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1 Introduction
In the past two decades, there has been shown a growing interest in the study of oscillation
and stability of delay dynamic equations on time scales. Several excellent monographs
[1-5] on the topic indeed reflect its popularity. Some recent results on oscillation and
existence of nonoscillatory solutions for dynamic equations can be found in the articles
[6—23] and the references cited therein.

Motivated by aforementioned work, in this paper, we consider the following neutral dy-

namic equation on time scales:
(10— C@(E - 0)" + POY(E 1) - QOY(E-8) =0, e, (1)

where C,P,Q € C,y([t0, 20), R*), R* = [0,00), C,4 denotes the class of right-dense contin-
uous functions, ,7,8 € T and ¢ >0, n > § > 0. Some conditions for oscillation of Eq. (1)
are obtained. We also discuss the existence of nonoscillatory solutions for Eq. (1).

A time scale is an arbitrary nonempty closed subset of the real numbers. We denote the
time scale by the symbol T. For ¢ € T we define the forward jump operator o : T — T by
o(t):=inf{s € T : s > t}. Let C,4(T,R) denote the space of functions which are right-dense
continuous on T. In addition, we define the interval [¢y, 00) in T by [ty,00) :={t € T: £, <
t < oo}
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Definition 1.1 For 4 > 0, we define the cylinder transformation &, by

log(1+hz), if h 7{0’
&n(z) = 4
z, ifh=0.

Definition 1.2 A solution of (1) is said to be oscillatory if it is neither eventually positive

nor eventually negative, otherwise it is nonoscillatory.
Lemma 1.3 Iff: T — R is differentiable and f* > 0, then f is nondecreasing on T.

Lemma 1.4 Iff: T — R is differentiable at t, then f is continuous at t.

2 Oscillation
In this section, we derive the main results for oscillation of Eq. (1). For that, we assume
the following conditions:
(c1) 0<C(t) + tt__f Qs +8)As<1;
(c2) R(t) =P(t) - Q(t = +8) > 0 and liminf, .. [ R(s)As >y >0.

The following lemmas are useful in proving the main results of this section.

Lemma 2.1 Assume that the conditions (c1) and (cy) are satisfied. Let y(t) be an eventually
positive solution of (1) such that

)
) =30 - COe-0)- [ Qs+ poas ®)
t-n
Then eventually
u®(t) <0, u(t) > 0.

Proof Since y(t) is an eventually positive solution of (1), there exists ¢; > £, such that y(t —

m) > 0 for ¢ > t;, where m = max{¢, n,8}. In view of (1) and (2), we get

WA = (316) - COYE - 1) - ( [ t: Qs+ a)y(s)As)A
= —P(t)y(t —n) + Qt)y(t - &) — Qt)y(t — 8) + Q(t —n + 8)y(¢t —n)
= —(P(£) - Q(t - n +8))y(t - n)
= —R(t)y(t - n)
<0,

which implies that u(¢) is decreasing. Next, we shall show that u(¢) > 0. If u(¢) — —o0 as
t — 00, then y(£) must be unbounded. Therefore there exists {t,} with ¢, > £, th =t; + m
such that

lim ¢, = oo, lim y(z),) = oo,

n—00 n—00
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and y(¢,) = max,, -, ¥(t). Hence, we have

)
) = 96) - (e -) - [ Qs apeas

/
t-8

> y(t,) (1 -C(t,) - Qs + 8)As) > 0.

th=n

In consequence, we get

lim u(t) = hm u(t ) >0,

t—00

which is a contradiction. Hence lim;_, o u(t) = [ exists. As before, if y(¢) is unbounded,
then [/ > 0. Now we consider the case when y(¢) is bounded. Let [ = lim SUP,_, o ¥(£) =
limy_, o y(t'). Then

y(¢) —u(t) = C()y( Q s+ 8)y(s)As

y(&y) ( Qs+8 As),

where y(&) = max{{y(s) : s € (¢’ — n,t’ = 8§)},y(t' — ¢)}. Hence, it follows that & — oo as
t' — oo and limsup, _, . y(€») <. Thus, we get

y(t) - u(t) <y, 3)

which, on taking superior limit, leads to 1—1 < 1. Therefore ! > 0. Hence u(t) > 0 eventually.
The proof is complete. d

Lemma 2.2 Suppose that the conditions (c1) and (cy) hold and that y(t) is an eventually
positive solution of (1) satisfying (2). Then theset A = {1 > 0: u®(t) + ARu(t) < 0, eventually}

is nonempty and there exists an upper bound of A which is independent of solution y(t).

