solution of equation (1.1) if x(¢) satisfies (1.1) on [Ty, 00) for every
t > Ty > to with x(¢), a(£)y'(t) and r(t)(a(t)y' (t))’ € C'[T,, 00). We focus on the solutions
satisfying sup{|x(¢)| : T <t < oo} >0, T > T,. The solution with arbitrarily large zeros on
[T, 00) is treated as an oscillatory solution.

More and more scholars pay attention to the oscillatory solution of functional differ-
ential equations, especially for the first-order or second-order equations. With the devel-
opment of the oscillation for the second-order equations, researchers began to study the
oscillation for the third-order equations, such as [9-18] for the delay equations, [19-27]
for the equations on time scales, [28—37] for the damping equations. For the neutral delay

equation

(a(®) (b(&)(x(0) + px(t - 7)) )) + q(O)f (x(¢ - 0)) = 0,

the oscillation was discussed in [38], and its general cases were discussed in [39-42]. For

the distributed neutral delay equations

b "7 d
[r<t)[x(t)+ [ p(t,u)x(t(t,u))du] ] o [ atwsytelote) de <o,

the Philos-type oscillation criteria were studied by Zhang et al. [1], and the further in-
vestigation for the oscillation was given in [43—45] by Riccati transformation and integral
averaging technique.

However, our focus is on the oscillation for third-order neutral differential equations
with distributed delay and damping term, such as [46]. The research on the damped dif-
ferential equations of third-order has been developed in recent years. Furthermore, the
methods discussed are relatively limited. A general means used in the above mentioned
papers [28-37] is reducing the third-order equations to the second-order ones. We notice
that in the discussion of oscillation for the differential equations, the key is the inequality
estimation techniques. In [46], by the Riccati transformation we give a method for the es-
timation of Riccati dynamic inequality to get some oscillation criteria. Moreover, the main
contribution in this paper is that we provide another method for the inequality estimation
to discuss the oscillation of differential equations with damping and distributed delay on
the basis of the Riccati transformation and the integral averaging technique. The results
obtained continue and extend the analytic works in [1], where the methods using Lemmas
2.3 and 2.4 for the inequality estimation cannot be applied for (1.1).
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2 Preliminaries

For the oscillatory solutions of (1.1), we usually talk about the eventually positive solu-
tions. In this section, the following results may play an important role in establishing new
oscillation criteria for (1.1).

Lemma 2.1 Assume that x(t) is the positive solution of (1.1). Then there are two cases as
follows.

(D) y()>0,y() >0, (x@®)y () >0;

(D) () >0,5'(8) <0, (@(®)y (1)) >0
fort > t, >ty with sufficiently large t,.

Proof We set that x(¢) is the positive solution of (1.1) for [y, 00). Then it follows from (H,4)
and (Hs) thatx(z (¢, 1)) > 0and x(g(¢, ¢)) > 0 for £ > ¢; with sufficiently large 1, respectively.
It is easy to get y(¢) > x(¢) > 0.

From (1.1) and (Hg), we get

d
(r&) @@y (0)') + m@)(a@)y (¢)) = - / F(t,¢,x(g(t,¢))) d¢
d
< f a6, 0)x(g(t,2)) de
<0.

It follows that 4 pr exp(ft1 ) ds)r(t)(a(t)y (£))] < 0. Then exp(f ”) ds)r(t)(a(t)y (¥)) is a
decreasing function with one sign eventually. Thus, from (H;),

(a(t)y’(t))/ <0 or (a(t)y’(t))/ >0
for t > th > 1.

We claim that («(£)y'(t))’ > 0. Suppose («()y'(£))’ < 0. According to the monotonicity of
exp(ft1 o ) ds)r(2)(a(2)y' (£)), we have

exp( / % ds> r)((t)y 1) < -M

for M > 0. Integrate the above inequality on [f,, £] to get

, t 1 Sm( )
a(®)y (t) < alt)y (t) - M exp (- d dn> ds.
ty V(S) t1 V('?)
Letting ¢ — 00, we have «(¢)y'(£) = —oo by (H;). Then it follows from («()y'(¢))’ < 0 that
a(t)y' () < a(t3)y (t3) < 0 for ¢ > t3 > t,. Dividing by «(¢) and integrating on [¢3, ], we have
that

3(E) - y(ts) < alts)y/ (83) / 1o

a(s)

From condition (H,), we have y(t) — —o00 as t — oco. This contradicts y(¢) > 0, which im-
plies (x(2)y'(t))’ > 0. We complete the proof. O
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Lemma 2.2 Assume that x(t) is the positive solution of (1.1) and y(t) satisfies case (II).
Suppose

_/t:om/vwm/uooq(s) dsdudv = oo, (2.1)

where q(t) = fcdq(t, 2)de. Then lim;_, o x(¢) = 0.

