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y ¢ In this paper, we consider the existence and global exponential stability of pseudo

almost automorphic solutions to quaternion-valued cellular neural networks with
infinitely distributed delays. Unlike most previous studies of quaternion-valued
cellular neural networks, we do not decompose the systems under consideration into
real-valued or complex-valued systems, but rather directly study quaternion-valued
systems. Our method and the results of this paper are new. An example is given to
show the feasibility of our main results.
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1 Introduction
The quaternion was introduced into mathematics in 1843 by Hamilton [1]. The skew field

of quaternions is
H:={qlq = 4" +iq" +jq' +kq"},

where g%, ¢',¢/,q* € R and i, j, k satisfy Hamilton’s multiplication table formed by
P=p=k=ik=-1, ij=—ji=k,  jk=-ki=i,  ki=-ik=},

and the norm of g € H is

gl = g = Vai = (@) + (@) + (@) + (a5)%,

where ¢ = g% - iq' — jq@ — kqg. For x = (x1,%,...,x,)7 € H", we define |x|gn =

maxi<p<u{ll%pyllm} and |x|g» = Z;=1 I, llr. Quaternion algebra is a non-commutative di-
visible algebra. It is because of its non-commutative nature that the study of quaternions is
much more difficult than real and complex numbers. In recent years, with the rapid devel-

opment of quaternion algebra and the wide application of quaternions in many fields, the
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study of quaternion algebra and quaternion analysis has attracted more and more schol-
ars from various fields. Quaternion-valued differential equations, as special differential
equations, are widely used in quantum mechanics, fluid mechanics, Frenet—Serret frame
in differential geometry, dynamics model, robot operation, Kalman filter design, spatial
rigid body dynamics, computer Graphics, and so on [2—10].

On the one hand, since quaternion-valued neural network models have more advantages
than the real-value neural network models in dealing with affine transformation in three-
dimensional space, color image compression, color night vision, satellite attitude control,
and so on [11, 12], in recent years research on quaternion-valued neural networks has be-
come a hot research topic. As we know, the design, implementation, and application of
neural networks greatly depend on the dynamic behavior of neural networks. Therefore,
there are some research results in this area. Since the quaternion multiplication does not
satisfy the commutative law, most of the results are obtained by decomposing the con-
sidered quaternion-valued systems into real-valued systems or a complex-valued systems
[13-19]. Only very few results on the stability and dissipation of quaternion-valued neural
networks are obtained by direct method [20-22].

On the other hand, almost automorphicity is an extension of almost periodicity and
pseudo automorphicity is a natural generalization of almost automorphicity. At the same
time, for non-autonomous neural networks, periodicity, almost periodicity, and almost
automorphicity are important dynamics [23-28]. At present, there are no results on the
almost automorphicity of quaternion-valued neural networks obtained by direct method.

Inspired by the above discussion, in this paper, we are concerned with the following
quaternion-valued neural network with infinitely distributed delays:

ip(t) = ~ap(E)x,(8) + > bpg(B)fy (x4(8))
gq=1

+ ) cplt) / kg (t — )84 (x4(s)) ds + Q,(8), 1)
q=1 e

where p €1, :={1,2,...,n}, %,(¢) : R — H denotes the activation of the pth neuron at time
t; ap(t) : R — R* represents the rate at which the pth unit will reset its potential to the
resting state in isolation when disconnected from the network, and external inputs at
time t; b,g, cpq : R — H represent the connection weights and the distributively delayed
connection weights between the gth neuron and the pth neuron at time ¢, respectively;
1,8 : H — Hare the activation functions of signal transmission; Q, : R — H is an external
input on the pth unit at time ¢; the kernel function k,, : R — R* satisfies [ ky,(s) ds = 1.

The initial value of system (1) is given by
%5(8) = @p(s), se(-00,0],p el

where ¢, € C((—00,0], H).