Proof From the given assumptions, there exists a ¢; > £, such that y(¢ — m) > 0 for £ > £,
where m = {¢, 1, 8}. It follows from (2) that u(t) < y(¢) for £ > ;. Then

u®(t) = —R(E)y(t — n) < -R(Ou(t —n) < -R@ut), t>t +m, (4)

thatis, . = 1 € A. Therefore A is nonempty.
Let

t
3k = liminf/ R(s)As.
tooo J
By (c2), we have k > 0, and there exists a t; > £; + m such that

t
/R(S)AS>2/(:=)/, t>t.
t-n
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Therefore, for any t > t,, there exists t* > ¢ > t* — n such that

t* t
/ R(s)As > k, / R(s)As > k.
t t

*—n

Integrating (4) from ¢ to £* and noting that #2(£) <0, u(t) > 0 for t > t,, we find that

t*
u(t) - u(t*) < —f R(s)u(s — n)As,
t
which implies that
- -
u(t) > / R(s)u(s —n)As > u(t* - 7]) / R(s)As > ku(t* - n).
t t

Next, integrating (4) from t* — n to t, we get

u(t* - n) > ku(t —n).

Hence
ut) > Kult-n), t>t. (5)
Let us define
liminfy(¢ ~n) = 1. (6)

Since y(t — m) > 0, (6) implies that I > 0. On the other hand, there exists a sequence {¢,}
such that £, > ¢, and t;, — 0o as n — 00 and

t o
liminf / R(s)As = lim R(s)As. (7)
t—>00 t-n n—00 th—n
From (4), we have
th o _ th _
y(En— n)/ R(s)As = / R(s)y(s — n)As = —u(t)) + u(t, - n), (8)
ty-n t—

n=1

where &, € [t, — n,t,], and &, — 00 as n — oc. Hence, we can find an increasing subse-
quence in {£,} and so, without loss of generality, we may assume that the sequence num-
bers {§,} is also increasing. Let

F(t) = inf{y(s -n):s> t}, t>t.

Then we have

lim F(¢) = litm inf y(t — 7).

t—00
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Since {&,} is an increasing sequence of numbers, we get
& —n):n =n) Clys-m:s=&).
Therefore
F(&,) =inf{y(s—n):s > &,} <inf{y(&, —n) :n' = n},
which implies that
liminfy(t —n) = lim F(§,) < lim infy(§, —n),
that is,
liminfy(t —n) < lim infy(&, - n). )

On the other hand, lim;_, o, #(¢) exists and is a finite number. Therefore, it follows from
(7)-(9) that

1<1iglgf f t ie(s)As> - (1itr3£fy(t— n)) <1itr£i2f / t R(S)As)
= 1
< (JLHQO infy(&, — )(hm / R(S)AS>

= <lim infy(&, - )(hm 1nf/ R(s)As)
Hn—0Q ty[ n
ty
< lim inf(y(é,, —n))/ R(s)As
n— 00 th—n
t/
= lim inf/ R(s)y(s — n)As)
n— 00 tn n
s , . ;o
= -t ulta) + fim w(ty =)
=0,
that is,
t -
I(liminf/ R(s)As> <O0. (10)
t—00 tii’]

From condition (¢,), (10) and the fact that I > 0, we deduce that I = 0. Thus, we obtain

liminfy(t — n) = 0.

t—00

Hence there exists a sequence {s,} with s, > ¢, + 2m, such that y(s,) — 0 as n — oo and
¥(s, — 1) = ming, <s<,_, ¥(s) for n=1,2,.... Then, from (4) for n = 1,2,..., we have

uls,) — s, — 1) = - / " R(s)y(s— m)As
Sp—1
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< —y(sy—n) / " R(s)As
Sp—1n

< =2ky(s, — n).
Hence
u(s, —n) >2ky(s,—mn), n=12,.... (11)

Also, from (4), (5) and (11), for n = 1,2,..., we have

®(50) = ~Rlsu)y (s 1) > o Rlsuulsn = m) = = Rls, )

which implies that

A 1 -
u=(s,) + 2—k3R(sn)u(sn) >0, n=12,.... (12)

