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1 Introduction
The Euler gamma function is defined for all positive real numbers x by

F(x):/ Flet dt.
0

The logarithmic derivative of I"(x) is called the psi or digamma function. That is,

where y = 0.5772... is the Euler—Mascheroni constant. The polygamma functions v (x)

for m € N are defined by
P = L@ =y a0
dxm e (n + x)"+

The gamma, digamma and polygamma functions play an important role in the theory
of special functions, and are closely related to factorial, fractional differential equations,
mathematical physics and crops up in many unexpected place in analysis [13-17, 22-28,
40-45]. For some of the work as regards origin, history, the complete monotonicity, and
inequalities of these special functions one may refer to [1-12, 18-21, 29, 30, 33-39] and
the references therein.

In 2007, Diaz and Pariguan [16] defined the k-analog of the gamma function for k > 0
and x >0 as

o o x nik" (k)i
Is _ txl dtzl )
= [ et T fim
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where limg_,1 I't(x) = I'(x). Similarly, we may define the k-analog of the digamma and
polygamma functions as

d dam
Yil) = —Ini(x)  and ¥ (x) = — o V).

Hence, the authors continued the study of this family of generalized functions, and sug-
gested that many properties of classical gamma, digamma and polygamma functions have
a counterpart in this more general setting. It would be natural to generalize the properties
of classical functions to the k-gamma, digamma and polygamma functions.

It is well known that the k-analogues of the digamma and polygamma functions satisfy
the following recursive formula and series identities (see [16, 31, 32]):

Ii(x+ k) =xi(x), x>0, (1.1)
Ink-y 1 < x
Vi) = kK «x * HZI: nk(nk + x)
[ee] e—xt
=— — dt, 1.2
,/0 1-—e*k (12)
and
W(M)(x) — (_1)m+lm!i 1
k —~ (nk + x)m+l
- [ T gy (13)
0 1- e_kt ’ ’

A function f is said to be completely monotonic on an interval I if f has derivatives
of all orders on I and satisfies (—1)"f"(x) > 0 for x € I and # > 0. A characterization of
completely monotonic functions is given by the Bernstein—Widder theorem which reads
that a function f(x) on x € [0,00) is completely monotonic if and only if there exists a
bounded and non-decreasing function g(¢) such that the integral

)= /0 e dg(t)

converges for x € [0,00). That is, a function f(x) is completely monotonic on x € [0, c0) if
and only if it is a Laplace transform of a bounded and non-decreasing measure g(t). From
the above theorem it follows that completely monotonic functions on [0, c0) are always
strictly completely monotonic unless they are constant (see [34]).

At present, these functions have been extensively studied. In [46], Yin et al. gave a con-
cave theorem and some inequalities for the k-digamma function. Furthermore, Yin et al.
[47] showed several monotonic and concave results related to the generalized digamma
and polygamma functions. In [48], Zhao, Guo and Qi showed several complete mono-
tonicity of two functions involving the tri- and tetra-gamma functions. Motivated by their
work, we give a k-analog of their results. Furthermore, we also prove a new double in-
equality about k-polygamma functions. Finally, an application of the main result leads to
new upper and lower bounds of the k-digamma function.
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2 Main results

Lemma 2.1 For k > 0, we have

_Ink Y (x/k)
Yi(x) = 7 + 2

and

/ 1 / x
Yilx) = ﬁl// <%>

Proof Taking logarithms and differentiating on both sides of the formula

I = k%-er),

we easily obtain Eq. (2.1). Differentiating on both sides of (2.1), we get (2.2).

Lemma 2.2 For k > 0, the following recursion formulas hold true:

1
Yrlx + k) = Y (x) — L

" / 2
Vi (o + k) = Y/ (x) + e
Proof By using Eq. (1.1), we easily obtain the proof.

Lemma 2.3 ([48, Eq. (12)]) Letr > 0. Then

coro [ tera
X" F(r) 0

Theorem 2.1 Let k > 0. Then the function

I 1 1
i) = (x + k)? [wk(x) T2 m}

is completely monotonic on (0, 00).

