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Aux) + Aa(x)f(ux) =0, R; <|X| <Ry,
U|jx=g, = Ulxj=r, = 0.

Here A denotes the Laplace operator, f(x) = (f;(x), ..., (X),..., /X)),
X=001,%, 0 X)) u) = (Ur (), ..., Ui(X), ..., u,(X), Au(x) =

(Auy(X),..., Auix),..., Au,(X)|, A = diaglAy,..., Aj,..., A a(x]) =
diagla;(|X1),...,ai(|X]),...,a.(IX])],R> > Ry > 0,x € R",n > 2. The interest is that a(|x]) is
allowed to change sign on [Ry, Ry], which needs some new ingredients in the
arguments. An example is also given to illustrate the main results.

Keywords: Positive radial solutions; n-dimensional elliptic systems; Indefinite weight
function; n parameters

1 Introduction
In this paper, we analyze the existence and multiplicity of positive radial solutions for the

following n-dimensional elliptic differential system:

Au(x) + Aa(|x])f (u(x)) =0, Ry <|x| <Ry, w1

u|x=r, = Wljxj=r, = 0,

where A denotes the Laplace operator, R, > R; > 0,x € R",n > 2, a(|]x|) is allowed to

change sign on [Ry, R,], and

x = (%1, %2, %)%,

u(x) = (11 (0, .., (%), .., (),

Au) = (A (X), .., M), ..., Auy(x)) T,
A = diag[hy, .., ki M,
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a(|x|) = diag[al(|x|), . ..,ai(|x|), . ..,an(|x|)],
£x) = (A0, ..., fiX), ... £s(x) T,

where we understand f;(x) to mean fi(xy,%3,...,%,),i=1,2,...,n.
Therefore, system (1.1) means that (i = 1,2,...,n)

Awni(x) + Mia;([x))fi(u(x)) =0, Ry < |x| <Ry, 12)

Uilixj=r; = Uiljx|=r, = 0.

Let] =[0,1], R, = [0,+00), R = (—00,+00), R" = Ry x R4 X --- X R,. By a positive ra-

dial solution u* of system (1.1) we understand a solution u* wrilth uf >0({=1,2,...,n)and
either u 0 (i = 1,2,..., n). By the maximum principle, each nontrivial component of u*
is thus positive in £2 = {x € R" : Ry < |x| < Ry, R1,R; > 0}. For x,y € R”, we define x <y if
and onlyifx; <y;,i=1,2,...,n.

The study of boundary value problems with positive solutions has attracted recently the
attention of different researchers and it is a topic of current interest; see [1-16], and the
references therein.

At the same time, we note that the existence and multiplicity of solutions to the elliptic
differential systems:

Au + ki (|%)f (u,v) =0,
Av + ky(lx))g(m,v) = 0,

(1.3)

under different boundary conditions have been studied extensively in the past decades
(see [17-36]). Kawano and Kusano [17] gave sufficient conditions which guarantee the ex-
istence of entire solutions of (1.3) by means of the method of sub- and super-solutions. By
applying the linking theorem and with the assistance of the Nehari manifold, Benrhouma
[18] showed the existence of at least two solutions of (1.3) in the whole space R”. Serrin
and Zou [37] gave an excellent survey on the existence results for problem (1.3).

However, there is almost no paper dealing with the n-dimensional elliptic differential
system with indefinite weight functions and parameters; for instance, see [38—41] and the
references therein. Dalmasso [38] investigated the existence and uniqueness of positive
solutions for the following elliptic system:

Au+g(v)=0 in £,
Av+f(u)=0 in £,

u=v=0 on £2,

where 2 C R” (n > 1) denotes a bounded domain of class C*>%,a € (0,1]. Precup [39]
considered the existence, localization and multiplicity of positive radial solutions of the
elliptic differential system:

Auy + fi(lx))g1 (41, u2) = 0,
Auy + fo(x])ga(u1, uz) = 0,
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in 2:={xeR":|x|>ry} (n > 3), under the conditions
uy=uy=0 for|x|=ro and wuy,u; —0 as|x|— oc.

Recently, in [40], Maniwa studied the uniqueness and existence of positive solutions for

the following elliptic differential system:

N P .
—Auy; = I—[}.:l u;” in$2,

u;=0 onf2,i=1,2,...,N,

where p;; (1 <i,j < N) are nonnegative constants and £2 C R” (n > 1) denotes a bounded
domain of class C*>*,« € (0, 1).

To the best of our knowledge, in the literature there are no articles on multiple radial
positive solutions for the analogous of n-dimensional elliptic differential system with in-
definite weights and n parameters. More precisely, the study of A = 1, and a changing sign
on [Ry, R,] is still open for the elliptic systems. Specially, comparing with [17-39, 41, 42],
the main features of this paper are as follows.

(i) A;>0isavailable, notonly ;=1,i=1,2,...,n.
(ii) a(|x|) being allowed to change sign on [Ry, R;] is considered.

(iii) n-dimensional elliptic system is investigated.

In [40], the author considered n-dimensional elliptic system and obtained several ex-
cellent results of uniqueness and existence of positive solutions, but Maniwa only stud-
ied the case A; =1 and a;(|x]) =1 (@ = 1,2,...,n). On the other hand, in [43], Yao
pointed out that it is of particular mathematical interest when the weight function a(|x|)
is allowed to change sign on [Ry,R;]. Therefore, the present work is new and signifi-
cant.

