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1 Introduction
In this paper, we study the 2D Boussinesq equations with fractional dissipation. The model
reads

U + VA u+u-Vu+ VP = Oe,,

divu =0,

0, +k AP0 +u-VO =0, (1)
u(x,0) = up(x), 0(x,0) =6y(x), x€ £,

u(x, t) =0, O(x,t)=0, x€ds,

where u = (uy, u5) is the velocity vector field, u; = u;(x,t) (i = 1,2), (x,£) € R* x R, 6(x,t)
and P(x, ) denote the scalar temperature and pressure of the fluid, respectively. The con-
stants v > 0 and « > 0 denote the viscosity and thermal diffusivity; e; = (0,1) is the unit
vector in the vertical direction, and the unknown function fe; is the buoyancy force.
For the sake of simplicity, we denote A := v/—A, the square root of the negative Lapla-
cian, and obviously 7\_7 (k) = Ik[f(k), where k = (ki, k) is a tuple consisting two integers,
|k| = m and the Fourier transform f of a tempered distribution f(x) on 2 is defined
as

7 _ 1 —ik-x
J00 = s fg Fl)e dx, @)
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More generally, we will define the fractional Laplacian A°f for s € R with the Fourier series

ASf 1= (KIF(k)e. ®3)

keZz?

As suggested by Jiu, Miao, Wu and Zhang in [33], we classify the parameters o and 8
into three categories:

(1) the subcritical case, @ + 8 > %;

(2) the critical case, o + 8 = %;

(3) the supercritical case, & + 8 < %

When o = 8 =1, the Boussinesq equations (1) reduce to the standard Boussinesq equa-
tion. So far, there has been a lot of literature about the mathematical theory of the standard
Boussinesq equation. In the cases when v,k >0, v >0and x =0,as well asx >0and v =0,
the global regularity has been studied by many authors (see, e.g., [1, 6, 8, 11, 16, 24, 26—
28, 32, 40, 41, 45, 65, 86, 87]). However, in the case of v = k = 0, we only have the local
well-posedness theory (see, e.g., [12, 13, 23]), the global regularity or singularity question
is a rather challenging problem in mathematical fluid mechanics. Recently, the 2D incom-
pressible Boussinesq equations with temperature-dependence or anisotropy dissipation
have attracted considerable attention. In the case of temperature-dependent dissipation,
the global-in-time regularity is well-known (see, e.g., [4—6, 29, 30, 43, 47, 48, 58, 60]). In
the case of anisotropy dissipation, many authors have proved the global well-posedness
(see, e.g., [2,3,9,17,42, 44, 61, 80]). For a detailed review on interesting results, we refer
the reader to [52, 57].

Our main focus of the research on the 2D Boussinesq equation has been on the global
regularity issue when only fractional dissipation is present. Using the Fourier localization
method, Fang, Qian, and Zhang [19] obtained the local and global well-posedness and gave
some blowup criteria with the velocity or temperature. Hmidi, Keraani, and Rousset [25]
proved the global well-posedness results. Jia, Peng, and Li [31] proved that the generalized
2D Boussinesq equation has a global and unique solution. Jiu, Miao, Wu, and Zhang [33,
34] aimed at the global regularity. Jiu, Wu, and Yang [35] studied the solutions in the peri-
odic box. KC, Regmi, Tao, and Wu [38, 39] studied the global (in time) regularity problem.
Miao and Xue [49] proved the global well-posedness results for rough initial data. Ste-
fanov and Wu [56] solved the global regularity problem. Wu and Xu [63] were concerned
with the global well-posedness and inviscid limits of several systems of Boussinesq equa-
tions. Using energy methods, the Fourier localization technique, and Bony’s paraproduct
decomposition, Xiang and Yan [64] showed the global existence of the classical solutions.
Xu [66] has proved the global existence, uniqueness and regularity of the solution. Xu and
Xue [67] considered the Yudovich-type solution and gave a refined blowup criterion in the
supercritical case. Yang, Jiu, and Wu [70] examined the global regularity issue and estab-
lished the global well-posedness. Ye and Xu [83] established the global regularity of the
smooth solutions, and in [84] they proved the global regularity of the smooth solutions.