Proof By the integral representation (1.3) and integration by parts, we have

o] te—xt [e%e) —t .
x /xzxf —dt:/ ——de™”
wk( ) 0 1- e‘kt 0 1- e‘kt
O (YAt \
9] - 0 % 1- e_kt ¢ t
) te(k—x)t o 4 tekt w
Z}Er(l)ekt—l+/0 E(ekt—l)e at

1 0 eZkt _ ekt _ ktekt
L[,
k- Jo (e -1)

_te*xt
Tl-ek

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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By using (2.6) and integration by parts, we also easily obtain

oo 2kt kt kt
21y % et —e — ke,
X Iﬂk(x)—%+x/0 W@ dt
x 1 % ek ((k2t - 2k)ek + 2k + K*t) _,
=—+ = ~dt. 2.7
k+2+x/0 (el - 1) ‘ 27
Furthermore, direct computation results in
, , , x 2k Kk
Six) = P () + 2kl (x) + K2 (x) — 2 — TAairaabet (2.8)

Considering (2.6)—(2.8) and Lemma 2.3, we easily get

Wi(2)

1 .
ﬁ((x): E +V/0 me tdt,

where
Wi(t) = (K2t - 2k) e + 2k + K*t.
Next, we shall prove W(¢) > 0 for t € (0, 00). Simple calculation gives
W (t) = Kte! — k2" + i
and
W (t) = k*tek > 0.
From the facts that W} (0") = lim,_,¢+ W} (£) = 0 and W;(0*) = lim,_, o+ Wi(¢) = 0, it follows

that the functions W (t) and W(t) are increasing and positive on (0, 00). By computation,

we get

—fi (%) =fooo _IW(H)_ e dt.

(ekt _ 1)3
In consequence, the function —f/(x) is completely monotonic on (0, 00). This means that
n / (n) n+l (n+1)
D" (=A®)" = (1" (f®) " > 0.

It is easy to check that fi(x) > 3
tonic on (0, 00). O

> 0. Consequently, the function fi(x) is completely mono-

Corollary 2.1 For x>0 and k > 0, we have

1 1 a 1 1 b

k(x + k) +x_2+ (x + k)2 <1’0]/‘(9C)<k(x+k) +9§+ (x + k)2

2

with the best possible constants a = % andb="¢ - 1.
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Proof Complete monotonicity of the function f(x) implies that the function fi(x) is de-
creasing on (0, 00). Therefore, we have

xlif&ﬁ((x) = fr(00) < fr(x) <fk(0+) = xl_i)rgfk(x).

Applying Lemma 2.2, we get

fil®) = (x + k)? [w,’((x +k)— ﬁ}

It is easily seen that £;(0*) = k? V) -1= ”Tf — 1. On the other hand, using the asymptotic

formula (see [1])

Y (x) 1+1+1 1 + x — 00
x 2% 6x3 3045 ’ ’

and (2.2), we can conclude

1 1 1
fk(x):§+o((x+k)>—>§, x — 00,
This completes the proof. d

Remark 2.1 In [47, Lemma 2.4], Yin et al. gave an estimation of v/ (x) as follows:
1, 11
— —+ —.
kx Vi) < ke x?
Here, we give another inequality of y; (x).

Theorem 2.2 Let 0 < k < 1. Then the functions

k(x? + 12k2)

) = k(W) + @ - 5 5

and

k(x + 12k)

’ 2 ”
Tt~ K) — )

Br(x) =

are completely monotonic on (0,00). As a direct result, for 0 < k < 1 and x € (0, 00), we have

the following double inequality:

k(x? + 12k2)
12x*(x + k)2

k(x + 12k)

12x4(x + k) 29)

< k(l//,’((x))2 + Y (%) <
Proof By the recursion formula (2.4), we get

() — (e + k) = k[ (x) + Yo + O [ v () — i (x + k) ]

k(x? +12k2)  k((x + k)? + 12k%)
12x4x + k)2 12(x + k)*(x + 2k)2}

+ P () = Y (e + K) - [
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2k[ 1 1 @®+12k%)  x*((x+k)*+12k%)
-5 [wkm ————— ]

x2 2x2  kx  240?(x + k)2 " 24(x + k)*(x + 2k)?
2k
= _zgk (x)’
where
, 1 k? 2k
&)=V = 5 = Sk kP
7 43 37 13

T Ox k2 6k(x+ k) | 6k(x+2k) 6+ 2Kk

Applying (1.3) and (2.5), we have

1 > qx(x) —(x+20)¢
= — _— dt,
&0 = op /0 1"

where

qr(x) = e (K3t — 12k>¢> + 12Kkt + 42¢ - 86)

+ 1 (~I3E + 12K%¢% — 16t + 160) — 26t — 74.
Direct calculation yields

) (x) = e (2k*® - 21K3¢* + 84kt + 42 — 160Kk)

+ (<K' + 93¢ + (24k* — 16k)t + 160k — 16) — 26
and
4 (x) = ¢ hx(w),
where

M) = € (4K - 36Kk*t* + 168kt — 42kt + 168k — 320k”)