Now we may assert that ﬁéA. In fact, if ﬁ € A, then there exists some 7’ by the
definition of A such that, for all ¢ > T”, the following inequality holds true:

1 -
ud(t) + T(SR(t)u(t) <0. (13)

On the other hand, in view of the fact that s, — 0 as # — o0, from {s,,} we find some s,
such that s/, > T". Then it follows from (12) that

/ 1 - / /
u® (Sn) + %R(sn)u(sn) >0,
which contradicts (13). Therefore, ﬁ is an upper bound of A which is independent of

solution y(¢). The proof is complete. O

Theorem 2.3 Assume that the conditions (c1) and (cy) are satisfied. In addition it is as-

sumed that there exist T >t + m and A > 0 such that

t>i%l,£>o{ % exp <— /t_n £, (—Af?(s))As) +C(t—n)exp (— ‘/t._{ £, (-AR(s)) As>
s

+ Q(s+8—-n) exp(— /t‘g‘u (—Ai?(u))Au) As} > 1. (14)

t=n

Then every solution of Eq. (1) is oscillatory.
Proof On the contrary, let y(¢£) be a nonoscillatory solution of Eq. (1). Without loss of
generality, it can be assumed that y(¢) is an eventually positive solution. Moreover, let u(t)

be the same as defined in (2) and the set A as given in Lemma 2.2. Then, by Lemma 2.2,
we see that there exists a £, > £, such that

uA(t) <0, u(t) >0, fort>t,.
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From condition (14), there exists a constant @ > 1 such that

t>iT1};f>0{ % exp (— /;n &, (—AR(S)) As) + C(t—n)exp (— /t{ &, (—)J_?(s)) As)
)

+ Q(s+d8-n) exp(— /téu (—M_%(u))Au) As} >a>1. (15)

=n

Let Ag € A. Then we shall show that ) € A. In fact, 1y € A implies that

u®(t) + AR@®)u(t) < 0. (16)
Define
w(t) = u(t) exp(—/ gﬂ(—kol_%(s))As) (17)

and note that w(t) is well defined. Let us introduce

v(t) = exp (f £, (=20R(s)) As)

and note that

u(@®\*
0= ()
u®(E)(t) — u(t)v®(¢)
T e )
_ RoROUEV(E) - u(®) -AoROV(?)]
= WOW(o (8))
—LoR(B)u(t)v(t) + u(t)hoR()v(¢)
) WO)(o (8))

=0.

Hence, w(t) is nonincreasing. From (2), we get u2 () = —R(¢)y(t — n), which together with
(16) yields y(t — n) > Aou(t). Therefore

u™(t) = —R(t)y(t —n)

_ r t-n-6
= -RO|ut-n)+Ct—n)yt—-n-2¢)+ / , Qs + S)y(s)As}
L t-2n
_ r t—-n-0
< —RO| e =) + 2oClE = (e =) + 2o / Qe st n)AS]
L t-2n
t-8

= —R(z) _u(t )+ XCt—n)u(t-2¢) + Ao Q(s+6 - n)u(s)As]

=n

i, t=n _
= —R(t) [ w(t - n)exp(/ &, (—AOR(s))As>

to

t-¢ B
+AC(t —n)w(t —¢)exp </ I (—AOR(s))As>
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=

Thus, ary € A. Repeating this procedure, one finds that o™X € A for any integer m, which

t—6

+ Ao Q(s + 8 — n)w(s) exp (/s &, (—)»J?(u))Au) AS:|

t=n

_ t-n _
—R(¢) |:w(t) exp(/ &, (—)LOR(S)) AS>

to

- _
+ AoC(t — n)w(t) exp (/ &, (—AOR(S)) As)

to
t—5

+ Ao Q(s + 8 — n)w(s)exp (/s &, (—)»J?(u))Au) As:|

t=n

—R(t) |:u(t) exp (— / &, (—)\01_3(3)) As)

-n

+ AoC(t — n)u(t) exp <— / &, (—AOI_?(S)) As)
-t

t-6

+ Ao . Q(s + 8 — n)u(s)exp (— / t £, (—kof?(u))Au) As]

—R(t) [exp (— /b tn EM(—AOI_?(S))AS> + XoC(t —n)exp (— /t : £, (—)»OR(S))AS)
¢4 t -

+ Ao /t . Q(s +8 —n)exp (— /S £, (—AOR(u))Au> As] u(t)

_ g; [exp<_ ft tn £, (-xoie(s))As> +xoC(t=1) exp(— ft : EH(—AOI_Q(S))AS)

t—§ ¢ _ -
+ Ao / Q(s+3—n)exp <—/ &, (—AOR(M))AM> As]R(t)u(t)
t-n s

—aroR()u(t).

contradicts the boundedness of A. The proof is complete. d

Corollary 2.4 Assume that P(t) > 0, liminf;_, fin P(s)As > 0 and there exist T and A >0

such that

inf
T3>0

%exp (— /t; &, (—)J_i(s)) As) } > 1.

