Yu et al. Advances in Difference Equations (2019) 2019:400 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-019-2332-9 a SpringerOpen Journal

RESEARCH Open Access

()]
A stabilized coupled method and its optimal ==
error estimates for elliptic interface problems

Jiaping Yu'?, Feng Shi*" and Jianping Zhao**

“Correspondence:
shifeng@hit.edu.cn Abstract

3College of Science, Harbin Institute In thi bilized led al ithm f Vi lliotic i £
of Technology, Shenzhen, China n tnis paper, we present a stabilized coupled algorithm for solving elliptic interface

Full list of author information is problems, mainly by introducing the jump of the solutions along the interface.
available at the end of the article A framework of theoretical proofs is provided to show the optimal error estimates of
this stabilized method. Several numerical experiments are carried out to demonstrate
the computational stability and effectiveness of the method.

Keywords: The interface problem; Stabilized method; Couple method; Optimal
error estimates

1 Introduction

The interface problem has always been a difficult issue in multi-physics and multi-phase
applications in science and engineering and has becoming focused recently. In real physi-
cal world, many phenomena need to be described using non-smooth or even discontinu-
ous functions/methods. A lot of methods have been put forward to improve the standard
numerical methods which may not be applied directly. Focusing on the approximation of
non-smooth solutions related to the present work, there are mainly two fundamentally
different approaches.

One approach of improvement is to enrich the approximation space or discrete form, for
instance, the immersed boundary method (IBM) [1], the immersed interface method (IIM)
[2-5] and some modified methods for them in the finite difference method (FDM). This
type of methods usually incorporates the interface conditions into the finite difference
scheme near the interface to achieve second- or higher-order accuracy based on a Taylor
expansion in a local coordinate system. Concentrated on the development of the high-
accuracy or augmented method [6], these methods can treat the irregular domain problem
on arectangular domain so that fast solvers for Poisson/Helmholtz equations can be used.
Several methods of finite element versions, such as the immersed interface finite element
method (IIFEM) [7, 8], the weak Galerkin finite element method [9], the extended finite
element method (XFEM) [10, 11], the generalized finite element method (GFEM) [12], and
non-traditional finite element methods [13, 14] have also been developed. These methods
usually modify the basis function or add virtual nodes near the interface.

Another approach of improvement is to refine the discretization near the critical re-
gions, so the procedure of re-meshing is usually required in this case. For instance, by
placing more grid-points along the interface and around the intersection. Bernardi and
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Figure 1 Schematic diagram of problem domain

2

Verfurth proposed weighted-residual error estimators to deal with interfaces [15] and Cai
and Zhang proposed recovery-based error estimators [16, 17]. Note that, in the previous
method, the meshes were generated along the interface.

For many numerical methods, researchers often use stabilization to reduce the error
[18], which inspires us to solve the interface problem in such way. By combining the
two-level method and the partition of unity, the authors and their collaborators proposed
two local and parallel algorithms for the Stokes problem [19], elliptic equations [20], the
Stokes—Darcy model [21] and the fluid—fluid model [22, 23]. In this paper, we consider the
elliptic interface problem as a mixed elliptic—elliptic model. We will introduce the jump
of the solution along the interface as our stabilization term of the stabilized method and
then obtain the optimal error estimates for the method.

The rest of the article is organized as follows. In Sect. 2, some preliminary notations and
inequalities are introduced. As the main parts of this paper, in Sect. 3 and 4, the stabilized
coupled algorithm and its analysis are discussed. Then numerical tests are presented in
Sect. 5. Finally, some conclusions are given in Sect. 6.

2 Preliminaries

In this section, we will introduce some basic notations and inequalities. Let 2 C R? (d =
2,3) be abounded domain with Lipschitz boundary and §2 = £2, U I" U £2,. Here £2; and 2,
are two disjoint subdomains which are either convex or of class C'"!, and coupled by a fixed
interface I C 942 (see Fig. 1 for example). Both boundaries 962, 32, and interface I" are
assumed to be polygonal (d = 2) or polyhedral (d = 3) for the sake of avoiding analyzing
the effect caused by triangulation of domain into finite elements [24]. For any domain D,
we denote the norm for the Sobolev space H*(D) by || - ||lx.p with k > 0 (see for instance
[25]). When k = 0, we denote W% (D) connected with the norm || - ||zm(p) by L™(D). In
particular, W%2(D) with the norm || - [|o p is denoted by L2(D). The definitions of the space
HO%O(F) and its dual space H(;o% (I") will also be used and are referred to [26].

