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1 Introduction
Our aim in this article is to study the problem of existence of continuous solutions of the
following singular Hadamard fractional differential equation:

uDY v(t) + £ (6, v(6), D v(E),V () =0, a.e.te (L), (1)

together with either the functional integral boundary condition given by

¢'(§)
o(§)

W)=0,  ve)=vo+h /1 V() 2L g, @)

or the infinite-point boundary conditions given by

v1)=0,  we)=vo+r ) av(p(n)), 3)

j=1

where f : [1,e] x R* x R? is an I”-Carathéodory positive function, p > ﬁ, uD? is the
Hadamard fractional derivative of order §, and 1<y <2,0<8<1,1 <y -3 <2. The
constants a, A, and vy are nonnegative, the function ¢ : [1,e] — [1,e], ¢(£) < ¢ is continu-
ous and the singularity occurring in our problems is associated with v € C(1, e] at the left
endpoint £ = 1.
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Due to the fact that fractional-order models are more accurate than integer-order mod-
els (that is, there are more degrees of freedom in fractional-order models), the subject of
fractional differential equations has recently evolved into an interesting subject for many
researchers due to its multiple applications in economics, engineering, physics, chemistry,
mechanics. However, most of the results for fractional differential equations are concerned
with the Riemann-Liouville fractional derivative or the Caputo fractional derivative (see
for example Agarwal et al. [1], Akcan and Cetin [4], Bai and Qiu [5], Bai and Sun [6], Calle-
gari and Nachman [9], Chalishajar and Kumar [10], El-Saka et al. [11], El-Sayed et al. [12],
Kosmatov [19], Li and Zhang [21], Liu et al. [22], Qiao and Zhou [26], Qiu and Bai [27],
Rida et al. [28], Song et al. [30], Stanék [31], Tian and Chen [33].

In 1892, Hadamard introduced another kind of fractional derivatives, i.e., Hadamard-
type fractional differential equations, which differs from the preceding ones in the sense
that the kernel of the integral and derivative contain logarithmic function of arbitrary ex-
ponent, which is presented as a quite different kind of weakly singular kernel. Details and
properties of Hadamard fractional derivatives and integrals can be found in Kilbas et al.
[18], Butzer et al. [8], Gambo et al. [13]. Recently, there were some results on Hadamard-
type fractional differential equations; see Ahmad et al. [3], Ahmad and Ntouyas [2], Ben-
chohra et al. [7], Lyons and Neugebauer [24], Matar [25], Shammakh [29], Thiramanus et
al. [32], Yang [35], Zhang et al. [37], and the references cited therein.

The study of boundary value problems (BVPs) involving infinite-point BCs has become
attractive recently, many significant and interesting cases of BVPs of fractional order were
considered with infinite-point BCs by (for example) Gao and Han [14], Ge et al. [15], Guo
et al. [16], Hu and Zhang [17], Li et al. [20], Liu et al. [23], Zhang and Zhong [38] and
Zhang [39] (see also to the references cited therein). In the year 2016, Xu and Yang [34]
proposed a generalization of the PID controller and studied two kinds of fractional-order
differential equations arising in control theory together with the infinite-point boundary
conditions. Their results can describe the corresponding control system accurately and
also provide a platform for the understanding of our environment. However, investigations
on the infinite-point problems for differential equations of fractional or integer order have
gradually aroused people’s attentions and interests, but such investigations are still few.

Motivated by the above-mentioned developments and results, we consider the BVP
given by (1) and (3) or by (1) and (2). In each case, we determine sufficient conditions
on f guaranteeing that these problems has a continuous positive solution. We first find
the existence of positive solutions of the problem (1) subject to the multi-point boundary
conditions

v1)=0,  ve)=vo+r ) av(p(ny)). (4)

Jj=1

The main new features presented in this paper are as follows. First, the boundary value
problem has a more general form, in which f is not continuous, but only Carathéodory and
allowed to be singular at ¢ = 1. Second, the nonlocal boundary conditions of the unknown
function are more general cases, which include two-point, three-point, multi-point, infi-
nite point and integral boundary conditions, and some nonlocal problems as special cases.

Third, positive continuous solutions of problems (1), (3) or (1), (2) or (1), (4) are obtained.
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2 Preliminaries

1
Throughout the paper ||x||, = (fle |x(2)|P dt)? is the norm in L?[1,e], ||u||o = max{|u(t)|: ¢ €
[1, ]} be the norm in the space C[1, e] and AC[1, e] denote the space of absolute continuous

p

functions on [1, e]. We denoted by L; (1, e] the space of functions on [1, e] defined by

Lﬁc(l,e] = {V | vlie,a) € L?[c, d] for every compact interval [¢,d] C (1, €] }

We make the following assumptions:

(Hi) njee),j=12...,m1l<n <n<--<nyu<e a A, and vy are nonnegative,
1<y<2,0<d<landl<y-§<2.

(Hy) The function ¢ : [1,e] — [1,¢e], ¢(¢) < t is continuous.

(H3) f is LP-Carathéodory function on [1,e] x R* x R? i.e., for each (v1,v4,v3) € R* x R?,
the function f (-, v1,va,v3) : [1,e] — R is Lebesgue measurable and for each ¢ € [1, €],
the function f(¢,-,-,-) : R* x R?> — R is continuous.

(Hy) There exist p(t), q(¢),s(t) € LP[1,e] and r(f) € Lﬁm(l,e] with (log £)”~2r(t) € LP[1, €],

. 1
with p > pram such that

[f (t,v1,v2,v3)| < (O] + g(@)|va] + r(B)vs] +s(2),

a.e.t €[1,e],and all (v1,v,,v3) € R x R%. (5)

Definition 1 ([18]) The Hadamard fractional integral of order y for a functionv € L?[1,¢],
1 < p< o0, is defined as

t -1
H]”V(t):%y)/1 (logé)y @d@, y >0, (6)

provided the integral exists, where log(-) = log,(-).

Definition 2 ([18]) The Hadamard derivative of fractional order y for a function v :
[1,00) — R is defined as

1 d\" [t £\ (0)
HDyv(t):F(T—y)(t%) /;<10g5> ng’ n-1l<y<n. (7)

The relationship between fractional integration (6) and derivatives (7) is stated in the
next theorem [18].

Theorem 1 Lety >0,n— 1<y < n, then:
(d1) The Hadamard fractional differential equation wD? v(t) = 0 is valid if and only if

v(t) =) cillogt)’ ™,

i=1

where ¢; € R (i = 1,...,n) are arbitrary constants.
In particular, when 1 < y < 2, the relation yD" v(t) = 0 holds, if and only if

v(t) = c1(logt)” ™ + ca(logt)’ ™ forany ci,cy €R.
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(dp) The quality uDY wJ¥ v(t) = v(t) holds for every v € LP[1,e].
(ds) Letve C[1,00) NLP[1,00). The following formula holds:

W uDv(e) = (e) = Y ci(log ).

i=1

(da) W Pv(t) = W *Pu(t), B > 0.