The main purpose of this paper is to study the existence and global exponential stabil-
ity of pseudo almost automorphic solutions to system (1). Our results and method are
new, and our method can be used to study the existence and stability of almost periodic
solutions, pseudo almost periodic solutions, almost automorphic solutions, and pseudo
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almost automorphic solutions for other types of quaternion-valued neural network mod-
els.

This paper is organized as follows. In Sect. 2, we introduce some basic definitions and
lemmas. In Sect. 3, the existence of pseudo almost automorphic solutions of system (1) is
discussed based on the contraction mapping principle. In Sect. 4, the global exponential
stability of pseudo almost automorphic solutions is studied based on proof by contradic-
tion. In Sect. 5, an example is given to illustrate the feasibility of our results of this paper.

2 Preliminaries
Let BC(R, H") be the set of all bounded continuous functions from R to H".

Definition 1 Function f € BC(R,H") is said to be almost automorphic if, for every se-
quence of real numbers (s),),.cr, there exists a subsequence (s,),en such that

g(t):= lim f(t +s,)

n—00

is well defined for each ¢ € R, and
lim g(¢ — 5,) = /(0
for each t € R.

For convenience, we denote by AA(R, H") the set of all almost automorphic functions
from R to H".
Similar to the proofs of the corresponding results in Ref. [29], one can get the following.

Lemma 1 Iff,g € AAR,H) and if A € R, then we have f + g,fg, \f € AA(R, H).
Lemma2 x € AAR,H) and t € R, then x(- — 1) € AA(R, H).

Lemma 3 Iff € C(R,H) satisfies the Lipschitz condition, x € AAR, H), then f (x(-)) belongs
to AA(R, H).

Let
1 T
AAo(R, H) = {f € BC(R, H)’ lim /T lF )] dt = 0}.

Definition 2 A function f € BC(R,H) is said to be pseudo almost automorphic if it can
be expressed as f = fi + fy, where fi € AA(R,H) and f; € AAo(R, H). The collection of such
functions will be denoted by PAA(R, H).

Lemma 4 If ¢ € PAAR,H), then (- — h) € PAA(R, H).

Proof Since ¢ € PAA(R,H), we can write ¢ = ¢; + @9, where ¢; € AA(R,H) and ¢, €
AAy(R, H). Then we have

@(-=h)=@1(- = h) + @o(- = h).
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In view of Lemma 2, ¢; (- — ) € AA(R, H) and

T—h
Jim o [ ts=mlaas= pim o [ oo ds=o
which implies that (- — /1) € AAo(R, H). So ¢ (- — k) € PAA(R, H). The proofis complete. (J
Lemma 5 If ¢,y € PAA(R, H), then oy € PAA(R, H).

Proof We can write ¢(£) = ¢1(£) + @o(t), ¥ (£) = ¥1(t) + Yo(t), where @1, Y1 € AA(R, H) and
@0, Yo € AAp(R, H). Obviously,

PP (2) = 1O V1(8) + @1 (Yo (t) + Y1 (H)eo(t) + @o(t)Yo(t).
By Lemma 1, 19, € AA(R, H). Since
1 T
m ST /T||<P1(t)1//o(t) + Y1(Deo(t) + @o()o(t) | dt
T T
||(/’1||oo / ”wo(t)”]}_ﬂdt"' THIPOO ||¢;11|—|'oo /T||¢O(t)||Hdt

< lim
T—s+00 2T

”900”00/ ||1ﬁ0(t ||Hdt—

T—>+oo
©1¥0 + Y190 + poo € AAo(R, H). Therefore, iy € PAA(R,H). The proof is complete. [

Lemma 6 Let g € C(R,H) and ¢ € PAA(R,H). If there exists a positive constant L such
that

lg@) -g0) |y <Llx-yla, VayeH,

then the function g(¢(-)) € PAA(R, H).

Proof Since ¢ € PAA(R,H), we can write ¢(£) = ¢1(2) + ¢o(£). Hence,
g(e®) =g(e10) +g(0®) - g(e1(2)).

