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Abstract

This article deals with the novel method for finding solutions for the initial-boundary
value problems (IBVPs), which is called the Sawangtong's Green function homotopy
perturbation method, shortly called SGHPM. The SGHPM is a method which
combines the homotopy perturbation method with Green'’s function method. The
convergence analysis for the SGHPM is shown. Furthermore, some examples are
presented to illustrate the validity of the proposed method and to ensure that SGHPM
is a technique which is powerful and efficient for finding approximate analytic
solutions of IBVPs.

Keywords: Sawangtong's Green function homotopy perturbation method; Green's
function method; Initial-boundary value problems; Integral equation

1 Introduction

It has been known for a long time that Green’s function method is a powerful classical
one for analytical manipulation of solution of boundary value problems. Furthermore,
the homotopy perturbation method (HPM) is a technique which is powerful and efficient
for finding approximate analytic solutions of nonlinear initial value problems without the
need of a linearization process. The HPM was first introduced by He in 1998 [3, 4]. In
general, HPM and Green’s function method have been successfully applied to solve many
linear and nonlinear equations in science and engineering by many authors [2-6].

The main objective of this article is to propose a novel method for finding solutions
for the initial-boundary value problems (IBVPs), which is called the Sawangtong’s Green
function homotopy perturbation method (SGHPM). The SGHPM is a combination of
HPM and Green’s function method.

The organization of the rest of the paper is as follows. The idea of SGHPM is given in
Sect. 2. In Sect. 3, the solution existence and convergence analysis for SGHPM method
are investigated. The applications of SGHPM for finding an analytical solution for IBVPs
are verified in Sect. 4. The last section deals with the conclusions about the SGHPM tech-

nique.

2 Basicidea of SGHPM
Let a, b and T be positive constants with 0 <a < b and 0 < T < co. To illustrate the ba-
sic ideas of the new method, we consider the following initial-boundary value problem
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(IBVP):

uy(x,t) = %(k(x)ux(x, 1)+ ulx,t) for (x,t) € (a,b) x (0, T],
u(x,0) = uo(x) forx e [a,b], (1)
aru(a, t) + Bruyg(a,t) =0 and  au(b,t) + Bouy(b,t) =0 forO0<t<T,

where 1y is a given function, k, K" and r are continuous on [4,b], k(x) > 0 on [a, )] and
r(x) > 0on [a, b],and «; and B; for i = 1,2 are real constants such that o, > 0, oc% + oz% Z0,
B1B2 > 0 and B2 + 2 #0. Let G(x,t,£,7) denote Green’s function corresponding to the
IBVP (1). Based on the eigenfunction expansion technique [2], Green’s function is defined
by

G, 1,5,1) =) di®)ge()e ™ for0<t<t<T, (2)
k=0

where A and ¢ are eigenvalue and its corresponding eigenfunction given by the following
regular Sturm-Liouville problem:

i (k(x)d—¢> +Ar(x)¢p =0 forx € (a,b),
dx dx 3)

d d
apla)+ fr—-¢a)=0 and () +fr—¢(b) =0.

Note that the following properties are well-known for the regular Sturm-Liouville prob-

lem:

1. All the eigenvalues of the Sturm-Liouville problem (3) are real.

2. All the eigenvalues of the Sturm—Liouville problem (3) are simple, that is, to each
eigenvalue there corresponds only one linearly independent eigenfunction. Further,
the eigenvalues form an infinite sequence and can be ordered according to increasing
magnitude so that A; <Ap <Az <+ <A, < --.

3. Eigenfunctions ¢, are real and can be normalized so that f: r(x)p2(x) dx = 1.

4. If ¢, and ¢y, are two eigenfunctions of the Sturm-Liouville problem (3)
corresponding to eigenvalues A, and A,,, respectively, and if A, # ,,;, then
[ (@) ) dx = 0.