There are many papers dealing with the fractional differential equation [10, 14, 20, 22,
50, 53-55, 59, 69, 71, 74-79, 81, 82, 85]. For a recent review of the fractional calculus
operators, we refer the reader to [72]. In hydrodynamics, Boussinesq equation is a low-
dimensional model of fluid dynamics, which plays a very important role in the study of
Raleigh—Bernard convection. Boussinesq equation has many applications in modeling flu-
ids and geophysical fluids [15, 21, 51, 70, 73].
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The following is the first main result of this paper, which asserts the global well-

posedness of the 2D Boussinesq equations (1).

Theorem 1 Let v > 0,k >0, a, B € (3,1). Assume that (ug,6) € H'**(R?) x H'**(R?), s €
(0,1). Then there exists a unique global solution (u(t),0(t)) of Boussinesq equations (1) such
that, forany T > 0,

u(t) € C([0, T H'(R?)) N L*([0, TT; H** (R%)), (4)

0(t) € C([0, TT; H'**(R*)) N L*([0, TT; H'***F (R?)). (5)
Moreover, there exist positive constants » and C independent of t and such that
Ivew|*<c,  |vue)|’ <c. Q)
And in the case when min{vA*,k1?P} > 1, one has
[aow]*<c,  Jauw]’<c. )

Inspired by the work of [62, 68], the second main result of this paper asserts the existence
of the solutions in Sobolev spaces W?#(R?) x W1*(R?) for some p > 2.
Theorem 2 Let v >0,k >0, o > % + g (we consider n =2), B € (0,1). For some p > 2, as-
sume that (1o, 0y) € W*P(R?) x WYP(R?), with div ug = 0. Then there exists a global solution
(u(t),0(t)) of Boussinesq equations (1) such that, for any T > 0,

(u(2),6(0)) € C([0, T1, W*?(R?)) x ([0, T1, W"?(R?)). (8)

Remark 1 The same result holds for the case n > 3. The persistence of global well-

posedness should be true in Sobolev spaces, which is left to a future work.

Remark 2 In the case k = 0, our guess is that Theorems 1-2 remain true.

2 Preliminaries

In this section, we first introduce Kato—Ponce inequality from [37] (see also [28, 36]) which
is important for the proof of Theorem 1, and give a positive inequality from [46] (see also
[40, 66]) and Brezis—Wainger inequality from [7] (see also [18]), which are important for
the proof of Theorem 2.

Lemma 1 ([37]) Suppose that f,g € C°(82). Let s >0 and 1 <r < p1,pa2,q1,q2 < +00 be

such that % =Ly Lo L Lty the restriction py,qy # +00. Then
P1 p2 q1 q2

[ 2426, < C([ A | gl + e [ Ag ] 2). )

where C > 0 is a constant.
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Lemma 2 ([46]) Suppose that u € LP(R") is such that A®u € LP(R"). Let 0 < m < 2. For all

p > 1, one has

ap-1)

p2

(A%Iulg)zde/ A%y - ululP? dx. (10)
R" R?

Observe that, if o = 2, integrating (10) by parts, we obtain

f(A|u|'%)2dx=f A2u - ululP2 dx. (11)
" Rn

Lemma 2 is well-known in the theory of sub-Markovian operators, its statement and the

proof are given in [46].
Lemma 3 ([7]) Suppose that u € L*(R*) N WYP(R?). For all p > 1, one has

llullzoe < C1+ (| Vaull 2 (1 + 10g*(||Vu||Lp))% + Cllull 2, (12)
where C > 0 is a constant.

3 Proof of Theorem 1
The goal of this section is to prove Theorem 1. The proof is divided into two main parts

showing global existence and uniqueness.

3.1 Global existence
The proof of global existence is based on several steps of careful energy estimates. First,

we start with estimates of ||u(¢)|| and ||6(¢)]|.

Lemma 4 Under the assumptions of Theorem 1, one has

|u(@)| € C(0, +00;L*(£2)) N L?(0, +00; H*(£2)), (13)

[6@®)] € C(0,+00;L*(52)) N L*(0, +00; HP(£2)). (14)

Moreover, there exist positive constant A independents of t and such that

l6@)]* < 16012727, (15)
as well as
—va2eg k2Bt
2 _ il 2 et - 2
@] = e uaol? + — | = 16011,
VA2 A )2, (16)

|a(®)]” < e luo )2 + ——e ¥ 16012,

U)\Za

A2 = A2, (17)
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Proof Taking L2-inner product of (1); with 6, and integrating by parts, we have