(ds) W' (log )~ = 7B (log£)7~, 8 € (0, 1).

Our results in this article are based upon the Leray—Schauder continuation principle.

Theorem 2 (Leray—Schauder continuation principle; see e.g. [36]) Let X be a Banach
spaceand T : X — X be a compact map. Assume that there exists an D > 0 so that if v = ATv
for x €[0,1] then ||v||x <D. Thenv = Tv is solvable.

Lemma 1 Suppose that p € LP[1,e], p > ﬁ, 1<ti<tr < eand}g + % =1, then we have
L\ p(0) (logt)?\ 7

log — —do| < | —— , 8

fl<°g9) . ‘_( 2 )npnp ®)

AN () f 6\ 2 p0)
[ (o) - [ () a0
I NE v s
5(5) (<logt1)b—(logtz)b+<log§—j)) ||p||p+(5) <10g§—j> ol ©

where b = (y —2)q + 1.

Proof Using the Holder inequality with 1% + %1 =1, we get

t £\ 2 p(0) t £\ 24 g Lot :
log— ) =2db|< log — — o) do
/1<°g9) 6 “(f <°g9) 94) (f o) )
t t (V—Z)Qde %
< log = -
—(/1<°ge) 9) lolly
1
(logt)?\ 4
= (T ol
Using again the Holder inequality and the inequality (1 —y)? <1 -4, |y| < 1, we get
f2 B\ 2 p(o 2 a\" 2 p(o
/ log—2 ﬁde—/ log—l M61’6
1 0 0 1 0 0
t t y-2 t -2 0 ty £ y=2 0
5/ log—1 - log—2 Md@+/ log—2 Md@
1 0 0 0 t 0 %
5] t y-2 t y-2 ng é t }7
< log — —(log= — o) do
([ (() - (e3) ) 5) ([ oran)
ts B\ 4o N1 [ [ » 7
([ (ee5) ) ([ oran)
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2)q log 2\ 2\ dp :
1 1- —
([ () (-G ) E)
(y=2)g+1

| AN
((y 2)q+1> ("gE) o1y
(yv-2)q d
() )
( ) (log ) ol
1 £, \\ 7 1\7 £\ 4
=(5) ((1ogt1>”—(1ogt2>”+<logf>) ||p||p+<z> (1ogf> ol

Hence the inequality (9) holds forall 1 <#; <, <e. O

Lemma 2 Suppose that p € LP[1,e], p >3 7, then we see that

t t\V~ -2 0
/ (log 5) & do is continuous on [1,e].
1

Proof The result follows from the inequality (9), since 0 < b = (y — 2)q + 1 < 1, then as
t1 — t in (9), the left-hand side tends to 0. O

Lemma 3 Suppose that p € L?[1,e], then we have:
(i) Forte[l,e],

d [t t\" " p®) (-1 (1, t\" 2p(@)

(i) Let {px} C LP[1, €] be LP-convergent sequence and let limg_, oo px = p. Then

t tNY20.(0 ¢ Y200
klim (log 5) pr(0) do = / (log 5) M de.

Proof (i) We have by interchanging the order of integration

teos s\ 2 p(6) ds 1 t £\ pd)
ﬁQ@%)vwﬁﬁil®ﬁ‘—”

For t € [1, €], since [;(log £)"~> @ df is a continuous function by Lemma 2, by differenti-

ating both sides, the equality (10) follows.
(ii) Using the Holder inequality, we obtain

L e\ p(0) LN p(0)
ACH eiM%)—ﬂ
/t(log ) *1ok(0) - p(G)IdQ
: ) )
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([ ()2 ([1mr-sr )

- (logi ™ En < (2 %n ||
=\ -2g+1 Pk~ Pllp = b Pk — Plip-

Hence for ¢ € [1, e], we have
1
1\¢
< "N - ’
0_(b) lox = pllp

L\ pul0) ! p()
’/1 <log§) 2 de—/l <10g5> —d@

and the result follows. O

3 Existence of positive solutions of problem (1), (4)
For authors convenience, denote f, by

£0 =f (6, v(1), uD v(2),V (2)).

Lemma 4 Suppose that the condition (Hy) holds, then for f,(t) € L?[1,e] the boundary
value problem

uD"v(t) +£,(t) =0, a.e.te(l,e), (11)

subject to the multi-point boundary conditions

v(1) =0, vie) =vg + A Z ajv(d)(nj)), (12)

j=1

has a unique solution v € AC[1, e] if and only if v is a solution of the integral equation

C Qoght fof e\'UA(0) Lt TAE)
”(t"<1—a)r<y>/1 (l"gE) T‘”‘Tmfl(k’g@) 5 v
Alogt) ! & () o)\ £,(0) vo(logt)”
_(1_0)1“(;/);“’/1 (log 0 ) o W,

e 1
:/1 G(teﬂ(e)de 3 Aallog )" / G(o(n), e)f % a0

e (1-0)
log )7
+ vo(logt) , (13)
l1-0
where
1 logt)'(log €)1 —(log £)r~1, 1<6<t<e,
G(t.0) = (log )"~ (log §)~" — (log 5) 14
I'(y) | (logty—(log £)r, 1<t<6<e,
and

o= AZa, logqﬁ(n, 7’1.
j=1

Page 6 of 26
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Proof Asdiscussed in [18], the solution of the Hadamard-type fractional differential equa-
tion (11) can be written as

t 1
v(t) = —% <log 9>V 10) do +c1(logt)” ™ + cy(log )" 2.

By using the BCs (12), we have ¢; = 0, then

1
)f ( )V 16 do + c1(logt)’~ (15)
In view of condition v(e) = vy + A Z;Zl ajv(¢p(n;)), we have
1 [ e\ " £(0)
_TJ/) (log 5) 5 do + ¢
()
‘“+A§:%[rmo/ (
and we get
1 1 [ e\ £ 6)
C1 = E[VO + Ty)/; (log 5) 9 do
I ET N Mm)ymw }
o | (e

Substituting in Eq. (15), we have the formula

_ (og)rtref e \'TUA(0) 1 [t £\ £ 06)
0= o ) (eg) F5h g [ (eg) e

A(logt)’ ! & o)/ p(n)\7 ™ 1fv(9) 1/o(logt)y‘1
T@-o)(y) @/‘ Og e) g Yt T,

)VV@)
0

@%wmrﬂ,

=1

Conversely, let v(£) be a solution of (13), we want to obtain (11) and (12). Now to obtain
Eq. (11), operating on both sides of (13) by 1/>7” (using (d4) and (d5)), we get

; logt [* 0) (100 £ )10
W2 () = (1_0)/ (10g0> d@ /1<log5>7d9

Mogt Z /M ( o(ny) )V‘lfv(e) 404 voI'(y)logt
0 1-0 '

Again operating by (t%)2 on both sides of the last equation, we obtain

a\’ ,
_ -y —
(t dt) W v(E) = —£(0),

that is,

uDY v(t) + f,(¢) = 0.

