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1 Introduction
The modified Bessel function of the first kind (MBF-I), I,, is a special function which is
one of two solutions of the modified Bessel differential equation,

&y +xy — (x> +v)y=0.

The MBF-I function is found as a part in many probability distribution functions [1, 2].
During the last decades, there has been a number of studies related to the logarithmic
concavity, as well as the logarithmic convexity, of the MBF-I and relevant functions. The
results help proving other properties related to MBF-I [3, 4] and it might be the useful
properties in some optimizing statistical problems as the convex optimization is well con-
structed. In this research, the logarithmic convexity and logarithmic concavity of the MBE-
I and the related functions are studied and the applications of the results are demonstrated.

The MBF-I has no closed-form expression. It is usually expressed by the series of gamma
functions, I":

L® =&/ Y [(/4) 1kr e+ k+ 1) (1)
k=0

The other expression of MBF-I is in the form of the hypergeometric function, y,(¢):

I,(t)=2""y, (tz)t”/l"(v +1), (2)
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equivalently,
() =2"T (v + 1)L, (V1) 3)

The hypergeometric function y,(¢) is defined as

yo(£) =Y (/41 ((v + 1)ek), )

k=0

where v > -1 and (p); denotes I'(p + k)/T'(p) (p ¢ {0,—1,-2,---} ). In this research, the
derivative test and the series cofficients rearrangement are used to prove the log-convexity
and log-concavity of MBF-I related functions. Thus, the derivative and other properties

of the hypergeometric function are reviewed.

iy <5 L0 DA

o (t)_gl“(v+n+k+l)k!t ’ ®)
ey L0+ 1)(1/4)"

7" 0) = Fv+n+1) '’ ©)

where the term y"” denotes the derivative of the order 7 with respect to ¢ of y,. Equa-
tion (2) is found in [5]. The map ¢  y,(¢) is log-concave in (0, 00) provided that v > —1.
The map ¢ > ,(¢%) is log-convex in (0, 00) provided that v > —1/2. The studies of MBF-
I were usually performed by using inequalities and the infinite product expansion of y,
[3,5,6],

T,(t) = v () = [ J(1 + £152,).- )

n>1

The following lemma is fundamental identity for the simplification of the representa-
tion of the MBEF-I related functions which are mentioned in many parts of this pa-

per.

Lemma 1

o () v () S on (2n-2r+v+p+k+m
ey O @)y, (”:Z(n_r)v

n=r

n—r+v+k

47 (v 4+ D) (e + 18"
IFn+v+u+k+m—r+1)n!’

(8)

where r € R*; k,m € Ny, where Ny is the set of natural numbers including 0; and v, i € R.

Proof The term t’yv(k)(t)ylﬁm)(t) can be expanded as the Taylor series with

oo
CyPEye = " ant", )
n=0



Nanthanasub et al. Advances in Difference Equations (2019) 2019:379

where a,, := [t’yv(k)(t)yli’”)(t)]gi)o. Then

" <Z () <t’)(”[yé“(tw;’”(ﬂ](”D}
t=0

i=0

- (")l

o {i (") M“(t)]“[yﬁ””(t)]‘”""’}
’ £=0

Jj=0

n-r

| _ , .
" ri'r)! Z (nf r) y”(kﬂ)(o)y/imm*rﬂ)(o)’

j=0
e (n=r\ [ T(v+1)(1/4)%
ﬂ":(n—r)!;< j )(F(v+k+j+1))

I+ 1)(1/4)mn=r
. (F(/L+m+n—r—j+1))

oo 4P D (1)
T - Tm+v+pu+k+m—r+1)

nir: n—-r\(n+v+u+k+m-r
j v+k+j '

j=0

By the Chu—Vandermonde identity proposed in [7], that is,

> ()00

the series in (15) is simplified as follows:
i(ﬂ—r><n+v+u+k+m—r>
= j v+k+j

_(2n=2r+v+pt+k+m
N n—r+v+k ’

Correspondingly, by substituting Egs. (15) and (17) into (9), Eq. (8) is proved.

