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1 Introduction
Quantum calculus is generally described as the ordinary calculus without limits. The g-
calculus and /-calculus are the main branches of the quantum calculus. In this article, we
shall discuss within the framework of the g-calculus. Quantum calculus has been found
to be useful in many areas of mathematics such as orthogonal polynomials, basic hyper-
geometric functions, combinatorics, the calculus of variations, mechanics, and the theory
of relativity. Analogues of many results in the classical calculus have been established in
the g-calculus sense. We start by presenting some of the recently published results in this
direction. But before that, the following definitions are needed in the sequel:

A function F: [, 8] C R — R is termed quasiconvex if, for all x, y € [«, 8] and T € [0, 1],

we have
F(tx+(1-1)y) <max{F(x),F(y}.

All convex functions are also quasiconvex, but not all quasiconvex functions are convex, so
quasiconvexity is a generalization of convexity. Quasiconvex functions have applications
in mathematical analysis, in mathematical optimization, in game theory, and economics.
In 2016, the concept of quasiconvexity was generalized in the following way.
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Definition 1 ([6]) A function F: [, 8] — R s called n-quasiconvex on [«, 8] with respect
ton:RxR— Rif

F(tx+(1-1)y) <max{F(y),F(y) + n(F(x),F(y))}
forallx,y € [o, 8] and T € [0, 1].

In the field of mathematical analysis, many estimates have been established via this gen-
eralized convexity and quasiconvexity. For instance, estimates of the Hermite—Hadamard,
trapezoid, midpoint, Simpson types have all been obtained for this class of functions. We
invite the interested reader to see [3, 5, 7, 11, 18].

Embedded in the proof of their main results, Noor et al. [14], Latif et al. [13], and Alp et
al. [2] recently established the following quantum inequalities for the class of quasiconvex

functions.

Theorem 2 ([14]) Let F : [, B] — R be a g-differentiable function on (o, B) with oD4F
continuous on [o, B] where 0 < q < 1. If | D F|* is quasiconvex on [a, B] for u > 1, then the

following inequality holds:

L qE(@) + F()
e | ot

<(B-a) max{ | DgF(@)|", |uDeF(B)|“}]. (1)

2q
ﬂ+qﬁ[

Theorem 3 ([13]) Let F : [, B] — R be a g-differentiable function on (o, B) with oD4F
continuous on [a, ] where 0 < g < 1. If | D F|" is quasiconvex on [a, ] for u > 1 with

% + % =1, then the following inequality holds:

L e 4F(@) + F(p)
‘m/‘x F(r)adqr—ﬁ‘
b-a)[ [ c T u “1]s
< q(1+q“) [fo [1-(1+g)| odqr] [max{laD F@)[", [DgF(B)|"}] "

Theorem 4 ([2, 12]) Let F: [, B] — R be a g-differentiable function on («, B) with o D,F
continuous on [o, B] where 0 < q < 1. If | D F|" is quasiconvex on [a, B] for u > 1, then the

following q-midpoint type inequality holds:

qo + B 1 p
F(57) g [ o

2
ﬁ [max{ ’aDqF(a)

Ri=

u
’

<(B-a

«DF B[]

Theorem 5 ([2, 12]) Let F: [, B] — R be a g-differentiable function on («, B) with o D,F

continuous on [o, B] where 0 < q < 1. If |(D F|" is quasiconvex on [o, B] for u > 1 with
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=1, then the following q-midpoint type inequality holds:

qo + B 1 B
‘F( Trq )_ﬁ—a/a Fadyr

< q(B - ) [max{|.D,F(e)|", |« DgF(B)|"}]

1 1-¢g 3 1 % I 1 v 3 q :
Llargmizes) (ma) UG ) (5) )

The goal of this article is to extend Theorems 2-5 to a more general class of functions.

1,1
u 14

1
u

We do this by means of a parameter u € [0, 1] and obtain results for a function F whose
l«DgF|" is n-quasiconvex on [, 8] for u > 1. Our first result sharpens Theorem 2 (see
Remark 17); whereas Theorems 3-5 are special cases of our theorems (see Remarks 19,
21, and 23). In addition, we apply our results to some special means to get more results in
this direction.