5. The set of eigenfunctions {¢,} is complete.

Using Green’s second identity, the IBVP (1) can be transformed into the associated in-

tegral equation

b t pb
u(x,t):/ﬂ G(x,t,E,O)uo(E)dE+/0 ‘/a G, t, &, t)uE, t)dEdr. (4)

By the homotopy perturbation technique [3, 4], we construct a homotopy v(x, £; p) : [a, b] X
[0, T] x [0,1] — R which satisfies

b
H(v(x, 5p);p) = (1 - p)(v(x, £ p) = Vo(x, 1)) +p(v(x, Lp) - / G(x,t,&,0)u0(§) dé

t pb
+/(; /; G(x,t,&,r)v(&,t;p)dédt)

=0, (5)
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where p € [0,1] is an embedding parameter and Vy(x, ¢) is an initial guess for (5), which
satisfies initial and boundary conditions that can be freely chosen [1]. Equation (5) is called

a homotopy equation. Equivalently, it can be written as follows:

b
v(x, t;p) = Vo +P<—70 +/ G(x,£,§,0)uo(§) d§
t b
+j(; /a G(x,t,é,r)v(é,t;p)dédr). 6)
Obviously, we have
p=0 = H(v(x10);0) =v(x,10) - Vo(x,t) =0,
b
pe1 = HwE) =vnsD- [ Gt 0uE)ds
t b
—/ / G, t,&,t)v(&,1;1)dEdT = 0.
0 Ja

By the HPM technique, the solution v(x, £; p) in Eq. (6) is presented by the infinite series

v, p) = ) P valnb). )

n=0

By substituting Eq. (7) into Eq. (6), we obtain

o b
anvn = T;O +P(—70 + / G(xr t,S,O)M()(%')dE

n=0
+/Ot/:G(x,t,éﬁ)(ipﬂw(é,r))dgdr)'

By equating the coefficients of the corresponding powers of p one can find an approximate
solution v,(x,t) for n =0,1,2,... of Eq. (7). We then get the recurrence relation as given
below:

VO(x) t) ZT/I()(JC, t);
vi(x, £) = v + fab G(x, £, &,0)uo(&) d + [, f: G(x, t,&,T)vo (&, 7) dE dr, (8)
Vel (%, 8) = fot fab Gx, t,&,1)v,(&,T)dEdTr forn>1.

From Eq. (7), the solution v(x, £; p) is

v(x, £ p) = Vo (%, 8) + pyvi(x, £) + p*va(x, £) + PPs(x,t) + - .

As p converges to 1, the approximate analytical solution u(x,t) of IBVP (1) can be ex-

pressed as

ulx, t) =vix, ;1) = volx, t) + vilx, t) + vo(x, t) + va(x, t) + - - .
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3 Solution existence and convergence analysis

In order to obtain the existence result for problem (1), let us introduce the Banach
space C([a,b] x [0,T]). The C([a,b] x [0,T]) is the space of all continuous functions
on [a,b] x [0,T], and its norm is defined by ||u| = maxye[apx[0,7] |4(€, T)| for any u €
C([a,b] x [0,T1]). The existence of the solution for problem (1) is established in the fol-
lowing theorem.

Theorem 1 Assume that fOT f: G(x, t,&,7)dE dt < 1 for any (x,t) € [a,b] x [0, T]. Then,
problem (1) has a unique solution u € C([a, b] x [0, T]).

Proof Let us consider the corresponding integral equation (4) to problem (1):

b t b
u(x,t):/ﬂ G(x,t,E,O)uo(E)d$+/o /ﬂ G, t, &, t)uE,t)dEdr.
Let F be an operator such that F : C([a, b] x [0, T]) — C([a,b] x [0,T]) and
b t b
F(u(x,t)):/ G(x,t,é,O)uo(“g‘)d“g‘+/0 / Gx, t,&,T)u(g, t)ds dr.

