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1 Introduction
In this paper, we focus on the Helmholtz equation with inhomogeneous Robin boundary
condition on four boundaries

~Au-Ku=f, in$2, (1)
a

iku+—u=g, in Ig, (2)
on

where u is the pressure field, k is the wave number, f is the body force, £2 := (0,1) x (0,1),
i = +/—1, n is the unit out normal vector, gisagiven function and I'; = reurrurturt
with I'?:=[0,1] x {0}, I'":= {1} x [0,1], " := [1,0] x {1}, I"*:= {0} x [1,0].

Equations (1)—(2) are a mathematical model describing the acoustic scattering that con-
trols the wave propagation and scattering phenomena occurring in many fields. When the
wave number k is large, the solution of the problem becomes highly oscillating and effi-
cient numerical methods are required in order to get high performance simulation results.
In this topic, various numerical methods were developed in the past decades, such as the
finite difference method (see, e.g., [1-16]), the finite element method (see, e.g., [17-25]),
the boundary element method (see, e.g., [26—30]), and other techniques (see, e.g., [17, 31—
33]). For the finite difference method, two common methods are considered in the litera-
ture, namely the parameter method and the high-order method. The parameter method
was studied in [9], the fourth-order finite difference schemes with the Dirichlet boundary
condition were considered in [3, 10] and with the Neumann boundary condition in [1,
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4], the sixth-order finite difference schemes with the Dirichlet boundary condition were
investigated in [3, 10] and with the Neumann boundary condition in [2]. For the problem
with Robin boundary condition, Turkel et al. [12] considered a sixth-order scheme for the

homogeneous case, i.e.,

9
M iku=0 at x = xyp, 3)
0x

based on a radiation boundary condition, which is usually imposed in the far-field when
the medium is constant. By differentiating (3) with respect to x several times, the high-
order scheme for this kind of boundary condition was derived in [12]. Further research can
be found in [14]. But in many cases, such as the Helmholtz equation after reduction from
the large cavity electromagnetic scattering, the inhomogeneous Robin boundary condi-
tion (2) is necessary (see [6, 34—36]). Obviously, the high-order scheme in this case cannot
be got following the process in [12] due to the existence of the function g. On the other
hand, the Robin boundary condition is only imposed on a single boundary in [12, 14]. If
two neighbor boundaries are imposed with this kind of boundary condition, there will be
a corner point which satisfies two different boundary conditions and it is difficult to deal
with when this two conditions are not compatible. Recently, the fourth-order scheme for
the Helmholtz equation with inhomogeneous Robin boundary condition on four bound-
aries was derived in [7]. But to the best of our knowledge, no sixth-order difference scheme
for this case was investigated.

In many cases, the body force f is equal to zero, then we simplify the Helmholtz equation
with an inhomogeneous Robin boundary condition as follows:

—-Au—-kK*u=0, in$2, (4)
ou i T 5)
au+—=g, inlq.
on g @

In this paper, by applying the one-sided approximation of the derivative and Taylor expan-
sion carefully, we derive the sixth-order scheme for the inhomogeneous Robin boundary
condition (5), by which the ghost points in the scheme on the domain can be eliminated
successfully. The deduction here does not depend on the scheme on the domain. Then
some numerical experiments are shown to verify the correctness and the robustness of
the scheme with respect to the wave number, too.

2 Numerical scheme

Let 0 < /1 < 1 denote an uniform mesh size with 1 = 7= (N € Z*,N > 1). Then, for any grid
point (x,,,y,), we have x,, =mh,m=1,...,N, y, =nh,n=1,...,N. Write u,, ,, = u(Xy;, Vn)-
Due to the sixth-order schemes for the Helmholtz equation with Dirichlet and Neumann
boundary conditions having been investigated before, by applying the results in [2, 10], we

can get the scheme on the domain:
d yid
A 'Um,n:()’ mzl,,,,,N,n:I"",N’ (6)
where

A? = (A}, A5, A5, AL AL AL, AS, AL AS),
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d
Um,n = (Um—l,n—l; Um,n—lx um+1,n—1» um—l,n» um,m um+1,m um—l,n+1» um,nﬂ; um+1,n+1),

Ag:=AY,

Ap=A=A=A=4Ad, Ay:=Al=AT=A%=AL
U, is the numerical solution of u(x,,,y,), and Ay is the coefficient of the central point
U1, A is the coefficient of Uy, -1, Uyy—1,1 Us1,m0 U1, Ao s the coefficient of four cor-
ner points Uy,—1,4-1, Umi1,n-1, Um-1,n41> Ums1,4+1- They may take different values at different
occurrences which will be specialized in Sect. 3.