Page 7 of 26
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Now to check the conditions in (12) are satisfied, we can easy from (13) show that v(1) = 0.
Also to verify v(e) = vo + A Z;Zl a;jv(¢(n;)), and we have by a simple calculation using
Eq. (13)

y-1
W) — v = )/‘( > fv(9)

y-1
7j fv(9) oVy
- a)r(y)Z / (log 0 ) g Y1,

m e y-1 (0
» 2 a(0n) = u-fwfl (“’gg) i

= o)\~ 1fv(¢9)
) (o) 5

“ fv( aVy
T 1-o) () a)r<y) Z“’/ < > @+

1-0’
Jj=

and then we get v(e) = vo + A Z;Zl av(o(n))).

This complete the proof of the equivalent between the problem (11)—(12) and the inte-
gral equation (13).

Now to construct the function G(t, ), from the relation %U =1+ 1%, we have

1
[logey™ [¢( e\"L£0)
=[Sy [ (reg) e
Mlog 671 X7 alog gV ) ¢/ e\'Lf6)
' =01l () /1<1°g5) 0 ’w]

1 [t 6
“TO) 1<1°g5> 5 %

Alogt) ™t I\ [P By ”ﬁ(e) , Vollog)™!
1-o) () “’/ (10 9) 1-0

j=1

L afyoe) £\ 40)
_TV)/ |:(logt)y (log5> —<log5) :| 7 do

() e
. ()lu(locf)tl)j’(;) ” M [ log ¢ (1))” (log 9>H— <log @)H]
x@d@ % 105151);;) Xm:“’/¢,n/ log (1)) (log g)yl@ 40

=/16G(t,9)fvée)d0 Z%/ (o). Q)fv(e) 14)(11()%12”‘1'

j=1

Note that Lemma 3(i) guarantees that ff(log 5)7”1@ dé € C'1,e].

Page 8 of 26
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Therefore V' exists for a.e. ¢ € [1,e] and, on differentiating (13), we obtain

V() = do

(log £)7 2 e lon & A
{1-o)l(y-1) 1(°g5> o

=2 -2
£,0) vo(y — 1)(logt)”
T - 1)f< ) T

rlogt)? & $ny) ¢m)\"~ '£,0)
T -0 (y-1) IZ“/ (l 0 ) o 1o

and we have v/ € C(1, ¢] (cf. Lemma 2). Finally, we prove that v € AC[1,e].
For f,(¢) € LP[1, e], we have

/Ie]v’(t)\dt
© (logt)? e ”mwn )
A=)l (=D ¢ (/1 (“’ge)
t ”m(en t oy —1)(logt) 2 dt
P(y—l)/( (l"g@) 0 )t+/1 i-0) ¢
¢ Alogt)’?  dt ¢(n) o)\ 11,0)]
| Tore Dt 4 “ <l°g 0 > o v
1 e\ A0
:m“l"gé) o ¥
1 e e £\ 2de\ |f,(0)] Vo
+7r<y-1>/ (/ (“’ga) 7)7 Wiy
- 90y M)\ 1£0)]
o) & (e )
1 e e (V‘l)qde %
= (1—o)F(y)(/1 (Iog 5) ?) Vel
1 e e (V—l)ng % o
* r(y)(/l (l"g 5) ?) Vello+ 5

A " o) g\ de\ 7
*(1—a>r(y).z“’</1 (l°g 7 ) 7) Vely
Vo

2-0+r) " a
=< T |lfv||p+1 )
(1-0)l(y -Dg+1]7I(y) I

Ms

,_.

and we have

) 2-0+Ay 4
V] = R T
(1-0)(y -Dg+1]4I(y)

So v is an absolutely continuous function. Thus V' exists, for a.e. t € [1,¢]. O
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Lemma 5 The function G(t,0) defined by (14) satisfies the following properties:
(a) G(t,0)=>0,G(t,0) e C([1,e] x [1,e]) and G(1,0) = G(e,0) =0 for 0 € [1,e].
(b) max{G(t,0):(t,0) € [1,e] x [1,e]} = E, where E = ﬁw(i)y‘l.

Proof (a) It is clear that G is continuous on [1,e] x [1,e] and G(1,0) = G(e,0) =0 for 6 €

[1,e].
By definition of the function G, for all (¢,0) € [1,e] x [1,¢], if 6 <, it can be written as

-1 _1
oun- i (o) - 3)

-1
_ (logt)”1|:(1—10g9)”1—(1—10g9)y ]

r'(y) logt
> F(ly) (log t)V‘l[(l —logh) ' -(1- logé?)y‘l] =0.

Furthermore, we conclude that

y-1 A\ -1
conn- oo o34

(log ()" [ - log6) " - (1 - Togh) ] = 0.

=

1
I'(y)
If t <6, it is obvious that G(t,0) and G(¢(#;),6) > 0. Therefore, we can deduce that

G(t,0) >0 forall (£,0) € [1,e] x [1,e].

(b) Let L(¢,0) := ﬁy)(log )" (log £)7!, 1 <t <6 <e, then L(-,6) is non-decreasing

function on [1, e].
Let K(¢,0) := ﬁy)[(log )7 (log £) - (log £)*'],1 <6 <t <e.Then

OK(£,60) 1 5 e\’ £\
ot tF(y—l)[(logt)y (log5> _<log5> ]

~ 1 L e\’ logf\”
= L (GO G-l

(logt)”~2 [(1 —log#)" ' —(1-1log 9)"_2] <0,

1
< -
“tr(y-1)

which implies that K(-,6) is non-increasing, for all 6 € [1, ], hence, we obtain
K(t,0) <K(@6,0) foralll<f <t<e,

and we have

-1
maX{G(t,G) :(¢,0) €[1,e] x [1,e]} = %}Amax{(log@)”_1 (10g §>V :0 € [1,6]}

1 /1\"!
=-— (= -E.
F(V)<4) -

Page 10 of 26
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Lemma 6 Suppose that (H,), (Hs) hold, then we have

_5— e -1
(DPu(E) = (logt)y ! <10 g)y S(0) 40

1-0)(y-8 L 0

1 Lt \NTTHA0) vol (y)(log ) 5~
'r(y—a)fl<l°g5) o o -9

5 m #(nj) 1
_Myl)za‘fl " (l 2 )y fv(e)d@ ClLel.

j
1-0)(y-6 p= 0

Proof By applying Definition 2, Eq. (13), and Theorem 1(d4), (ds), we obtain

3 _ i 1-8
HD V(t) = (tdt>H] V(t)!
(AN s (ogtyrt el e\'T£(0)
- (t%>” ((1—o)r(y)/1 (“’gé) o
1 [t £\ £ 0) vo(log £)7 !
—Ty)‘/l‘ <10g§> 9 d9+71_g

logt)y1 “ () ¢(nj) fv(9)
>a (l 6 >

)’)]

(.4 (log£)7~? e e\ £ 6)
_<t%><(1—U)F(y—a+1) l(l(’g@) o v
y=4 -8
S(0) voI'(y)(logt)”
TTy- 5+1)/( ) 0 O oy —s+ D)
Mlogt)r~? “ ¢(n) o)\ £0)
‘(1—a)r<y—a+1>jzl“’/1 (log 6 ) v

_ (logt)r=-! e e\ ' £,6)
(1-0)I(y-9) 1(10 5) o %

Lt eNTTUAG) L el (y)(og ot
’F(y—a)/1<l°g5) o oy -9)

Alogt)r =1 & ¢<"ﬂ< $(n) )V 0
e . lo
-0y -0 45 “’/1 6 6

Hence yD%v(t) € C[1, e] (notice that flt(log 5)”“3‘1@ do € C[1,e]).
Consider the Banach space

V= {v € C[1,e] N C (€] : v(t) > 0, uD*v(t) € C[1, €] and

lir? (log£)*77V/(t) exists ] ,
t—>1*

(17)

with the weighted norm [[v]] = [Vllo + [D*V]lo + IV Il1, where [|V |1 = sup,c(; o [(log % x

V(D).