We then define two spaces by

Xi= {Vi € Hl(Qi);VibQi\F = 0}, i=1,2,
and their tensor space by

XZ=X1 X Xz.
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Fori=1,2, let ) be a regular partition of each subdomain £2;, which consists of K that
are tetrahedral elements for d = 3 and triangles for d = 2. We denote the diameter of the
element K € r, = JT;} U 715 by /i and mesh scale # = maxyex, /1. Accordingly, we define
the following finite element spaces on 7} :

Xip=Xi OV {vin € H () viplk € Pe(K),K em} C X; i=1,2,
where Pi(K) is the space of polynomials of order k on K with k > 1, and tensor space
Xp=Xn x Xop CX.
Some useful inequalities are listed in the end of this section. We refer to [26, 27] for such

inequalities.
Al: (Trace inequality) For any v; € Xj,

. 11
Vil < Cellvillg Ivill ;- 1

A2: (Interpolation inequalities) For any u; € X; N H*1(82,) with k > 1, there exists
Tyu; € X; ), such that

kel
lu; — Luillo,o, + Allu; — Inuill,e, < Crl™ luillke,e;- (2)

3 The elliptic interface problem
The model of the elliptic interface problem considered in this paper is as follows:

-V-(vVu)=f, in$2;,i=1,2, (3)
u;=0, onds2;\ T, (4)
u—uy=0, onl, (5)
ny-viVuy +ny-»uVuy =g, onl. 6)

Here for i = 1,2, n; is the unit outward normal to I" of domain £2;, f is the given source
term, and ; is the restriction of u in £2;.
The variational formulation of the problem (3)-(6) is: for any given 4, find u; € X; satis-

fying
)
a;(u;, vi) + — / (1 — uz)(v1 —va)ds
hlJr
1
- = / (1 Vur -n1 = vV, - n3)(vi — ) ds
2Jr
1 1 ‘
=(ﬁ,vi)+—/gv1ds+—/gV2ds, Vv, eX;,i=1,2, 7)
2Jr 2Jr

where

ai(u;,vi) = (viVu, Vvi)g,.
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Since in the present situation u; — u; = 0 on I", we actually add a zero term % f rlur -
uy)(v1 — v2) ds in the variational formulation to (3)—(6) comparing with the standard weak
formulation. However, this modification will be very useful and important as shown in our
later analysis in the next section and also numerical simulations.

By introducing some important notations for u = (13, u3),v = (v1,12) € X

[u] = (g - M2)|r,
a(w,v) = ay(u1,v1) + az (U2, v2),

(i, vi)r =/ u; - v;ds,
r

(g,V) = (gr Vl)]" + (g’ V2)1":

the above variational formulation (7) can be equivalently rewritten as: Find u € X satisfy-
ing

a(u,v) + %([u], [V])r + %([vVu -n], [V])r =(f,v) + %(g,v), Vv e X. (8)

We also need the inverse and trace inequality as follows [26, 27]:
WVinllr < Cie™ 2 Vinllor  Yvin € Xip- )

4 The coupled algorithm for the interface model and error estimates
In this section, we will present our algorithm for solving the coupled problem (3), which

is referred as the coupled scheme.

Algorithm 1 (The coupled scheme) Find u;;, € X;;, i = 1,2, such that

2

8
> ai(uip vin) + 4 f (1 = uo,p)(Vip — Vo) ds

i=1 r
1
-3 (1 Vury - n1 —vaVugy - na)(viy — vou) ds
r
2 1 2
= Z(ﬂ,vi,h) + = Zf gvinds, Vv, € X (10)
i=1 2 i-1 YT

Remark 1 In the present work, to keep the briefness of introducing our coupled method
and proving its optimal error estimates, we only consider both homogeneous non-
interface boundary condition (4) and homogeneous interface jump condition (5). The
extension to the general conditions u; = ¢;, on 982; \ I',u; — uy = Y on dI" as studied
in [9] is trivial. Actually, we only need modify two places in the numerical scheme (10):
(i) adding % /, r W (v —Vva) ds in the right side of (10); (ii) replacing solution spaces X;, by
Xin=XiN{vin € H(2); vinlk € Pr(K),K € b with X; = H'(£2;), and searching u;, € X,
with w9 r = Jingi, here J;, are standard interpolation operator associated with n,i. The

analysis in the following two theorems is nearly same for this non-homogeneous case.
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We can also equivalently rewrite this scheme as: Find uj, € X}, satisfying