1d 2

——61* +« | APo|" =o0. 18

S 2101+ | %] a8)
Since 6(x, )]s = 0, using Poincaré inequality, we find

L1912 + 2612 16) - 0, (19)

dt
where A is the first eigenvalue of A. Then, we can obtain that, for all £ € [0, +00),

[o@]” = 16oNe. (20)
Integrating (18) in time gives

t
lo@]? +2;</ |A%6()|” dr < 116o]I%. (21)
0
Similarly, we can also deduce a uniform L? estimate of 9, for all p € [2, +00),
_ 2By
6@, <e 7 N6l (22)
Multiplying (1), by u and integrating the resulting equation by parts, we have
1d
—Zul? + v||A°‘uH2 < / Oey - udx
Q

2dt

5/ |A76] - | A%u] dax
2

1y a2 U avul?
< o a] + LAl 3)
Hence,
d 1, _
d—t||u||2+v||A“u||2 <-|a 6|, (24)

By Poincaré inequality, we have

1

W”@Hz- (25)

d. .o 2,112
EH”” + VA" ul® <

Integrating in time and using (20), we have, in the case when vA%* # kA%f,

) 20 ) eVt _ ph PPy )
—V. t
lu@®| <e lluoll” + el T T 16oll”, (26)
and in the case when vA2® = 228,
()] < e “Yuol® + —e 16612 (27)

v}\Za
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After integration (24) in time and by (20), we obtain

t
2 o 2 2 1 2
[l +v [ o) P dr < ol + s 160l 9)

completing the proof. d
In the next lemma, we shall obtain estimates of | Vu(¢)|| and || VO(£)].

Lemma 5 Under the assumptions of Theorem 1, one has

|u(®)| € C(0, +00; H' (£2)) N L*(0, +00; H'**(2)), (29)

6@ | € C(0,+00; H'(£2)) N L*(0, +00; H'*#(£2)). (30)
Moreover, there exist positive constants ) and C independent of t and such that
Ivu@)| <c,  |vo@|=<c. (31)

Proof In order to complete the proof, we need to use vorticity formulation. Taking the

curl of (1);, we have

W+ VA0 +u- Vo =0y, (32)
where w = 9y, uy — 9y, 11, with the Dirichlet boundary condition

w=0, ondf2.

Taking L?-inner product of (32) with w, we obtain

1d
EE||a)||2+v||A‘>‘w||2=/99xl-a)dx

=

/ A9 A%wdx
2

= i!!AHGHZ + 4%, (33)
from which it follows that
d 1
ol +v] Ao’ < ~[ato 1. (34)
Then Poincaré inequality implies
d 1
ol + 022 o] <~ A0 (35)

Since «, 8 € (%, 1), we know that 1 — & < 8, and so, using the interpolation inequality and
by (21), we have

t t
/ | A0 (0)|? dr < / | A%o(o)|*dr < C. (36)
0 0

Page 6 of 19
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Applying a variant of the uniform Gronwall lemma, and by the Biot—Savart law and (36),
we have a uniform estimate ||u(¢)|| ;1 for all ¢ € [0, +00). Furthermore, integrating (34) in

time, we can get, for all ¢ € [0, +00),

t 1 t
@) + v / | 4| dr < lool? + - / | A0 dr. (37)
0 0

As an immediate consequence, and by Sobolev embedding theorem, we have a uniform

L? estimate for u, that is, for all 1 < p < +00,

llullr < C(p) (38)

and
t
/ | AYu] dr < C(IVuol, 160]), (39)
0

where the constant C(p) > 0 only depends on p and C(||Vuy||, [|6o]|) only depends the initial
data ||Vugl| and ||6o]|.
Taking L*-inner product of (1); with A6, we obtain

1d

2 14812 _ _ . .
2dtnveu +x Ao = L(u VO) - A6 dx

< /Q}Al’ﬁ(u-VG)HA“‘SQ{dx. (40)

Since u is divergence-free, u - VO = V - (u46), and so, using Cauchy—Schwarz inequality, we

have

1d

2dt||V9||2+K||A1*59||25/;2|A2‘ﬁ(u0)||/1“ﬂ9|dx

1 _ K
<[4 wo)” + L[4t (41)
Using Lemma 1, and by (22) and (38), we have

| 4% @o)|* < C[| AP ua1011% + Cllul, | 4> 6 |,
<A ul?, + 4>, @

so by Sobolev embedding theorem, and applying Gagliardo—Nirenberg and Young in-

equalities, we can obtain

[ 4% ue)[
< C”AH‘,MHZ + CH A0 ||2(3a+3ﬂ—4)/3(1+2a) ”A“"‘G ||2(7+3a—3/3)/3(1+2a)
2

