He and Bi Advances in Difference Equations (2019) 2019:415 ® Advances in Difference Equations
https://doi.org/10.1186/513662-019-2317-8 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Existence and iteration of positive solution
for fractional integral boundary value
problems with p-Laplacian operator

Ying He'" and Bo Bi'

“Correspondence:

heying65332015@163.com Abstract

'School of Mathematics and . . . . .

Statistics. Northeast Petroleumn This paper is concerned with an integral boundary value problem of fractional
University, Daging, PR. China differential equations with p-Laplacian operator. Sufficient conditions ensuring the

existence of extremal solutions for the given problem are obtained. Our results are
based on the method of upper and lower solutions and monotone iterative
technique.

MSC: 34B15

Keywords: Monotone iterative; p-Laplacian operator; Integral boundary value
problem; Upper and lower solutions

1 Introduction
This paper studies the existence of extremal solutions for the boundary value problem of

a fractional p-Laplacian equation with the following form:

—D% (¢p(-D7u(2))) = h(t, u(t),D7u(t)), O<t<l,

D™ u(0) =0,

D7 (¢p(-D* u(1))) (1.1)
= Ik(0, $y(=D" () + d = 155 [y 0 = 5)" "'k(s, ¢ (D" u(s)) ds + d,

u(0) =0, D™ 1y(1) = Ieu(g“) te= m fo (¢ =8 tuls)ds +e,

where D' and D° are the standard Riemann-Liouville fractional derivatives, I, I¢ are
the Riemann-Liouville fractional integral,and 1 <o, 7 <2,y,6¢>1,0<0,¢( <1,d,e€R,
heC([0,1] xR xR, R), k € C([0, 1] x R,R). The p-Laplacian operator is defined as ¢, (¢) =
|t1P2¢, p > 1, and (¢,) ! = ¢y, }g + é =1.

Recently, much attention has been paid to the study of the existence of extremal solu-
tions, for fractional differential equations with corresponding initial or boundary condi-
tions; see [1-9]. The monotone iterative technique, combined with the method of upper
and lower solutions, provides an effective mechanism to prove constructive existence re-
sults for nonlinear differential equations, the advantage and importance of the technique
needs no special emphasis [10, 11]. By using the monotone iterative technique, Ahmad
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[12] and Alsaedi [13] successfully investigated initial value problems for nonlinear frac-
tional differential equations with fractional derivatives. Han [14] considered the existence
of positive solutions for the following problem:

DP(¢p(Du(®)) = Af (u(t)), 0<t<1,
u(0)=u'(0)=u'(1)=0,  ¢,(D*u(0)) = (¢,(D*u(1)))" =0,

where 2 < ¢ < 3, 1 < 8 <2 are real numbers, A > 0 is a parameter, and f : (0, +00) —
(0, +00) is continuous. By using the properties of Green function and the Guo—Krasno-
sel’skii fixed-point theorem on cones, several existence results of at least one or two posi-
tive solutions in terms of different eigenvalue interval are obtained. By means of the mono-
tone iterative method, Wang [15] investigated the fractional integral boundary problem

CD%u(t) =f(t,ut),u@®), n<a<n+l,n>2,tel0,1],
' (0)=u"(0)=u"(0)=---=u"(0) =0,
u(0) = [, g(s,uls)) ds + A,

where X > 0, and f, g are continuous functions. However, the existence results in [10]
mainly depend upon a restrictive condition, i.e.,

ft,u,v)>f(tuv).

It is a critical condition in order to discuss the monotone iterative sequences. Therefore,
it is natural to ask whether similar results can be obtained if

S (&u(2), D" u(t)) — f (£, v(£), D*v(t)) < L[¢pp(—-D"v(t)) — ¢ (D u(2))].

Being directly inspired by Wang [15], the purpose of this paper is to study the nonlin-
ear integral boundary value problem for p-Laplacian differential equations. The nonlinear
terms /1, k are not required to satisfy monotonicity conditions on the unknown function u
or their derivatives. The monotone iterative technique combined with the method of up-
per and lower solutions is applied. In particular, we construct two well-defined monotone
iterative sequences of upper and lower solutions and prove that they converge uniformly
to the actual solution of the problem.