8 1 1
a(wy, vy) + E([uh], Vi) - + E([Vvuh -nl, [vi]) . = (£, vi) + E(gfvh), Vv, € Xp.  (11)
In the remaining part of this section, we will focus on deriving the optimal error esti-

mates for the coupled Algorithm 1. Actually, Theorem 1 and Theorem 2 will provide the

error estimates of the numerical solutions in H' norm and L? norm, respectively.
Theorem 1 Let u be the solution of the variational formulation (8) and wy, be the finite
element solution deduced by Algorithm 1. Under the hypothesis that u € X N H**(2), the
following estimate holds:

lu — w0 < CHE. (12)
Proof For convenience, we separate the errors into two parts,

u; — iy = (u; — yug) + (T — ugp) == ¢ + Oih, i=1,2.
Then by denoting @ = (¢1,¢,), @" = (Glh, Gé‘), we obviously have

u-u, =0 + o,

Subtracting (11) from (8) gives the error equations as

a(a—uy,vy) + %([u—uh], [Vh])r + %([VV(u—uh) . n], [Vh])r =0, VvyeX, (13)

Then taking v, = ®" in (13) it follows

a(0",6") + (0", [0"), + 5 ([(+5&" -n}[6"]),
- ~a(0,6") = [#1[6"]) . - 5 ((vW(@) -n],[6"]) .. (19

Using the inverse inequality (9), the Holder inequality and denoting two positive con-
stants

= ) ’ in = inf ’ ’
Vmax xegsll'l})eﬂz { V1 (X) V2 (Y) } Vmin xe(lel,lyeﬂz { V1 (X) V2 (Y) }

we can derive the following estimates for (14):

S([pve'-n}[6"), < [ve'-a]l (6],

= G2 [0V O" | [[0]]]

2
< L IVaver |2 Sn o)

2
r

(15)

1
a(,0") < Ve o[ VO" |, < 2 [VIVO" g+ vnax IVDIS, (16)
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2((01[0"), = 2J1@1] [l = =[] + = | 121 17)
h ’ r—p r r'—=op rt 2% ’
1
5([vV(<’>) -n],[0"]) . < |wVe-nl| .[[0"]]
< G0V ollo|[0"]]
max Clznv max
3 2 | [0 a8)

Then combining (14) with (15)—(18), and applying the trace inequality A1, we can obtain

1 1) 4CmVme
N R e ICH
Vmax 5C max C r5
=Vl + h||[a>]||i_ °” Sl + == (12 lolllh), (19)

here Cj is defined as a constant associated with the equivalence of two norms on £2,
namely, [[V()llo < Coll - 1.
From (19), we can see that if selecting § > 4C2_vpax, by interpolation inequality A2

nv

i 1
v h|2 < L [VIver|:

5COVmax E:tr(S

=—, i+ ==(1®llel)
5C x =

< (“T”‘“ ¥ ctr5> Cull?, o, (20)

which yields
5Co vmax . 2Cu )
HV@hHO_( . —ta) Crllullin,eh*. (21)

Vmin Vmin

Due to the triangle inequality and the interpolation inequality A2, we finally arrive at

[V-w)|, <[ VO"|,+IVPIo < CH', (22)
with
5Co max  2Ce \ '
C= |:1 + (_O:)) —+ v lt 8) ]C1||u||k+1,:2~ (23)

Noting that in the estimate (22), § appears in C, the right side of (22), this parameter §
cannot be too large to ensure a good approximation result. Compared with the term before

§ in C, we can select

5Cyv
4Cvamax <= max{ L 4C12nvvmax} (24)
4Ctr

The proof is completed. O

Page 6 of 13
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Remark 2 For the stabilization parameter § selected above, we always have C < [1 +

(5Co ‘f‘#)l/z]C]IIquH,g, which is independent of the mesh size 4.
In the end, we present the error estimate in L2(£2;) for the coupled scheme.
Theorem 2 Let u be the solution of the variational formulation (8) and wy, be the finite

element solution deduced by Algorithm 1. Assuming that u € X N H**'($2), we have the

following estimate:
llu = wyllo < CH*1. (25)

Proof Firstly we construct a dual problem of (3) as follows:

-V -(WVz) =u;—up, in$2;,i=1,2, (26)
z;=0, ond\ T, (27)
z1—-2,=0, onlrl, (28)
ny-viVzy +ny-vVzo=r, onl. (29)

Choosing r = 0, we have

8
fu-wif = atzu-w)+ . [ lzlla-wlds
r
1
——/ [vVz - n][u-w,]ds. (30)
2Jr
Thanks to (13), we know that

1)
||u—uh||% =a(z-Iz,u—-uy) + 7 / [z - Iz][a—w,] ds
r

1 1
- 5([vV(u —-uy) - n], [Ihz])r ) /I:[sz -n][u-w,]ds. (31)