Next, we derive the scheme at the interior point of the boundary. Without loss of gen-

erality, we only present the deduction in detail for the top boundary I'?, which satisfies
au+— =g, (7)

where g’ is a given function on the top boundary. By applying the Taylor formula, we have

mn+l — Ym,n— a h2 83 h4 85
Umnsl — Um, 1_ ou + B ou _ ou +O(h6). (8)
o /) 6\ ), 120\0)5),.,
It is valid that
Pu_ 0w Buw o Pu 00w P ©)
9y? dy  0x2dy 9y° dy3  0x20y3

3 .
On the one hand, a?ﬂgy can be written as

83 hZ 85 85
—u = 59%331“%71 Ty - +2 - + O(h4)’ (10)
0x%0y / .. 12\ ax*ay  9x23y3 ), .
where 82u,,, = —”’”‘1'”‘2’2’;""”'””'” s Syt = 2Ll Using (4), we get
3° 3° 03
AL I & S (11)
dx*dy  dx%9y> 0x2dy

Setting 1 = N, then combining (8) with (6), (9), (10) and (11), we can eliminate U/,,_1 n+1

and U,,,1n+1 as follows:

1 k2K 2 K2K? 1 KK
2l =+ — Ay (Upin-1 + Ui n— -——— A -+ — A1 |Uun-
<6+180> o 1L,N-1 F +1,N1)+[<3 90> 2+<6+180> 1] ,N-1

1 KK
-+ — A1 (U,- u,.,
+ (6 + 180) 1( LNt 1,N)

+ 2+k2th+ 1+k2th U,
3790 )72 \6 " 180 )| TN
1 KK KR Kht 3
o2+ B Y aoun +2n(1- 21 A
6 180 6 120 3y ) on

h5A2 851/[
Y (e - 0. (12)
90 \ax23y3 /), n
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But the ghost point U, n,1 and ax[f—;ﬁ are left in the scheme which need to be dealt with.
By using the Taylor formula, (4) and (7) repeatedly, we obtain, after setting n = N,

95 o4 92gt 4ot
A —k2(—g - —g> : (13)
8x28y3 mN 8x28y2 dx2 N oxt N
83 d 82 t
() () o) (5. a
ay m,N ay m,N mN
(5,5, % (5),e(amm),.
9% ) N 9y ) N 3x29y?
92gt 84 t
2(55) (55),., 1
ox* ) N
According to (8), (14) and (15), we have
k2h2 k4h4 ou h2 k2h4 3214
Um+1,N = Um-— 1N+2h l1-——+ — —_— +2ha _— -
6 120 9y /), 6 120 0x2 N
Wa (9 B 2k2ht
+_0‘< zuz) _Zh( - )( gz) . (16)
60 \ox2y? ), 6 120 J\ox2 ),

Since we need a sixth-order finite difference scheme, we need a fourth-order approxi-

mation to %4 in (16). Obviously, it is valid that

9%u h* [ 3*u
— 2 6
Uil N + U1 N = 2U N + 1 <w>m1\z * 13 (w)m,N +O(h°). (17)

By using (4), we have

84 84 82

ou =_ _ou_ .y ou . (18)

0x* /N 0x20y2 ), N 0x% ) N
Combining (17) and (18), we can obtain the fourth-order approximation to and ap-

prox1mat1ng 552 in (18) with the second-order central difference formula and 5> in

F] 28y
(13) and (18) w1th the second-order central difference formula in the x-direction and the

one-sided difference formula in the y-direction, namely

9*u 1
9x29y2 = o 8(Ums1,N-1 = 2UmN-1 + Up-1,N-1) — Upmi1,N-2 — 2UmN—2
m,N

u
+ Um-1.N-2) — 7 i,N — 2UmN + Um_1N) + OB | —
ay m+1,N

ou ou 5
_2<5>m,N " (a_y)m—l,N):| ’ O(h )’ (19)

then combining (8) with (6) and (9)—(19) yields the sixth-order scheme for the interior
point on the top boundary as follows:

AU, =C'-G \, m=2,..,N-1, (20)

Page 4 of 15
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where

t t t t t t t t t t
Af = (AL, A5 AL AL AL AL AL AL AY),
t
Um,N = (um—l,N—l) um,N—l: Um+1,N—1: Um—l,N: Um,N; Um+1,N: Um—l,N—Zr

Upn-2 Upmi1n-2)s

Ct= (1L 5 ),

a2gt 34gt
t .t ¢ ¢
Gm,N - (gm,N’ ( axz )m'N’ ( 3964 )m]N7gm—1,N +gm+l,N>’
1 K 4B 1 k2h2> 8B
1

AL =2 =+ — A+ —, A=A, A =2 =+ — -—,
1 (6 180) 2¥ 354 2=\ " 180 Iz

1 K2 KRR\ (1 K2h? B
A= (2 S0 VA v 2mBa 1+ S (222 (7 v 6ha)—, AL =AL,
4 180 6

6 12 J\6 120 2’

1 kK2 K2h* khht
Ap=(=+ Ag—2ha(Ay +B)[1- — + —
6 180 6 | 120
KRR\ (1 Kh? B
—ahBa 1+ ) (= - 25 & (14 + 1250)—,
12 J\6 120 20
B B
A;:_2_h4’ Ag:A;’ AQ:%,
6B Kh? Kt
Cl=— -2hA+B)[1- —+—— |,
1= 3 ~2h(Ae )( 6 +120)

o kPht A B
s (B
6 120 90 60

A, B 3B
Ct=h5 —=_ ), Ct=——,
3 (90 60) YT

2 k*h? 1 K*h?
B=|——=+— A2+ |-+ —= AL
3 9 6 180

- Bha (1 kK s (A2 B
B=——--— ) -Fa|=-= ).
6 \6 120 90 60

Setting m = 1 in (6) and following a similar process to that deriving (20), we can obtain

the sixth-order scheme for the interior point on the left boundary,

Al.vj,=C.G, n=2..N-1, (21)
where
A=A c=c

!
Uy, = (U1, Uy U ir, Un o1, Uy Un oty Uz o1, Uz oy Us i),

a2gl a4gl
1 l I !
Gy, = <g1,n’ < 9x2 )Ln’ ( 9k >Ln’g1,n—1 +g1,n+1>'
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By setting # = 1 and m = N in (6), respectively, and using the analogous deduction in
(20) and (21), we can deduce the following schemes on the bottom and right boundaries,

respectively:
AP0t =ChGh,, m=2..N-1, (22)
where
Ab=A,  C'=C,
Uf,,,l = (Um-1,2 U2 U125 U1, Up 1, Una1,15 Un-1,30 U 35 Ui ,3)5
an,l = (gfn,l’ (E);—fj>m71’ (zif:)m,l’gfn—l,l +gfn+l,1>’
and
AUy, =C -Gy, n=2..N-1, (23)
where

A" = A, c=c,

Ul = UN-1,0-1, UN-1,0 Un-1,n41, UNu-1, UN oy UN st UN—2,0-1, UN—2,0 Un-2,n41),

82gr a4gr
Gr — r == , , r r .
N.n (gN,n ( 9y? )N‘n ( 9y" )N,n EN -1 +gN,n+1>

For the sixth-order scheme at four vertices of the domain, we take the upper right vertex
as an example for illustration. Using (4), (14), (15), (17), the right boundary condition «u +
g_z =g" at (xn,yn), (XN, ¥N-1), (XN, YN—2) and the top boundary condition «u + du ghat

By:

(x> N5 (N1, 9N)» (Xn—2, Yn), We have

UNN+1 T UN+IN

+ +2h(1 —k2h2 + —k4h4 o + o
= Un_ u - - 9% oy
N-1LN + UNN-1 6 120 J\dox 3y /)y
h2 k2h4 h5 84
- 2k%ha| — - —— MN,N+_(X S
6 120 30 \9x%9y% )\ n

k2h5 ]’13 32 t 32 r h5 34 t 84 r
+ ( £ .28 ) (2808 +O(h°), (24)
oxr  0y* Jyn 60\ dx* 9yt Sy