By Lemma 3, we have g(¢1(-)) € AA(R, H). Noticing that ¢y € AAo(R, H), we have
1 T
Jim —— / lg(e(8) - g(e1(0)) ||y dt < lim — / Lo() - 10, at
T—o0o0 2T _T

. 1 (7
= lim Lﬁ/_THV)O(t)”Hdt:O’

T—o0

which implies that g(¢(-)) — g(@1(-)) € AAo(R, H). Consequently, g(¢(-)) € PAA(R, H). The
proof is complete. d

In the rest of this paper, we will adopt the following notation:

by, = sup|| b (&) | Cpqg = sup | ¢q(8) |4
teR teR
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and make the following assumptions:
(Hy) Forall p,q €l,, a, € AP(R,R*), byy, cpys Qp € PAA(R, H), and a, = infier a,(t) > 0.
(H,) Forall g €L, f;,g, € C(H, H), and there exist constants LJ;, Lf, such that

V@ -0y < Lllx =yl g —ge0) ||y L8 lx =yl

for all x,y € H and £,(0) = g,(0) = 0.
(H3) For every pair of p,q € II;, the kernel k,, € C(R,R*) and satisfies fowo kpq(s)ds = 1.
(Hi) K =maxipen( 2 Y by L + i, L3]) < 1.

3 The existence of pseudo almost automorphic solutions
Before stating and proving our existence theorem, we first prove two lemmas.

Lemma 7 Assume that assumptions (Hy)—(Hz3) hold and x, € PAA(R,H) for all q € 1,,,
then for every pair of p,q € 1, the function ¢, : t — ffoo kpq(t — 5)g4(x4(s)) ds belongs to
PAA(R, H).

Proof Because x, € PAA(R, H), so x, € BC(R, H). Since

t +00
lep@ll= [ ote =l dll < E5bal [ a5 =151l

we see that the integral f_too kpq(t — 5)g,(x4(s)) ds is absolutely convergent and the function
¢p is bounded. In addition, it is easy to show that ¢, is continuous. Hence, ¢, € BC(R, H).
Now, we prove that ¢, € PAA(R, H).
By Lemma 6, we have g, (x,(-)) € PAA(R, H). Hence, we can write g, (x,(¢)) = u4(£) + v,(2),
where u, € AA(R, H) and v, € AAo(R, H). Consequently,

@p(t) = / Kpq(t — s)ugy(s) ds +/ kg (t — 8)vy(s) ds
=@ (8) + @ (2).

Step 1. We will prove that <p1}, € AA(R,H). Let (s,) be a sequence of real numbers, we can
extract a subsequence (s,) of (s),) such that

lim wuy(t+s,) =u,(t) and  lim @,(t —s,) = uy(2)

n—+00 n—+00

for each t € R. Denote

(/_);(t) = [ kpq(t - S)Ijlq(S) ds.

oo

Then we have
ot +s0) — 2,0 5

t+sy t
= H/ Kpqg(t + 8, — S)uy(s) ds — f kg (t — 8)ing(s) ds

o0

H

=< / kg (£ =) | 4q (s + 51) — g (5) | ds.

Page 5of 17
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By the Lebesgue dominated convergence theorem, we obtain

lim @) (¢ +5,) = @) (t)

n—+00

for each ¢ € R. Similarly, we can obtain
lim @) (t —s,) = 9 (£)
n—+00

for each ¢ € R, which implies that ¢} € AA(R, H).
Step 2. We will prove that ¢ € AAo(R, H). Since

] 1 T +00
§T1ergoﬁ/:T/0 kpq(é)”vq(t—S)HHd(Sdt

+00 ) 1 T
5/0 Kpq(8) Th_)n;oﬁ/_T”vq(t—S)HHdtd(S:0,

(pg € AAo(R,H). Consequently, ¢,(-) € PAA(R, H). The proof is complete. a

Let X = PAA(R,H"), then (X, || - [lo) is a Banach space, where |lxlo = sup,cp [%(¢) ||z for
x € X. Let

¢ t ¢ t
o°(t) = ( f el ~1dQ(s) ds, / els ~2t A Qy(s) ds,

o0 o0

£, T
o / els ~anduy (s) ds)

ee]

and take a constant @ > [|¢°|lo.