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

O

Lemma 1 simplifies the coefficients of Cauchy product in closed forms. A similar ap-

proach was used to prove a Turdn type inequality of the modified Bessel function by de-

termining the signs of the coefficients of the function found in [8, 9]. In this work, the

convexity and the concavity of functions on positive real domain (0, 00) can be proved

by verifying non-negativity and non-positivity of the second derivative of corresponding

functions. In some conditions, mentioned in Lemma 2, the coefficient technique ensures

that a function is neither entirely non-positive nor non-negative on (0, 00).

Lemma 2 Given f(t) = Y o axt’. If there exists an m such that a, >0, Vn > m then there

exists a constant T > 0 such that f(¢) > 0 on (z,00).
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Proof Suppose that there exists an integer m such that a; <0, Vk < m and a, > 0 for all
n > m, the function f can be split into a sum of polynomial with degree m and a series with

positive coefficients as follows:

o] m+1 oo
f(t) = Zaktk = Zaktk + Z a,t". (18)
k=0 k=0 n=m+2

We have

m+1
tl_l)rgo (Z aktk> /t""rl =dyue > 0. (19)
i=0

There exist a constant ¢ = a,,,1 and a constant 7 > 0 such that
m+1
(Z aktk> /tWH-1 € (07 €) g (Or 2ﬂm+l) g (01 OO), Vt>rt. (20)
k=0

The summation between the polynomial and non-negative series is positive on (z, 00). [

2 Main results
Theorem 3 The map

t 1,/1, (21)

is log-concave on (—00,0) and (0,00) if 0 < v < .
The inequalities

1A(¢) Fv+8+1)I'v-8+1)
< < (22)
1v+8(t)1v—6(t) FZ(V + 1)
hold true on (—00,0) and (0,00), where § >0, v >—-1and v -8 + 1 € (0,00).
Proof Let u=v + 4 for some § >0 and
1,(2) TV +1)1.5(£%)
R, (t):=In| == | =1 . 23
ot “[w)] “[2r(v+a+1m(t2> 23
By taking advantage of Lemma 1, we have
1Y > ant™
R, (1) = 5(2v + )L 0 (24)

t Yo bat™
where

1 Fv+6+1) v+ 1) (2n +2v +9) (25)
ap = — b
M Tn+2v+8+ DI m+v+8+D)I(n+v+1)

b = 1 Frv+8+1)rv+1)I'2n+2v+38+1) (26)
T rm+ 220+ 8+ D)Im+v+8+ D)n+v+1)
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The ratio 1/¢ is strictly decreasing on (0, c0). Since the ratio of the coefficients 4, and b,

is given by
a, 1
fpy=—m=—-————50 asu— 00, (27)
b, 2n+2v+4

the function F(£) := (3_,2 0 ant™)/ (3o but®") is decreasing on (0,00). Since R, (¢) is the
product of the positive decreasing functions 1/¢ and F(¢) and the constant §(2v +§), R;w (¥)
is strictly decreasing on (0, 00). Thus R;w(t) >0, and R} ,(¢) <0, V£ > 0. Also, R;,v(t) =
=R, (£)| where |R), ,(#)| is increasing on (-00,0), so it is clear that R ,(¢) is decreasing
on negative real domain. Thus, ¢ — 1,,/1, is log-concave on (—00,0) and (0, 00). The strict
log-concavity holds only when p # v.

To prove the latter part of the theorem, we claim the following property:

IMm+v+1) N Iv+1)
IF'n+v+3+1)I'k+v-86+1) T'wv+s+1)I'(v-35+1)

(28)

for any integer n > 1, provided that n + v -8 +1>0,v>-1,8 >0and v + 1 > §. When
n+v-38+1>0,wehave '(n+v+8+1)["(m+v -4+ 1)>0. Consequently, the following
holds true:

IMm+v+1)
IF'n+v+d+1)I'(n+v-358+1)
~ I*(n+v) (n+v)?
T T(n+v+8) T (m+v-29) - (n+v)2-82
I (n+v)
g F'n+v+8)rn+v-24)

(29)

By induction, Eq. (29) implies

IMm+v+1)
Fn+v+s+D)I'(m+v-58+1)
I (n+v)

>
IFn+v+8)I'(n+v-35)
Iw+1)
> b
Frv+6+1)I'v-56+1)

(30)