We next will show that operator F is contractive. Let # and v be in C([a, b] x [0, T]). Then
by the positivity G and for any (x,t) € [a,b] x [0, T],

t pb
(E(ulx, 1)) - F(v(x, 1) = fo / Gl 1,6, 7)(ule, 1) — v(&, 1)) dé

t b
5/ / G(x,t,é,t)d“;‘dr( ) max |u(§‘,r)—v(§,t)|
0 Ja xt)e

[a,b]x[0,T]

T b
5/ / G, t, &, 1)dEdr||lu—v|.
0 a

This implies that ||Fu — Fv| < fOT fab G(x,t,&,7)dE dt|\u—v|, i.e., F is a contraction map-
ping. Therefore, the Banach fixed point theorem yields that the integral equation (4) has a

unique solution, or equivalently, problem (1) has a unique solution u € C([a, b] x [0, T]).
O

The convergence of the SGHPM is described in the theorem below.

Theorem 2 Assume that fOT fab G(x,t,&,7)dE dt < 1 for any (x,t) € [a,b] x [0, T]. Let
{vu}i2o be a sequence in a Banach space C([a,b] x [0,T]) given by (8). If there exists a
positive constant o with 0 < o < 1 and v,(x,t) < ov,_1(x,t) for any (x,t) € [a,b] x [0,T]
andn=1,2,3,..., then the infinite series ZZ‘;O v, converges to u, where u is the solution of

problem (1).

Proof Let S, be the nth partial sum of the series ) .- v,. Firstly, we will show that the
sequence {S,}°2, be a Cauchy sequence in C([a, b] x [0, T]).
Let m,l € N be such that m > [. Then for any (x,¢t) € [a,b] x [0, T],

|Sm(x, t) - Sm—l(xr t)| |Vm(x; t)| <o |Vm—1(xr t)| = 02|Vm—2(x’ t)|

IA

<" v, )| < o lvoll.
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Thus,

IS —Sm-ill = max |S,(x,8) = Su_1(x,8)| < 0™ [lvoll. )
(x,t)ela,b] x[0,T]

By (9), we obtain that for any (x,¢t) € [a,b] x [0, T,

m—I-1 m—I-1 1- m—1
[S@,0) =S, 8] = 3 ISk = Staal = 3 0wl =0 ———1woll.
k=0 k=0
1+1
It follows from 0 < o < 1 that ||S,, — S;|| < % lvoll. As I — o0, we can conclude that se-

quence {S,}%2, is a Cauchy sequence in C([a, b] x [0, T]). Let % = lim,,—, o0 Sy Since u is the

solution of problem (1), u satisfies

b t pb
u(x,t):/ﬂ G(x,t,E,O)uo(f;‘)d.§+/0/a G, t, &, T)u(E, 1) dE dr.

Suppose that % # u. Then by the positivity of G and for any (x,¢) € [a,b] x [0, T,

n-1

li —ulx t
ng&;"k u(x, t)

n-2
S/Ot/ahG(x,t,S,r) (”132"/(2021%) —u(£,7)

T pb
S/ / Gx, t,&,1)dE dt ||t — ul.
0 a

’ﬂ(x, t) — u(x, t)| =

dé dt

This means that ||z —u|| < fOT f: G(x,t,&,7)dE dt||ti—u)|. Since ||z —u| # 0, we obtain that
fOT fub G(x,t,&,7)dé dr > 1 for any (x,t) € [a,b] x [0, T]. This contradicts the assumption
that fOT f: G(x,t,&,7)dE dv < 1 for any (x,£) € [a,b] x [0, T]. Hence, the series Y - v,
converges to u, which is the solution of problem (1). a

Theorem 3 Let  be the principal eigenvalue of the regular Sturm—Liouville problem (3)
with > 0 and let § be the principal eigenfunction associated with the principal eigenvalue.

If uo = ¢, then the analytical solution of problem (1) is the of form u(x,t) = (b —
a)a(x)e‘a‘l)tfor any (x,t) € [a,b) x [0, T].