Then every solution of the equation

Y2 () + P(t)y(t-n) =0

is oscillatory.

3 Nonoscillation

Here we derive some results for the existence of a positive solution of (1).

Lemma 3.1 Assume that
(i) R(2)=P(t)-Q(t-n-8)=0;

Page 8of 11
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(ii) the inequality
t—§ 00 _
Ct)z(t-¢) + f Qs+ 8)z(s)As + / R(s+n)z(s)As <z(t), fort=>t;, (18)
t-n t

-n

has a continuous positive solution Z(t): [t; — m, 00) — (0, 00) with lim;_, », Z(£) = 0.

Then the equation

o0

-5
Cltyt-¢)+ / Q(s + 8)y(s)As + / R(s + ny(s)As =y(t), fort=>t, (19)
t-n t

-n
has a continuous positive solution y(t) with 0 < y(¢) < Z(t) for t > t;.

Proof Take T > t; large enough so that z(t) > Z(¢) for ¢ € [t; — m, T). Define a set
2 ={we Cu(lty —m,00),R"):0 < w(t) < Z(t),t > t; — m}
and introduce an operator S on £2 as follows:

(S)(®) = ClHo(t-¢)+ ;__j Q(s + 8)w(s)As + fg; R(s + nw(s)As, te(T,o0),

(Sw)(T) +2(¢) = Z(T), telt-mT)

It is clear that S2 C £2, and wy, w; € 2 with w; < w;, implies Sw; < Sw,.

Define a sequence on £2 as

zo(t) = Z(¢), zi(t) = Szx_1(8), k=1,2,....
It is not difficult to prove that

0<z(t) <zk1(t) <+ <z1(8) <2(t), te[tr—m,00).
Therefore, the sequence {zx(f)} has a limiting function y(t) with lim;_, z(¢) = y(¢) for
t € [t1 — m,00) and y(¢) satisfies (19) by Lebesgue’s convergence theorem. It is easy to see
that y(¢) > 0 for t € [t; — m, T] and hence y(¢) > 0 for all £ € [t; — m, 00) with 0 < y(¢) < Z(¢).
The proof is complete. 0
Theorem 3.2 Assume that

(i) R(£)=P(t) - Qt—n—8)=0;
(ii) there exist T >t + m and A* > 0 such that

sup{ )\—1* exp (—f £, (—A*R(u))Au) +C(t—n)exp (—/ ; £, (A" R(s)) As)
t-n -

t>T

-8 t
+ / Q(s+8—n)exp <—/ &L (—A*i?(u))Au) As} <1. (20)
t-n s

Then Eq. (1) has a positive solution y(t) with lim,_, », y(t) = 0.

Page9of 11
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Proof Set

z(t) = exp(ftﬂ] &, (—A*R(s))As). (21)

Obviously z(¢) is well defined, positive and continuous. From the condition (20), for ¢ >
T > T —n, we have

t+n _ t+n _
%{exp(—/t SM(—A*R(u))Au> +C() exp(—/t‘ fu_(—)u*R(S))AS)

+n-=¢

t—0+ t+
+ / ! Q(s+6— n)exp(—/ ! £, (_)\*R(u))Au) As} <1 (22)

Substituting (21) into (22), we get

1 z(t-n) Z2(t-17) t=8+1) s — 1)
et [ Qs T as < 23

From (21), it is easy to see that z* () = —A*R(t + n)z(t), and hence we have

o 1 [* t—
/ R(s + n)z(s)As = —— / Z8(s)As = u (24)
t-n A t-n A
Combining (23) and (24), we obtain
oo t+n-6
/ R(s + m)z(s)As + C(t)z(t - ¢) + / Q(s + 8 —n)z(s — n) < z(¢).
t-n t
Thus the desired conclusion follows by Lemma 3.1. The proof is complete. d
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