(31)

for any integer n > 1. According to Lemma 1, The product of I,,5 and I,_s becomes

v yv+8(t2)yv—8(t2)
Lus@h-5(0) = ¢ 22w+ +1)IM(v-8+1) (32)

_i I'n+2v+1)

— Fn+2v+1)I'(n+v+8+1)

1 t2n+2v
(33)

' IF'n+v—-3§+1)22n-2vy!
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~ i( TMr+v+1)
- — IF'n+v+d+1)I'n+v-358+1)
I'2n+2v+1) g2ns2v
) . (34)
Fn+2v+1)I2n+v+ 1) 22-2vy!
By applying (28), we have
Lws(OI,_s(2) v+ 1) t
v+ V- >
’ ’ Frv+6+1)I'(v-58+1)
i 1 (2n+2v+1) 2 (35)
£ 222 [(n+2v + DI+ v +1) nl '
Since
=1 I'(2n+2v+1) 2
12 t :t2v —_—, 36
v ;22”*2” Fn+2v+1)I2m+v+1) n (36)
the result is
IA(¢ Frw+8+)rv-8+1
M) T+ DIw-5+1) -
Iv+5 (t)lv—é(t) FZ(V + 1)
To prove that 1 < I2(¢)/[1,,5(£)I,_5(¢)], we need to claim that
Mu+v+1)
,08):= 1. 38
g(.9) F(n+v+8+1)F(n+v—8+1)< (38)
By letting
IMm+v+1)
G(v,8):=1 , 39
(v,9) n|:F(n+v+8+1)F(n+v—8+1)] (39)
taking 9/98 on G(v, 8) yields
d
—GW,8)=—yY(n+v+8+1)+Yy(n+v-35+1), (40)

)

where ¥ denotes the digamma function. It can be expanded to the sum of Euler—

Mascheroni constant [10], i.e. g, and the harmonic series

aG( 5) i 1 1
- v’ =1 — + —
o1 ve Py k+1 k+n+v+486+1
>/ 1 1
+(_VE+§<k+l _k+n+v—8+1)

> )
:_2§<(k+n+v+1)2—82><0’ 41)
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so g(v,d) is strictly decreasing for § € (0,00) given n and v. Since g(v,8) — 1 as § — 0,
g(v,8) <1, where § € (0,00). From the inequalities (37) and (38), we conclude that

If(t) - Iv+r(t)1u—r(t)

~ i T(2n+2v+1) 22 1
N o Fn+2v+1) 2272901 M+ v +68 +1)
) IMun+v+8+1)
IF'n+v+1) ' (n+v+28+1)
> 0. (42)
Hence, 1 < I2(£)/[1,+5(t)1,_5(t)]. O

The inequality (42) is equivalent to the Turdn type inequality reported in [8]. There are
numerous versions of the inequality. Thiruvenkatachar et al. originally proved the inequal-
ity using the coefficient comparison method [9]. Later, Joshi et al. [6] and Baricz [3] took
advantage of product expansions to demonstrate the property but their proofs are differ-
ent in details. The inequality is used to prove other properties as found in [11, 12]. Our
study uses the Cauchy product of series expansion as in Thiruvenkatachar’s paper but we

refined the property to cover the non-integer § condition.

Theorem 4 Given v > —1/2, t — t"*1,(t) is strictly log-concave on (0, c0) for

w>-v; -1/2<v<1/2,
w>1/2; v>1/2,

w>-v; -1/2<v<1/2,
w>1/2; v>1/2,

and is strictly log-convex on (0,00) for < —v.

Proof According to (2), the MBF-I can be rewritten in terms of y,(¢2) as

thI,(¢) = % (43)
Then the derivatives of

Int"1,(t) = (w+v)Int +Iny, (%) +n2"T'(v + 1) (44)
with respect to ¢ are described by the following:

i[ln 1,0] = 220 v o () (45)

dt t n(t2)

d2
E []n tulv (t)]

Page 7 of 14
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/tz //t2 vtz_ /t22
_ kv onE) e (EOnE) - ()]

12 vo(£2) y2(t?)

