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1 Introduction

In this paper we first derive certain “canonical forms” for the three-term linear recurrence,
and then we use them to obtain asymptotic approximations of the Liouville-Green (LG,
for short, or WKB) type for their solutions. More precisely, we establish asymptotic repre-
sentations for two linearly independent solutions, providing explicit rigorous bounds for
the error terms.

A typical feature of the classical LG approximation is its “double asymptotic nature”
since it holds when both, the independent variable and some parameter, tend to certain
limits [9, 14]. We extend the results achieved in [14] to some other classes of difference
equations; see also [8, 19, 21]. In Sect. 2, we derive the aforementioned canonical forms,
and in Sect. 3 we construct the corresponding LG approximations, equipped with rigorous
bounds for the error terms. Some details, lengthy though rather elementary, are relegated
to Appendices. Several examples are given in Sect. 4. It is possible to proceed similarly in
case of matrix difference equations or, equivalently, for systems, but we will not do it in
this paper; see, e.g., [4, 11, 12]. Finally, we summarize the high points of the paper in the
short concluding Sect. 5.

2 Canonical forms

Consider the three-term linear recurrence

Upso + Apltyi1 + Byu, =0, neZ, 1)
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where Z, := {n € Z : n > v} for some fixed v € Z, the sequences {A4,} and {B,} are scalar
(either real- or complex-valued), and Au,, := u,,1 — u,,, A2 := A(A). We can show that the
following forms

(A)

A%, + 4y =0, nezZ,
(B)

Ay +1yyus1 =0, neZ,
©

A(CyAyy) + 1Yy =0, nel,
(D)

A(CnAyn) + ruYn+1 = 0: ne Zvr

are canonical forms for recurrence (1), in the sense that the latter can be recast (with some
exceptions) into such forms. Only if A, = -2 for every n, equation (1) can be immediately
rewritten as A%u, + Qu, =0, with Q,:= A, + B, + 1.

Note that equations of cases (C) and (D) are in self-adjoint form. Equations (B) and
(D) seem to have been preferred in oscillation theory [5, 6, 10]. All the previous forms
are also reminiscent of the analogous ones for linear second-order differential equations
(sometimes called Sturm-Liouville or Jacobi forms), and hence some inspiration can be
drawn from such similarity. Below, we show how a general recurrence like (1) can be taken
into the various canonical forms (A)—(D) (with some exceptions).

Case (A). In [14], an equation like that in (A) was obtained setting

Up = Up)n (2)

in (1), and choosing
n-2
A
ay, ::awlklj[(—?k) forn>v+2, (3)

with «, and «,,; # 0 arbitrary constants. The canonical form (A) is thus obtained with

4B,

=—1+ forn>v+1, 4
qn AA, rz= (4)
while
B @
qp=—1—-2— ,
' Av Qi1

provided that A, #0 for all n > v.
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Case (B). The same transformation (2) also allows to take equation (1) into the form (B),
choosing o, and r, such that

oy Upil
-1+B,— =0, 2+A, =r, forn>v.

Opi2 Qy12

The first of this, i.e., a,.2 = By, can be solved explicitly, but we have to distinguish the
four cases according to n and v being even or odd. We obtain
(i) for n and v both even or both odd,

Qy = Bn—2Bn—4 o 'BV+ZBV for n >V (5)
and
(n—2—v)/ZB 1
rn:2+An% for n > v; (6)
k=0 Bn—Zk

(ii) for n even and v odd, or # odd and v even,

@, =B,3B, 4 By3B,1 forn>v+1, (7)
and
(n—l—v)/ZB .
rn:2+An% form>v+1. (8)
k=0 Bn—zk

All this can be done provided that B,, # 0 for all n > v, or at least for # sufficiently
large.

Other than cases (A) and (B), given the two coefficients A, and B, of equation (1), the
latter can immediately be written in the form (C) or (D) merely rearranging its terms,
since now there are two “degrees of freedom’, represented by the possibility of choosing
arbitrarily the two coefficients ¢, and r,,. In fact

Case (C). Imposing

Cy Cyt1y

-1- =A, and =B,
Cn+l Cn+l
i.e., choosing
n-1 1
C"::cvl—[(Ak+1) forn>v+1, )
k=v
and
=/ -1
T :=cv(A,,+B,,+1)E(Ak+1) forn>v, (10)

for any arbitrary constant ¢, # 0, we obtain the form C with y, = u,, except when 4, = -1
for all # (but it will hold true if A, # —1 for all n sufficiently large values of n).
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Case (D). Imposing instead

Tp—¢C c
-1+22=4,, and ® =B,
Cn+l Cn+l
ie.,
n—1
Cyi=Cy H(B,:l) forn>v+1, (11)
k=v
and
n
rn=c(A,+B,+1) 1_[(3,:1) forn>v, (12)

k=v

for any arbitrary constant ¢, # 0, we obtain the form (D), again with y, = u,, with the
exception now that B, = 0 for all (or for sufficiently large) values of .