30 3
UN-1,N+1 t UN+1,N-1

K*h*  k*h* du du

= Qun_inog +2h(1- — + = (=
6 120 0%/ nn1 N9V nan

W k*ht k*h? 0%u 0%u

+2hoa| — - — )1+ — — +| —
6 120 12 0x% Jyan \ 99 ) una

Wa (B RH\ Ko Ou 3*u
=== )+ —= || == i Fwrw)
6 \6 120 60 0x20y% ) iy \0x202 )y oy
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k2h5 h3 82gt 82gr
+ - — —_— +
30 3 0x2 N-1,N ay? N,N-1

h5 84 t 34 r
), (), Jow

60\ 9x* /1N * ) N1

UN-2N+1 + UN+IN-2
=u +u +2h| 1 @ + % 8_u + a_u
= UN_2N-1 + UN-1,N-2 3 120 0% ) 0y ) o
WK k*h? 0%u 0%u
+2ha| — - — )1+ — v o3
6 120 12 0x* Jnon N0 SN2

Wa (B2 KKt o 9%u 0*u

t|——=-— )+ — — +| ——
6 \6 120 60 0x20y* ) n_an \0x209 [y o
21,5 3 25t 25
SEE_EN(ZE) (2
30 3 0x2 N-2,N dy? N,N-2

5 4t 4,7
. ﬁ[(Lﬁ) . (8 g ) } L O(h). 26)

60 [\ 9x* /y_on 0 ) N2

Setting both m in the top boundary scheme and # in the right boundary scheme to N,

adding the resulting formula, using (24)—(26) and following the process in (20), we can get
the scheme for the top right vertex as follows:

A" Uy =C" - Gy s (27)

where
tr tr tr tr tr tr tr tr tr tr
A" = (Al,Az,AS,A4,A5,A6,A7,A8,Ag),

tr
Uy n = (Un-1n-1, Un-1n + Unn-1, Un Ny Un-an-2, Un-1n-2 + Un-an-1s

Un_on + UnNn-2, Un_3n-2 + Un_on-3, Un_3Nn-1 + Un_1,n-3, Un_3n + UNN-3),

tr tr tr tr tr tr ir ir tr tr tr tr tr
C" = (Cl ’CZ’CS ’C4’C5 ’C6’C7 ’C8 ’C9’C10’C11’C12)’

GZ,N = (gIt\[,N +g1r\[,N'thV—l,N +g1<],N—1’gIt\[—2,N +gzr\z,N—2rg1tV—3,N +g1r\[,N—3’
(ath) <a2gr) (82gt) (aZgr)

a9 + ’ N 9 + ’

dx? N-2,N dy* N,N-2 dx? N-1N ay? N,N-1

32 t 82gr a4gt a4gr

St o) o\ =3 + ,

axr  9y? N\ xSy o n Wt N2

a4gt 84gr a4gt 84gr

— +\ = 1 ks ,
X"/ N-1LN SN \ 0x Wt SN

9’ 3g’> ‘ , )

— t 7g s +g ) )

ax a NN N+1,N N,N+1

e (416 4, 8he 4sB
P\ S ) R s s
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) W Kh R\ s
ha . B [2/K KK K2h?
+ |:2— m(56 +48ha)]A4 - %[7(3 - m) (1 + D) )
- 2_1/14(7 + 61’10{)]

nooknt kK2h? s
AT = ——— 1+ — ) - ==(14+1
3 [h <6 120)( * 12) o 14+ Zha)}

2 /2 4
N |:—4hpa - 2k2ha<h— K ) ha
6 120) " 120

—— (49 + 84ha + 36K’ 2)]At +2A%,

Atr:_— 4__, Atr: 1 *ay B
4 B 120 K8 5T 15 2Kt

oKk KRR\ s haAl
Al = ——— )1+ — 8 + 6h (7 + 6h
6 [h(6 120)( " 12) ST “)] + 0 7+ 6ha)