Page 11 of 26
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For v € V, we define a nonlinear operator N by
(NV)(8) = £ (£, v(8), uD’v(8),V(£)), t € [L,el.
From (Hy), we conclude that N : V — L? is well defined. In fact

NV, = [[f (& v(e), uD v(£), V' (0))

< lpvlp + gD, + '], + lIsll,

I,

< plpIvlo + liglly [uD’v|| o + || (log &) *r[, [V |, + Il

< 0. (18)

Letf, € [P[1,e], p > ﬁ for a.e. t € [1, €], then we have the following lemma.

Lemma 7 Suppose that the assumption (H;)—(Hs) hold. Then the functions (13), (16) and

(17) satisfy
Vo , Vo
Ivilo < Allfyll, + o IV1l, < BIsll, + o (19)
and
5 VOF(V)
||1-{D V||0 <Cllfull, + -\ (y—0) (20)
where
A: 2+)“er21“/ . (21)
I'(y)1-o)lgly -1)+1]2
51, [ AL Tt : ] (22)
Fir=D0la-o)gy - +117  [qly -2)+1]7
and
b [ LA 1 ] (23)
Fr=9la-o)gy-n+117 [gly -5-1)+1]7

Proof Again by Hoélder’s inequality and under the assumption (H;), for all £ € [1,¢€], we

o) = ——| ([ (10 AN ([ (g ) )
o= mplaalf () 5 ([(5) %)

2 i o)) é(n) ar-1) gg : Vo
. log —2 - g
o) “’(/ ("g 6 ) 9) Vo 75

J

have

q(y-1)+1

_ 1 [ 1 , (logt)
FOLla-ogy-n+117  [gy -1)+1]4

Q-
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)‘Z; 1”}(10g ¢(ﬂ]
(1-0)gly -1)+ 1]‘1

Pmm+1°

qly-1)+1

2- AT a(l )
- o+ Z,,lﬂ/ 0gnj ! |[fv||p+1
r'y)l-o)lg(y -1)+1]4 -0
2+ A" a
= S0 L R
I'(y)1-o)lg(y -1)+1]7

Hence

24230 4

Wl + “ — = Al I +
I'y)1-o)lgly —-1)+1]4

vilo =

Similarly (cf. (16)), we have as before

o 1 e e 61()’1 i
ozt 01 = Gy ] (es5) 5‘”) il
1 ! Vo(J/ 1)
([ (oag) )

A " () P\ V1 i
+—<1-a>r<y-n,_21“f</l (oe%52)" Ge0) e

1 [ 1 1
E 1 + 1
Fly-D0la-o)gly -1)+1]7  [gly —2) + 1]7
. AN 1]W|"’+1V0
(1-0)lgly -1)+1]2 i
1 1+AZZ1@ 1 ]
E 1 + 1 Hfl'/”
FW_U[u—wmw-n+na ay -2+ il
Thus, we have
) 1 1+ a 1 i|
< _ ol +
At I“V—U[u—anmy—n+1w [q(y -2) +1]1 Mot 125
= Bllfyll, +

Similarly, for ¢ € [1, e], we obtain

s 1 [ e\ £(0)
e e T AT e
1 t AR AC) vl (y)
*rw-s»f(“g5> g d9+u—aﬂwy—&

y-1
5O 4
Ta- U)F(V 5)2 / < > o
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! [ ALDYE L, ! ]ufn
Fo=9la-o)igy -n+1t  lqy-s-1s1sd
vol (y)

1-o)I (=)

Hence

! [ LA ny ! ]Wn
For=-9la-o)qy -D+117 [qy—5-D+11id

. vol (y) _Clhl, + vol'(y) -
(1-0)I(y -9) P (1-o)(y-98)

[uDv], =

Now, in order to prove problem (1), (4) has a positive solution, we define an integral

operator T on V by the formula

X -1 e
(Tv)(t) = /1 Gt fV(@)de ZM / G(¢(n,«),9)ﬁ(:) o
1

P (1-0)
vo(logt)” ™
* l1-0
R AR () 1t e\'Ae)
"=l ), (1°g5) o T 1<l°g5> o v
Aloge)y ! & W em)\" T 6)
(1- o)F(y)Z / ( > 0 0
N vo(log t)y’l. (24)
l1-0
We have
) (log £)Y 2 -1 ﬁ,(@)
(0 = 7 Gm_l)/< )
y-2 -2
1(6) vo(y — 1)(logt)”
_1)/( ) L
Mlogt)r—2 - 1fv( )
Ct(l-o)(y - 1)Z / ( ) 0 40 &)

and

5 _ (logt)rt e e \YTf(9)
(HD Tv)(t)_—(1_0)1_,()/_6)/1 (logg) ; de
1 Lo ENTTTRO) L vl (y)(logg)r !
‘rw-a)/l(“’gé) o o -9

Mlogt)7 =1 I8 00 [ ()77 £(6)
T a]/ <log ; ) 5 db. (26)

The properties of the operator T are given in the next lemma.

Page 14 of 26
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Lemma8 Let(H;)-(H3) hold. Then T : V — V and T is a completely continuous operator.

Proof Let v € V and let f,(t) = f(¢,v(t), uD°v(t), v (t)) for a.e. t € [1,e]. Then f, € LP[1,¢€]
because f satisfies (H3) and f, is positive. Since fl (log 9)” lfvé do € C[l,e]and from G > 0
by Lemma 5, it follows from the equality (24) that 7v € C[1,e] and Tv > Ofor ¢ € [1, e]. Next
using the equalities (25) and (26), we have yD’ Tv € C[1,e] and lim,_, 1+ (log £)>7 (Tv)'(t)
exists and is continuous.

Consequently, 7: V — V.

As in the proof of Lemma 7, for all ve V and a.e. t € [1, €], we get

Vo Yo
”TVHOSA”ﬁ/”P-'—l_U’ ||(TV)/||1§B||ﬁ/”p+1_01

and

voI (y)

(S e —
|eD*Tv ||, < CIlfll, + T=o)T(r =3

Thus, we see that the set {7V} is uniformly bounded in C[1,e] N C!(1,e].