Note that we could also use transformation (2) to obtain equations like (C) or (D), having
now three degrees of freedom, represented by «,, c,, and r,, for any two given sequences
A, and B,,. This requires choosing the former quantities from the conditions

Cn Ayl

=-1- An )
Cn+l Qy12

Ay Cn
Tn = Cuyl (Bn - )
(7%} Cn+l

to obtain the form (C), and

Cn [o9%
= Bn ’
Cnsl (0772}
Cn Apil Anan+l + Bnan
Iy = 1+ +An =1+ —
Cn+l (0 778%)) Apy2

to obtain (D).

In the next section, we formulate and prove two theorems, yielding the asymptotic rep-
resentations of the LG (or WKB) type for a basis of solutions to the model equations (C)
and (D). The corresponding results for (A) and (B) are special cases of (C) and (D), respec-
tively; besides, case (A) was already considered in [14].

3 The main results
In this section, we develop an LG (or WKB) asymptotic approximation theory for the three
classes of linear second-order difference equations (B), (C), and (D), along the same lines
followed for the form (A) in [14]. We observe that case (A) is a special instance of (C),
while case (B) is a special instance of (D), and hence we will consider only cases (C) and
(D).

Our spirit here is that of the LG approximation, put on rigorous grounds by EW.J. Olver
for second-order differential equations [9], in that we wish to obtain rigorous and explicit
computable error bounds.
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Starting from the canonical forms to establish LG asymptotic approximations is conve-
nient, since we are able to exploit their similarity with second-order differential equations
with no first-order derivative terms (Jacobi or Sturm-Liouville forms). This approach par-
allels closely the original one followed by EW.]. Olver for differential equations [9].

Below, we assume that the coefficients of equations (C) and (D) have always the form

Ty =a+ gy, Ccp=cC+h,, (13)

with a real, ¢ > 0, and that the “perturbations” g, and /4, are in £!. We choose further ¢ = 1,
without any loss of generality, to simplify the notation, but confine ourselves to a # 0,
a # 1. In fact, in case (C), e.g, a+c=a+ 1 =0 for a = -1, and this lets the lowest order
term of the unperturbed equation vanish. This case is in some sense pathological, since in
this occurrence the unperturbed equation is no longer of the second order.

In fact, equation (1) is properly called a second-order difference equation only if B,, # 0
(for all # > v). It then can be written in the form

Au, + ayAu, + by, =0, (14)

where a,, := A, + 2 and b, := A, + B, + 1, and conversely equation (14) can be recast into
the form of equation (1), setting A,, = a,, — 2 and B, = b, — a, + 1. But some care should
be paid to the form (14) since, other than in the formally analogous case of differential
equations, it is not always guaranteed that equation (14) is of the second order, that is, the
vector space of all solutions has dimension 2. However, the formal similarity of equation
(14) with the linear second-order differential equation suggests the possibility to remove
the term containing the first difference from (14) using transformation (2), as it can be
done for differential equations. Indeed, we end up with the difference equation in (A).

When a = 0, the unperturbed equation (31) falls in the case of “finite moments perturba-
tions” [13, 15, 17]. Some other cases, e.g., a complex in equation (A), have been considered
elsewhere using the canonical form (A), see, e.g., [16, 18, 20].

3.1 LG asymptotics for case (C)
We define the basic quantities

o0 o0
Vn :=Z|gr|’ Wn:=2|hr|r (15)
r=n r=n
o0 o0
Zr= el ™Y el UF=inel ™Y el hl, (16)
r=n r=n
where

)\i _ 1:|:\/|6Z|

pei= Tt o N0 (17)
hx 1FJlal

and

rp=1++/-a (18)
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are the characteristic roots of the unperturbed difference equation associated to (C), that
is, A2 =21 + (1 + a) = 0. We begin with the case of equation (C), stating the following.