B o S ) k2h? S (14 + 1200 B
- — - +— )+ =14+ +—,
ot | TP h 6 120 12 )" o BT e

sAY haAl Bs 5sAt  haAl B( 175)

tr BS tr 2BS
7T s 87 T
Al B [2a _h2 —k2h4 1+ —k2h2 s —(7 + 6ha) |,
=\ 7 - o
T ot h\6 120 12 2
_3sA1 ha 6B
tr 2 t
=03 [214 - E(Qh +18h )}A4 —2hp(A>+B) + 3,
6s 2ha 3Bs 3B
tr _ t t
C ( 2hp+ h3>A TA4+ﬁ—ﬁ;
3sA hzocAt B 6s 3Bs
Ctr - _ 1 ]’1 tr =—,
557 T T ( P h3) Y

B [ K KK e 2
Ctr:_ _ —), Ctr: oo - At,
5 2h4(3+30) 6 (3 30)1

AR S S W Kht WA, KB
Cr=(=-"—)Al+2mB[ — - — )| + K} =2 - =),
3 30 6 120 9 60

. hB Y . WAL WA, KB
= —, = — , = — 4+ — — Y
8 7120 o 60 10 60 90 60
crr - _?’hBO‘Ai tr_ _%
1~ 20 ’ 12~ h3 ’
Ba (B WY\ KWa KRkt
s— =) +—, p=1-—+—
6 \6 120 60 6 120

and g§;,1 n» 841 only need to Taylor expand at (xy, yn).
Similarly, we can derive the sixth-order scheme for the other vertices by the symmetry.
Setting both m in the top boundary scheme to 1 and # in the left boundary scheme to N,

following the process in (27), we can get the scheme for the top left vertex as follows:

At Ul =ct.Gy, (28)
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where

Atl —_ Atr’ Ctl _ Ctr,

1
Ul = (Uan-1, Ui N1 + U, U n, Us g, Us g + U no1, U + Uy n-a,

Usn-o + Uz N3, Usn-1 + Us N3, Usn + Ui n-3),

a _ .t It I ¢ I ¢ I
Gin = (gl,N T8&inv &N T 8iN-183N T 81 n-2 84N T8I N-3

(azgt) <82g1> (azgt) <82g1> (azgt 82gl)
+| —= , +| —= ==+ —= s
dx? 3N ay? LN-2 dx? 2N ay? LN-1 dx?  9y? LN
(84gt) (34gl> (84gt) (34gl> (84gt 34gl>
"o A4 + A ’ "o A4 + A ’ o A + N A )
axt Jan Wt )N \0x* Sy Wt )N \oxt 9yt )y
g’ 3¢’ o
(— Fye + 3y 1,N:go,N T8N+ )

and gf),]\,,gfj\[+1 only need to Taylor expand at (x1, yn).
Setting both 1 in the bottom boundary scheme to 1 and # in the left boundary scheme

to 1, following the process in (27), we can get the scheme for the bottom left vertex as
follows:

AU =l @9

where
Abl — Atr Cbl —_ Ctr

bl
UT) = (U, Urp + Uz, Uy, Uz, Usz + Us o, Usy + Uy,

Usz + Uz g, Uy + U, Usy + Uy ),

Gl = (b +ehooths + el + ol veho

(), (3, ), - ()25
dx? 3,1 ay? 1,3 dx? 2,1 dy> 1,2 dx>  9y* 11
a4gb a4gl 84gb 84gl 84gb a4gl
Tt ) T\ ) o\ ) T\ ) o\ T )
X" /31 v )13 \ %% o, ayt )1 \ Ox /i1
9g” 8g1) b, )

"] 81180 )

( e ; 011810

and gg‘l,g{,o only need to be Taylor expanded at (x1, y1).
Setting both m in the bottom boundary scheme to N and # in the left boundary scheme

to 1, following the process in (27), we can get the scheme for the bottom left vertex as
follows:

Aot =Gl (30)
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where

Abr — Atr, Cbr — C”,
br
U1 = (Un-12, Ung + Un-11, Ung, Un-a3, Un-13 + Ung o, Un—oy + Ungs,

Un-33 + Un-24, Un_32 + Un_14, Un_31 + Una),
G?\;,l = <g1l<1,1 +g1r\1,1’g£1—1,1 +g1r\z,2’gzéz—2,1 +gzrv,3’g11<1—3,1 + g\ a0

82gb a2gr 82gb aZgr 82gb 82gr

a9 + | + | —= + ,

%% ) a1 3y* Jng \ 0x% [y 14 3y* /o \ 02 3% /1

a4gb a4gr a4~gb 84gr 84gb a4gr

F + ’ —4 + ) 4 + )
X/ N-21 W Jns \ 0" Jni1a 0t N \ 0% It/ na

9g"  og ,
(a - @)NYl’gIlihl,l +gN,0>’

and gf,ﬂ,l, &n o only need to be Taylor expanded at (xy, y1).