This paper is structured as follows: Sect. 2 contains a quick overview of the quantum cal-
culus. The main results are then framed and justified in Sect. 3. Some illustrative examples

are then presented in Sect. 4.

2 Preliminaries
In this section, we present some quick overview of the theory of quantum calculus. For
an in-depth study of this subject, we invite the interested reader to the book [8]. We start

with the following basic definitions.

Definition 6 ([21]) Suppose that F : [, 8] C R — R is a continuous function and z €

[, B]. Then the expression

_Fz)-F(gz+ (1 -q)a)
P = )

, z#a, «DgF () = lim D, F(z) (2)
zZ—a
is called the g-derivative on [«, 8] of the function at z.

We say that F is g-differentiable on [«, 8] provided ,D,F(z) exists for all z € [«, B].

Definition 7 ([21]) Let F: [o, 8] — R be a continuous function. Then the g-integral on
[a, B] is defined as

f F(r)qdgr=(1-g)(z—a) quF(qkz + (1 - qk)a) (3)

k=0

for z € [, B]. Moreover, if ¢ € («, z), then the g-integral on [, 8] is defined as

fCZF(r)adqrz /;F(r)adqr— facF(r)adqr. (4)

Remark 8 In view of Definitions 6 and 7, we make the following observations:
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1. By taking o = 0, the expression in (2) reduces to the well-known g-derivative, D ,F(z),
of the function F(z) defined by

F(z) — F(qz)

D,F(z) = 1-a)z

2. Also, if & = 0, then (3) amounts to the classical g-integral of a function F : [0,00) — R
defined by

/0 F(r)odgr=(1- q)zquF(qkz).

k=0

Analogues of some known results in the continuous calculus sense are also given in what
follows.

Theorem 9 ([4]) Let F,G : [a, 8] — R be two continuous functions and suppose F(r) <
G(r) forall r € o, B]. Then

/:F(r)adqr < /Z G(r) odyr.

o

Theorem 10 ([21]) Let F: [o, B] — R be a continuous function. Then
z
aDq/ F(r) odgr = F(2);
z
/ «DgF(r)odyr = F(z) — F(c), force (o,2).

Theorem 11 ([21]) Let F,G : [o, ] = R be continuous functions and y € R. Then, for

z € |a, B] and c € (o, z), we have

/Z[F(r) + G(r)] adgr = /z F(r)odgr + /Z G(r) odgrs;
/ yF(r)adqr:y/ F(r) odgr;

/z F(r)oD,G(r) odyr = F(2)G(2) — F(c)G(c) — /z G(gr+ (1 - q)a) o DgF(r) odgr.

4

3 Main results
The succeeding lemmas will be needed in the proof of our theorems.

Lemma 12 ([22]) LetF: [«, B] — R be a continuous and q-differentiable function on (o, 8)
with 0 < q < 1. If o D,F is integrable on |a, B, then for all u € [0, 1] the following identity
holds:

1 B
WEB) + (1= F@) - = [ F0)dyr

1
=(B- a)/(; (gt + = 1)oDgF (T + (1 - 7)) odyT.

Page 4 of 12
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Lemma 13 ([22]) LetF: [«, B] — R be a continuous and q-differentiable function on («, 8)
with 0 < q < 1. If D F is integrable on [a, B, then for all u € [0,1] the following identity
holds:

1 B
F(//,ﬂ +(1- /,L)Ol) - - /a F(r) odgr
I
=(8 - a)|;/ th,DqF(r,B +(1- r)a) odgT
0

1

+ / (g7 = 1)oDgF (B + (1 - 7)a) Odqri|.
n

Lemma 14 ([22]) Let A, € [0,1], k € [0,00), and 0 < q < 1. Then

1
/ rk|qr -(1 —A,u)| odgT
0

A-g)(A-rpn)  g(1-q)

l_qk+1 - 1_qk+2 ’ )\‘M + 6] S 1:
201-920-A*2 | g(-q) _ (A-@)(1-Ap)
(1_qk+1)(1_qk+2) l—qk*z 1_qk+1 ’ )\‘/’L +q9> L

Lemma 15 ([22]) Let A, €[0,1],60 € [1,00), and 0 < g < 1. Then

1
0
Qq(k;u;9)==/ gt — (1= 2| odyT
0

A=) Y 220d" (1= ap— g1y, 0<au<l-g
Q=) =232 g1 (1 - g’

+(1-9) X0 d" (@ =1+ ap)’

—(1-g)@ =) 132 g g -1, 1-g<ap<l

Let f be an n-quasiconvex function on [«, 8]. We shall use the following notation:

QP(f;1) = max{f (@), £ (@) + n(f(B),f(@))}.