2 Preliminaries

In this section, we deduce some preliminary results which will be used in the next section.
Denote C.[0,1] = {u : u € C[0,1],D"u(t) € C[0,1]} and endow it with the norm

luele = llwll + D72, where ]l = maxoi=1 |4(6)] and |D7u|| = maxo=s=1 [D*u(t)]. Then

(C:[0,1], || - ll;) is a Banach space (see [16]).

Definition 2.1 A function u(t) € C;[0, 1] satistying D°(¢,(—D u(t))) € C[0,1] is called a
lower solution of problem (1.1) if

D% (¢p(=D7u(t))) < h(t,u(t),Du(t)), 0<t<1,
D™u(0) =0, D (¢p(-D u(1))) < I"k(6, ¢,(~D" u(0))) + d,
u(0) =0, D™ lu(1) <I€u(Z) +e.
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A function v(t) € C;[0, 1] satisfying D°(¢,(—D"v(£))) € C[0, 1] is called an upper solution
of problem (1.1) if the above inequalities are reversed.

For the sake of convenience, we now present some assumptions as follows.

(Hi) Assume that ug,vp € C;[0,1] satisfying D (¢,(—D"uo())), D°(¢,(—Dvo(t))) €
C[0,1] are lower and upper solutions of problem (1.1), respectively, and uy(t) <
vo(£), D vo(t) < D uy(2), t € [0,1].

(Hy) There exists a constant L € R such that

h(t,u(6), D u(t)) — h(t,v(t), D" W) < L[¢,(-D*v(¥)) - ¢p(-D" u(2))],

for uo(t) < u(t) < v(t) < vo(t), Dvo(t) < D™v(¢t) < D"u(t) < D uo(t), t € [0,1].
(H3) There exists a constant u > 0, such that

k(t’ bp (—D’v(t))) ~k(t, ¢p(_DT”(t))) z /‘“[‘l’p(_DT"(t)) - ¢p(_DT”(t))]’

for uo(2) < u(t) < v(t) < vo(t), D'vo(t) < D*v(t) < D™u(t) < DTuo(2), t € [0, 1].
(Hy) T'(o +y)>upor-1
(Hs) 20 (o + y)IL| < T'(0)[I (0 +y) — p67*7 7]
(He) Forany ¢ € (0,1), we have

Ir'-o)°L>1-o0o
and
r2-o)ub” <r(y).

Lemma 2.1 ([17]) Let f(t) € C[0,1], a € R, and I'(0 + y) # n6°*’~1, then the fractional
boundary value problem

_DPw(t) =f(1), telo],
w(0) =0, (2.1)
D w(l) = ul" w(0) + a = ﬁy) fg(@ — )" 'w(s)ds + a,

is equivalent to

al' (o +y)t°!
L) (o +y)—puootr-1]’

1
W(t)=/ J(t,s)f (s)ds +
0

where
[F(o+y)— @ -s)7r 17t
—[I(o +y)—pub (-5, $<ts<6;
1
J(t,s) = A (o +y)to =@ —s)°r-1e1, t<s<6;
Fo+y)[t7 = (-5 +po" Ht-5)", §<s<t
Io+y)’, s>1s>0,

and A =T'(0)[I'(o +y) — uo°* 1.
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Lemma 2.2 ([17]) If (H4) holds, then the Green’s function J (t,s) satisfies

I'oc+y)
(@) (o +y)—poorr-]

0=/(ts) < = (1+0770).

Lemma 2.3 Let L, a € R, w(t), f(t) € C[0,1] and (Ha), (Hs) hold, then the boundary value
problem

=Dw(t) + Lw(t) = f(t), te€][0,1],
w(0) =0, (2.2)
D lw(1) = uI” w(6) + a,

has a unique solution w(t) € C[0, 1].