In this paper, we always suppose that the following conditions hold:

1. fi: R — R, is continuous and there exists 0 < ¢; < 1 such that
filx) = cipi(x), xeRf,

where ¢;(x) = max{fi(y):0 <y <x},i=1,2,...,n.
2. a;: [R1,Ry] — R is continuous and there exists R; < ¢ < R, such that

ai(r) >0, relRy,c]; a(r) <0, relf,R),i=1,2,...,n

Moreover, a;(r) (i = 1,2,...,n) does not vanish identically on any subintervals of [R, R;].
In Sect. 2 we list several preliminary results that will be used in the subsequent sections.
Section 3 is devoted to stating and proving the main results. Several special cases and an

example are also given in Sect. 4.

2 Preliminaries
Looking for radial solutions, let us first introduce the radial coordinates form of system

(1.2); for details to see Precup [39] and Lee [44]. By the radial variable r = |x|, we can write
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(1.2) as
u)(r) + "—;lug(r) +hai(r)fi(a(r)) =0, Ry<r<Ry, @.1)
ui(Ry) = ui(Ry) = 0,
wherei=1,2,...,n.
Let
R gt
== [ (22)
Then
R gt
Ry)=- =:
s(Ry) /R e m
and s(R,) = 0.

Set vi(s) = u;(r(s)). Then taking the derivative of this equation with respect to r, and
together with (2.2), we get

ro_ / _ )
U, = v, xs(r)=vj, x pr=y

1
"oy / 2-n
Uy, =Vi, X — + Vi x (1—mr=™".

iss 7 2n-2

’
irr

/!

s and u}, into (2.1), we get

For convenience, we write v}, as v/(s). Thus submitting u

V! (s) + A D (s)a;(r(s))fi(v(s)) =0, m<s<0,
vi(m) =v;(0) =0,

(2.3)

wherei=1,2,...,m,v=(v1,va,...,v)".
Lett = “=*. Then s = m(1—t). Set w;(¢) = vi(s). Then similarly system (2.3) can be written
as

wi (8) + 2im*r? D (m(1 = O)ai(r(m(1 - £))fi(w(©)) =0, 0<t<1,

(2.4)
w;(1) = w;(0) = 0,
wherei=1,2,...,m,w=(wi,wy,...,w,)7T.
Letting /;(¢) = m*r*" Y (m(1 - t))a;(r(m(1 — t))), then system (2.4) is equal to
w!(t) + Ml (B)filw) =0, O0<t<1,
7 (2) (t)fi(w) (2.5)

wi(1) = w;(0) = 0,
wherei=1,2,...,n.
The following conditions will be assumed throughout this paper:
(Hy) h;:] — R is continuous and there exists 0 < & < 1 such that

hi(t)>0, tel0,&]; hi(t)<0, tel§,1],i=1,2,...,n.

Moreover, h(t) does not vanish identically on any subintervals of /.
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(H3) fi: R" = R, is continuous and there exists 0 < ¢; < 1 such that
filw) > cipi(w), i=1,2,...,m,

where ¢;(w) = max{fi(y),0 <y; <w;,j=1,2,...,n}.
(H3) There exist 0 < 6; < +00,6; # 1 and k;, /; > 0 such that

n 0; n 0;
kl(Zw,») §ﬁ(w)§li<2w,~), weRLi=1,2,...,n
i=1

i=1

(Hy) There exists 0 < o < & such that
§ 1
c?kioez / G(t,s)h} (s)ds > L% / G(t,s)h; (s)ds, i=1,2,...,n.
o &

We define
ki (¢) = max{h;(z),0}, h; (t) = -min{h(2),0}, i=12,...,n
Then
hi(t)=hi@t)-h;(¢), i=12,...,n
Next we give some lemmas which we will need later.

Lemma 2.1 (See [39]) By (2.1)—(2.4), system (1.1) admitting positive radial solutions is

equal to system (2.4) having positive solutions.

Lemma 2.2 (Lemma 1 of [45]) Assume that (H,)—(H>) hold. Then system (2.5) has a solu-

tionw = (W1,...,W,,...,Wy,) given by

1
w;(t) = )Li/ G(t,8)hi(s)fi(w(s)) ds, t€], (2.6)
0
where

t(l-s), 0<t<s<l,
G(t,s) = (2.7)
s(1-¢), 0<s<t<l.

It is well known that C[0,1] is a real Banach space with the norm given by ||x| =
max;es |%(£)|. Let X =[], C[0,1], and for any x = (x1,%2,...,%,)T € X,

n
lxll = l1illoo-
i=1

Then (X, || - ||) is a real Banach space.

Page 5 of 24
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Define a cone K in X by

K= li[K,»,
i=1

where

K; = {x,- € C*[0,1] : x;(¢) is concave on [0,£], and convex on [&, 1]}, i=1,2,...,n,

C*[0,1] = {x € C[0,1] : x(¢) > 0,Vt € ] and x(0) = x(1) = 0}.
We define some sets as follows:

Ky = {x; € Kil x| < 7},
Kirr = {xi € Kilr < |lx:]| < R},

0Ky = {x; € Kil |||l = 7},
where R>r>0,i=1,2,...,n.

Lemma 2.3 (Proposition 2.1-2.2 of [16]) From (2.7), it is easy to verify that G(t,s) has
following properties:
(i) G(t,s)>0,Vt,se(0,1);
(ii) G(t,s) < G(s,s),Vt,s€];
(ii) G(t,8) > 0Gl(s,s), Ve € [o,1-0],s €], where o is defined in (Hy).