Lemma 8 Let (H,)—(Hs3) hold. For every ¢ = (¢1,¢2,...,9,) € PAAR,H") and p € 1,,, we
have

(Ap0)(t) = / el oy [prq<qu(wq<s))

) -1

+ Z cpq(s)/ kg (s — u)g, (xq(u)) du + Qp(s):| ds
q=1 -

is pseudo almost automorphic.

Proof By (H;)-(Hs), according to Lemmas 5-7, for every ¢ = (¢1,¢02,...,0.)7 €
PAA(R, H"), we have that, for each p € 1,,,

V() =Y bty (0g(8) + ) cpy(t) / kg (t — )4 (x4(s)) ds
g=1 gq=1 —00

+Q,(t) € AA(R, H)

Page 6 of 17
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is pseudo almost automorphic. Consequently, for every p € I, 7,, can be expressed as
Y, = Tpl + Tpo, where Tpl € AAR,H), Tpo € AAN(R,H). So

t

t
(Ap0)(0) = f el WU (5)ds + f et A rO(s) ds

o0

= (A},(p)(t) + (Aggo)(t).

Step 1. We will prove Aé(p € AA(R,H). Let (s),),en be a sequence of real numbers, we
can extract a subsequence (s,,),en Of (s},).en such that, for everyz e Randp € L,

lim ay(t +5,) = ap(t), Jim ay(t —s,) = ap(t)
and

lim T(t+sn)—_ T, (¢), lim T(t $p) =T ().
Set

()0 - [ T
then we have
lim [[(A30) (¢ +50) - (A,0) 0]

n—+
t+sy Lisn £ t e
‘/ e_fs zzp(u)dufrpl (S) ds — / e‘fs ﬂp(u)du’rpl (S) ds
—00 -

lim
n—+00

H

n—+00

t t
lim H/ e‘frj“l’(‘s””)ds'rpl(u +5,)du —/ e’f;“”(‘s)ﬁf;(ﬂ ds
—00

H

n—+o0o | _

t
< lim / ¢ huar®n B | (s 4 5,) = T)(s5)) | ds
o0

t
+ lim H/ (e fuaprands _ gLy ®d3) 71 g
~ H

n—+00

By the Lebesgue dominated convergence theorem, we obtain that lim,Hwo(AIlj(p)(t +8,) =
(A1<p)(t) for each t € R and p € I,. Similarly, we can prove that lim,,_, ,o( p<p)(t Sy) =
(A},(p)(t) for each ¢ € R and p € T,. Hence, the function A,¢ € AA(R, H).

Step 2. We will prove that A2<p € AAp(R,H). For all p € IL,, we have

T~>+oo ZT/ || ('0 (S dS”]HIdtS §21 + $25,
where
§£2, = T%+oo 2T/ / Hef —ap u)duTO(S)HHdet

o [
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Let ¢ =t —s, by Fubini’s theorem one has

I A
o [ [ e estero], dsar
-rJ-T

1 r T —(t—s)a;, 0
_T/_T/_Te 17065 dsde
1 T t+T e
([ [ e ime-olaac)ar
o[ [ e lm-olyac)a
(1T
- [Te (op [ Ime- o) ac

(T+¢ 1 T
—ta 0
S/0 ¢ P( T 2AT+¢) —T—g”Tp(u)”Hdu>d

Since the function Tpo € AAV(R, H),

1 0
Jim / 7,20 e =0.