Proof It follows from Lemma 2.1 that problem (2.2) is equivalent to the following integral

equation:
e al'(o +y)t°!
w(t) = /0 ](t,s)[f(s) —Lw(s)] ds + T 7)1’ vVt € [0,1].
Let
1 Ia o-1
ant) = [ 16,9070~ w9 s+ 0 I e o)

For any u,w € CI[0, 1], by (H4) and Lemma 2.2, we have

[[Au — Aw||

012515)(1|Au(t) - Aw(t)|

1
max (/ Tt 9)\L - |u—w|ds)
o=t=1\ Jo

ILIT (o + )l —w] -
= o) (o ) — o] s 1+ 67)
2I' (o + y)|lu—wll|L]
T (o) (0 +y)—upo+r-1]’

IA

20 (o+y)IL|

T 17)-657T] < 1, we have

Noting that (Hs) holds, which implies r(
lAu — Aw|| < ||z — w]|.

By the Banach fixed point theorem, the operator A has a unique fixed point. That is, (2.2)

has a unique solution. d

Lemma 2.4 Assumethat z(t) € C[0,1], k € R. Then the fractional boundary value problem

—D'u(t)=z(t), O<t<l,

(2.3)
u(0) =0, D™ y(1) =k,
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is equivalent to

k™!
u(t) —/ H(t,s)z(s)ds + ——
r()’
where
(-5, 0<s<t<l,
H(t,s) =

AR 0<t<s<l.
Proof We can transform the equation —D*v(¢) = z(£) to an equivalent integral equation
u(t) = —I"z(t) + C1t7L + Cot™ 2.
Note that #(0) = 0, we have C; = 0. Consequently, we have the following form:
u(t) = —I"z(t) + Cyt™ !
and

D™ lu(t) = =D z(t) + DT

= I V() + DT

= _/tz(s)ds+C1F(r).
0

On the other hand D*~'u(1) = k, and we obtain

)/ Z(s)ds+ m (24)
Therefore, the solution of problem (2.3) is
£ 1 1 ktr—l
— 7-1
u(t) = F( )/(t s) 7 z(s) ds + (T)./o Z(S)dS+F(r)

-1

:/ H(t,s)z(s)ds+kt 0
0

r'(r)’
Lemma 2.5 Assume that k,a € R, u(t) € C;[0,1], f(¢) € C[0,1] and (Ha4), (Hs) hold. Then

the boundary value problem

-D°(¢p,(-D*u(t))) + Lop,(-Du(t)) =f(£), 0<t<]1,
D'u(0)=0,  D7Ng,(~DFu(1) = ul” $,(~D"u(®)) + . (2:5)
u(0) =0, D™ lu(1) = k,

has a unique solution u(t).
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Proof Let ¢,(—D" u(t)) = w(t), and consider the boundary value problem:

=Dw(t) + Lw(t) =f(t), O0<t<],

(2.6)
w(0) =0, D w(1) = uI” w(B) + a.

From Lemma 2.3, we know that (2.6) has a unique solution w(t) € C[0,1]. Note that
¢p (=D u(t)) = w(t) € C[0,1], and —D"u(t) = ¢p,(w(t)) € C[0,1]. Then the problem (2.5) is

transformed into to the following problem:

-DTu(t) = p;(w(?)), O0<t<l,
u(0) =0, D™ u(1) = k.

By Lemma 2.4, the solution of (2.7) can be written

ket 1
rr)

1
u(t) = /0 H(t,8)pq (w(s)) ds +

Combining with (2.6) and (2.7), we assert that the boundary problem (2.5) has a unique
solution u(t). O

Lemma 2.6 ([18, Lemma 2.6]) Assume that (He) holds, w(t) € C[0, 1], satisfying D° w(t) €
C[0,1] and

-D°w(t) > -Lw(t), te[0,1],
w(0) =0, (2.8)
D w(1) > wl¥ w(B),

then w(t) > 0, Vt € [0, 1].
Lemma 2.7 Ifu(t) € C[0, 1] satisfies

-D'u(t)>0, O0<t<l,
u(0) = 0, (2.9)
D™ ly(1) > 0,

then u(t) > 0, Vt € [0,1].

Proof By Lemma 2.4, we know that (2.3) has a unique solution

-1

1
u(t) :/0 H(t,s)z(s)ds + /;f(f).

It is easy to verify that the Green’s function H(t,s) > 0, t, s € [0, 1]. Let z(¢) > 0 and k > 0.
Then we obtain (2.9) and u(¢) > 0, Vt € [0, 1]. O
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3 Main results
Theorem 3.1 Suppose that (Hy)—(Hg) hold. Then problem (1.1) has extremal solution
u*,v* € [ug, ). Moreover,
uo(t) < u*(t) <v*(t) < wo(t)
and
D vy(t) < D'V*(t) < D'u*(t) < D uo(t), Vtel0,1].