Proof By Green’s second identity, the IBVP (1) can be transformed into the integral equa-

tion
b - t pb
u(x,t):/ G(x,t,é,0)¢(§)d$+/0/ G, t, &, T)uE, t)dE dr,

where G(x,t,&, 1) is the corresponding Green’s function and

G, t,€,7) = thk(x)(bk(é)e’*k“’” forO<t<t<T.
k=0
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By HPM technique, the homotopy v(x, t; p) : [a,b] x [0, T] x [0,1] — R is defined by

b
V(x, t,p) = ’170 tp (_’170 + / G(x! L %-’ 0)5(5) ds

t pb
+/0 /a G(x,t,&,t)v(é,t;p)dédt), (10)

where p € [0,1] is an embedding parameter, 7 is an initial function which can be chosen

freely, and v satisfies the initial and boundary conditions of problem (1). We see that

p=0 = v(x50)="Yx1),

b t b
p=1 = v(x,t;l):/ G(x,t,g,O)q?(s)dg+/0 f Gx, t,&,T)v(E, 7;1) dE dr.

The case of p = 1 means that v(x, £; 1) satisfies the corresponding integral equation to prob-
lem (1), or equivalently v(x, t; 1) is the analytical solution of problem (1). By the HPM tech-
nique, we assume v(x,;p) = > - p"vu(x, t) and then substitute v(x,;p) = > oo p"Vu(, £)
into (10). We then have that

00 b
anvn(x’ t) = T;0 +P<—70 + / G(x¢ fjf»o)a(é") dé

n=0

[ee]

+ /Of/ub G(x, t,&ﬂ(anvn(S,r)) dg df),

n=0

or

VO(xr t) = ?;O(x, t),

b t b
Vi, 8) = 7o + / Gl £, 0)F (&) dt + /0 / Gl 1,6, T)vol&, 1) d dir,

t b
Vot (35,0) = / / G, &, T)vn(E, T)dEdT forn > 1.
0 a

First, we set V(x,t) = (l’%")a;(x)e‘x’f . Then vo(x, t) = Vo(x,t) = ("’T“)q?(x)e‘ﬂ . We next con-

sider that

b t b
Vi 2) = o + / Gl 1,6, 003() di + / / Gl 18, T)volk, 7) dE d
a 0 a

b-a\~ 5 ['w 5
) _(Td>¢(x)e_M +f > b@)pi(€)e () di
4 k=0

t b b— - -
N Zm(xm(s)e-*k“-ﬂ(T“)qxae-“ ds dr.
4 k=0
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From the orthogonality of eigenfunctions we get

v, £) = -(‘%“)a(w + lx)e™

. (b ; tl)$(x) /Ot e_X(t—r)e—xr drt
- (b a)q)(x)e‘“ (b—;ﬂ)qz(x)e_ﬁt.

Next we have that

t b
vz(x,t):/(; /a Gx, t,&,T)v1 (8, T)dE dT
t pb X
:/ / Zfl’k(x)d)k(é)e—)\k(t-f)
0 Ja 1=
<[ (5 )7+ (57 oo facar
2 2
5 ¢ A 2
i (bTa)‘f’(x)e“n (b )¢< el
and

t b
v3(x,t)=/ / G, t,&, ) (8, 1)dE dT

b-a 5t b-a\~, . 5t
( )¢(x) 2 ;T (T>¢(x)€ * 5

From the above calculations, we obtain that

b—a\~ v, 1 b-
vn<x,t):< 2“>¢(x>e-“ﬁ ( “)¢()-“

for any 7 > 1. Since v(x, t;p) = Y oo P"Vu(®, ), we have

v(x, & p) = vo(x, ) + pyvi(x, £) + PPva(, ) + pPus(x,£) + - - -

(bz”) (x)e-“+p[(b;”)$(x>e-“ (b ")&5() }

(57 e (553
[( e (557 s

" b-
(5o e (55 o)

Page 7 of 13
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As p converges to 1, the analytic solution u(x, ) of problem (1) is given by

ulx, t) = vix, £ 1)

= (b-a)px)e™ + (b - a)p(x)e
~ ot ~ it
+(b-a)p(x)e = +(b-a)p(x)e = CREE

- - 2 8
_ Ny
= (b-a)p(x)e |:1+t+5+§+~--]