We define the map T4 : R” — R’ with components (T}, ..., TiA
understand TAw = (lelw, e Tixiw, ..., T*nw), which

i,...,Th). Here, we

(Tjiw)(t) = A / 1 G(t, )hi(s)fi(w(s))ds, t€],i=12,...,n. (2.8)
0

Cheng and Zhang [46] pointed out that the existence of a positive solutions of system
(2.5) is equivalent to the existence of nontrivial fixed points of T* in K.

Lemma 2.4 Assume (Hy)—(H,) hold. Then T4 : K — K is completely continuous.

Proof We show that TA(K) C K, that is, for w € K, we show that Ti'\" e€eK;i=12,...,n.By
(2.8), it is clear that (T,"w)(0) = (T)"w)(1) =0 (i = 1,2,...,n).
Define a function g : J — J as follows:

q(t) = min{é, %}

Then ming <;<¢ q(t) = %,max§5t51 q(t)=1.
For any w € K, we prove that

1 o
‘/0 G(t, 8)hi(s)f;(w(s)) ds > / G(t, s)hj (s)f;(w(s)) dis.

0
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Since w € K and w;(0) =w;(1) =0,i=1,2,...,n, then we have

w;(t) — w;(0) - wi(€) — w;(0)

Page 7 of 24

-0 - %__0 , L€ [0,&] = Wz’(t)ZCI(t)Wi(S), € [0:5]’
WO D el 5 w0 <q0w@), telel

where i =1,2,...,n. Accordingly, we know that

w(t) = q(O)w(§), te[0,6];  w(t) =q@)w(E), telé,1]

From the definition of ¢; (i = 1,2,...,n), we also have

pi(w(t)) = ¢i(gt)w(§)), t<[0,8],
pi(w(t)) < pi(gt)w(§)), tel&,1].

Then, for0 <t <1,

1 o
/ G(t,$)hi(s)f: (w(s)) ds — / G(t, s)h] (s)f; (w(s)) ds

0 0

§ 1
:/ G(t,s)h;(s)fi(w(s)) ds—/é G(t,s)h[(s)ﬁ(w(s)) ds

a

1

3
> / Glt, )} ()ps(w(s)) dis - / Glt, )by ()i (w(s)) ds
o 3

& 1
> / Glt, )} ()pi(qlsIw(&)) ds - /E Gt, )l ()i (als)w(&)) ds

3 1 1
> / Glt,s)h GV a(Iw(E)) ds — / Gt, k7 () (qIw(®)) ds

i Je

0;

= [ " Gt Ok (q<s> iw,@)) ds
o i=1
_1/1 (t,5)h s)l< S)Zw, )9‘
i Jg
>c,k,( ) (Zw,(g)> / EG(t,S)h,»*(S)ds
O 1
_c_,l (sz ) / (&5 (s)ds

i=1

n 6; . 0; £ 1 1
> E ; kil — Gt )t (s)ds— —1; | Gt s)h; (s)d
- <i=1 W($)> (C ’ (g) fa (&, 5)h; (s) ds . /g (t,s)h; (s)ds

> 0.

Thus T)'w > 0,i=1,2,...,n

)
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By the above definitions and the properties of the Green’s function G(z,s), we have

(T'w)"(8) = Mk (O)fi(w()) > 0, te[0,&],
(T)'w)"(8) = =07 i (w(t)) <0, te[0,&],

where i =1,2,...,n. Thus, T)'w € K; and T}(K) C K;,i = 1,2,...,n, that is, TA(K) C K.
Similar to the proof of Lemma 2.4 in [47], one can prove T4 : K — K is completely

continuous. The proof of Lemma 2.5 is complete. O

The main proof is based on the well-known fixed point theorem of a cone expansion

and a compression of norm type.

Lemma 2.5 (Theorem 2.3.4 of [48]) (Fixed point theorem of cone expansion and compres-
sion of norm type). Let §21 and $2, be two bounded open sets in a real Banach space E such
that 0 € 2, and 2, C §2,. Let the operator T : PN (§2,\821) — P be completely continuous,
where P is a cone in E. Suppose that one of the two conditions

(i) I1Tx|| < |||, Yx € PN 382y and || Tx|| > ||x||,Vx € PN 0825 and

(i) ||| = |lx|l, Vx € PN 382y and || Tx|| < ||x||,Vx € PN 02,
is satisfied. Then T has at least one fixed point in PN (£2,\82;).

3 Main results
Based on the lemmas mentioned above, we give the following theorems and their proofs.

Theorem 3.1 Assume that (H;)—(Hy) hold. If6; > 1,i = 1,2,...,n, then there exists Ao >0

such that system (1.1) has at least two positive radial solutions for A; € [0, +00).