Proof Forn=0,1,2,..., we define

-D° (¢p(_DT Un1(£)))
= h(t, u,(£), D u,(t)) - L[(bp(—Dt Un1(t)) - (pp(_DZ u,(£))],
Dtun+1(0) =0,

(3.1)
Da_l(¢p(_Drun+l(1)))
=1"{k(0, ¢p(_Drun(9))) + ,U«[¢p(—DTMn+1(9)) - d’p(_Drun(e))]} +d,
un+1(0) =0, Dt_lunJrl(l) = Ieun(;) +e,
and
-D° (¢p(_DTVn+1(t)))
= h(tx Vn(t): Drvn(t)) - L[({bp(_Drvml(t)) - ¢p(_DTVVl(t))]’
DTV}’I+1(0) =0,
(3.2)

D071(¢p(_DTVn+1(1)))
=1"{k(0, ¢p(_DTVn(9))) + M[¢p(_DTVn+1(9)) - ¢p(_DTVn(8))]} +d,
VVI+1(0) =0, DT_IVVH](I) = Iel/,,,({) +é€.

In view of Lemma 2.5, the functions #; and v; are well defined. First, we show that
up(t) < ui(t) < vi(t) < vo(t), and D'vo(t) < D*vi(t) < D uy(t) < DTuy(t), t € [0,1]. Let
8(t) = ¢p(—D"u1(t)) — pp(—D" up(t)). From (3.1) and (H;), we obtain

~D75(t) = h(t, uo(t), D uo(t)) ~ L[y (D u1(£)) ~ ¢ (=D u0(2)) ]

= h(t, uo(£), D" uo(2))

> —L&(¢t).
Also §(0) =0 and

D7715(1) = D77 (¢, (-D u1(1))) — D77 (¢, (D7 (1))
= 17 (K(6,0p (-D"uo(®))) + [y (~D"11(6)) ~ 6, (~D" o))}
—I"k(0, ¢ (-D"u0(0)))
> ul”8(0).
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In view of Lemma 2.6, we have ¢,(—D"u,(t)) > ¢,(—D uo(t)), t € [0, 1], since ¢, (x) is non-

decreasing, thus
D uy(t) < D uy(2). (3.3)
Let a () = uq(£) — up(2), it follows from (3.1) and (3.3) that

—D%a(t) = —D%u;(t) + D ug(t) >0, te]l0,1],
a(0) =0,
D a(1) =D" uy (1) - D™ ug(1) = I€uo(g) — IFuo(£) = 0.

According to Lemma 2.7, we have u; () > uo(t), Vt € [0,1].
By a similar way, we can show that vo(t) > v1(¢), and D" vy(t) < D*v1(t). Now, we put
p(t) = ¢p(=D7v1(t)) — ¢p (=D u1(¢)). From (Hy) and (H3), we have

~Dp(t) = h(t,vo(£), D" vo(8)) = L[¢p (=D v1(£)) = ¢pp(=D"vo(2))]
—h(t,uo(£), D" uo(t)) + L[¢p(~D" u1(£)) = ¢pp(~D" uo (1)) ]
> —L[(#y(-D"vo(8)) = &y (=D uto(6))] = L[ & (-D"v1(8)) = ¢ (-Dvo(0))]
+L[¢y(-D"111(9)) = ¢y (-D"uo(1))]
= —Lp(t),

also p(0) =0, and

D77 'p(1) = I" {k(0, ¢, (D v0(0))) + 11, (~D v1(6)) — ¢ (-D"vo(0)) ] }
= 17 {k(6,0p(~D" uo(®))) + [y (~D11(6)) ~ 6, (~D" o)
= I {19 (-D"v0(6) = 6, (-D"uo(®))]
+ W[ (=D"11(0) = ¢, (-D"vo(6))]
= 10p(=D"1:(0)) = ¢ (=D o 0))]}

= ul"p(0).