In order to prove that 7 is a continuous operator, let {v,,} C V be a convergent sequence
and let lim,, . ||V, — v|| =0. Then v € V and ||v,|lo < S for n € N, where S is a positive
constant.

Since f is an L”-Carathéodory function we have

lim f(t, vu@), D’ v, (2), V’n(t)) :f(t, (), uD’v(2), V’(t)) forae. te[1,e].
n— o0
By (5) and the dominated convergent theorem in L”-space,

lim Hf t, Vn;]-[D Vi, V ) f(t, v, uD%v, V’) Hp -0.

n—00

Put
Fon(®) = f (& va(), uD v (2), V), (2)),
then we have
nli)ngoﬁ,,,,(t) =f,(¢) and nli)ngo s —foll, =0 forae. te(l,el

Now we deduce from (24) that

2-c+AY " a e
(T0,)(6) ~ (TU)(0)| < #ﬁ’y;“’ /1 on(0) - £,0)] 6

2+)»ZI L4
<

1-0)(y /lf”’ ~/0)] 48,

and from (25), we have

Iy = 1)|(log ) (Tv,)' (£) - (log £)*™ (Tv) (1)

e t y-2
= (1ia)/1 [/”v,n(e)—fv(e))|a!9+/1 (logg) fon(0) = £,(0)| 4O
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R e
+E21:aj./1 Lfv,n(e)—fv(@)|d9

1+A
g, @/ fonl®) ~ O] 40 + ————— o~ il
lq(y -2)+1]4

Similarly, from (26) we have

2+)\,Z]’:1 a], e
e WIROROIED

Thus lim,,—, || 7v,, — Tv|| = 0, which proves that T is a continuous operator.

|(1D’ Tv,)) (£) — (0D° Tv) (2)| <

Now, we need to prove that {7v} be equicontinuous. For 1 < ¢; < £; < e, we have the
relation (cf. (24)) in a similar way to Lemma 1

[(Tv)(12) - (Tv) (1)
_ [(logt)Y ™ — (log#1)" 1] /e(]og E)y_l 1£(6)] 40
1 6

(1-0)(y) 0
vl t\ " 1AO)

r(y)/ [( ) _<]°g5) ] o v

n2 (1 )y 1Lfv(é’)l Vo[(logtz)y’l—(logﬁ)V’I]

og —

F(V) t 0 0 l-o
A(logt,) ! — (log £1)” '] — o) o)\ I£,0)]

-l 4 ”’/ <1°g 0 ) g %

[(IOgtz)V '— (logt;)" '] Ilfvllp

di(1-0)(y)

1 d d 6\
T ((IOgtz) — (log 1) —<10g—) ) Il
diI(y) h

6\ vol(log 1)~ = (log 11)"~']
1Og t_ ”ﬁ’”}’ + l1-0

+

+

diI(y)

M(logtr) ™! = (logt1)" 1137 4
+ : o1l p»
di(1-0)l(y)

where d = (y — 1)g + 1. Similarly, it follows from (25) that

|(log £2)*77 (Tv) (£2) — (log t1)*™” (Tv) (11|
1

1
< |: :||Lfv||p
di(l-o)I(y-1)LE
2-y t y-2 2-y t y-2
LI'(y-1) J; 0 LI'(y-1) J; 0 0

6
logt,)>7 4 logt)>” [/ H\' 7
+ _ {logt2)7" / log —1> f—d9+ {logh)™7 log — Jid@
LIy -1, 0 6 al'(y -1 0 6
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2-y ty y-2 _
(log £5) <]Og tg_z) Wl 4y, oy =1 [l _ 1]

CEIA 0 (1-0) |l &
AN 4

- R [1 ]uﬂnp

dil-o)l(y-1)L2 h

1 1
< [———]Ilfvllp
dil-o)l(y -1l &

1
(logty)* £\ 7
+ 22 ((logt) - (logty)” + og 2 ) ) Il
1

bity['(y - 1)
(log £)>7 £\
17(1%—) Il
bity(y-1)\ h

wy-DI1 1 Ayl a L
. — -~ |+ T
(-0) L 6l giq-oyrey-nle o

Also (cf. (26)), by putting 1= (y — 8 — 1)g + 1, we get

N [ (log £,)* (logt1)*

1 1 i||[fV||P+
bit,I'(y =1) bityI'(y - 1)

| (]-[Ds TV)(tz) - (]-[DB TV)(t1)|

[(log )7~ — (log £,)7 1] ( ) 9)|
dé
=TT -0y -9 /

LT sV e\ O)
r(y—a>/1 [(l‘)g?) _<l°g5> } T

1 2 6\ A6
+ (log —2) SO do
'y -4) Jy 0 0

. vol'(y)[(log £2)7 = — (log ;)7 1]

(1-o)l(y-9)
Mllog 1) 51 — (log ) 1] & 1900 1 ()" £(0)]
1—0)I(y —9) jl“’/ (k’g e> g ¥
_ llogey ™ ~(logay =11,

di(1- o) (y - 5)

N
+ %((logtz)h—uogmh— (log t—2> ) 151,
hil'(y -9) h

+ . <10 tﬁ)qﬂf I, + Wl (y)[(og )" — (log 1)1
g _s\ oa) (1-0)I(y-9)

[(logtz)V -t —(logtl)y b 1] Z] 14j
da(l—U)F(J/—S)

Woll,, ify>8+1,
and

|(4D’ Tv) () — (uD° Tv) (t1)| < / 2[ﬁ,(9)|d9, ify =8+1.
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As t; — t;, the right-hand side of the above four inequalities tends to zero. Therefore {7v}
is equicontinuous.

Since the set of functions {Tv}, {£>7(Tv)'} and {yD’Tv} are bounded in C[1,e] and
equicontinuous on [1, e], T is relatively compact in V' by the Arzela—Ascoli theorem. Com-
bining this fact with the continuity of T' we see that T is a completely continuous opera-
tor. g

Our main result of this section is as follows.

Theorem 3 Assume that (H)—(Ha) hold and let o < 1. Suppose that the functions p, q and
r satisfy

Allpll, + Bliqll, +C|(log )’ *r|, <1, 27)

where the constants A, B and C are given by (21)—(23), respectively.
Then the multi-point boundary value problem (1), (4) has at least one positive solution.

Proof From Lemma 4, we know that v € V is a solution of (1), (4) if and only if
Tv =v. (28)

By Lemma 8, we can apply the Leray—Schauder continuation theorem to obtain the exis-
tence of a solution for (28) in V.