Proof On one hand, since 6; > 1, by (H3), we get

(W LS w.)b
lim fl,s ) < lim ’(2’571’) -0,
max] <j<, wj—0 Zi:l W; T maxi<jz, wj—0 Zi:l w;

wherei=1,2,...,n.
Furthermore, there exists a r; > 0 such that

n
Jilw) < Sizwi, O<w;<ry,

i=1

where ¢; satisfies ;| max;e;(Aé; foé G(t,9)hi(s)ds) <1,i=1,2,...,n.
Then, for any w; € 0K;,,, we have

7w, = max

1
Ai/ G(t,s)hi(s)fi(w(s)) ds
0

& 1
by / G(t, )k} (s)f; (w(s)) ds—\; / G(t, s)h; (s)f; (w(s)) ds
0 §

&
)Li/ G(t,s)hi*(s)ﬁ(w(s)) ds
0

< max
te]
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< max
te]

g n
by /0 G(t,s)h;'(s)ei;wi(s)ds

5
§max)»,»/ G(t, )k (s)e; ds
0

te]

> wils)
i=1

E n
< max Aieifo G(t,s)h; (s)ds (; ”Wi”oo)

&
~maxie [ Ge.h ) dsiwi,
te] 0

wherei=1,2,...,n.
Thus, for w; € 0K;,,,i=1,2,...,n, we have

n
[T4w] = 37wl
i=1

n &
< ;ntlgx<ki8;/0 G(t,s)h} (s) a’s) [lw]|
<[Iwll. 3.1)

We denote §(¢) = min{é, %}, te0,&].Ifw; €K;,i=1,2,...,n then from the concave on
[0,§]. So

wi(t) = 8@)Willoo, t€10,E],i=1,2,...,n.

It follows that w;(f) > a||wille, ¢ € [5,0], where o = min%stg 8(¢),i=1,2,...,n. Thus we
have

o
wi(t) = allwill, te |:§,U:|,i= 1,2,..., 1

Since ;> 1,i=1,2,...,n, by (H3), we have

k(3 wy) B

A
~lim - >  lim —— =09,
ming iz, W00 Y 1 Wi minigi<awpoo ) i W

wherei=1,2,...,n.
Furthermore, there exists 0 < r; < R} such that

n
Jilw) > n; ZWI', w; >R},
i=1
where 7; satisfies Y . ; max,e;(A;m;c fé; G(t,s)hf(s)ds) > 1,i=1,2,...,n.

Choose R; > %/1 Then, for any w; € dKip,,i = 1,2,...,n, we have min%ftso wi(t) >
ming <<, 8(8)llwilloo = @Ry > R} and fi(w(t) > 0312, wild), t € [§,01,i=1,2,...,n.

Then, for w; € 3K, g,, we have

1
ki/ G(t,s)hi(s)f,-(w(s)) ds
0

77wl = max
te]

Page 9 of 24
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> max
te]

A /U G(t, s)h] (s)f; (w(s)) ds
0

> max
te]

Ai / "Gt om, > wi(s)ds
2 i=1

o n
> max Ai/ G(¢,s)h (s)niat Z IWilloo ds

te
/ i=1

=ma}ka,-a/ G(¢t, s)h] (s)ds||wll,
te a

wherei=1,2,...,n.
Thus, for w; € 0K;r,,i=1,2,...,n, we have

n
[T4w] = 37wl
i=1

> 3 max (e [ Gt s il
i=1 2
> [wl. (3.2)

In addition, choose a number 0 < r < r;. Noticing that f(w) > 0 for all w > 0, we can
define

fir=minlf(w):ar<w;<r}, i=12,...,n

_ r
Let A0 = maxsey f% G(t,s)h? (s)fyrds®
If w; € 9Ky, then [willo = 7 and ar = ming oy S Wl < W) < IWillow = 1t €

[5,0Li=12,...,n It is clear that fi(w(?)) > f,,,t € [3,0],i = 1,2,...,n. Then, for w; €
9K;,, we have

1
)»,-/ G(t,8)hi(s)f;(w(s)) ds
0

77wl = max
te]

> max
te]

Y /U G(t, )k} (s)f; (w(s)) ds
0

> ntlajx A / G(t,s)h] (s)f;, ds,
€, o
7

wherei=1,2,...,n.
Thus, for w; € 0K;,,i=1,2,...,n, we have

n
[T4w] =D 177wl
i=1

> E nt1a]x()»i/ G(t,S)h;(S)ﬁ,rd5>
< fed
i=1 2

n

> ma]x Aio (/ G(¢,8)h; (s)fir ds)
te g
i=1 2
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=nr=) |Wille=lwl. (3.3)

Applying Lemma 2.5 to (3.1), (3.2) and (3.3) shows that T4 admits at least two fixed
points wy, wy, where w; € FRI \E,l andw; € K;, \ K. Thus it follows from Lemma 2.1 that,
if6;>1,i=1,2,...,n, there exists A;o > 0 such that system (1.1) has at least two positive
radial solutions for A; € [, +00). This finishes the proof of Theorem 3.1. O

Theorem 3.2 Assume that (Hy)—(Hy) hold. If 0 < 0; < 1,i = 1,2,...,n, then there exists
19 > 0 such that system (1.1) admits at least two positive radial solutions for 1; € (0,19],i =
1,2,...,n.

Proof On one hand, since 0 < 6; < 1, by (H3), we get

fiw) > lim —ki(z?=1 wi)" _

n — n H
maxj <j<y wj—0 Zi:l w;i maxj <j<y wj—0 Zi:l w;

wherei=1,2,...,n.
Furthermore, there exists a r, > 0 such that

n
filw) > nl.l Zw,», 0<w,;<ry,

i=1

where n} satisfies Y, max.; Ao ff,; G(t,s)h}(s)ds > 1,i = 1,2,...,n. Thus min{fj(w) :
ary <w;<ry,i=12,...,n} >0} > w,i=1,2,...,n
Then, for any w; € 0K;,,i=1,2,...,n, we have

77wl = max
te]

1
ki/ G(t,s)hi(s)ﬁ(w(s)) ds
0

Ai /U G(t,s)hi(s)fi(w(s)) ds
0

> max
te]

> max
te]

by / ’ G(t, )i (s)n} Y wils)ds

i=1

- n
> maxi [ G Gnta Y Iwileds
2 i=1

o
Zma]x)umiloz/ G(t,s)h] (s)ds|wll,

te fed

3

wherei=1,2,...,n.
Thus, for w; € 0K ,,,i=1,2,...,n, we have

n
[T4w] =3 177wl
i=1

> Zmax Amiloz/ G(t, )k} (s)ds||w]| > |w]l. (3.4)
o g
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On the other hand, since 0 < 6; < 1, by (H3), we have

i L wy)
im LMy A

. n - . n
minj <j<y Wj— 00 Zi:l Wi ming <j<y Wj—> 00 Zi:l w;

0,

wherei=1,2,...,n.