. P+ 1)Irn+2v-1)
s W T(n+2v+1)(TC(n+v+1))2 nl

[} e

From (46), we consider the term

S W2 —v-n (48)
mE\ 1w )

(46)

The conditions v > 1/2 implies 1 —2v — 21 < 1 — 2v < 0 for # < 0, so we have

[ 2v2-v-n 1/2; -1/2<v<1/2,

infl] ————t = (49)
1-2v-2n v, v>1/2,
2_v—n —-v; =1/2<v<1/2,

sup ————— 1 = (50)
1-2v-2n 1/2; v=>1/2.

For 1 > sup{(2v? — v — n)/(1 — 2v — 2n)}, it implies S, < 0, and the product of the non-
positive coefficient series in (47) and the positive function [ty,(¢*)]~? is non-negative.
Therefore, (d%/dt?)(In t*I,(t)) < 0 which makes t*1, log-concave on (0, o). Notice that un-
less i = v =1/2, S, < 0 for some n € N that implies (d2/dt?)(Int*1,(t)) is strictly negative.
Therefore, ¢t — t"1,(¢) is strictly log-concave on (0, 00).

For log-convex j < inf{(2v? — v — n)/(1 = 2v - 2n)}, S, > 0, which implies that under
condition v > —1/2, i > 1/2. Thus, we see that (d2/dt?)(Int*1,(t)) is a product of negative
coefficient series and non-negative function [¢y?2(¢?)] 7. Therefore, ¢“I, is log-concave on
(0, 0). O

Theorem 4 gives an alternative approach to proving the log-concavity of the map u —
/ul, (&) in (0, 00) which had already been reported in [13]. When p +v = 0, the term —(u +
v)/t2y2(¢?) vanishes. Then D?(In ¢“1,(t)) exists for all ¢ > 0, so we can extend the domain
of log-convexity to R*. The result yields another approach to proving log-convexity of
t— p(£2) = 2" (v + 1)t I,(t) on R* demonstrated by Neumann [3, 5]. In this work, we
extend the condition of log-concavity for v € (-1/2,1/2). According to (46), (49) and (50),
one can see that t — t121,(¢), t — ¢t "I, (t), v > 1/2, seems to be the finest conditions for

log-concavity and log-convexity, respectively, in the form of t*1,(¢).

Theorem 5 The map (x,y) — (xy)*y,(xy) is log-concave in R* x R* provided that n =
v+ 1/2, v > 1/2. Equivalently,

(x,9) = ()" 121, () (51)

is log-concave in first quadrant provided that v > 1/2.

Page 8 of 14
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Proof For l(x,y) = — In[(xy)"y,(xy)], its derivatives are expressed as follows:

o __r_ nk) 52)
ox X Y (xy)
P w Lyl y) - [ e)?
a0 o2~ ) (53)
0x2  x2 v2(xy)
2 " _ / 2
3_§ B et (xy))/v(xzy) [roCen)l” (54)
>y Y2 (xy)
3 vy vy - [y ()]
Fym - xy 5 : (55)
xy  v(xy) v2(xy)
Then the Hessian matrix of /(x,y) is
S -yglxy)  —gl(xy) —xyg) (xy)
/x 11 1 2 1 (56)
-8, —xyg" () 5 -xtgl(xy)

where

gv(t) =In Vv(t);
2@ =y,®)/n(® >0,
&&=y Ol @®) - (v, ®)1n(0)" <0.

The second derivative is negative as ¢ — y, is log-concave in (0, 00) provided that v > —1.
We have to prove that the Hessian matrix is positive definite by letting

T
R 5=y —glwy) -xyg(x) | | u
v| g -mgley) L -xgly) || v
U2y + v2x> . ,
= (yT),u —(uy + vx)zgv (xy) — 2uvg, (xy). (57)
X7y
Case 1: uv < 0. It is obvious that

uy? + v2:x? Y ,
E(u,v) = <yxziyz)q — (uy + vx)’g) (xy) — 2uvg, (xy)

> 0. (58)

Case 2: uv > 0.

w?y? + v2x? P ,
E(u,v) = (yxziyz)u ~ (uy + vx)’g) (xy) - 2uvg; (xy)

(uy — vx)? B
- };CZTM — (uy —vx)g! (xy)