Theorem 16 Let F : [, B] — R be a g-differentiable function on (a, B) with D ,F contin-
uous on [o, B] where 0 < q < 1. If | D F|* is n-quasiconvex on [a, B] for u > 1, then, for all
w € [0,1], the following inequality holds:

1 B
WEB) + (1= 0F@ - = [ F0)dyr

(1-u—pq)(p-a) RN
E R 10 (DI )], 0<p<l-g )
2, u(g-3)+1)(B— 1

Gur +M(q1+3q)+l)(ﬂ 2) [Qg(|aDqF|u; ml«, 1- g<pn =L

Proof The n-quasiconvexity of |,D,F|* on [«, 8] implies that, for all T € [0, 1], one has:

loDgF (B + (1 -1)cx) !u

u

u
’ ’

< max{ |aDqF(oz)

= 98(1.D,F"*; ). (6)

oDgF(@)|" + n(|aDEB)|") |« DgF(@)|)}

Page 5 of 12
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Taking the absolute values of both sides of Lemma 12 and then using (6) together with
Holder’s inequality gives

1 B
‘MF(ﬂ) =P - = [ R0

1
<(B —oz)/o lgT + = 1||oDgF (1B + (1 = 7)) | oddyT

1
u-1 1
=(/3—a)f gt + 11" e + -1
0

1 1-1
< (ﬁ—a)[(/o lgr + - 1|odqr)

1 u
X (/ |qr+,u—1||0,DqF(r,3+(1—r)a)‘u0dqr) ]
0

1 1-1
< (/3—05)[</0 lgT +p — 1|0dqt>

1 i 1
< ([ e+ - tiodz ) (@000, 5n)

aDqF(t,B +(1- r)a) | 0dyT

1 1
- [ e = odyr LDy

Now, putting k =0 and A = 1 in Lemma 14, we get

1 l_fﬂy O E n S 1 - %
$2(1;51) 1= / g7 + = 1] odyT = 2u211(q—3)+1
0 T, 1- q <M < 1.
Hence, that completes the proof. d

Remark 17 Let n(x,y) =x—yand u = ﬁ. Then ﬁ > 1 —¢q and (5) boils down to

F(B) + qF () 1 P
T+q _,B—Ol/a F(r) odgr
2

2q
(1+q)p3

==

<(B-a) [max{|oDyF(a)|",

«D F(B)[“}]*. ?)

Clearly, 24> < 2q. Therefore, the new inequality (7) sharpens (1) and thus, provides a better
estimate. If, in addition, we let ¢ — 1~, we get from (7)

F(B) + F(a) 1 B
5 _ﬂ—Ol/a F(r)dr

1
u

SIE@E

< %[max{ |F' ()

(8)
Inequality (8) is already known in the literature. See [1, Theorem 6].

Theorem 18 Let F : [, B] — R be a g-differentiable function on («, B) with o D,F contin-

uous on o, B] where 0 < q < 1.If |4 D F|" is n-quasiconvex on [, B] for u > 1 with % + % =1,

Page 6 of 12
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then for all v € [0, 1] the following inequality holds:

1 B
WEB) + (1= 0F@ - = [ F0)dyr

< (B - )[2,(L 5" (QF (1.DyFI% 1)) ¥, 9)

where §2,(1; u; v) is defined in Lemma 15.

Proof Using Lemma 12, (6), an Holder’s inequality with the conjugate pair (i, v), we get

1 B
‘MF(ﬂ) (U= WFe) - / F(r)od,r

1
<(B —a)/o lgT + 1 — 1||aDqF(t;6 +(1- r)ot)|0dqr

1

1 % 1 u
5(ﬁ—a)[</0 |qT+,lL—1|Vodq‘E> (/0 |aDqF(t/3+(1—‘L')a)|u0dq‘L'> :|

1

1 v 1
<(B- a)(/ gt + 1 - llvodqr> (QF (laDgF1%5m))*
0
1 1
= (B - a)[2,(1;159)]" (QL (1 DgF1“5m) ) ™.
This completes the proof. O

Remark 19 If we take n(x,y) =x—yand u = ﬁ in Theorem 18, then we regain Theorem 3.