= (b-a)p(x)e* D,

Hence, problem (1) has an analytic solution u(x, £) = (b— az)a(x)e’a’l)t where X is the prin-
cipal eigenvalue and & is its corresponding principal eigenfunction of the regular Strum—

Liouville problem defined by (3). d

Note that if the principal eigenvalue  is zero, then we let the initial function uo = ¢,
which is the eigenfunction ¢ with k = 1. We apply the method in Theorem 3 and
then obtain the analytical solution of the IBVP (1) in the following form: u(x, ) = (b —
a)p1(x)e"*17V% for any (x, t) € [a,b] x [0, T] and A, being the eigenvalue corresponding to
the eigenfunction ¢;.

4 Applications
To illustrate the SGHPM for solving the IBVPs, we consider the following examples.

Example 1 Consider the heat equation problem with the Dirichlet boundary condition:

(%, 8) = (i, £) + u(x, 1) for (x,£) € (0,1) x (0,77,
u(x,0) = sin(rx) forx € [0,1], (11)
u(0,£)=0 and u(l,£)=0 forO<t<T.

The regular Sturm—-Liouville problem corresponding to problem (11) is

¢"(x) + Ap(x) =0 forx € (0,1), )
12
$(0)=0 and ¢(1)=0.

It is well-known that the regular Sturm-Liouville problem (12) has eigenvalues and eigen-
functions given by

A= (km)? and  ¢i(x) =sin(kmx) fork=1,2,3,....
We see that these eigenfunctions are orthogonal, and that the set { V2 sin(kmrx)}22, consists

of orthonormal eigenfunctions. Furthermore, the corresponding Green’s function of the
IBVP (11) is defined by

G, t,&,1)=2 Z sin(k7 x) sin(krr‘g‘)e'kznz(t_’) forO<t<t<T. (13)
k=1
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For this BVP (11), we see that the principal eigenvalue 7 =72 is not zero and its corre-
sponding eigenfunction is (Z(x) = sin(mrx). It then follows from Theorem 3 that the analyt-
ical solution of IBVP (11) is given by u(x, ) = sin(nx)e‘<”2‘1)’ for any (x,£) € [0,1] x [0, TT.

Example 2 Consider the heat equation problem with the Neumann boundary condition:

ur(x,t) = (%, 2) + u(x, ) for (x,¢) € (0,1) x (0, T,
u(x,0) = cos(rx) forx € [0,1], (14)
u(0,£) =0 and u,(1,£)=0 forO<t<T.

The regular Sturm—-Liouville problem associated with problem (14) is defined by

¢ (x) + \p(x) =0 forx € (0,1), 15
15
#'(0)=0 and ¢'(1)=0.

The regular Sturm-Liouville problem (12) has eigenvalues and eigenfunctions given by
A= (km)* and  ¢r(x) = cos(knx) fork=0,1,2,3,...,

respectively. We then have that these eigenfunctions are orthogonal, and that the set
{1} U {V/2 cos(kmx)}72, consists of orthonormal eigenfunctions. Furthermore, the corre-
sponding Green’s function of IBVP (14) is defined by

o0
Glx, t,E,7)=2+2 Zcos(knx) cos(lmg)e’kz”z(t’f) forO<t<t<T.
k=1

In this example, we see that the principal eigenvalue 7 is zero. Then we assume the initial
function ug by ug(x) = ¢1(x) = cos(rrx). By applying Theorem 3, the analytical solution of
IBVP (14) is defined by u(x, ¢) = cos(nx)e’(”z’l)t for any (x,¢) € [0,1] x [0, T].

Example 3 Consider the heat equation problem with the periodic boundary condition:

U (%, 1) = ter(x, £) + ulx, t)  for (x,¢) € (0,1) x (0, T,
u(x,0) =sin(27x) for x € [0,1], (16)
u(0,£) =u(1,t) and u,(0,£) = u,(1,£) forO<t<T.