Proof We set that x(t) is the positive solution of (1.1) for ¢y, c0). Due to the fact that case
(IT) is valid for y(¢), we obtain lim;_, o, y(£) = [ > 0. And then we use proof by contradiction
to prove [/ = 0. Suppose [ > 0. Then it follows that [ + ¢ > y(¢) > [ for ¢ > 0 with ¢t > #; > £.
Taking ¢ such that pe < (1 — p), from (H3), (Hs), and property (II), we have

b
50 =30 [ (et ) du

b
2 1= [ plewy(ete ) du

> - p)y(t(t,a))
>1-p(l+e)

> Ky(t), (2.2)

where K = {227 - Tt follows from (Hs), (Hs), (2.2), and property (II) that

I+e

d
(r&) @@y ©)') + m@)(a@)y (¢)) < - / q(t, 0 )x(g(t,0)) d¢

c

< -Ky(g(t,d))q(2).

Taking z(t) = exp( % ds), we get

(zOr@(e(@)y (1)) < -Ke(t)y(g(t,d))q(2).
Integrate on [t,00) to obtain

00y 0) +K [ ol d)ao) s <.
By virtue of y(g(t,d)) > [ and 2 (¢) > 0, we conclude

ey @) + 15 [ a0 ds<o
This yields

a(t)y (t) + K1 / w% / ooq(s) dsdu <0
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by the integration from ¢ to co. Further integrate on [£;, 00) to get

mev mfu q(s)dsdudv<ﬁ.

This contradicts (2.1), which leads to / = 0, and then lim;_, 5 x(¢) = 0 from y(£) > x(¢) > 0.
We complete the proof. d

3 Oscillation results

Based on the lemmas in Section 2, some new oscillation criteria for (1.1) are obtained by
applying Riccati transformation, inequality estimation, and integral averaging technique
due to Philos [47]. Putting

D:{(t,s):t0§s§t<oo}; D0={(t,s):t0§s<t<oo},

a function H € C(D, R) is said to belong to X class (H € X) if it satisfies
(1) H(t,t) =0, t >ty and H(t,s) > 0, (¢,5) € Dy;
(ii) H(t,s) has a continuous and nonpositive partial derivative on D with respect to the
second variable;
(iii) There exists h(t,s) € C(D,R) such that

3H8(§»5) = —h(t,s)\/H(t,s) forall (t,s) € D.

Theorem 3.1 Assume that (2.1) holds and there exist H € X and ¢ € C([ty,00),R) such

that

0 < inf |:liminf H.9) ] <00 (3.1)
s>tp| t—oo H(t,tp)
e HOI

o P00 ¥ (32

and

o 1 ‘ kp(s)r(s)h*(t,s)

¢(T) < ll?_l)il:p HOT) ﬁ (H(t, S)P(s) — f) ds (3.3)

fort>T=>ty,k>1,0 >0, where

— )0 ¢
20 =p0 Y, e [T 6.0 -maxfo,0). G

Then any solution x(t) of (1.1) either oscillates or converges to zero.

Proof Let x(£) be a nonoscillatory solution of (1.1). Without loss of generality, we assume
that x(¢) > 0 on [¢1, 00). From (H4) and (Hs), we have x(z (¢, 1)) > 0, (¢, ) € [£1,00) X [a, b],
x(g(t,¢)) >0, (t,¢) € [t1,00) X [c,d] for sufficiently large ¢;. From Lemma 2.1, y(t) is one
case of (I) and (II).
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If y(¢) satisfies case (I), then

b
502300 [ pley(e(e.0) du

> (1-p(2))y(2)
> (1-p)y(t)

from (Hs) and (Hy). By (Hs), (He) and the above inequality, it is obvious that
N ! d
(r@&)(a@)y ®)) +m@(a@®)y () < -1 -p) / q(t,£)y(g(t,£)) d¢
<-(1-p)y(g(t,0)q().