By taking u = % and n(x,y) =x — y in (9), we deduce the following:

F(B) + F(a) 1 A
‘ 3 _ﬁ—Ot./a F(r) odgr

N

u
’

5(ﬁ—a)[.oq(l;%;v)]v[max{|aDqF(a) «D F(B)[“}]*.

Next, we present a generalization of Theorems 4 and 5 involving a parameter.

Theorem 20 Let F : [, B] — R be a g-differentiable function on (c, B) with oD, F contin-
uous on [a, B] where 0 < g < 1. If | D F|* is n-quasiconvex on [, B] for u > 1, then for all

w € [0,1] the following inequality holds:

B
F(uB+ (1 - pa) - ﬂ%a / F(r) o dgr

_ 2 _ 1
<& a)(ZWI - 5(11 D1 (1,D,E 1 )] (10)

Page 7 of 12
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Proof We get, by taking the absolute values of both sides of Lemma 13 and then using
Holder’s inequality and the n-quasiconvexity of | D, F|* on [a, B], the following estimates:

B
‘F(,uﬂ +(1-pa) - ﬁ%/ E(r) qdgr
<(B- a)[fo qr|aDqF(t,B +(1- r)a)‘odqr

1
+ f gt — 11[aDgF (B + (1 - r)a)|0dqr}
"

n -4 u :
<(B- a)[q(/o rodqr> (/0 T|aDgF (B + (1 - r)a)|u0dqr>
1 1—% 1 %
+ (/ |qr—1|0dqr) (/ |qr—1|‘aDqF(r,3+(1—r)a)’uodqr) ]
Iz -5 n i
<(B- a)[q(/ rodqr) (/ rodqr>
0 0
1 1-1 1 1 1
' ( /M gt - 1|odqr) ( /M g7 - 1|0dqf> ][Qg (1DgF 1" )]

I3 1 1
< (- a)[q | odsz+ [ az-1 odqr}[aﬁ(wqﬂ“;n)]". a1
0 Iz
Now, using Definition 3, we get that
" & i(1—g)
_ _ +1 _(p+1)k _ Ik q
/0 ™ odt=(1-¢q) ZM” q R (12)
k=0
for any p > 0. So, forp =1,
n 2
/ TodyT = ——. (13)
0 l+g
Also, using (4) and the fact that gt < 1, we obtain that
1 1
/ lgT — 1| odyT = / (1-qt)odyT
u n
1 "
= / (1-grt)od,t —/ (1-grt)od,t
0 0
1 1 I Iz
:/ lodyt —q/ Tod,T —/ Lodyt +q/ TodyT
0 0 0 0
.4 qu’
qg+1 l+q
_aw -1+ qu+1 (14)

l+gq

We get the intended result by combining (11), (13), and (14). O
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Remark 21 1f we take n(x,y) =x — y and u = —— in Theorem 20, then we recover Theo-

rem 4.

Substituting £ =0, w =1,and p = 5 w1th n(x,y) = x —y in (10), we get, respectively, the
following:

‘ a)——/ F(r) odgr

1
‘F(ﬁ)— — / F() adyr| <

‘17,

<
T 1+¢g

q(B -a)
l+q

[max{ allqg

N

[max{|(,DqF(a) “ o

FE)]"

and

“N. a5

a+p 1 p
H(5)-ta [

Theorem 22 Let F : [a, B] — R be a g-differentiable function on (o, B) with o D,F contin-

uous on o, B] where 0 < q < 1. If |4 D,F|" is n-quasiconvex on [, B] for u > 1 with % + 1—1/ =1,

[max{| D F(a)|",

B~
"=+ 9

then for all jn € [0, 1] the following inequality holds:

B
| (148 + (1= 10)0) = o= [ FO)

v+l 1
<(B- Ol)|: <%) wu + (G)q(v;,u))

<=

1
u

(1- u)i}(aﬁ(w FI"n))",
where O4(v; ) = fﬂl lgT —1|" odyT.