The regular Sturm—-Liouville problem of the problem (16) is the following:

¢"(x) + Ap(x) =0 forx € (0,1),
#(0)=¢(1) and ¢'(0) =¢'(2).

(17)

It’s well-known that the eigenvalues and eigenfunctions of the regular Sturm—-Liouville

problem (17) are

A= (km)? and  ¢i(x) = sin(2knx) fork=1,2,3,...,
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respectively. The set {v/2 sin(2kmx)}72, forms an orthonormal set. Moreover, the Green’s
function of IBVP (16) is of the form:

o0
G(x,t,&,7)=2 Z sin(2kmx) sin(2k&)e ) foro <t <t <T.
k=1

It follows from Theorem 3 that u(x, £) = sin(2rx)e"4*~V* for any (x,£) € [0,1] x [0, T] is
the analytic solution of problem (16).

Example 4 Consider the following heat equation problem with the Dirichlet condition:

ur(%,£) = U (%, 2) + B (%, 1) + ulx, t)  for (x,£) € (0,1) x (0, T1,
u(x,0) = e sin(mx) forx € [0,1], (18)
u(0,£)=0 and u(l,£)=0 forO<t<T.

Let us consider the equation: u;(x,£) = (%, £) + 3uy(x, t) + u(x, t). It can be rewritten in
the form:

1
uy(x,t) = = (esxux)x +u(x,t) for (x,t) € (0,1) x (0, T].
e
Thus, the regular Sturm-Liouville problem corresponding to problem (18) is

@" (%) + 3¢ (x) + Ap(x) =0 forx € (0,1), (19)
19
$0)=0 and ¢(1)=0.

The characteristic equation of Eq. (19) is
r*+3r+1=0,

with zeroes

B -3+49-4A

ry =

-3-4/9-4r

and rp=————.
2 2

Ifr<?,

equation in Eq. (19) is

then r; and r, are real and distinct, so the general solution of the differential

P(x) = 1€ + e,

where ¢; and ¢, are arbitrary constants. The boundary conditions require that ¢; + ¢, =0
and c¢1e™ + c€” = 0. Since the determinant of this system is €2 — "1 # 0, the system has
only the trivial solution. Therefore A isn’'t an eigenvalue of Eq. (19).

Ifr = 2, then r; = ry = —=3/2, so the general solution of the differential equation in Eq. (19)
is

d(x) = (c1 + cox)e™,
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where ¢; and ¢, are arbitrary constants. The boundary condition ¢(0) = 0 requires that
¢1 = 0,50 ¢(x) = coxe’™ and the boundary condition ¢(1) = 0 requires that ¢; = 0. Therefore
A =9/4 isn’t an eigenvalue of Eq. (19).

If x> % then

3
rn=—-—+iov and rp=---iw
2 2
with

4% -9 . 40* +9
= , orequivalently A= P

In this case the general solution of the differential equation in Eq. (19) is
dx) = e~ % (¢; cos wx + ¢y sinwx),

where ¢; and ¢, are arbitrary constants. The boundary condition ¢(0) = 0 requires that
c1=0,50 ¢p(x) = cze‘STx sin wx. Furthermore, the boundary condition ¢(1) = 0 holds with
¢, #0if and only if = kr for any k = 1,2,3,.... Then the eigenvalues are A = k7% + 2,
with associated eigenfunctions ¢ (x) = cZe‘STx sin(kmx) forany k = 1,2,3,.... We then have
that eigenfunctions are orthogonal with respect to the weight function €**, and that the
set { «/ie‘%x sin(kmx)} 22, consists of orthonormal eigenfunctions. Thus, the corresponding

Green’s function of problem (18) is defined by

oo
Gx,t,&,1)=2 Ze“”’“ sin(kmx) sin(kné‘)e“kzﬂz"%)(t_f) forO<t<t<T.
k=1

Therefore, the analytical solution of IBVP (18) is given by
u(x,t) = e ¥ sin(knx)e_(”z"%)t for any (x,£) € [0,1] x [0, T.
Example 5 Consider the parabolic partial differential equation with variable coefficients:

ur(o,t) = X% (%, £) + 0 (3, £) + ulx, t)  for (x,¢) € (1,2) x (0, T],
u(x,0) = sin(;5 Inx)  forx € [1,2], (20)
u(l,t)=0 and u(2,£)=0 forO<t<T.