3 Numerical results
In this section, we present some numerical experiments to verify the correctness and ro-
bustness of the scheme derived above. In all our results, the errors are measured in [*°-
norm.

Setting o = ik in (4) and the exact solution u(x, y) = !k1¥+k2) | the function g(x, ) on the
boundary can be easily determined by (5) as follows:

i(k — ky)e'k1, (x,y)eI?,
i(k + ky)elkirkad) (g, 9) e I,
g(xry) = , (31)
i(k + ky)elk1¥+ka) (. y) € TY,
i(k — ki)e'*>7, (xy) el

where k; = kcos6 and k; = ksin@ are the wave numbers in the x and y directions, respec-
tively, and 6 is the propagation direction. Firstly, taking the sixth-order scheme EB (scheme
(111) in [3]) on the domain for example, combining with the sixth-order scheme derived
above for the inhomogeneous Robin boundary condition, we show the convergence or-
der in Fig. 1, which is consistent with the theoretical prediction. Next, to illustrate the
correctness and robustness of the high-order scheme derived above, we compare it with
some well-known ones in the literature. Let k = 10, 6 = 7, N = 20,40, 80, 160, respectively,
we show the error in Tables 1-3, which is good agreement with the theoretical precon-
dition. Here, we use SFD as a standard for the standard second-order scheme (5) in [10],
5PT as a standard for the classical 5-point finite difference scheme (102) in [3], RD5 as a
standard for the second-order reduced dispersion 5-point scheme (108) in [3], GFEM as a
standard for the Galerkin finite element method (99) in [3], GLSFEM as a standard for the
stabilized finite element method (105) in [3], ACFS and CFS as a standard for two compact
fourth-order finite difference schemes (2.5) and (2.10) in [4], EBm (m = 4,6) as a standard
for the schemes (10) and (14) in [10], HO as a standard for the high-order scheme (24) in
[1], QSFEM as a standard for the quasi-stabilized finite element method in Sect. 4.3.2 of
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Figure 1 Convergence orders Sixth-order convergence order figure

he
EB sixth-order in [3,10]

log(Relative error)

-25

30 L L L L
-4.5 -4 -35 -3 -25 -2

log(h)

Table 1 Errors of different second-order schemes (k = 10)

N 20 40 80 160
SFD 7.03e-002  1.72e-002  4.28e-003  1.07e-003
5PT 522e-002  1.60e-002  4.20e-003  1.06e-003

GFEM 8.93e-002  2.07e-002  5.07e-003  1.26e-003
GLSFEM  3.38e-002  1.03e-002  2.71e-003  6.86e-004
RD5 6.26e-002  135e-002  3.24e-003  8.02e-004
QOFDT2  3.35e-001  883e-002  2.23e-002  5.58e-003

Table 2 Errors of different fourth-order schemes (k = 10)

N 20 40 80 160

ACFS 1.18e-003  7.23e-005  4.50e-006  2.81e-007
CFS 1.19e-003  7.36e-005  4.60e-006  2.87e-007
EB 202e-003  1.22e-004  7.58e-006  4.73e-007
EB4 246e-003  1.29e-004  7.69e-006  4.75e-007
HO 1.19e-003  7.36e-005  4.60e-006  2.87e-007

QOFDT4  1.65e-002  1.08e-003  6.89e-005  4.31e-006
T2QOFD  1.60e-002  1.00e-003  6.30e-005  3.94e-006

Table 3 Errors of different sixth-order schemes (k = 10)

N 20 40 80 160

EB 547¢e-006  8.36e-008  1.30e-009  2.00e-011
EB6 444e-005  2.03e-007  1.31e-009  1.94e-011
FLAME 4.64e-005  233e-007  1.67e-009  1.97e-011
HO(I"=0) 1.85e-005 2.83e-007 4.38e-009 6.85e-011
QSFEM 4.62e-005  2.29e-007  1.62e-009  1.93e-011
QOFD 4.62e-005  229e-007  1.62e-009  1.93e-011