Furthermore, there exists 0 < r, < R} such that

fiw) < ¢} (Z wi), w; > R),

i=1

where ¢! satisfies Y1 maxees A; [y G(t, )} (s)etds < 1,i=1,2,...,n.

Let M; = max{fj(w):0 <w; <R},i=1,2,...,n}. It implies that

ﬁ(w)fe}(Zwl-) +M;, x%y>0,i=12,...,n

i-1
Choose Ry > {R), % > maXees A fos G(t,8)h} (s)M; ds}. If w; € 3K;,, then ||willoo = Ry

and 0 <w;(t) <Ryt €/,i=1,2,...,n.Itis easy to see that fi(w(t)) < &} (31, wi(t)) + My, t €
J,i=1,2,...,n. Then, for any w; € 0Kj,, we have

1
kif G(t,s)h,-(s)f,'(w(s)) ds
0

77wl = max
te]

§ 1
A / G(t,s)h] (s)f; (w(s)) ds—\; / G(t, s)h; (s)f; (w(s)) ds
0 &

= max
te]

&
)»,-/ G(t,s)hi*(s)fi(w(s)) ds
0

< max
te]

é n
; Ai/o G(t,s)h] (s) [e};wi(SHMi} ds

< max
te

5 n &
< max A; / G(t,s)h;'(s)al.1 E 1wl oo ds + max A; / G(t,s)h] (s)M; ds,
0 te] 0

te]
i=1

wherei=1,2,...,n.

Thus, for w; € 0Kjg,,i=1,2,...,n, we have
n
A A
IT4w] = > 17w,
i=1
n E n
< Z<rggxxi fo G(t, )k (s)e} Z 1will o ds
i=1 i=1
&
+ max Ai/ G(t,s)h] (s)M; ds
te] 0

& n &
< max Ai/ G(t,s)hlf(s)sil ds||wl + Zmax )\,'/ G(t,s)h] (s)M; ds
0 P 0
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n
< zlwl + §R2

— N

1
=—|w| + =|lw
S Iwll+ Sliwl

= [lwll. (3.5)

In addition, choose a number 0 < r’ < r;. Noticing that f;(w) > 0 for all w; > 0, we can
define

fi’/ =max{fi(w):0<w,»§r’,j= 1,2,...,n},

wherei=1,2,...,n.
Let Ao = r —.
et Ao maxtglfg Gts)h! s)f] ds

If w; € 0K, then || w;|loo =¥ and 0 < w;(£) < |Willeo =7, t € ],i=1,2,...,n.Itis clear that
filw(®) <f’,t€],i=1,2,...,n. Then, for w; € 3K;,, we have

1
ki/ G(t,s)hi(s)f,»(w(s)) ds
0

77wl = max
te]

& 1
A / G(¢,9)h; (s)f; (w(s)) ds — A; / G(2,9)h; (s)f; (w(s)) ds
0 §

&
)»,»/ G(t,s)h;'(s)ﬁ(w(s)) ds
0

§
by /0 G(t,s)l! (s)f! ds

g J
< max 22 / G, )} ) ds,
0

wherei=1,2,...,n.
Thus, for w; € 0K, ,7,i=1,2,...,n, we have

n
[Tl = 37wl
i=1

te]

n & ,
<3 maxa? / Gt It S ds
i=1 0
= il = Wl 36
i=1

Applying Lemma 2.5 to (3.4), (3.5) and (3.6) shows that T4 admits at least two fixed
points w!,w?, where w! € Kz, \ K,,,w? € K;, \ K. Thus it follows from Lemma 2.1 that,
if0<6;<1,i=1,2,...,n, there exists AY > 0 such that system (1.1) has at least two positive
radial solutions for 1; € (0, A7]. The proof of Theorem 3.2 is completed. g

4 Some special cases and an example
In this part, we consider two special cases: A =1 of system (1.1) and the weight function
a(|x|) is positive on (R, R;).

Page 13 of 24
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4.1 Caseof A=1
We consider A =1, thatis, \;=1(i=1,2,...,n). If A =1, system (1.1) translates into the
system (4.1):

Au(x) +a(|x])f(u(x)) =0, Ry <|x|<Ry,

(4.1)
Uljxj-r; = Ujxj=r, = 0.
Similar to system (2.5), we transform system (4.1) into the system (4.2):
w!(t) + hi(t);i(w) =0, O<t<l1,
7 (8) + hi(e)fi(w) (42)

Wl(l) = WL'(O) =0.

We define the map T : R} — R” with components (T,...,T;,..., T,). Here, we under-
stand Tw = (Tw,..., Tiw,..., T,w), where

(T;w)(t) = /01 G(t, s)hi(s)f,-(w(s)) ds, i=1,2,...,n (4.3)

As Cheng and Zhang [46] pointed out, the existence of a positive solution of system (4.1)
is equivalent to the existence of a nontrivial fixed point of T in K.