<ClA™u|’ +ac|a0|? + = | A0

K
7 | (43)
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where a; = 3‘1;’3’23&)4( 4(37'1;;2%&) (7+3-3)/(4=32-3F) Inserting (43) into (41), we can obtain that

%nvenz ric|Ae|* < c(| AMu|? + | a6 ). (44)
Then Poincaré inequality implies
invenz + kAP ve? < C<||A“°‘u||2 + ianenz). (45)
dt 22
By (20) and (39), we know that
fot(”Al”‘uH2 +161%)dr < C. (46)

Applying a variant of the uniform Gronwall lemma again and (46), we have a uniform
estimate of || VO(¢)| for all ¢ € [0, +00). Integrating over [0, t], we obtain, for all ¢ € [0, +00),

t
Vo) + Kf |A™6(2) | dr < V6% + C, (47)
0

where C only depends on p and the initial data. d
Now let us focus on the persistence in H'*(R?) x H'*(R?), s € (0,1).

Lemma 6 Under the assumptions of Theorem 1, one has

|u(®)| € C(0, +00; H**(£2)) N L*(0, +00; H'****(£2)), (48)

l6@®)| € C(0, +00; H'**(£2)) N L*(0, +00; H'***F (£2)). (49)

Moreover, in the case when min{vA?¥,k A%} > 5, there exist positive constants ) and C
independent of t, and it holds that

|a6@|*<c, A"’ <cC. (50)

Proof Taking L2-inner product of (1); with A2*%6, we obtain

1d

A9 Alrs*Bg / -VO) - A9 dx. 51
sl Aol el Aol = - | w-ve) x 61

Since u is divergence-free, u - VO = V - (u8), using Lemma 1 and (22) with (38), we obtain
—/ (u-V8) - A*>0dx
2

< / A2+s—ﬂ(u0) -A1+S+ﬂ9 dx
2

<[4y || a7+76]

< C(HAZHJSL{“LS”@”]ﬁ + 6 ”A2+s—ﬂ9”L3)HA1+s+,39”
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=

C
— (47 Pul s + [ 4%6] 1) + %HAIM o|’. (52)

Applying Gagliardo—Nirenberg and Young inequalities, we can get

”AM_B””; < C”A—ﬂu||2(3a+3ﬂ—4)/3(1+s+a¢+/3) HA1+S+au||2(7+3$)/3(1+s+a+/3)

< axCllaul*+ 2 A" ul? (53)
and
S PRl V] e V]
=axCl Aol + 7|4 (54)

where a5 =

3a+3B-4 (3v(l+s+a+p)\(7+3s)/(4-3a—3H) _ 23B-2) (3k(1+5+28)\(7435)/22-38) Ty .
Trsrarp agasg ) and as = i (S )T . In

serting (52)—(54) into (51), we arrive at

glamol e arstol
= %“AI“WMHZ+C||A"3u||2+C||A‘59H2. (55)
Applying the operator A** to (1);, and taking the scalar product of both sides with
A5y, and then integrating the result by parts, we get

1d|
2dt

=—/ A1+5(uj8juk)A1+sukdx+/ A (0ey) AT udx. (56)
o) o)

|A1+s ” +v”Al+s+a ”2

Using Lemma 1 and applying fractional embedding theorems together with Young in-
equality again, we obtain

—/ A“S(ujajuk)Al“ukdx
I?)

<

/ Al+s—o¢(ujajuk)Al+s+auk dx
2
< C(| AY*u 5 I Vallo + Nuello | A% 5) | AV u|

< VAt a1Vl | 42 ), )

Applying Gagliardo—Nirenberg and Young inequalities, we can get

||A1+S,auHi3”Vu”L6 < “A o H (Ba— 2)/3(1+s+2a)”A1+s+au”2(7+3s)/3(1+s+2a)

« “A_au” (1+3a)/3(1+2) “A1+au||2(2+3a)/3(1+201)

<aCl A" |41 u] + A (58)

Page 9 of 19
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and
||A2+S a”H , < C”A « H (3a—2)/3(1+s+2a) HAhﬁau“2(7+3s)/3(1+s+2a)
L