2uv 1 /
+ —u —4uvxyg) (xy) — 2uvg, (xy)
Xy

2uv 1 /
> —u —4uvxyg, (xy) — 2uvg, (xy)
Xy
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_ uv
xyyo (xy) v (xy)

2,21

- (2u0 (29 y (xy) — 4%y, (29) v (xy)

+ 42 [y’ - 2xy7, () (@)

uvH (xy)
= 59
xy v (xy) o (xy) 59
where
~ . P+ 1)Irn+2v-1) (xy)"
H(xy)_;4”F(n+2v+l)F2(n+ v+1)Q(n’v'M)T’ (60)
Q(n,v,u) =2(n+ v)(n +2nv + 402 — 2). (61)

Next, we find the conditions implying Q(#,v, ) > 0. If n + v > 0 for all # > 0, we have
v > 0. By considering 7 + 2nv + 4v% — 2 > 0, we have v < =1/2 or v > 1/2 — n/4. For v >
1/2 — n/4, we have v > 1/2 > 1/2 — n/4 for all n > 0. Hence, Q(n, v, ) > 0 when v > 1/2.

Then we suppose that u = v + 1/2, v > 1/2. By definition, the Hessian matrix of
—In(xy)*y,(xy) is a positive definite matrix. The mapping (x,y) — (xy)*y,(xy) is log-
concave under the condition of it = v + 1/2 where v > 1/2. Furthermore,

@xy) o xy) = 2" T (v + 1) (xy)* 2L, (Jxy)

=2"T (v + 1)(xy) "L, (/) (62)
implies that (x,y) — (xy)"/>*,(,/xy) is log-concave. 0O

Theorem 5 can be applied to statistics as it proves the log-concavity of log-likelihood
function of Kibble’s bivariate gamma distribution [14—16] whose probability density func-

tion is
v=1
(AMAa)" xy \ 7
(xr |V1)‘ ’)" 1)0):
Feoylvdadep)= = Sri\ o
A A 2 AMA
exp<_g>h_l(7¢flﬂy) 63)
-p -p

In the situation where the degree of freedom v and the shape parameter p are given,
the maximal likelihood estimation of the distribution reduces to a convex optimization
problem. The details of proof are given as follows:

()" (xy/p)'T
f(x’yh}’)‘l!)ﬂ’p) = ()LI}LZ)U_? (1 —,O)F(U)

exp (_klic + A2y>lv_1 (2«/p)hl)\2xy) 64)
-p 1-p
~ (acy/p)vT_1 ALX + Aoy
i [(1 _p)m)] [e"p<‘ 1-p )}
. [()"1)"2)“%1[\)—1<%)}' (65)
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Let ¥ = 2. /pxy/(1 — p) and we claim that log-concavity is conserved under an affine
transformation of domain. Consequently, the following situations are equivalent:

(A, Ao) > (Al)»z)vTﬂlv_l(\/)E) is log-concave, (66)
(KA1, 00) > (Kz)»l)xz)%llv,l(K\/E) is log-concave, (67)
(A1, 22) > (k%A1 22)

— (K2)»1)»2)%11U,1(K\/E) is log-concave, (68)
(A, Ao) > (Al)\z)UTAIV_l(K\/)E) is log-concave. (69)

By considering the domain of A; and Ay, f(A1, A2) is the product of 3 components:

(xy)%l /[,0% (1- p)F(u)] (constant), (70)
exp[—(Mix + A29)/(1 - p)]  (log-linear function), (71)
(A1ro) VTHIV,I(K\/)\J}\Z) (log-concave function). (72)

Thus, the map (A1, A2) — f is log-concave in R* x R*.

Theorem 6 [f-1/2 <v <0, 1, islog-convex on (0,00) and if v > 0, I, is log-concave function
on

(0, (16v* — 16v° — 240 + 4v + 5)*/2).

In 2007, Neumann conjectured [4] that the modified Bessel function of the first kind is
log-concave on (0, 00). To the best of our knowledge, it seems to remain an open question
[13].In our investigation, the function is log-concave just on a specific interval determined
by parameter v.