Noting that [[;z] = 0,[vVz - n] = 0 on I', by the Holder inequality, the trace inequality
Al and the interpolation inequalities A2, we can obtain that

B
la—w,ll§ = a(z-liz,u-w,) + 7 / [z - Iyz][u—w,] ds
r

Cé
<C|V@e-L2)|,|Va-u)|,+ 12 = Bzl 2y o = will 2y

1/2

< Chlzll» | V(a—wp) |, + Con"?||zll2 ]l - wyl|§” | V(@ —wp) |, " (32)

Since the domain and the interface are both convex, we can derive from (26) that, while
r=0,

lzll2 = Cllu—wyllo.

Page 7 of 13
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Then we arrive at

2
llu—wllg

1/2

< Chllu—wlo] Vu-w) ||, + Coh"?|ju—w, 13| V(a-w)],

< V(- wp[} + 5 u-wi? (33)
which immediately yields
lu—wylo < CH**1.
The proof is completed. g

5 Numerical tests

In this section, several numerical examples are carried out to illustrate our theoretical
results. We select the stabilization parameter § = 1.0 in the first three testing examples, and
8 = 0.1 in the last case. The code is implemented and executed using the software package
FreeFEM++ [28]. The linear solver UMFPACK is used for solving linear equations of the
resulting system discretized by the finite element method for (10).

Example 1 Firstly we consider a stationary heat conduction problem in a single solving
domain £2 = [0, 1] x [0, 2] with analytic solution as follows:

U= (2 -7 sin(nx)) (1 -y - cos(ny)).

By introducing a straight internal boundary I" = (0, 1) x {1}, we divide the domain 2 into
two subdomains £2; = [0,1] x [0,1] and £2; = [0,1] x [1,2]. In this example g = 0 in (3),
V1 = vy, and the right hand sides f; and other boundary conditions are derived from the
exact solution. To this end, we can say that the present algorithm can be regarded as a
special domain decomposition method for this problem.

A sequence of uniform triangular meshes are generated by aligning with the interface
I'". Based on these meshes, the H' and L? errors for numerical solutions by the present
method are reported in Table 1 with P; (k = 1, linear) and P, (k = 2, quadratic) elements.
From this table and the plotted convergence results in Fig. 2, the numerical orders of k
and k + 1 respectively in the sense of H' and L? norms are observed clearly.

Noting that in general, #; — u; = ¥ is usually not zero. However, in the non-zero case,
we only need to add another additional term in the right hand side related to v, which
will not obviously affect our analysis since 1 is some prescribed function. To this end, we
follow [29] in the next three examples to carry out our testings to verify theoretical results.
For simplicity, we only consider the P; element hereafter.

Example 2 Now we consider a circular interface problem. The domain £2; consists of a
circle with its center at the origin and a radius of 0.5. Let £2 = [-1,1] x [-1,1] and §2; = 2\
§21. The coefficients v; for different domains §2; are chosen as v; = 10, v, = 1, respectively.
The analytical solution is chosen as

u; =10 - 2% — 2, uy = sin(mwx) sin(wy).
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Table 1 Convergence order with respect to h of the stabilized method for Example 1 with Py and P>

elements
lu—unllo Order (h) llu—unll Order (h)
h(P1)
%6 1.04210e-1 - 2.70631 -
;7 2.68904e-2 1.954 1.36429 0.988
% 6.79800e-3 1.984 0683551 0.997
% 1.70751e-3 1.993 0.341947 0.999
h(Po)
% 3.10623e-2 - 0.823449 -
%6 4.63642e-3 2.744 0.209248 1976
% 6.1543%-4 2913 0.0522218 2.002
61_4 7.83590e-5 2973 0.0130404 2.002
1 ——— 0
0 — ——
1o — 2|
2|
af
= M =
8l g
6L 8r
7t P —o—lu—wlln | - —S—[ju—wllon
_-7 ——lu—wllio 10| i ——lu—wlla |
8 -~ — — second order | | - — — third order
first order second order
-9 L -12
-5 4.5 -4 3.5 -3 -2.5 -5 -4.5 -4 -35 -3 2.5
log(h) log(h)
Figure 2 Plots of orders of convergence for Example 1. Left: Py elements; Right: P, elements
Table 2 Convergence order with respect to h of the stabilized method for Example 2
h [lu—upllo Order (h) [lu—upll Order (h)
% 6.02324e-2 6.43806e-1 -
3% 1.64189%-2 1.885 3.22031e-1 1.005
% 4.16997e-3 1.996 1.62769%e-1 0.994
% 1.14220e-3 1.861 8.15625e-2 0.993
21% 3.02782e-4 1.904 4.07209e-2 0.996

The numerical results of the stabilized method are listed in Table 2, the computed orders

of convergence are plotted in Fig. 3. As /1 decreases, it is easy to see that the numerical

convergence orders are very close to 2 in L*> norm and 1 in H' norm, respectively. These

numerical results are consistent with our theoretical ones as proved in Theorem 1 and

Theorem 2.