Consequently, by the Lebesgue dominated convergence theorem, we obtain

e I N et e

On the other hand, since Tpo is bounded, we have

2 iz [ [ e o), a
S ) T

sup,eg 17, ()l oo
< tim PR 1T, Ol / / % di dt
T—+o0 2T T J Tt

0 T
m SPrer 7, Olls 1 [ ewmar
-T

T—+00 2T ﬂ;
sup,ep 17 (0)llm 1 .
= Jim PR Lp TIE [1-e?%T]=0.
T—+00 2T (ﬂ;)z

Hence, Ag(p € AAy(R,H) for all p € I,. Therefore, A, ¢ € PAA(R, H). The proof is com-
plete. d

Theorem 1 Suppose (H,)-(Hy) hold. Then system (1) has a pseudo almost automorphic

solution that is contained in Xo = {¢|¢ € X, [l¢ — ¢°llo < lliK}
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Proof Let x = (x1,%y,...,%,)" € C(R,H") satisfy

x,(2) =_/_ efs e du |:Z By (8)fy (%4(5))

00 a-1

+ Z cpq(s)/ kpq(s — u)g, (xq(u)) du + Qp(s)j| ds, pel, (2)
q=1 -
then we can deduce that

d,(t) = /_ —ap(t)efs[“P(”)d”[prq(smI(xq(S))

00 4-1

+ Z cpq(s)/ kpg(s — u)g, (xq(u)) du + Qp(s)i| ds
q=1 -

+ e apludn |:Z bpq()fy (%4(5))

g=1

+ Z cpq(s)/ kpg(s — u)g, (xq(u)) du + Qp(s):|
q=1 -

t
—00

= —ap (2, (0) + Y bug(£)f (%5()) + D cpg(£) / Kpg (£ = 5)g4 (264(5)) ds + Qu(2),
gq=1 gq=1

that is, x satisfies system (1).
Define an operator T : Xo — AA(R,H") by

T = (Th T2r ey Tn)T;

where, for any ¢ € AA(R,H") and p € [,

(T,e)(t) = / eff‘“““””[prq(s)fq(wqw)

— g1

+ Z Cpq(s) / Kpq (s — u)gy (x4 (1)) dus + Qp(s):| ds.

q=1

Obviously, for any ¢ € X, we have

llello < |l llo + lleollo < *o s 2
- + +w= .
Pllo = 1Y —@ollo + [P0 O_I—K 1-K

Step 1. We prove that for every ¢ € Xy, Ty € X,. Since

1 To(2) - %)

t
< max
l=p=n| J_

ds
H

efs[ —ap () du Z bpq(s)fq(gﬂq(s))
g=1
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ds
H

els ~apu)du Z Cpq(s) / Kpq(s = v)gq (x4 (v)) dv
q=1 -

n t t
< —a, (t—s) .+ Lf
—ITI??”[Z;[/_ b ylolods + [

q=

—00
1| &, ;
=Y (B, Nlello + ¢ LEll@llo]
P

q=1

e et 12|pllo ds:| }

IA
InB8
)
~

|

IA

@ 1 <&
—_— - S
1-K 1?,?;”: a, Z[b;qu CpqL‘g]}
g=1
Ko
1-K

which implies that T'¢ € X,.
Step 2. We will prove that the mapping 7 is a contraction mapping of X. For any ¢, ¢ €
Xo, we have

|To@) - Ty @),

t
< max
1=p=n| J_
t
+ /

t n
< —a;(t—s) + 7f _
=< 1I£11§l§n{/ooe ZlbpquH(P Yllods
q=

ds
H

ol ~apu) du Z bpq(s)[fq(gpq(s)) —fq (‘ﬁq(S))]
gq=1

Ji -ap ) Z Cpq s f a(s = V)84 (9q(v) — g4 (Wq (V)] dv

ds}
H

/ e ””ZM g - wno}

1 n
f _
< max {u; E [b;qu + cpqu’Z] } le—llo

1<p=<n sy
=Kllg = ¥llos

which means that the mapping 7T is a contracting mapping. Therefore, there exists a
unique fixed point ¢* € X, such that T¢* = ¢*, that is, system (1) has a pseudo almost

automorphic solution. The proof is complete. d

4 Global exponential stability

In this section, for x = (x1,%3,...,%,)7 € C((—00,0],H"), we denote

n

llle =Y o |2 ®)]| -

pl

Definition 3 Let x = (x1,%y,...,%,)7 be a pseudo almost automorphic solution of sys-
tem (1) with the initial value ¢ = (¢1,¢2,...,0,)7 € C((=00,0], H") and y = (y1,¥2,...,¥u) T