Lemma 4.1 Assume (H1)—(Hy) hold. T : K — K is completely continuous.

Theorem 4.1 Assume (H1)—(Ha) hold. System (4.1) has at least one positive radial solu-
tion.

Proof We denote

-1 1
n o " £
M= [Z/ o G(s,8)h} (s) ds] , N = |:Z/ G(s,8)h; (s) dsi|
i=1 70 i=1 V0
Let6;>1(i=1,2,...,n). On the one hand, since 6, > 1 (i = 1,2,..., n), by (Hs), we have

filw) < lim LS w) 0

lim =
. n = . n
minj <j<y w1-~>0 E i=1 Wi ming <j<, W/~>0 E i=1 w;

Furthermore, there exists a r; > 0 such that
n
filw) 5NZW,», O<w;<r,i=1,2,...,n
i=1

If w; € 0K;, then ||wi|loo = r1 and 0 < w;(£) < ||Willeo = r1,t €J,i = 1,2,...,n. This im-
plies that fi(w(¢)) < N >/, wi(t) < Nnri,t € J,i = 1,2,...,n. Then, for any w; € 9K, (i =
1,2,...,n), we have

/1 G(t,s)h;(s)f; (w(s)) ds
0

n n

[ Tw|| = E I1Tiwlloo = E max
- - te]
i=1 i=1

Page 14 of 24
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0

n
= Z max
o
n
< max

te]
i=1

§ 1
/ G(¢, )k} (s)f; (w(s)) ds — ./g G(t, s)h; (s)f; (w(s)) ds

&
/ G(t, )k} (s)f; (w(s)) ds

0

&
Gls, s (s)fi(w(s)) ds
0

n 3
< Z / G(s,s)h] (s)Nnry ds
i=1 Y0

=nry = ||w].
Consequently,
ITwl < llwll, VYw € 0K,. (4.4)
On the other hand, if w; € K;,i = 1,2,..., n, then from the concavity on [0, £],
wi(t) > 8(8)|Willeo» t€1[0,€],i=1,2,...,n

It follows that w;(t) > a||willeo, t € [§,0], where o = ming <<, 8(t),i=1,2,...,n. Thus we
have

o
wi(t) > allwill, te [E,a}i =1,2,...,n

Since 6; > 1,i = 1,2,...,n, by (H3), we have

. . n )i
im LW m Qi W)t

. = . n
min) <j<;,, Wj—>00 Zi:l w; minj <<, Wj—>00 Zi:l w;

Furthermore, there exists 0 < ; < R} < +00 such that

MY w;
fi(W)EL; wi>R,i=1,2,...,n
o

Choose R; > R—l Then, for any w; € 0Kig,,i = 1,2,...,n, we have min%stsg w;(t) >
ming ;< (t )||w,||oo = aR; > R] and fi(w(?)) > Man,t € [%,0],i =1,2,...,n. Then, for
w; € dK;r,, we have

ITw]] = Z I Twlloc = Zmax
> Z max

telo,1-0]

=3 [ oGt vns) ds
i=1

/0 tsh(s)f( )

/0 ’ G(t,8)h] (s)f;(w(s)) ds
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> Z/ o G(s,s)h] (s)MnR, ds = nR, = ||w]|.
-1 Y73

Consequently,
ITwl = [lwll, Vw € 0Kg,. (4.5)

Summing up we can show that T has at least one fixed point w;, where w; € Kz, \ K,
by applying Lemma 2.5 to (4.4) and (4.5). According to Lemma 2.1, if 0; > 1,i = 1,2,...,n,
system (4.1) has at least one positive solution.

If0<6;<1(i=1,2,...,n), the proof is similar. We omit it.

The proof of Theorem 4.1 is completed. d

If min; <;<,, ]l(—’ is sufficiency large, we have the following theorem.

Theorem 4.2 Assume that (Hy)—(Hy) hold and there exist two positive numbers Ay, B;
such that one of the following conditions is satisfied:
(i) 0<0;<1,A; < By and
max{f,-(w) 0<w; <Ay,j= 1,2,...,n} <A1M,

min{ﬁ(w):oeBl <w;<Bjj= 1,2,...,n} > BiN.
(if) 1<6; <+00,A1 > By and
min{ﬁ(w):aBl <w;<Bi,j= 1,2,...,n} > BiN,
max{f;(w):0 <w; <A,,j=1,2,...,n} <A M.
Then system (4.1) has at least three positive radial solutions.

Proof 1Tt is enough to prove the case (i).
We have the following claim.

Claim 4.1 Ifthere exist two different positive numbers A, B such that

max{ﬁ(w):Ofwj <A,j= 1,2,...,n} < AM,

min{f;(w):aB <w; <B,j=1,2,...,n} > BN,
then the operator T has one fixed point w* € K and min{nA, nB} < ||w*|| < max{nA, nB}.

The proof of Claim 4.1 is similar to the proof of Theorem 4.1.
Now, limumax; ;. w;—0 zf}«iﬁ, = +00 and liMmin, _;_,, w;—+c0 ZJZ,,SLI =0,i=1,2,...,n. By the
proof of Theorem 4.1, we assert that there exist positive numbers A,, B, such that B; <

A1 <Bl <A2 and

min{ﬂ(w):aBz <w;<Byj= 1,2,...,n} > ByN,

max{_ﬂ»(w):Ofw,»fAzjz 1,2,...,n} <A)M,
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wherei=1,2,...,n.