Let us consider the equation u;(x, £) = x2u,, (%, t) + X1, (x, £) + u(x, £). It can be rewritten in
the form:

ug(x, t) = x(xux(x, t))x +u(x,t) for (x,t) €(1,2) x (0, T].
The regular Sturm—-Liouville problem corresponding to problem (20) is defined by

x(x(p’(x))/ +Ap(x) =0 forxe(1,2), o
21
$(1)=0 and ¢(2)=0.
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If & = 0, the differential equation in Eq. (21) reduces to x(x¢’(x))" = 0, so x¢’(x) = c1,

c
@' (x) = 2 and o(x) = c1Inx + ¢y,
x
where ¢; and ¢, are arbitrary constants. The boundary condition ¢(1) = 0 requires that
¢3 =0, 50 ¢(x) = c; Inx. The boundary condition ¢(2) = 0 requires that ¢; Inx =0, so ¢; = 0.
Therefore, zero isn’t an eigenvalue of Eq. (21).
If A < 0, we write A = —w? with w > 0, so Eq. (21) becomes

2" (%) + x¢’ (x) — w0’ P(x) = 0,

an Euler equation with indicial equation

-t =@ -w)r+w) =0.

Therefore, ¢p(x) = c1x + c;x™®, where ¢; and ¢, are arbitrary constants. The boundary
conditions require that ¢; + ¢; = 0 and 2%c; + 27“cy = 0. Since the determinant of this
system is 27“ + 2” #0, ¢; = ¢ = 0. Therefore, Eq. (21) has no negative eigenvalues.

If A > 0, we write A = w* with @ > 0. Then Eq. (21) becomes

x%¢" (%) + x¢' (x) + w*P(x) = 0,
an Euler equation with indicial equation
?+w?=(r-iw)r+iv) = 0.
Thus, ¢(x) = ¢ cos(wlnx) + ¢; sin(wlInx), where ¢; and ¢, are arbitrary constants. The

boundary condition ¢(1) = 0 requires that ¢; = 0. Therefore, ¢(x) = ¢, sin(wInx). Since
¢(2) = 0, we obtain that ¢, sin(w1n2) = 0. This holds with ¢, #0 if and only if w = k

T
n2
any k =1,2,3,.... Hence, the eigenvalues of Eq. (21) are Ax = ({;—”2)2, with associated eigen-

for

functions ¢ (x) = ¢y sin(l/;—”2 Inx) forany k = 1,2,3,.... We then have that eigenfunctions are

orthogonal with respect to the weight function x7!, and that the set { % sin(]kn—”2 Inx)}22,
consists of orthonormal eigenfunctions. Moreover, the corresponding Green’s function of

problem (20) is given by

km

2 k k
G, t,E,1) = 3 ;sin<£lnx> sin(é 1ng>e—(m)2(t—r) foro<t<t<T.
Therefore, the analytical solution of IBVP (20) is given by
(i ) = sin(% lnx> e (Tt for any (x,) € [0,1] x [0,T].
n

5 Conclusion

This research paper deals with the new method used to find the solutions for IBVPs.
This method is named the Sawangtong’s Green function homotopy perturbation method
(SGHPM). The SGHPM is the method that combines the Green’s function method with
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the homotopy perturbation method. For the SGHPM technique, the boundary conditions
are not used in the calculation process for finding the analytical solution of the prob-
lem. But the property of the boundary conditions still is included in the property of the
Green’s function. This makes the SGHPM process simple, easy, and effective. Therefore,
the SGHPM is a technique which is powerful and efficient for finding approximate analytic
solutions of IBVPs as SGHPM applications are presented in Sect. 4.
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