In view of Lemma 2.6, we have p(t) > 0, V¢t € [0,1]. Thus we have ¢,(-D"v;(¢))
¢p(—~D7uy(2)), that is, D*v;(t) < D*u,(t), since ¢, is nondecreasing. Therefore D" vy(t)
D™ () < D uy(t) < D' uy(t) Vt € [0,1] holds.

Let 6(£) = v1(£) — u1(¢). From (H;), we have

=
=

~D™0(t) = ~D vy (t) + D uy (£) = 0,
0(0)=0,  D'0(1) =D v (1) - D" uy (1) = Iwo(¢) ~ Iuo(¢) = 0.

Moreover, we get vi(£) > u;(t), from Lemma 2.7. Hence, we have the relation u(¢) <
u1(t) <vi(t) <wo(t), Ve € [0,1].

Page 8 of 15
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In the following, we show that u; (¢), v (¢) are lower and upper solutions of problem (1.1),
respectively. From (3.1)—(3.2) and (H,), (Hs), one gets
=D (¢p(=D"ur(2))) = h(t, uo(£), D" uo(t)) — h(t, ur(¢), D" ur(¢)) + h(t, u1(2), D71 (2))

=~ L[¢p(-D"u(1)) = ¢, (-D"uo(1))]

= L[¢p(-D"1(0)) - ¢ (-D"0(0))]
~L[$p(-D"u1(8)) = &y (=D uo(1))]
+ h(t, u1(2), D up (1))

= h(t,u1(£), D u1 (1)).

Also D™ 141(0) = 0, u1(0) =0, and

D7 (4 (~D" 10 (1)) = I {K(0, 8y (~D" () ~ k(6,9 (~D"11(6)))
+k(6, dp(=D"u1(9)))
+ [y (~D7u1(0)) — ¢p(-D o (0)) ]} +d
= {n[dp(-D"uo(0)) - ¢, (-D"11(0))]
+ 18y (=D"141(0)) = &y (=D 110 (6))
+k(0,¢p(~-D7u1(0)))} +d
=I"k(0,¢,(~-D u1(6))) +d,
D™ uy(1) = IFup() + e < IFus (¢) + e
This proves that u; (t) is a lower solution of the problem (1.1). Similarly, we find that v, (£)

is an upper solution of (1.1).
Using mathematical induction, we see that

up(t) <ur(f) < <uy(t) < <vu(8) < -+ < i) < wo(t)

and

D'vo(t) <D'vi(t) <--- <D'v,(t) <--- <D uy(t) <--- <D uy(t) < D up(2),

forte[0,1]and n=1,2,3,....

Since the space of solutions is C;[0,1], the sequences {u,} and {v,} are uniformly
bounded and equi-continuous. The Arzela—Ascoli theorem guarantees that they are rel-
atively compact sets in the space C,[0, 1]. Therefore, {u,} and {v,} converge, say to u*(t)
and v*(¢), uniformly on [0, 1], respectively. That is,

lim u,(t) = u*(¢), lim v, () = v*(¢),

n—00 n— 00

and

lim D u,(t) = D u*(¢t), lim D™v,(t) = D" v*(¢),

n—00 n—00

Page 9 of 15
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uniformly on ¢ € [0,1]. Moreover, from (3.1) and (3.2), we find that u#*(¢) and v*(¢) are
solutions of problem of (1.1).

Finally, we prove that u*(£), v*(¢) are the minimal and maximal solutions of problem
(1.1), respectively. Let u(£) € [uo, Vo] be any solution of the problem (1.1). We suppose
that u,(¢) < u(t) < v,(t), D'v,(t) < D'u(t) < D"u,(t) Vt € [0,1] for some n. Let y(t) =
Op (=D u(t)) — Pp(—D" 111 (1)), %(t) = @p(—D"vy1(t)) — Pp(—~D7u(t)). Then, by assumptions
(H,) and (H3), we see that

~D%y(t) = h(t, u(t), D u(t)) — h(t, un(£), D" u,(t))
+ L[¢p(-D tni1(8)) = ¢p (=D uu(0)) ]

> ~L[g,(~D"u(t) - ¢ (~D 1 1)
+ L[ (=D th11(2)) = (=D un(t)) ]