On the other hand, letting ¥;(w) = min{fi(y) : aw <y <w} (i = 1,2,...,n), then ¢;, ¥, :
R} — R, (i=1,2,...,n) are continuous. Since M < N, ¥;(By) > BoN, ¢;(Az) < AyM, we

assert that there exist
By<Aj <A1 <A] <B|<B;<B] <A,

such that

min{ﬂ(w):azB’1 <wj<B,j= 1,2,...,n} = 1//i(B/1) > B
(

min{f;(w) :aB] <w; <B},j=1,2,...,n} = ¥;(B]) > B/N

where
Ay =(Ay..., Ay, A))T, By=(By...,By,..., By,
n n
A= (Al AL LAY A= (AL LAY AY)
n n
B, = (B,....B,....B})",  B{=(B,...B,....B])".

By using Claim 4.1 for (B, A}), (A7, B}), (B}, A3), respectively, we see that the operator T

has three fixed points wy, wy, w3 € K satisfying

nBy < |wi || < nAj <nAf < |lwa|| < nBj < nB{ < ||lws|| < nA,.

By Lemma 2.1 and Lemma 2.5 we know that system (4.1) has at least three positive radial

solutions. The proof of Theorem 4.1 is completed.

4.2 Case of definite weight function

We consider the multiplicity of elliptic system (1.1) with definite function. By a series of
transformations, (1.1) is transformed to (2.4). Assume the following conditions through-

out:

(A1) A=(A1,..-525..., 1) >0 is a parameter vector;

(A2) h; € L0,1] and there exists n; > 0 such that /;(t) > n; a.e. on J.

(As) fi: R — R, is continuous with f;(w) > 0 for w > 0;
wherei=1,2,...,n.

Lemma 4.2 Let G(t,s) be given as (2.6) and 0 < p < % Then we have

G(t,s) = pG(s,s), te€],se],

where ], = [p,1 - p].
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Proof Forte], ands €/, we have

G(t,s) t(l —S) t
- Z P> t S S,
G(s,s) s(1-s) s
G(t 1- 1-
(t,s) s(1-1) >p’ o<t

G(s,s) s(1-s) 1-

Then the proof is complete. O
We define a cone K in X by
K=]]K.
i=1

where

K = {xi € C*[0,1] % = 0 for /,minax(t) p||xi||oo}, i=1,2,...n (4.6)

tel,

Definition The map S is said to be a nonnegative continuous concave function on a cone
K of a real Banach space E if §: K — K is continuous and
B (tx +(1-

1)y) = tBx) + (1 - )B(y)

forallx,ye K and t € /.

Let K be a cone in a Banach space X. For positive numbers 0 < ¢ < d, we define the convex
set K(B,c,d) by

K(B,c,d) = {x:x eK,c < Bx), x| < d}.

In this part, B(x) = Z:’zl Bi(x;), and we understand K(8, ¢, d) = (K1(B1,¢,d), K2(B2, ¢, d), ...,
K,(Bu, ¢, d)), where Ki(B;, ¢, d) = {x; : x; € Kj, ¢ < Bi(x:), |willoo <d},i=1,2,...,1

We define the map T : K — X with components (T}, T}>,..., T*")T
derstand TAw = (T}'w, T)w, ..., T*»w)”, which

. Hence, we un-

(Ti)"iw)(t) = A f 1 G(t, )hi(s)fi(w(s)ds, t€],i=12,...,n. (4.7)
0

As Cheng and Zhang [46] pointed out, w is a positive radial solution of system (1.1) if

and only if w € K is a positive point of T,
Lemma 4.3 Suppose that (A;)—(A3) hold. Then T4 : K — K is completely continuous.

Proof We just prove TiM : K — K; is completely continuous. For all w € K, Ti)‘ ‘w>0on/
and

1
}Li/‘ G(t,s)hi(s)ﬁ(x(s)) ds
0

77wl = max
te]

Page 18 of 24
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< max
te]

1
)»,»f G(s,s)hl-(s)f,v(x(s)) ds
0

From Lemma 4.2, we have
1
min Ti'\"w(t) =minA; / G(t, $)h(s)f; (w(s)) ds
tejy telp 0
1
> minA; / pG(s,$)hi(s)f; (w(s)) ds
telp 0

> minA; /01 pG(s,s)hi(s)ﬁ(w(s)) ds

te]

> | 77wl

Thus, we have T?"(K ) C K;, therefore TA(K) C K.
Finally, from the standard process, it follows that TL,A . K — K; is completely continuous,

that is, T4 : K — K is completely continuous. 0

Lemma 4.4 (Leggett—Williams fixed point theorem) Let K be a cone in a real Banach
space E, A : K, — K, be completely continuous and B be a nonnegative continuous concave
functional on K with B(x) < ||x|| for all x € K,. Suppose there exist 0 <d <a < b < c such
that
(i) {xeK(B,a,b): B(x) >a}#P and B(Ax) > a for x € K(B,a, b);
(ii) lAx|l <d for x|l < d;
(iii) B(Ax) > a for x € K(B,a,c) with | Ax|| > b.

Then A has at least three positive solutions x1,x,, x3 satisfying
leill <d,  a<pBlx), lxsll >d,  Blxs) <a.