Putting that w(t) = p(t)" (t):(’;()’;)?z;()t))/, t > t; with p(¢) given in (3.4), we know

(¢ r@O@)y @)y  wit
P '(2) w(e) - p )[(1 - p)y(g(£,¢))q(?) . m(t)(a(t)y/(t))’:| A)
o(t) a(t)y'(¢) a(t)y'(¢) p@)r(t)
_ —p(t)(l -pPygt0)g(t)  wi(r) .
a(t)y'(t) p)r(t)

By property (I), there exists a limit of  as t — 0o, which is denoted by lim;_, oo 7 o ="

Choosing & = 7, we obtain T >3 for t >t) > 1. Letting 6 = " , from g(¢,¢) > § in (Hs)

we have

w(t)

W PO’

<-P(t) -

where P(¢) is defined in (3.4). Multiply the above inequality by H(t,s) and integrate the
inequality from £, to ¢ to get

/Hts P(s)ds < H(¢t, t)w(ts) — /th(ts),/ & s)w(s)ds — /H(ts)wz(s)ds

(8)r(s)

— H(t, tyywits) - / ( (t,9) YL KPOE) S)’(S ws),| kf“ +S)

kp(s)r(s)i(¢,s) t (k= 1)H(t, s)w(s)
BOOITEIT LS 4o — | L2 SIW RS
’ / 4 w kol

from the integral averaging technique. Then
1 t kp(s)r(s)h*(t,s) )
lim su H(t,s)P(s) - ————— | ds
i J, (0 -

1 Lk = 1)H(t, s)w?(s)
Wit = ko))

Page6of 11
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Thus, it follows from (3.3) that
d(t) <w(t), t=t,

and

2
liminf ) / kp (S)r(s) ©) 45 < wlty) — p(tr) <00, 1> . (3.5)

—oo H(t, ty
Next we claim
o] 2 t
/ w () dt < 00
o PO

OOw(t

Suppose ftz G dt = 00. It follows from (3.1) that

H,
inf [ timint &9 |5 4
s>tg| t—oo H(t,to)

for 1 > 0, and then Zgigg > for t > t3 > t,. Thus we have

4 W2(t) M1
dr> 221
/tg P00 7

for M; > 0. Then, when ¢ > t3, we conclude

2(s) aH(t 9 (5 W)
&= e / ol 414

H(t
H (t to) / p(s r(S)

1 M, [t 0H(t,
> —1/ - (&,5) ds
H(tr tO) w Jts ds
_ Ml H(t) t3)
n H(t: t())
> M.
This implies
. 1 LH(t, s)w(s)
liminf

t—o0 H(t, tp) ts P(S)r(s)

W)

lz @ dt < oo, which con-

This leads to a contradiction with (3.5). Then we conclude
tradicts (3.2).
If y(¢) satisfies case (II), then lim;_, o x(f) = 0 from (2.1) and Lemma 2.2. The proof is

complete. O

Theorem 3.2 Assume that (2.1) holds and there exist H € X and R(t) € C([ty, 00),R) such
that

lim sup (3.6)

1 t kp(s)r(s)h*(t,s) ~
msup o /. (H(t, $)D(s) — —) ds =

4(k -1)

Page 7 of 11
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fork>1,0>0,andt>T > ty, where

D(t) = Q(t) —kp(®)r(OR*(2),  p(t) = exp / % ds, 3.7)
, -p)o
Q(t) = p(t) [r(t)R2(t) - m()R(®) - (r(OR()) + %}. (3.8)

Then any solution x(t) of (1.1) either oscillates or converges to zero.

Proof Let x(t) be a nonoscillatory solution of (1.1). Without loss of generality, we assert
that x(¢) > 0 on [¢1,00). It follows from (H4) and (Hs) that x(z (¢, u)) > 0, (¢, u) € [£1,00) X
[a,b], x(g(t,¢)) >0, (t,¢) € [t1,00) x [c,d] for sufficiently large ¢;. From Lemma 2.1, y(¢) is
one case of (I) and (II).