Proof The second derivative of In, with respect to £ is —v/£ + 2y, (£2) [y, (£2) + 4£* (v (£?) x
() = (v.(£2)?)/y2(t?). The term can be simplified to $2(¢)/[ty,(t*)]* where 2(t) =
1 ) () + 227 () v (82) + 4t*y] (£2) v, (£2) — 4t*y ! (£2)y ) (¢%). The sign of the second
derivative of InJ, is determined by £2(t) as the denominator is non-negative. By adopting
(8), £2(¢) is rewritten in the form of the series

=Y a,—, (73)

P+ )Ir@2n+2v-1)
T T+ 20+ D)M2m+v+1)

[2(11 + v)(n -2 4 v)] (74)

n

Then we consider

o t2n S t2n
.Q(t):ao+2a,,;:—v+2an—. (75)
n=1 : n=1

n!
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Theterms I'*(v+1), F'(2n+2v-1), (n+2v+1), ['(n+v+1),and n+v of {a,} are positive
for v > —1/2 and n > 1. Therefore, the sign of {a,,} is determined only by # — 2v% + v. Given

-1/2 <v <0, n — 2v% + v is positive, so we conclude that a,, is positive for any # > 0. For

arbitrary ¢ # 0, £2(t) is a positive function so that the second derivative of In1, is positive.

This proves the log-convexity of I, under the first condition. For the case of v >0, a, <0

is equivalent to 7 — 2v% + v < 0 and # < 2v% — v, s0 we can infer that there exists an 79 such

that a,, < 0 for any m < ngy and a,, > 0 for any n > 1. By Lemma 2, we conclude that there

is a t > 0 such that

Q) - i r*(v+1)I'2n+2v-1)
- — 4 Tn+2v+DI2m+v+1)

2n
. [2(n + v)(n -v(2v - 1))]tn_‘

B i e+ 1)Ir2n+2v+1)
DIPr

— Fn+2v+1)IM2n+v+1)

1 (=W +3)\ e
(e

1
2 n+v-;

By Lemma 1, we have

(V=3 +3)

i Fv+1)I'(v+2)'2n+2v+2)
' T(m+20+ 2T (n+v+2)C(m+v+1)

n=0

m+v+1Dn+2v+1) tzn:“

'(n+v—%)(2n+2v+1)g

Since Vi € Ny and v > 1/2, we have

(n+v)2+(u+2)(n+v)+(v+1)>(n+v)2—i,

m+v+1)(m+2v+1) 1

> =
(n+v—%)(2n+2v+1) 2

Thus, we have the inequality

Q) < Ly (P)n(P) - {

v-H+1d)

2 2(v+1)

T+ 1) (v+2) I'n+2v+2)
| [Z

n=0

_ l 2 2 (V - %)(V + %) yv+1(t2)
=@ )[1_ v+l (@ }

! 1 1\ 141 (8)
-]

t2n

4"(n+2v+2) F(n+v+1)F(n+v+2)z

J

(76)

(77)

(78)

(79)

(80)
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Owing to the work of Kokologiannaki [17], we can use of the inequality

v+1 (v+1)2 1 I,(8)

O (81)
The inequality (80) becomes
20 < (@) () R0, (32)
where
ro-1=2(-3) () i
1. 2(v - %)(Vt;— D +1)
_2(%%)(%%) CERLINES (83)

Since y, > 0, the function £2(¢) < 0 if and only if F(v,£) < 0. Consequently, the log-
concavity of the modified Bessel function of the first kind is guaranteed on the interval
(0, (16v* — 1603 — 2412 + 4v + 5)1/2/2). O

According to the proof, MBF-I should not be log-concave on R* as it was conjectured.
However, we suspect that the actual upper bound of the interval that ensures the log-
concavity property of MBF-I should be at least 2v2.

3 Conclusion

This research demonstrates the logarithmic concavity and logarithmic convexity proper-
ties of the MBF-I and its related functions. The proofs cover the case of bivariate function.
In our techniques, we simplify the coefficients and exploit the Chu—Vandermonde identity
in order to prove such properties. The results might help solving optimization problems in
univariate and multivariate probabilistic models. The result from Theorem 6 suggests that
log-concavity of the mapping ¢ + I,,;(¢) is true on (0, (16v* — 16v3 — 2412 + 4v + 5)1/2/2)
but not entirely on R* as is conjectured by Neuman.
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