<asC|A™u|” + s = Aty (59)

2(3a=2) (3v(1+s+2a) \(7+3s)/2(2-3 (1+3a)(1+s+2a) (2+3a)(1+s+2a)
3(1+s+20¢)( 8(7+3s) ) 39 ® b =2+ (1+2a)(3a=2) » an db2 (1+2a)(3a=2) *

Using Holder and Cauchy-Schwarz inequalities, we can get

where a4 = a5 =

/ Ao A < 2| 4]+ ] AN (60)
2
Inserting (58)—(60) into (56), we arrive at
glarl s L arse]’
%(IIA“S@ P+ Jareul®)y + la=ul® + | amu] " [ aTu]™). (61)
Summing up (55) and (61), we obtain that
A e P R P e Ve
1 - _
< (a0 + arul®) + (| au|” + | a7l
a6+ A | At ). (62)
Then Poincaré inequality implies
2 (Al o [ a50]) vie ateu? + 032 a0

1
<5 (lato) + [ atul)

1 2 1 2 2 b 1 by
+C(—W lal + 5 lul +—w 1o + luun At ). (63)
Hence
iX(t)+ c ! X(t)<C(IIM||2+||9||2+||u||b1HA1+“MHb2) (64)
dt 7 = ’

where X () = | A™ul||? + || A'*6]|? and ¢; = min{vA2*, kA%#}. By (20), (26), (27), and (39),
we know that

t
/ (el + 1612 + flael Pt | A ] ™) d < C. (65)
0

Applying a variant of the uniform Gronwall lemma again and (65), in the case (c; — 3) > 0,

we have uniform estimates of || A1**u||? and || A**0||%, for all £ € [0, +00). Integrating (62)



Su et al. Advances in Difference Equations (2019) 2019:420 Page 11 of 19

over [0, £], we have
| A" u@)|? + | A" 0@ | +v fo tHA“S*“u(t)”Zdr
+K/0t||A1+s+ﬂ9<f)||2dT
<Al 2wl e co L [ (a0l ¢ Al (66)
Using Gronwall inequality, we find that, for all £ € [0, 7,
| A u@)|? + | A0 +v fo tHA“”"‘u(T)”Zdr

t
i / | A= Po(r)|* dr
0

e (| A" uo]” + 46| "+ C)

IA

<e? (|a™uo|” + | 46| + C)
<C, (67)
where C = C(|| A ug ||, || A6 |, v, &, s, T) is a positive constant. O

3.2 Uniqueness
With the global regularity established in Lemmas 4—6, we are able to prove the uniqueness

of the solution.

Lemma 7 Under the assumptions of Theorem 1, the solution of Boussinesq equations (1)

is unique.

Proof For any fixed T > 0, suppose there are two solutions (u1,6:,P1) and (u3, 05, P;) to
Boussinesq equations (1). Setting & = u; — uy, =60 -6,and P =P - Py, we get that
(i1,0, P) satisfies

U+ vA™ G+ uy - Vit+ - Vg + VP =0ey, ey =(0,1), (68)
divii =0, (69)
O, + kAP0 +uy - VO +71- VO, =0, (70)
i(x,0)=0,  6(x0)=0. (71)

Taking the L*-inner product of (68) with i and (70) with 6, respectively, we get
1d, . ~ . -
EE(IIMII2 +1101%) + vIIVE)? + <1V

5/ 5e2-ﬁdx—/ 12~Vu2-itdx—/ i - V6,0 dx. (72)
2 2 2
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Using Holder and Cauchy—Schwarz inequalities, a standard calculation gives us the fol-

lowing:
- 1 - 1
/eez-adxs—||9||2+—||ﬁ||2,
o 2 2

—/ 12~Vu2-itdx§’—/ u-Vuy -dx
2 2

~ 12
< Vuallllzll

< ClVua|lllzl| V]
202025 Yios
< Cl[Vuz|*||z] +EIIVMII,
and

—/ﬁ~V92-§dx
2

—fﬁ-VGg-édx
2

< IV 16| a2l 12

=<

< CIIVONNONM2IVONM2 a2 V| M
<C(IV&ANBINIVEI + IV | Il Vel )

~ vV ~ ~ K ~
< CIV&I 01> + E”VQH + CIIVO |1 [li])* + EIIVMIIQ«
Inserting (73)—(75) into (72), we obtain

d . _ i i
a(llull2 +101%) + vIIVal® +«|IVO|?