Page 10 of 17
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be an arbitrary solution of system (1) with the initial value ¥ = (Y1, ¥5,...,¥,)7 €
C((—00,0],H"), respectively. If there exist positive constants n and M such that

|x(t)_y(t)|Hn SM”gD_I/f”Te_nt) tZOy

then the pseudo almost automorphic solution x of system (1) is said to be globally expo-

nentially stable.

Theorem 2 Assume that (H,)—(Ha) hold, and suppose further that there exists a positive

constant hqy such that
+00
/ Kpq(s)e™* ds < +oo.
0

Then system (1) has a pseudo almost automorphic solution that is globally exponentially
stable.

Proof By Theorem 1, system (1) has a pseudo almost automorphic solution, let x(t) be the
pseudo almost automorphic solution with the initial value ¢(t), and y(¢) be an arbitrary
solution with the initial value ¥ (£). Set z,(£) = y,(£) — %,(£), 9, (£) = ¥, (£) — @, (£), we have

25(8) + ay(£)z,(0)

= Z bpq(t)[fq(zq(t)) +%4(2)) _fq(xq(t))]

q=1

+ Z CP’I(t)/ Kpq _S)[gq(zp(s) + xq(s)) ‘gq(xq(s))] ds, (3)

gq=1

where p € I,. Let ®, be defined by

n +00
Op(w)=a, —w - Z[b;qL{z + c;qL‘g /0 kpq(s)e™ ds],
gq=1

wherep €I, w € [0, +00) and ®,(w) = —00;w — +00, there exist £,>0 such that @,(s,) >

0 for &, € (0,¢,). Let n = minfe7, £3,..., &,,}, we obtain
@p(n)zox p=1,2,...,l’l.

So we can take a positive constant A satisfying 0 < A < min{n,a7,45,...,4,, o} such that
©,(1) > 0, which implies that, for p = 1,2,...,n,

n

1 +00
Z[b;ql;); + C;ql‘g/() kpq(s)eks d8:| <1 (4)

S —A
ﬂp q=1
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Multiplying both sides of (3) by eloadu gnd integrating on [0, £], we have

t
2(8) = §,(0)e ot / ¢ I apydu

0

X |:Z bpq(t)[fq(zq(t)) +%4(2)) _fq(xq(t))]

q=1

+ Zcpq(t)/ Kpq(s = 1) 2q (2 (1) + %4(10)) gq(xq(u))]d,u:|

g=1

Let

M = max ( apf )
f=p=n Zgﬂ[b;qu + C;ngl

In view of (H4), M > 1, and we can deduce that

1 1 - + A
(A_/[_a 2 [bpqLJ;HMLg/ kpq(s)e SdsD

It is easy to see that

lz0)], = @1, < 191l = Mlglle™, ¢ e(-00,0].
We claim that
lz®)], < Milgle™,  £>0.
To prove (7), we show for any £ > 1 that the following inequality holds:

|20)], < EMIIpll-e™, ¢>0.

If (8) is false, then there must be some #; > 0 and some p € {1,2,...,n} such that

|z |, = ||z |, = EMIIplI e, £>0
and
|lz@)|, <EMlpll-e™, te(-o00,n).