To do this it is suffices to verify that the set of all possible solutions of the family of
problems

uDYv(t) + Af(t, v(t),HD‘Sv(t),v/(t)) =0, ae.te(l,e),

v(1) =0, v(e) = vy + A Z av(o(n))),

j-1

is, a priori, bounded in V by a constant independent of A € [0,1]. Then for ¢ € [1,e] we
have from Lemma 4

@)

| (oge)rt e e\ A(NY)(0) 1 [t £\ AW)(©6)
‘(1—a)r(y>/1<l°g5) 6 de'r(y)/l(k’g@) T

m . /(b(n,') (log ¢(nj)>V1A(Nv)(9) a0+ vo(log )7t
0 0 l1-0

~ A(logt)r~!
1-0)(y) P

(log#)”~! e(l . e)”(—HDva» 50

“la—orem i \*%e 0

¢ >V1 (uD"v(0)

1 t
J— lo _
) 1< %6 6

AMlogt) 1 & () )\~ (=uD"v(9)) vo(log )"~
- a)r(y)Z / (log 0 > 5 T,

’
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which implies that, in similar way to Lemma 7,

e e M e @)
and
5 y vol'(y)
2l <Clup] + ) 0

Using (Ha), and Egs. (18), (29) and (30), it follows that

[wD"v], = 2[f (v uD v V)],

= Iplplivio + gl [Dv] o + [ Aog &) 2r [/, + lisl,»

= Alplly [wD v, + Blial,[nD"v[, +C[[(og 7 *r , [uD"v],

volllplly + gl volltog 2 2rll, ()
(1-0) (1-o)l(y -5)

+Isll, +

’

for t € [1,e]. Thus

|wD"v|, < [Alpll, + Bligll, + C|[ tog 6) 2r| ] [1D?v]|, + lsll,
p p p

vo(llplly + ligllp) s voll(log )" *rl, " ()
(1-0) 1-0)l(y-8

It follows from the assumption (27) that there is a constant D, independent of A € [0, 1],
such that

|[wD"v|, < D. (31)

This together with (29) and (30) implies that

Ivilo < AD + 1110 and |V, <BD+ 1110 ,
5 VOF(V)
||HD vHO <CD+ —(1 “o)T(y5)
Therefore,

vwl2I'(y —8)+ I'(y)]

IMI=TA+B+CID+ == 50—

This completes the proof of the theorem. O

4 Positive solutions for boundary value problem (1), (2)
Let v € AC[1, €] be the solution of the multi-point problem given by (1) and (4). Then we
have the following theorem.

Theorem 4 Suppose that the assumptions (Hs) and (Hy) are satisfied. If

Ailpll, + Billgll, + Cu| (log ) r|, < 1,
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and ¢(t) : [1,e] — [1,e] is a deviated and continuous differentiable function in (1, e] with
@’'(t) > 0 or ¢(2) is a deviated and monotonically increasing function.

Then there exists a positive solution v € AC[1, e] of the problem (1) with integral boundary
condition (2) represented by

~ (ogtt e e \'THA(0) 1 [t £\ 4 06)
0= T o)) 1<1°g5) o T 1<1°g5> 5 %
Alogt)’™t [€¢'(E) “’@( ¢(s>)”fv(e)
_ log —2= —~dbd
(1—ol)r(y>/1 </>(és)/1 €y g WE
N vo(log t)y’l’ (32)
1—0’1
where
A, = 2+ log(6(@) - log(¢(1)]
()1 -o)lgly -1)+1]7
5| [1+A[10g(¢(e))—log(¢(1))] 1 ]
1—= 1 + 1 |’
Fly-=DU (-olgly -1)+1]7  [qly —=2) +1]7
0.1 [1+x[1og<¢(e>)—1og<¢>(1))1+ 1 ]
Fr=9L a-o)g-n+17 gy -6-1+1]7
and

_ Mllog(¢(e)]” — [log(¢(1))]"]
o] = Y <

1.

Proof Letv e AC[1, ] be a solution of the multi-point boundary value problem (1) and (4)

given by (13).

_ (G=i-1)e ()
Leta; = ==
point boundary conditions in (4) will be

1 € (-1, 8) C (Le)and 1 = £y < £y <ty < - - - < Ly = e. Then the multi-

i)' (n))

v(1) =0, vie) =vy + A v(¢(n-)).
° 121: ¢(77j) !

From the continuity of the solution v of (1), (4), we can obtain

v(1)=0,  ve)=vp+i lim Y W

j-1

v(¢(n))),

that is, the nonlocal condition (4) is transformed to the integral condition

¢'(€)
»(€)

v(1) =0, vie) = vo + A/l v(¢(é§)) d&.

Page 20 of 26
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The constant o will be as m — 00

lim o0 =07 = A hm Zﬂ; 10g¢(17,))

m—00
j=1

(G =519 ()
=11 (1
2Ty

(2019) 2019:382

Ml[log(¢(e)]” —

Page 21 of 26

og ¢(TI/))V_1

[log(@NI"]

_ el y—ld)/(’i:)d _
y[(og¢@» e

Also, the constants A, B, C will be

(t=ti-1)¢’ (ny)
2+ 030 Ty

14

_ 2+ A[log(¢(e)) — log((1))

lim A=A, = :
e I'(y)1-o1)lg(y -1)+1]4
2+ [} 5 $E) (5
T'(y)1-o1)[gly -1)+ 1]%
Similarly

]

I'(y)A-o1)lgly - 1) +1]

A 1 [1 + Allog(¢(e)) — log(¢(1))]
1 +

-Vl q-ogy -1+

and

]
[q(y —2) +1]4

oo [1 + Allog(¢(e)) - log(qb(l))]
Fy=-9L @a-o)igly -1)+1]7

el
[61()’—5—1)+1]%

Now from the continuity of the solution v (cf. (13)), we have

~ (ogtt e e \'THA(0) 1 [t £\ £ 06)
0= ey re) ), (“’gé) o T, (l"ga) o

_A%y%J @4HWHJ/W< ¢m>V%@
(1-0)(y) 4 0
vo(log£)r ™!

* 1—0’1

_ (logt)rt e e\ £(0) 1 [t £\ £6)

T A-o0r () ) OOgE) o T ), <bg5> o %
A(log#)7! %@)WK MU”M@ vo(log £)” !

— 1 dé d _—
ﬂ—mWW)1¢@L[ %879 SR

Hence, the continuous positive solution of integral boundary problem (1), (2) is given by
(32). O

5 Positive solutions for infinite-point boundary problem (1), (3)

Our second main result of this paper is presented as an existence result for problem (1),

(3).
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We have the following theorem.

Theorem 5 Let the assumptions (Hy)—(Ha) and the following conditions hold:

(Hs) 1<m<ma<---<ni<---<ej=12,...and o, = AZ]‘.’flaj(logq&(n/))V‘l <1

(He) Aallplly + Baliglly + Call(log £) 2|, < 1.