= _Ly(t);

also ¥(0) = 0, and

D7 y(1) = I'k(0, ¢ (-D u(9))) = I {k(0, ¢ (~D ()
+ 1y (=D 111(0)) ~ by (=D u(8)) ]}
= 17 {k(0, 0y (-D"(6))) ~ (6, 6y (~D"4,(9)))
— [ @ (=D" 1n11(8)) — ¢ (~D" un(6)) ]}
= ([ (D7) ~ 6y (-, 6))]
~ [ @ (~D" 111(8)) — ¢ (~D" un(6)) ]}

=l y(0).
On the other hand

-D%x(t) = —Lx(t),
x(0) =0,
D 1x(1) > ul” x(8).

Using Lemma 2.6, we have
D1 (8) = D u(t) < D"t (2). (3.4)
Let m(t) = u(t) — up1(2), £(£) = vyu1(2) — u(t), by (3.4), we get
—D*m(t) = =D u(t) + D' u,,1(¢) >0, te[0,1],

m(0) =0,
D™ 'm(1) = D" u(1) = D" uyar (1) = Iu(s) = IFuy(¢) > 0,
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and

-D*&(t) >0, tel0,1],
";:(0) = 0!
D™ (1) > 0.

These results and Lemma 2.7 imply that u,,,1(£) < u(t) < v,;1(2), £ € [0,1], so by induction
uw*(t) < u(t) <v*(t), D'v*(t) < D'u(t) < Du*(t), t € [0, 1] by taking as » —> oo. The proof

is complete. O

4 Iteration procedure and a numerical example

In this section, a numerical procedure is introduced to obtain an appropriate solution of
(1.1). For a given accuracy §, we take u, and v, as §-accurate approximations of x and y,
respectively, according to the stopping criterion E(N) < §, where for each n, E(n) is defined
by

1
Em) = [lun(6) - v(0)], = /0 4 (£) = va(0) .

For the iteration equation (3.1), let ¢,(—D" u,.,1(£)) = %41, and with the boundary condi-
tions #,,,1(0) = 0, D" 'u,,1(1) = k, and by Lemma 2.4,

1
u(t) = %tr‘l + /o H(t,s)qbq(xml(s)) ds := Bx,.1(t), (4.1)
where k= I€u,(¢) + e = ﬁ fOC(C —8)u,(s)ds + e and

(-9, 0<s<t<l,
H(t,s) =
L 0<t<s<l.

Thus the iteration equation (3.1) can be rewritten as

—D% %1 = —LXpe1 + h(t, Bxy, —Pg%n) + LXy,
xn+1(0) =0, (42)
DGilerl(l))) =l %,,1(0) + a.

Applying Lemma 2.1 to (4.2), we obtain

al (o +vy)
L))o +y)—nootr-1]

o-1

KXn+l (t) =

1
+ / Tt 9)[~Lter (5) + ((5), Brn(s), ~g (10(5))) + Lta(9)] s, (43)
0
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where a = I"k(0,x,(0)) — ul”x,(0) + d, and

[[(o+y)— O -5 1!
— (o +y)— o7 -s)°", s<t,s<0;
J(t,s) = % T(o+y)to ™t — (@ —s)7r 1ol t<s<6;
Tlo+py)[tt=(t-5)°+up 7 Lt-5°"1, 6<s<g
(o +y)° L, s>ts>0,

A= F(a)[F(a +y)— u@‘”y‘l].

Discretize the interval [0,1] with the nodes t; = i, b = %, K = N. Let ugfﬂ R U (t),
€0~k (4), Hij) = H (ti,s), J (i, )) = J(ti,5;) and hY = h(S,,an(S,), —Pg(xu(s;))) + Lxu(s)).
Using the trapezoidal quadrature rule to approximate the integral in the right hand sides

of (4.3) and (4.1), we obtain the following linear systems of equations:

) al’(o +vy)
= - =N LG, j)d;
x}’H—l F(O_)[I—v(0+y) 9‘7+V 1] 120 ](l ]) xn+1
b K
+§Zl(i,j)djhg), 0<i<K, (4.4)
j=0
and
K
= Bx ; Z G )dibg(x7), 0<i<K, (4.5)
j=0

for the unknown x(nll, ”n+1' 0 <i < K, where {d}} are the coefficients in the rule, dy = dx =

1,di=2for0<i<K-1.