By (4), (5), (6), (10), and (H3), we have

|20 || < lppllce™ 1 / ~(n-9ap |:Zb;qu;||zq(s)||H

* Zc;q/ Kpq(s — n)LY ||Zq(s)||Hd,LL:| ds
=1 -0

Page 12 of 17
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7)
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) N e / [Zb;qLééanfe-“

* Zc;q/ kpq(M)L§§M||¢||r€_)‘(s_”) d,u:| ds
=1 -0

t B
<lgple 5 + [ e‘“l‘”“véM||¢||fe‘“[§ Byl
0
g=1

+ Zc;q/ Kpg (1) LS €™ du:| ds
=1 -

EM ay-h

+D /:oo Kpg () L5 € dp (1 - e(*a;>t1)>i|

e 1 1 <&
< EM||¢]l e [e“ ) (— - [b;qﬂ;
1

N el—apt
<EM||gplle | ———+ b;qu;

M a;—Ai

+00
+ cpqL o / kpq(s)e’\s ds:|
1 +00
+ <m |:bpqu; + cpqL‘g / kpq(s)e“ dsi|>
p 0

1 n +00
< EM| |l [m Z[b;ng +c; L8 / kpq(s)e™® ds]:|

p q=1

< EMl|gll-e,

which contradicts equality (9), and so (8) holds. Let & — 1, then (7) holds. Hence, the

pseudo almost automorphic solution of (1) is globally exponentially stable. The proof is

completed.

5 Example

In this section, we give an example to show the feasibility of our obtained results in this

paper.

Example 1 In system (1), let n = 2, x,(¢) = xg(t) +ix],(t) + jul (2) + kx{f(t) € H, ky,(2) = €™,

and take
1 xR I . 1 . x[{
Salxg) = s1n( q+xq)+z% sin(( . q)
+j6—14 arctan(xg - Zx{I) + k% sin(xg - x{;),

gq(xg) = L sm( -3al) + l— sin(x}, -

1 1
WATT arctan(fo; —x’) + kl—30 sm(xg +xK),

q
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ai(t)\ (23+0.1sin 2t
as(t) “\25+0.2cosv/5¢t]’

b11(2)  b12(2)
byi(2)  bxl(2)
) ﬁ +i0.06sin ¢
~\0.15-i0.11cos £ + k0.2cos v/3¢ + =1
ca(t)  cna(?)
c1(t)  caa(?)

—L 4+ 0.1sin+/7¢ +i0.02 sin ~/3t

16+t2

B (L +0.15 — i0.01 cos v/6¢ + j0.02 cos v/5¢

100+22

Qa(2)

By computing, we have L{, =0, L= o

(Ql(t)) _ (% sin«/§t+i% sin\/§t+jécos\/§t+kli5 sint + — )

Lsiny/2¢ + i sin/7t + jL cost + k5 sin /7t — S04
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L +j0.2sin V3t

16+12

ﬁ + k0.1sint )

0.13 + k0.1 sin «/11t>

0.11 + k0.2sint

1+£2

1+£2

L, a; =22, a; =23, b}, = 0.061, b}, = 0.108, b3, =

0.274, b3, = 0.210, cj; = 0.120, ¢}, = 0.130, ¢}; = 0.153, ¢, = 0.228. So (H;) and (H;) are

satisfied. Besides, it is easy to obtain that

2 2
1
= f ~
1111532{ — [Z bi L+ .c;qbg] } ~0.024 < 1.
=% Lg=1 q-1

Therefore, all of the conditions of Theorem 2 are satisfied. Thus, according to Theorem 2,

system (1) has a pseudo almost automorphic solution that is globally exponentially stable

(see Figs. 1-3).

0.2

0.1

x (1), p=1,2.
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Figure 1 Curves of x3(t) and x,,(t), p=1,2
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Figure 2 Curves ofxé(t) and xg(t), p=12

(1)

Figure 3 Curves ofxg(r), x;/)(r), xé(r), and x’;(t) in 3-dimensional space for stable case, p=1,2

6 Conclusion

In this paper, we have obtained the existence and global exponential stability of pseudo al-
most automorphic solutions to quaternion-valued cellular neural networks with infinitely
distributed delays via direct method. Our method and the results of this paper are new, and
our method can be used to study the existence and stability of almost periodic solutions,
pseudo almost periodic solutions, almost automorphic solutions, and pseudo almost au-

tomorphic solutions for other types of quaternion-valued neural network models.
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