< C(IIVOI* + IVua 1> + 1) (161 + ll32)1?).

(73)

(74)

(75)

(76)

Using Gronwall inequality and the estimates for 6, and w5, (76) implies that, for any ¢ > 0,

T (a2 + 1612) < |@©)]* + | 6©)|” =0,

ie,i1=0,0 =0,6, = 05, u; = uy. So the solution of Boussinesq equations (1) is unique. O

4 Proof of Theorem 2

The goal of this section is to prove Theorem 2. First of all, we multiply the first equation

in (1) with u|u[P~2 (p > 2) and, integrating it over R?, have

1d
=—lull?, +/ Ay ululP~? dx
pdt 2

:—/ (u-Vu)~u|u|p_2dx—/ VP - ululP%dx
fo) fo)

Page 12 of 19
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+/ Oey - ululP2 dx. (77)
2

Since u is divergence-free, by Lemma 2 and using Holder inequality, we can get

1d 4(p-2) P2 _ _
Sl + =5 [ Viel ] < VPl el + 161120 uallZy . (78)

Taking the divergence of the first equation in (1), we can obtain

—AP =div(u - Vu) - 9,6. (79)
Hence

VP =V(-A)(div(u - Vi) - 3,,0). (80)
Applying Calderén—Zygmund theorem, we get

IVPIlr < C(llu- Vaullze + 161120)

lellzoo I Vatllze + 116]120)

(

(

(lullwro I Vatllzr + 16112)

(lullzr + 1V ullr) I Vallzy + C1O 1
(

<C
<C
<C
< C(llull + lelir) @l + CllO | 1p. (81)

Multiplying the third equation in (1) with 8|07~2 (p > 2) and integrating it over R, we
deduce that

1d
~—6P AP0 . 010172 dx =0, 82
G ||U,+/Q 01 dx (82)

where we have used the divergence-free condition again. By Lemma 2 and integrating over
[0,t], we have, for all £ € [0, T,

4p-2) [* P2
16114, + (l’p / ||Aﬂ|‘9|2 HLz dr = [|6l17,. (83)
0

Combining (78) with (81) and (83) leads to

1d 4(p-2) P2 -
—$||14||12p + 7 HV|M|2 HLz < C(llullr ol + llwlzy + 1)||M||12p1o (84)

Taking the L7-inner product of (27) with w|w|?~2 (p > 2) and integrating it over R2, we

arrive at

1d
——||w||’g,,+/ A2“w-w|w|1’-2dx:/ 3y, 0 - 0w dx. (85)
padt 2 Q

Using Lemma 2 again, we know that

1d ., 4p-2) 22 -2
;%”w"”’+ 7 [Viel? | gfgaxle-wwﬂ dx. (86)
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By Holder and Young inequalities, and using Lemma 2 with m = 2, we have

/ 3,0 - oo dx < (p-1)
2

/ 0 - 3y, w|wP dx
2

p-2 p-2
<(p- 1)}/ 0 -Volo| 7 |w| 2 dx
2

2p-1 p=2
< (”p 101 | VIl | o2

2(p-1 )

= (1;2 Vit |2 + Clloi ol (87)

where constant C depends on p. Inserting (87) into (86), we can obtain

1d 2p - 2) b2 s
I;%Ilwllfp+ 2 IViw|2 " < Clol3 llwl?,”. (88)

Hence, by Young inequality, we get

d 2(p -2
ol + (”p )||V|w|’%||zsc(||e||’zp+||w||‘,;). (89)

Integrating over [0, £], we have, for all ¢ € [0, T],
2(p-2) [* 22
lol?, + —/ IViwl 2| dr
V4 0
t
< llwoll}, + C/ (1617, + lwll?,) dr
0
t
< llwoll, + CT|6ol7, + C/ lwllf, dr. (90)
0
Using Gronwall inequality, we find from (90) that, for all £ € [0, T,

2(p-2) [* P2
lwllf, + T/ IVIwl?|"dr < e“(llool, + CT6ol,)
0
< e“"(llwollf, + CTl6ollf,)
<C. (91)
Then inequality (84), together with (91), implies that

4(p-2)
p2

t
llel?, + / |Viul? |2, dr < C. (92)
0

Taking the derivative D = (0,,, x,) of both sides of (27), and then multiplying the result
equation array by Dw|Dw|P~2, after integration by parts, we obtain