—K°F + 6k*t” + (42> — 16K*) ¢ + 184k — 32k.
Further computation gives

M (%) = k> (=16 + 42k + 12>t — 3K°¢?)
+2k*e" (168 — 57kt — 12k°¢> + 2k*> — 181k + 84kt),
M%) = 23 [-3k(=2 + kt) + € (252 - 81K°¢ — 6K>¢* + 2k** + 14k(-17 + 61))],
AL (x) = —6k° + 2k*eM[336 — 319k + (84k — 93kt + 2k*¢*].
Since 0 < k < 1, the function 336 — 319k + (84k — 93k?)t + 2k*¢> attains minimum value

14— 36 as t — +/3/2 and k — 1. This implies 1/ (x) > 0. From the facts 1} (0) = k*(320 —
320k) > 0 and A}(0) = 2k3(252 — 232k) > 0, it follows that the functions A (), A (x), A7 (%)
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are increasing and positive on (0,00). Thus, the derivative ¢/(x) is positive, and so the
function g (x) is increasing on (0, 00). Since g;(0) = 0, the function g, (¢) is positive and

qx(2) is increasing on (0, 00). Since gx(0) = 0, g (¢) is positive on (0, 00).

Positivity of g (¢) leads to the complete monotonicity of gi(x) on (0, 00). Since 326—12( is com-

pletely monotonic on (0, 00) and the product of finite completely monotonic functions is
also completely monotonic, the difference ax(x) — ax(x + k) is completely monotonic on
(0, 00). That is,

(=1)" (o () — o (x + )™ = (1) (0 (@)™ = (=1)" (e + )™ > 0.
By mathematical induction, we get
(1" (o @)™ > (1) (aulx +K) 7 > - > (1) (enlx + k) — 0.

So, we prove that the function o (x) is completely monotonic on (0,00). A completely
similar method may apply to the function Bi(x). Here, we omit the details for the sake of
simplicity. g

Remark 2.2 Taking k = 1 in inequality (2.9), we obtain [48, Theorem 1(8)].

3 An application
In this section, we shall give an application to obtain the bounds of the k-digamma func-
tion by using Theorem 2.2.

Lemma 3.1 Forx>0and0 <k <1, we have wli(x)ek"’k(x) < %

Proof By using inequality (2.9), we have

diic (kyre(x) + Inyr(x)) >0, x> 0.

This means that ky(x) + Iny;(x) is strictly increasing on (0,00). By [31] for x > 0 and
0<k <1, wehave

1 1 1
—Inx - — < Yp(x) < — Inx.
x k

k

This gives
k /
xy(x)e = < wli(x)ekwk(x) <xyi(x). (3.1)

Using Eq. (2.2) and an asymptotic representation of v (x), we can get

1 1 k
— —— —
kx  2x%2 6x3

Vi) ~

Furthermore, we get lim,_, o xy;(x) = % Hence, by inequality (3.1), we find that
limy, oo ki (%) + In oy (x) = ln(%). So the proof follows from the monotonicity of the func-
tion kv (x) + Inry (x). O
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Lemma 3.2 Let 0 < k < 1. Then the function Ax(x) = %ek‘/’k(’”k) — % is strictly decreasing
and strictly convex on (—k, 00).

Proof Simple computation yields
Aj(x) = Y (o + ) VRER) %
and
AL) = [k(Wix + K6)” + ] (x + )] Vrbem),

By applying Lemma (3.1) and inequality (2.9), we easily obtain A (x) < 0 and A]/(x) > 0.
The proof is complete. d

Theorem 3.1 For0< k <1 and x>0, we have

lnk+1lnx+1 1 ) lnk+11nx+_y 1 (32)
kK Tk Mk T2) TR ST M te x :

The constants % and eV in (3.2) are the best possible as x — 0.

. Ink .
Proof Direct calculation results in lim,_, o+ Ax(x) = VKO- = o7 and lim,_, o0 Ax(x) =
%. Noting that the function A(x) is strictly increasing on (0, 00), we easily complete the
proof. d

4 Conclusion

In this paper, we mainly proved the following theorems: Let k > 0. Then the function

1 1
=+ k) Yx) - = - ———
MM(m»[mm - mHm}
is completely monotonic on (0, 00).
Let 0 < k < 1. Then the functions

k(x? + 12k2)

) =K(Wi)” + @ - 5 5

and

k(x + 12k)

B = e n

2 ’
k(@) - ¥ )
are completely monotonic on (0, 00). As an application of Theorem 2.2, we also give new

upper and lower bounds of the k-digamma function.
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