(H;) The series 27:1 aj < 00 is convergent.
Then there exists a positive solution v € ACI0, 1] of the infinite-point boundary problem (1)
with infinite-point boundary condition (3) given by the following integral equation:

_ (ogty Tt e e\"TH(0) I YA AN A ()
”(t)‘<1—az)r<y>/1 (1°g5) 0 ), <1°g5> o v

Al y-1 #(15) A\ Y-l (0 1 y-1
A(logt) ™" Z“ / j (log ¢(Tb)) Sl )de . vo(log?)
1 0'2 9 9 1 bl 62

, (33)
j=

where
4 2+)»Z]9:1a,' N
I'(y)Q-o2)lg(y -1)+1]4
8- 1 [ 1+43% a - 1 1}’
Fr=D0la-oplgly -D+117  [gly -2+ 1]
and
1 |: 1+A2ffla, 1 :|
Cr= -+ = 1.
Fiy=dLa-oplgly - +117  [qly -5-1)+1]7

Proof Letv € AC[1, e] be a solution of the multi-point boundary value problem (1) and (4)
given by (13). We have

lav(6(n)| < alIvllo,

|aj(log¢(n/))y_l| <a, ¢m)=<ni<e

and

@) 3\ Y1 (O .
ujfl <log @) %de‘ < %I%|lp~

By the comparison test we see that the three series in (3), )»Zlool aj(log (f)(n/))V‘l nd

Py f1 ) (log )” lﬁ’ ) d6 are convergent. Thus, by taking the limit as m — oo in
(13) and by applylng the propertles of the Riemann sum for continuous functions, we ob-
tain

_ (oge)rt e e\'TA(0) 1t e\"TAe)
"= o) ), <l°g5> 0 de‘Ty) <1°g5> o

logtV1 > () ylfv(
(1-0)I" Z / ( ) 6
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vo(log )’
+ e —

; 34
T (34)

which, satisfies the differential equation (1). Furthermore, from (33) and the relation 0—12 =

1+ 72-, we have v(1) = 0 and
—02

Vo + A Z“iv(¢(’7i))
j=1
o0 1 y-1
=vo+ A Z |:7(110g (sz yy) (log g) fvée) do

(n7) . -1
1 e (logmn,))y 0
r'(y) )i 0 0
_ Mlogg(n)"* 1S ( () ) @d
(-0l () Z / g %

vO(log¢(n,>)V-l}
+ —_—

1—0’2
o) o e\ £0) Vo
L log £ Jn\%)
(1—02)F(J/)/1 (Oge) o e
A P )\ )
_(1-oz)r(y)j=21“’/1 (e 52) 25
=v(e).

This proves that the integral equation (33) satisfies the problem given by (1) under infinite-
point BCs (3). (|

6 Application
Example 1 Let us consider the singular Hadamard-type fractional differential problem:

3/2 1 V2 D v(t)  (logt)'? | 1
WOV S e e 10(t— Dt e O oy T B9
=0, -+ [ v (36)

Here,y =3/2,8=1/4,p=3,9q=3/2,9(§) =&, 1 = W and

1 v 1 (logt)'/? 1
ty » V2 = .
JOvivavs) = e T T o)A 2t e B o
Clearly
If (&, v1,va,v3)| < p(®)Ivi| + q(@) val + r(8)|vs] + s(E),
h l%t )i/2
where p(t) = 5 1 o 4(8) = T)l/‘“ r(t) = ,8(t) = - 1 D7
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Indeed we have ||p|ls &~ 0.39268, |gll3 ~ 0.16606, |(logt)~"?r||3 ~ 0.019962, o7 ~
0.00667 < 1, A; ~ 1.57228, B; ~ 1.816696, C; ~ 1.6647;

Aillplis + Biliglls + C1 | (log £) 2r, ~ 0.95231 < 1.

All the assumptions of Theorem 4 hold, therefore the singular Hadamard-type fractional

differential problem (35), (36) has a continuous positive solution.

Example2 Lety, §, p, q, » and f(£,v1,vs,v3), be as in the previous example and consider
the deviated function ¢(n;) = n; = e/ €[1,¢], and let g; = ]5%

Then the infinite-point boundary condition 3 becomes

o]

1 1 1
v(1)=0,  vie)=vy+ 00 ;fw(ez ). (37)

It follows that Z}Ojl aj ~ 1.35556, Zlofl aj(logp(n;))’ ' = 210:01%3 ~ 1.20205, oy =
0.012021 < 1, A, ~ 1.58359, By &~ 1.426999, C, ~ 1.671622. Then

Azllplls + Ballqlls + Ca|| (log ) r, ~ 0.89218 < 1.

Therefore, all the assumptions of Theorem 5 hold and the singular Hadamard-type frac-

tional differential problem (35), (37) has a continuous positive solution.

Acknowledgements
The authors would like to express their appreciation of the anonymous reviewer for careful reading and very useful
comments.

Funding
Not applicable.

Abbreviations
Not applicable.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Consent for publication
Both authors read and approved the final version of the manuscript.

Authors’ contributions
All authors contributed equally and read and approved the final version of the manuscript.

Author details

'Department of Mathematics, Faculty of Science, Alexandria University, Alexandria, Egypt. 2Department of Mathematics,
Faculty of Science, Damanhour University, Damanhour, Egypt.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 2 February 2019 Accepted: 26 August 2019 Published online: 05 September 2019



El-Sayed and Gaafar Advances in Difference Equations (2019) 2019:382 Page 25 of 26

References

1.

2.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

32.

33

34.

35.

Agarwal, RP, O'Regan, D,, Stanék, S.: Positive solutions for Dirichlet problems of singular nonlinear fractional
differential equations. J. Math. Anal. Appl. 371, 57-68 (2010)

Ahmad, B., Ntouyas, SK. Initial value problems of fractional order Hadamard-type functional differential equations.
Electron. J. Differ. Equ. 2015, Article ID 77 (2015)

. Ahmad, B, Ntouyas, S.K, Alsaedi, A.: New results for boundary value problems of Hadamard-type fractional

differential inclusions and integral boundary conditions. Bound. Value Probl. 2013, Article ID 275 (2013)

. Akcan, U, Cetin, E:: The lower and upper solution method for three-point boundary value problems with integral

boundary conditions on a half-line. Filomat 32, 341-353 (2018)

. Bai, Z, Qiu, T.: Existence of positive solution for singular fractional differential equation. Appl. Math. Comput. 215,

2761-2767 (2009)

. Bai, Z, Sun, W.: Existence and multiplicity of positive solutions for singular fractional boundary value problems.

Comput. Math. Appl. 63, 1369-1381 (2012)

. Benchohra, M, Bouriah, S, Lazreg, J.E.,, Nieto, J.J.: Nonlinear implicit Hadamard'’s fractional differential equations with

delay in Banach space. Mathematica 55(1), 15-26 (2016)

. Butzer, PL, Kilbas, A.A, Trujillo, JJ.. Compositions of Hadamard-type fractional integration operators and the

semigroup property. J. Math. Anal. Appl. 269, 387-400 (2002)

. Callegari, A, Nachman, A: A nonlinear singular boundary value problem in the theory of pseudoplastic fluids. SIAM J.