Example 3 In this example, we select £2 = [0,1] x [0,1] and £2; = [0.2,0.8] x [0.2,0.8]
with §2; = 2 \ £2;. The coefficient functions v; and the analytic solutions #; in different

subdomains are chosen as the following bounded functions:

v =1,

uy =5+5(x +°%),

vy = 2 + sin(x + y);

uy = x> + 9% + sin(x + ).
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Figure 3 Plots of orders of convergence for
Example 2 by P; elements

log(error)

—o—|lu—wljon

e flu—wlle |

— — second order
first order

55 5 45 4
log(h)

-3.5 -3 -2.5

Table 3 Convergence order with respect to h of the stabilized method for Example 3 with
coefficient functions

h [lu=usllo Order (h) [lu—upl Order (h)
%6 4.14523e-3 - 1.78752e-1 -

;7 8.37080e-4 2313 9.03064e-2 0.987

63—4 1.91750e-4 2114 441597e-2 1.026
% 4.17206e-5 2144 2.2235%-2 0.964
2]% 1.00927e-5 2.078 1.11664e-2 1.008

Figure 4 Plots of orders of convergence for
Example 3 by Py elements

log(error)

——||lu—wflon
——|lu— e | ]
— — second order

first order

5.5 5 45 -4

-35 -3 25

The approximate results are shown in Table 3, with successive mesh refinements, and also
plotted in Fig. 4. Obviously, the theoretical orders, i.e., O(k?) in L2 norm and O(k) in H*-

norm, respectively, are verified based on such P; elements, as provided in Theorem 1 and

Theorem 2.

Example 4 As the last testing case, we consider a problem on domain £2 = [0, 1]? with an

interface of flower petal, whose parametric form is given as (cf. Example 9 of Ref. [9]):

¥(0) = (a + beos(mb)) sin(n6) sin(6),

x(0) = (a + bcos(m@)) sin(n60) cos(0),

0 €1[0,2r].

Page 10 0of 13
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Table 4 Convergence order with respect to h of the stabilized method for Example 4 with
coefficient functions

h [lu—upllo Order (h) [lu—uplls Order (h) [lu—uplloco Order (h) CPU (s)

=+ 439386e-3 - 3.84330e-2 - 8.04136e-3 - 0725

;—2 1.25230e-3 1.870 1.85753e-2 1.083 2.49653e-3 1.742 1.609

6%1 2.30183e-4 2441 8.35445e-3 1.151 591155e-4 2076 7.721

% 6.05530e-5 1.923 4.01170e-3 1.057 1.45916e-4 2015 29335

7= 1.48867e-5 2008 1.95483e-3 1.029 348517e-5 2.050 99.845
Figure 5 Plots of orders of convergence for 2 ‘ ‘ ‘ ‘ ‘ ‘

Example 4 by P; elements

log(error)

- —o—|[|lu—wlon
Pis —¢—llu = w0
A2 - o= wllon|
— — second order

first order

-6 -5.5 -5 -45 -4 -35 -3 -25

Here we take @ = 0.50012563, b = 0.250012563, m = 0, and 7 = 10. The coefficient function
and the analytical solution are chosen as

1 = (xy +2)/5, vy = (¥% =% +3)/7;

up=x+y+1, Uy =sin(x + y) + cos(x +y) + 1.

For this testing case, the error in L2, H' and L™ norms and corresponding CPU time are
listed in Table 4. Meanwhile, the numerical orders of convergence with respect to decreas-
ing mesh size /1 are plotted in Fig. 5. We can observe how the optimal convergence results

emerge.

6 Conclusions

In this paper we have proposed a stabilized coupled algorithm for the elliptic interface
problem. The main contribution of the present work is the analysis of the optimal error
estimates for the present algorithm. Due to its simplicity of scheme construction, it can
be generalized to even higher-order accuracy schemes for more complicated interfaces
related to time and space. Several numerical experiments have also been conducted to
demonstrate the computational stability and effectiveness of the present algorithm. In the
next step we will be concerned with some moving interface problems for more compli-

cated fluid models.
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