Setting J;; = 2J(i,j)d;, Hyj = 2H(i, j)d;, the matrix @ = (J;), A =1+ L®,and G = (H;) with
I the identity matrix. The systems (4.4) and (4.5) can be written as a system of matrix-
vector equations

- _ al(o+y) o1, P
AL n = T orpoperr 1St Ew
ﬁ B %
Uy = FIET)SG ! + G¢q( X n+l):
K), 77 0 1 K
where % 1 = [x0,&,,2%, U = [ui,jl,uiﬁ)l, Lu®), S = ltotr,..., tx]" and

<TGt

— .
F , is a column vector of its component F), = 5

Example 4.1 Consider the following fractional boundary value problem:

~DH(¢a(-D3u(t)) = ~ 574 (-D3u + tu, 0<t<1,
D3 u(0) =0,
D (¢a(~D3 u(1)))
-I%kg,m( Du(1)) +0.1
5 S G =9k s+ Dgs(-D
Diu(l) 3f0 1

(4.6)

3

D2 (s))) ds+0.1,

u#(0) =0, s)ds + 0.2,
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wherea:%,fz %,y:%,e:%,9:i,{:%,d:O.l,e:O.Z,p:ZL,and
3 3
h(t,u,D2u) = —m(—DZM)E‘ + tu,

k(t, ¢a(~D2u)) = (¢ + 1)pa(~D3 ).

Take uo(t) = L¢3, wo(t) = 267 — Y2 4 158ﬁt%’ then —1 < —t3 + ¢ = Divy(t) <
D3 uo(t) = 0. It is not difficult to verify that uy, vy are lower and upper solutions of problem

(4.6), respectively. So (H;) holds. In addition, we have

h(t, u(t), D3 u(t)) - h(t, W), D3 v(t))
1 rp3
gy

1 3 3
= m[(—m")3 - (-D%u)’]

< = [04(-D1v) ~4(-Du)] @)
and

K(t.94(-DH)) - k(6. 9u(-Du)

= (t+ 1)[¢s(-D?v) - ¢a (D3 u)] = ¢u(-D?v) — pu(-D3 ), (4.8)

where uo(t) < u(t) < v(t) < vo(t). Therefore (H,) and (H3) hold.
From (4.7) and (4.8), we have L = 1—16, i =1.Then

5 5 5 . 1\?
Fo+y)=r(2+2)=r(2)~132935pu0°1=1.(>) =0.125
1" 2 4

5\ 1
2l (c +y)|L|=2- F(E) ST 0.1662 < I'(0)[I"(0 + y) — n6 7]

O ()]

3
rQ-o)-t° L=r(2) ¢ —>1-0=-=,
4 16 4

3 1\4 5
rQ-o)ud” =r 2 -1- 2 ~0.2332<I'(y)=T 2 ~ 0.9064.
It appears that (Hs), (Hs) and (Hg) hold. By Theorem 3.1, the boundary value problem

(4.6) has extremal solutions in [u(2), vo(£)].

Applying the numerical scheme to Example 4.1, we obtain approximate solutions to u,
and v, for 1 <n < N, with N some integer. The graphs of to u, and v, forn =0,1,2,3,4, 34
are shown in Fig. 1. Computed error values E(#) are displayed in Table 1. We found that,
for § = 10719, it took N = 34 iterations for E(N) < §.
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U,V U Uy, V5
2 AD) 14 (G.1) 12 (©,12)
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:.; 1 0.8
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1 P o6 /
0.8 081 /-~
0.6 i 0.4/ / 0.4
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[, 0.2
02 0.2}
0° 0 (]
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
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0.6 0.6 / 0.6 /
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04} / 0.4 / 04}
0.3}/ 0.3 0.3}/
0.2 / 0.2 0.2
0.1] 01| 0.1}
‘ 0 0
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
Figure 1 Graph U, and V,,
Table1 E(n)=6n+4,n=0,1,2,3,4,5
n 4 10 16 22 28 34
E(n) 02448 32744e-05 23971e-07  19264e-09  15492e-10  1.2416e-11
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