Appl. Math. 38, 275-282 (1980)

. Chalishajar, D, Kumar, A.: Existence, uniqueness and Ulam'’s stability of solutions for a coupled system of fractional

differential equations with integral boundary conditions. Mathematics 6(6), Article ID 96 (2018).
https://doi.org/10.3390/math6060096

. El-Saka, H.A, Ahmed, E, Shehata, M., El-Sayed, AM.A.: On stability, persistence, and Hopf bifurcation in fractional

order dynamical systems. Nonlinear Dyn. 56, 121-126 (2009). https://doi.org/10.1007/511071-008-9383-x

. El-Sayed, AM.A, Rida, S.Z,, Arafa, A AM.: Exact solutions of fractional-order biological population model. Commun.

Theor. Phys. 52(6), 992-996 (2009). https://doi.org/10.1088/0253-6102/52/6/04

. Gambo, Y., Jarad, F, Baleanu, D., Abdeljawad, T.: On Caputo modification of the Hadamard fractional derivatives. Adv.

Differ. Equ. 2014, Article ID 10 (2014)

. Gao, H., Han, X:: Existence of positive solutions for fractional differential equation with nonlocal boundary condition.

Int. J. Differ. Equ. 2011, Article ID 328394 (2011)

. Ge, F, Zhou, H., Kou, C. Existence of solutions for a coupled fractional differential equations with infinitely many

points boundary conditions at resonance on an unbounded domain. Differ. Equ. Dyn. Syst. 24, 1-17 (2016)

. Guo, L, Liu, L, Wu, Y: Existence of positive solutions for singular fractional differential equations with infinite-point

boundary conditions. Nonlinear Anal., Model. Control 21, 635-650 (2016)

. Hu, L, Zhang, S.: Existence results for a coupled system of fractional differential equations with p-Laplacian operator

and infinite-point boundary conditions. Bound. Value Probl. 2017, Article ID 88 (2017)

. Kilbas, AA, Srivastava, HM.,, Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. North-Holland

Mathematics Studies, vol. 204. Elsevier, Amsterdam (2006)

. Kosmatov, N.: A singular boundary value problem for nonlinear differential equations of fractional order. J. Appl.

Math. Comput. 29(1), 125-135 (2009). https://doi.org/10.1007/512190-008-0104-x

Li, B, Sun, S., Sun, Y.: Existence of solutions for fractional Langevin equation with infinite-point boundary conditions.
J. Appl. Math. Comput. 53, 683-692 (2017)

Li, Y., Zhang, H.: Solvability for system of nonlinear singular differential equations with integral boundary conditions.
Bound. Value Probl. 2014, Article ID 158 (2014)

Liu, L, Hao, X., Wu, Y.: Positive solutions for singular second order differential equations with integral boundary
conditions. Math. Comput. Model. 57, 836-847 (2013)

Liu, S., Liu, J,, Dai, Q, Li, H.: Uniqueness results for nonlinear fractional differential equations with infinite-point integral
boundary conditions. J. Nonlinear Sci. Appl. 10, 1281-1288 (2017)

Lyons, JW.,, Neugebauer, J.T.: Positive solutions of a singular fractional boundary value problem with a fractional
boundary condition. Opusc. Math. 37(3), 421-434 (2017)

Matar, M.M.: Solution of sequential Hadamard fractional differential equations by variation of parameter technique.
Abstr. Appl. Anal. 2018, Article ID 9605353 (2018). https://doi.org/10.1155/2018/9605353

Qiao, Y, Zhou, Z.: Existence of positive solutions of singular fractional differential equations with infinite-point
boundary conditions. Adv. Differ. Equ. 2017, Article ID 8 (2017). https://doi.org/10.1186/513662-016-1042-9

Qiu, T, Bai, Z.: Existence of positive solutions for singular fractional differential equations. Electron. J. Differ. Equ. 2008,
Article ID 146 (2008)

Rida, S.Z, El-Sayed, AM.A, Arafa, A AM.: On the solutions of time-fractional reaction—diffusion equations. Commun.
Nonlinear Sci. Numer. Simul. 15(12), 3847-3854 (2010)

Shammakh, W.: A study of Caputo-Hadamard-type fractional differential equations with nonlocal boundary
conditions. J. Funct. Spaces 2016, Article ID 7057910 (2016). https://doi.org/10.1155/2016/7057910

Song, G, Zhao, Y, Sun, X.: Integral boundary value problems for first order impulsive integro-differential equations of
mixed type. J. Comput. Appl. Math. 235, 2928-2935 (2011)

. Stanék, S.: The existence of positive solutions of singular fractional boundary value problems. Comput. Math. Appl.

62, 1379-1388 (2011)

Thiramanus, P, Ntouyas, S.K,, Tariboon, J.: Existence and uniqueness results for Hadamard-type fractional differential
equations with nonlocal fractional integral boundary conditions. Abstr. Appl. Anal. 2014, Article ID 902054 (2014)
Tian, Y, Chen, A: The existence of positive solution to three-point singular boundary value problem of fractional
differential equation. Abstr. Appl. Anal. 2009, Article ID 314656 (2009). https://doi.org/10.1155/2009/314656

Xu, B, Yang, Y: Eigenvalue intervals for infinite-point fractional boundary value problem and application in systems
theory. Int. J. Circuits Syst. Signal Process. 10, 215-224 (2016)

Yang, W.: Positive solutions for singular Hadamard fractional differential system with four-point coupled boundary
conditions. J. Appl. Math. Comput. (2014). https://doi.org/10.1007/512190-014-0843-9


https://doi.org/10.3390/math6060096
https://doi.org/10.1007/s11071-008-9383-x
https://doi.org/10.1088/0253-6102/52/6/04
https://doi.org/10.1007/s12190-008-0104-x
https://doi.org/10.1155/2018/9605353
https://doi.org/10.1186/s13662-016-1042-9
https://doi.org/10.1155/2016/7057910
https://doi.org/10.1155/2009/314656
https://doi.org/10.1007/s12190-014-0843-9

El-Sayed and Gaafar Advances in Difference Equations (2019) 2019:382

36.
37.

38.

39.

Zeidler, E.: Nonlinear Functional Analysis and Applications, I: Fixed Point Theorems. Springer, New York (1986)
Zhang, K, Wang, J., Ma, W.: Solutions for integral boundary value problems of nonlinear Hadamard fractional
differential equations. J. Funct. Spaces 2018, Article ID 2193234 (2018). https://doi.org/10.1155/2018/2193234
Zhang, X.: Positive solutions for a class of singular fractional differential equation with infinite-point boundary value
conditions. Appl. Math. Lett. 39, 22-27 (2015)

Zhong, Q, Zhang, X. Positive solution for higher-order singular infinite-point fractional differential equation with
p-Laplacian. Adv. Differ. Equ. 2016, Article ID 11 (2016)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 26 of 26


https://doi.org/10.1155/2018/2193234

	Positive solutions of singular Hadamard-type fractional differential equations with inﬁnite-point boundary conditions or integral boundary conditions
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Existence of positive solutions of problem (1), (4)
	Positive solutions for boundary value problem (1), (2)
	Positive solutions for inﬁnite-point boundary problem (1), (3)
	Application
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Competing interests
	Consent for publication
	Authors' contributions
	Author details
	Publisher's Note
	References