If y(¢) satisfies case (I), then by letting

r(@)(a()y' (1))’

20y ®) + r(t)R(t):|, t>t,

w(t) = ,O(t)[

we conclude that

(1 -p)ylg(t,)q(t) | mB) @y @) ” t)((a(t)y’(t))’)z}

, po'(t)
w(t) < —=w(t) - p(t)[ MO0 a(t)y ) a(t)y(t)

o)
+ o) (re)R(®)) .

In the same way as Theorem 3.1, taking lim;_, ﬁ =1n,€= %, and 0 = y(é%, we have

/ 2
w(e) < 20 <t)—p(t>[(1"’”q(”+m(”w(”—m<t>ze<t>+r(t)( W) R(t))]

=" a(t) p(O)r(z) p(Or(t)
+o(t) (r)R())’
w(t)
==QU) + 2ROWO ~ s

wi(e) (k- 1w(e)

=—Q(t) + 2R(t)w(t) - kp@)rt)  kp(t)rt) ’

where Q(¢) is defined by (3.8). Based on Bu — Au? < f% for A> 0, u € R, we get

(k- L)w?(¢)

w(t) < -D(t) L

where D(¢) is given by (3.7). Multiplying the inequality by H(¢,s) and integrating on [T, t],
we obtain

t t 2
/ H(t,5)D(s)ds < w(T)H(t, T) - / (h(t,s)\/H(t,s)w(s) + M) ds
T T kp(s)r(s)

kp(s)r(s) - wls (k-1)H(ts)
4k -1) kp(s)r(s)

=w(T)H(, T) - /t(h(t,s)
T

L kp(s)r(s)h2(t, s)
+/T -y
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Then

t 2
L / (H(t,s)D(s) _ M) ds < w(T).
T

H(,T) 4(k - 1)
This contradicts (3.6).
If y(¢) satisfies case (II), then lim;_, x(f) = 0 from (2.1) and Lemma 2.2. The proof is
complete. O

Remark 3.3 The proofs of Theorems 3.1 and 3.2 provide a method for the estimation of
Riccati dynamic inequality, which is different from [46] and useful for the oscillation cri-

teria.

4 Examples
Example 4.1 Consider the equation

1 2 INCIN 2 2 N
(;(e‘t(x(t)+ /1 %x(t—u)du) )) + t—2<e"‘(x(t)+ /1 %x(t—u)du))

1
+/1 tg‘x((t—?:\/Z){) d¢ =0. (4.1)

2

By (4.1), we note that r(¢) = %, a(t)=et, plt,pn) = &, t(t, ) =t — u, m(t) = r%’ gt o) =
(t-3V0¢,a=1,b=2,c= %, d =1, which satisfy conditions (H;)—(Hs). Furthermore, we
choose H(t,s) = (t—s)%, k=2,0=2,p= %, q(t, ) =t, ¢(t) =t, tp = 1. By Theorem 3.1, we
obtain /(t,s) =2, p(t) = t* — 1, q(t) = 3¢, P(£) = 3¢(¢* — 1) and

lim sup ]_ﬁ /Tt(H(t,s)P(s) - M) ds> T =¢(T).

t—00

Clearly, it is obvious that other conditions of Theorem 3.1 are valid. Thus, it follows from

Theorem 3.1 that any solution of (4.1) is oscillatory or converges to zero as ¢ — oo.

Example 4.2 We consider the equation

2 Vil x(t) + 1e'tu2x lt,u du Y
(Fvileos [[erGu)an)))
i ()

1
+/1 tex(t)de =0. (4.2)

2

From (4.2), we find that r(¢) = %, alt) = Vi, plt,p) = et u?, t(t,u) = %m, m(t) = %2’
gt,g)=t{,a=0,b=1,c= %, d = 1, which satisfy conditions (H;)—(Hg). Furthermore,
we choose H(t,s) = (t—-5)%, k=2,0 = 2,p= %, q(t,¢) = %,R(t) = %, to = 1. By Theorem 3.2,

we have h(t,s) =2, p(t) =/t -1, g(t) = %t‘%, D(t) = (Vt-1)(3t " + %) and

t k h2 g
iy, (0= S o

Page9of 11
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Then by Theorem 3.2 we know that any solution of (4.2) is oscillatory or converges to zero

ast— oo.
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