Proof Applying, again, Lemma 13 and Holder’s inequality, we obtain

B
‘ (16 +(1 - ) = = [ F0)udlyr

m
< (8- a)[q/o T|oDgF (1B + (1 - 7)) | odyT

1
+ / lgT — 1||aDqF(T,3 +(1- ‘L')Ol)|0dq1'j|
"

KN :
<(B —a)[q(/o t"odqt> </0 |aDqF(r;3 +(1- ‘E)Ol)| odql')
1 1 1 1
~1od oDgF(tB +(1-1) ”d)]
+</ﬂ lgT |0qr> </;4| F(tB + T)a)|" odyT
I3 ! w
s(ﬁ—a)[q</0 TVOqu> <Q§(|aDqFl”;n)/0 10qu>
1 1 1 L
lqt = 1" od, > (ag lo D F|" 1od, ) ] (16)
+ </ﬂ qr 0dqT ( q n)/ﬂ 0dqT

R

Page 9 of 12
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From relation (4), we deduce that

1
/ lodgt =1-p.
"

The desired result is obtained by substituting (12) and (17) into (16).

Remark 23 Theorem 5 is recaptured by putting n(x,y) =x—yand u =

(17)

O

= m Theorem 22.

If # =0 and p =1 with n(x,y) = x — y in Theorem 22, then we get, respectively, the

following inequalities:

1 B
‘F(a)—ﬂj/a F(r) odgr

1
[

<(B- [(1 DY 4 (1-4") } [max [ D,F(@)]", D,
k=0

and

=R

<ﬂﬂaK

“ D@ )]

) [max{|e
4 Application
The following special means of real numbers will be used here.
1. Arithmetic mean:

u+v

Au,v) =

2. Generalized logarithmic mean:

1

}m, meN,u#v.

m+l _ um+1

N =

Example 24 Let0<a <pBand 0<g<1. Then

B +qa®  (1+q)B*+2q°af +q(1 +q*)a?
l+gq 1+g9)1+g+49?
24°
(1+q)p3

<(B-a)

max{2a,(1+q)B + (1 - q)a}.

Proof Let F(x) = x%. Then, by the properties of the g-integral, we have

B B
/F(r)o,dqr:/ rzadqr

B
:/ (r—oz+ot)zadqr

R

B)[}]

(18)

Page 10 of 12
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B B B
:/ (r—ot)zadqr+2a/ (r—ot)o,dqr+a2/ 1odgr

_(B-a) +2a(,3—01)2
Cl+g+q? l+gq
(B-a)l(1+9)B> +24°ap + q(1 + ¢*)a’]

(1+q)1+q+q?) '

+o2(B—a)

Also, forx # «,

& = (gr+ (1 - g)a)?
«DoF () = e

(1 + g —2qax - (1 - g)a?

X -0

=1+gx+(1-q.

For x = o, we have D, F (o) = lim,_, o (D4 F (%)) = 2c. The function |oD,F(x)| is convex and
hence quasiconvex on [«, 8]. The desired inequality is obtained by using (7) with = 1. [0

If we let ¢ — 17 in (18), we obtain

A2 ) - e ) < PP

Example 25 Let0<a < B and 0 < g < 1. Then

(1+q)B*+2q%aB + q(1 + ¢*)o®
1+ +q+4q?)

-'42(0[» ﬁ) -

<
“2(1+q)

max{2a,(1+q)ﬁ + (l—q)ot}. (19)

Proof In this case, we apply (15) to the function F(x) = x? and proceed as in Example 24. (J
If we let ¢ — 17, then (19) boils down to

BB —a)

’Az(a,ﬂ)—ﬁg(a,ﬁ)‘ E 2

5 Conclusion

By introducing a parameter i € [0, 1], we established some quantum inequalities by means
of the n-quasiconvexity. Our results sharpen, generalize, and extend some known results
as can be seen in Remarks 17, 19, 21, and 23. Some examples are also given to show how
new estimates can be obtained from our main results. We anticipate that these novel es-
timates will stimulate further investigation in this regard. Some recent results concerning
quasiconvexity and its generalization can be found in [9, 10, 15-20].
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