QOFDT6 8.52e-004  1.41e-005  2.24e-007  3.50e-009
T4QOFD 7.78e-004  1.28¢-005  2.03e-007  3.17e-009
T6QOFD 4.23e-005  2.13e-007  1.57e-009  1.93e-011

[3], FLAME as a standard for the flexible approximation scheme in Sect. 4.3.3 of [3], and
QOFD as a standard for the quasi-optimal finite difference scheme in Sect. 4.3.4 of [3], and
TmQOFD and QOFDTm (m = 2,4, 6) as a standard for alternative schemes in Sect. 4.4 of
[3].

Then we use the SFD scheme in [10] in the second-order scheme, the CFS scheme in
[4] in the fourth-order scheme, the EB scheme in [10] in the sixth-order scheme and the
parameter scheme in [9]. Setting 6 = %, and k = 100,200,500 and N = 100,200, 400, 800,
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Table 4 Errors of different schemes (k = 100)

N 100 200 400 800

Second-order scheme in [10] ~ 3.03e-000  9.52e-001  2.38e-001  5.91e-002
Fourth-order scheme in [4] 6.33e-002  4.22¢-003 2.65e-004 1.65e-005
Sixth-order scheme in [10] 2.21e-003  3.13e-005  4.74e-007  7.37e-009
Parameter scheme in [9] 1.40e-001 3.39e-002  8.60e-003  2.16e-003

Table 5 Errors of different schemes (k = 200)

N 100 200 400 800

Second-order scheme in [10] ~ 3.51e-000  2.88e-000  1.84e-000  4.87e-001
Fourth-order scheme in [4] 1.32e-000  1.23e-001 8.15e-003  5.12e-004
Sixth-order scheme in [10] 6.19e-001  4.63e-003  6.29e-005  9.50e-007
Parameter scheme in [9] 3.79e-000 1.44e-001 342e-002  8.99e-003

Table 6 Errors of different schemes (k = 500)

N 100 200 400 800

Second-order schemein [10]  1.00e-000  3.66e-000  3.13e-000  2.79¢-000
Fourth-order scheme in [4] 1.00e-000  3.00e-000  7.24e-001  4.91e-002

Sixth-order scheme in [10] 1.50e-000  3.07e-000  5.25e-002  6.27e-004
Parameter scheme in [9] 8.13e-000  4.00e-000  6.86e-000  5.53e-002
Figure 2 Development of the relative error with R ‘ ‘ kn=0.6
respect to k
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respectively, we show the error generated by different schemes in Tables 4—6. And letting
kh = 0.6, we collect the relationship between the relative error and the wave number k in
Fig. 2. As is well known, the relative error increases as the wave number increases. But
compared with the second- and fourth-order schemes and the parameter one, the sixth-
order method investigated here can achieve the best computational accuracy in all tested
cases.

Finally, we consider a practical model which is reduced from the large cavity electromag-
netic scattering and has been investigated in [6, 34—36]. In this problem, 2 := (0, 1) x (0, i),
Fe=T*ur urturwih re:=0,1] x {0}, ' := {1} x [0,1], I'* := [1,0] x {3},
r‘=1{0} x [3,0, f=0,u=0o0on I’ ur ur, g_; + iku = gt on I't, which is the
lowest-order approximation of the radiation boundary condition (see [6, 18]). Setting
g' = —2ik cos 0e*s"%* and 6 = 7 (see [6, 36]), we show that the real part, the image part
and magnitude of the solution with k = 1287, N = 512 in Figs. 3—4, which is consistent
with that illustrated in [6, 36]. The results confirm the correctness of the scheme deduced

above again.
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Figure 3 Real and image parts of the solution at the line y = 1/4 with k= 1287, N=512
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Figure 4 Real part (left) and magnitude (right) of the solution with k= 128w, N=512

4 Conclusions

In this work, we derived a class of sixth-order finite difference scheme with inhomoge-
neous Robin boundary condition for solving the Helmholtz equation. We show some nu-
merical examples to illustrate the efficiency and the correctness of the scheme. In all tests,
compared with the second-order, fourth-order and parameter schemes, the sixth-order
scheme has higher accuracy.
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