4(p-2)

p2

1d
~ Dol + |VIDwl|?|? < —/ D(u - Vo) - Dw| Dol dx
pdt o)

- / Dby, - Dw|Dw|P~* dx. (93)
2
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Using Holder and Cauchy—Schwarz inequalities, a standard calculation gives us the fol-

lowing:

- / D(u - Vo) - Dw|Dw|P dx
2

<C

/ u-Vo - D*w|Dol?? dx
fo)

<@P-1
20pp-1)
p

-2 -2
/ u-Vo - D*o|Do|T |Dw|T dx
2

p P2
< lllzr | VIDo|? | 2 1Dl 2

P - 1 P2 —
=T |VIDw| |}, + Cllul} |1DollF,? (94)
and

- / Dé,, - Do|Do|P~ dx
2

=

f Dby, - Dw|Dw|P~* dx
2

<(p- 1)‘/ Dé,, - Dw|Dw|P~* dx
2

p2
2

2p -1
® =1} D011 | 1Dl |2 1Dwll,2

p

<
— 1 -
< [VIDwi [}, + CIDO I 1wl

-1
< 1”17||V|Dw|%’ 12, + C(IV6IE, + IDwlE,). (95)

Inserting (94) and (95) into (93), we obtain

1d 2(p-2) 22
——|Dwl}, + —5— | VIDo|? |
pdt p
< C(lullfy +1VOI7, + |1 Dwll7,)- (96)

Taking the derivative V* = (-d,,, d;,) of both sides of (1), we can show that
V40, + k APV + V(- V) = 0. (97)

Multiplying (96) by V410|V+6|P~2, after integration by parts, we obtain

1d

;zuvi@”‘;+/(2A2ﬂvie.vi0|vi9|’”‘2dx

=— / V(- v6) - vie|viel dx. (98)
2
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Since u is divergence-free, using Lemma 2 again, we know that

Sl + X2 e,
_/9 Vi V40 - vie|vie) T dx
<Vl | Vo5, (99)
By Lemma 3, we know that

IVullz < C(1 + IDwl}) (1 +log* (IDwl})) + Cllewll 2. (100)

By (91) for p = 2, and inserting (100) into (99), we obtain

4(p 2)
Sl 2R o,

< C(1+||Dwl|?,)(1 +log" (I1Dwllf,)) | V=6, (101)

Using the obvious identity | V||.» = || V*0||.», and summing up (96) and (101), we ob-
tain that

1d 2p -2)
—%(IIDwIIZ +VOI,) + ([;2

4(p-2
|71l + X2 aty50lE |,

< C(1 + IDli7) (1 +log* (IDwli7,)) (IVOI, + IDw)

< C(L+[Dwl2,) (1 +log* (IDwllt, + 1VOI5,)) (I1Dwllf, + IVOI,). (102)
Setting X(¢) = | D|l%, + | VO|I},, we easily show that
d 2 +
e C(1+|Dol7,)(1 +log" X)X. (103)

Setting Y =log" X, we know that

dx-xdy (104)
at-  Tdt
So, inequality (103), along with (104), implies that
d 2
EY <C(1+|Dol},)(1+Y). (105)
By (91) for p = 2, and integrating over [0, t], we have, for all ¢ € [0, T,

Y() <Y(0) + C/O (1L+|Dwl7,)dr + C/O (1+Dwl?,)Y dr. (106)

Using Gronwall inequality, from (105) we find that, for all ¢ € [0, T,

t
Y(6) < C(Y(0)+/ (1+ ”Dw”iz)dl_)ecfot(thw@z)dr
0
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g 2 CJLa+1pwl2,)de
<C Y(O)+/ (1+1Dwll?,) dr |e ' 2
0

<C(Y(0)+CT)e T, (107)

which implies
Cllog* X(0)+CT)eCT
X(t) < ettos A0 (108)

This thus completes the proof of Theorem 2.

5 Conclusions

In this paper, we study the well-posedness and related problem on Boussinesq equations
with fractional dissipation which have recently attracted considerable interest. This paper
proves the persistence of global well-posedness of strong solutions and their long-time de-
cay, as well as investigates the existence of the solutions in Sobolev spaces. The obtained
results will not only further improve the theory of fractional nonlinear evolution equa-
tions, but also provide support for the innovation on research methods and the related
properties of fluid dynamics models.
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