Next, we begin by introducing the notation

f —hmsupf(w) [ =lims pf( w)
Iwll—o* x| wli—soo X1
i) ) fiw)

fio= Hwn»w Ixl’ ﬁ"“—uwn»mfo x|

£ = min{fiw),0 < |wl <}, () = max{fi(w),0 < [w] <1},

) 1
N; = g)u',mh', D;= }»i/ G(s,)hi(s) ds,
0

wherei=1,2,...,n

Theorem 4.3 Assume (A1)—(A3) hold. For A; > 0 there exist constants 0 < M < C < % <L
such that

(Ag) [ < 5

(A5) filw) < DMI,,L‘ € Jpr PM < |Willoo <M, and fi(w) > 55,£ €],,C < [Willoo < %

wherei=1,2,...,n
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Then system (1.1) has at least three positive solutions w1, Wy, W3 satisfying
Iwill < nM, nC < B(wa), wsl >nM,  B(ws) <nC.
Proof Let B(w) = Y 1, Bi(wy), Bi(w;) = min,e;, w;(£). It is clear that f(w) is a nonnegative

continuous concave functional on the cone K satisfying f(w) < ||w]|| for allw € K.
By (A,) there exist 0 < & < + such that

N;
Sfiw) = élwilloos  [IWilloo > 7
By the definition of f**, we have

0 <filw) <elwilloo +£  lIwill > 0.

f**
Let L > max{ g 71 1 G O } Then, for w € K,

[T4w] = le Tiwl, = 2 max|2

te]

/1 G(t,8)h;(s)f; (w(s)) ds
0

1
)Li/ G(t,s)hi*(s)fi(w(s)) ds
0

n

< Z max
i=1 teJ
n

1
< a ntlg]x)\,»/o G(t, )k} (s)(ew(s) +£;) ds

<aneaxx / (6,90 5) el +£7) ds
n 1

= max / G(t, )f (s) (e + %) dis
o 0

<nlL,

which implies that TAw € K,,;. Hence, we have shown that the map T4 : K, — K,z is
completely continuous.

Next, we verify that {x:x € K(8,nC, %),,B(x) >nC} # % and B(TAx) > nC for all x €
K(B,nC, %).

Take wo = (W9(£), W3(2), ..., wo(8)), w? = %,i: 1,2,...,n, for t € J. Then

C
Wo = {w:w € K(ﬂ,nC, %),ﬁ(w) > nC},
which shows that

{w weK(,B,nC —) ﬂ(w)>nC} Z0.

Page 20 of 24
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For all w € K(B,nC, %), that is, w; € K;(8;, C, %), we have [[w;]loo < %, and from the

definition of K;, we know that min,c;, w;(t) > p|[w;| . Thus we have
n n
A _ (i _ : Ai
B(T"w) —;ﬁl(n w) Zm]:f w(?)

telp

n 1
= ;m}n)\i/() G(t,s)hi(s)fi(w(s)) ds

n

= 2 I[I;}Zl)»i<p/01 G(S’S)Ugfi(w(s)) ds)

n
1 C
E Zhioni—
> L 6 zpnz]\[i

=nC.

This implies that condition (i) of Lemma 4.4 holds.

For w; € K; 51, we have

[Tw] = 3017wl
i=1
n 1
=) max f G(t,s)hi(s)fi(wls)) ds
1 te] 0

1
< ZHI}EaIX k,»fo G(s,s)h,»(s)ﬁ-(w(s)) ds

n

< Z Y ‘/.1 G(s,s)hi(s)g ds

i-1 0 i

=nuM.

This implies that condition (ii) of Lemma 4.4 holds.
Finally, we assert that if w; € K;(8;, C,L) and || Ti'\"wlloo > %, then B(TAw) > nC.
Suppose that w; € K;(8;, C,L) and ||TiA"w||OO > %. Then

B(Tw) =3 A(T/"w) = 3 min T} w(o)
=1 -1 P
" 1
- ;%}?A’fo G(t, )hi(s)f;(w(s)) ds
=" p|| T/w] > nC.
i=1

This implies that condition (iii) of Lemma 4.4 holds.
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To sum up, the hypotheses of Lemma 4.4 hold. Therefore, an application of Lemma 4.4

implies that system (1.1) has at least three positive radial solutions wy, wp, ws satisfying
lwill < nM, nC < f(wa), lwsll > nM, B(ws) < nC.
The proof is finished. 0

4.3 Anexample
Example 4.1 We consider the example (1 = 2)

Au(x) + Aa(|x])f(u(x)) =0, Ry <|x| <Ry, (4.8)

uljxj=r, = Ujxj=r, = 0.
By appropriate transformations, (4.8) can be written

wi(t) + M (8)filw) =0, O<t<l1,
wiy(t) + Aaha(E)h(w) =0, O0<t<1,
w1(1) = w1(0) = wa(1) = wa(0) = 0.

Let
1 1 1 2 1
55—t tel0,5 7—t5 tel0,3),
TS L R A0 L
t_i’ te[i:l]x t 3 te[i:l]x
fl(w) = W%r f2(W) = W%» W= (Wl) WZ)T'

It is clear that & = %,a = %,cl =c=Lki=ky=1,11 =1, =2,8(t) = min{é, %} = min{2¢,1 -

2t},t€[0,&],a = min%gga 8(t) = % Letr= % Then

1

=mi : <w <rj=1,2,...,nt = —,
fir mln{fl(w) ar <w; <r,j n} 555
1

=mi : <wj <rj=12,...,nt = ——.
for mln{fl(w) ar <w; <r,j n} 337E

From the above, let A; ¢ = %?()mo’ oo = %. By Theorem 3.1, system (4.8) has at least

two positive radial solutions for A; € [A;0, +00),i=1,2.
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