Theorem 3.1 Let equation (C) be given for n > v, for some fixed v € Z, with the coefficients
as in (13), with a real, a #0,-1, and ¢ = 1, g, and h,, real or complex. Then,

(i) if a >0, and assuming that
V, < o0, W, <00, (19)
two linearly independent solutions of the form

yi =) (L+ey), n>no, (20)

+

~ can be estimated as

exist for some integer ng > v, and the error terms €
+
|8n ‘ <V, (21)

the error control function V, being defined as

1

ala+1)

V= Vit Wa+1+D)Wa+1W + W]} (22)

forall n > ny, where
ng:=min{fn >v:V, <1}. (23)

(ii) Ifa <0 (but a #-1), a solution y, (as in (20)) exists under conditions (19) for any

fixed n > ng, and the corresponding error term is estimated as

lex| < Vo, (24)
with
s Ve + Q= VIaD Wi, + (1= VIaD(2 - Viah) W]
o<1
V= lf|1a - (25)
e Ve + Wa+ (lal = DWi + (VIal = Dl ]
if la| > 1,

Sor all n > ng, where we set
ny =min{n>v:V; <1}, (26)
while, under the convergence conditions

Z} < +00, U < +oo, (27)
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for any fixed n > nf, stronger than those in (19) (since |n.| > 1), a second, linearly
independent solution, y;, (as in (20)) exists for n > nf, and the corresponding error
term, when |a| < 1, is estimated as

lex] < Vi (28)

with

I S
V= 2\/m(l‘h/m){\/yﬁWy,+(1+ |a|)(3+ |a|)Wn+1

+(L++/lal) (1 +/lal + n)nUpy + ) (1 +al +n.) U,
+ (77+)BZZ+2 + 14 (1 ++/lal + 77+)|hn+1|

+ [(1+ |a|)(1+77+)+77+]|hn+1| +(77+)2|gn+1| +77+|gw|}~ (29)

When |a| > 1, instead, we have for the second solution the estimate

1
Vie—— (V0 +
NN A
+ (1 +V1al)[1+Vlal + ]I U+ e[+ Val + n. U,
1 PZh sy + (14 10:0) (2 + V1al) il + [1+Val

+ 0l (L+ Vlal + ) ) eal + (14 1041%) Igaea ] + (1 + n4])Igal}. (30)

1+ |a|)(2+ |a|)W,,+1+(2+ |a|)W/n+2

Proof of Theorem 3.1 The proof follows closely that made for the case of equation (A) in
Theorem 2.1 of [14], that is, it is based on transforming the difference equation for the
error term into a “discrete integral” equation for it. Considering first the “unperturbed”
equation associated to it, namely that obtained setting /1, =0, g, = 0 in (13),

A%y, +ay, =0, acR\({0,-1}, (31)

the corresponding “characteristic equation” (obtained looking for solutions to (31) of the
form y, = 1",

-22+(1+a)=0, (32)
has the “characteristic roots” Ay := 1 £ \/—a, also written as
ri=1+iya whena>O0. (33)
When a = 0, the characteristic equation has the double root A = 1, and hence two linearly
independent solutions to (31) are 1 and #, but we will not consider this case here.
Looking now for solutions to (C) of the form y,, = A"(1 + &,,), with either A = A, or A = A_,

we obtain, after a little algebra, the error equation

)"28n+2 —2AEp1 + (1 + a)gn = Xn» (34')

Page 7 of 32
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where we set
Xn = _)Lzhrul(l +8n42) + ANy + ) (1 + £401) — (B +gn)(1 +&p). (35)
Note that yx, also depends on the choice of either A, or A_ (as it happens for g,).
We can “solve” equation (34) treating x, as known, constructing a discrete integral equa-
tion (also called summary difference equation) for ¢,, rather than an explicit solution. We

can proceed following the discrete analogue of the method of variation of parameters. To
this purpose, we first set x, = 0 in (34), obtaining

22A%e, + BAg, =0, (36)

where relation (32) has been used, having set

,3::2(1— %) (37)

Equation (36) can also be written as
AlAg, + Be,] =0,

which suggests that two linearly independent solutions can be promptly obtained, one
given by ¢, = 1, and the other constructed solving

Ae, + Be, =0,
which yields
en=1s mi=l-f=2-1
n— n ’ n L - )\’ .
Note that here
2-%y 1F4-a A
n=ns= = == (38)
)V:i: 1+ A/ —a )‘:I:
for either 2 >0 or a < 0.
The general solution to (36) has the form
&, =C+Dn, (39)

where C and D are arbitrary constants. To obtain a representation for the solutions to the
full equation (34), we look for a solution of the form

en=Cy+Dun", (40)
where C,, and D,, are two sequences to be determined. We evaluate first

Agy = ACy + Dy =Dy = AC, + 0"  AD, + (n = 1)0" Dy,

Page 8 of 32
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and claim that

AC, + 0" AD, =0, (41)
which is the same result that we would obtain if the sequences C,, and D, would be con-
stant with # (note the strict analogy with the method of variation of parameters for differ-
ential equations). Thus, we are left with

Agy = _ﬂnnDnr (42)
wherefrom we evaluate

A’e, = —pn"(nDys1 — D), (43)

and hence, inserting (42) and (43) in (34) (rewritten in terms of A operators), we obtain
by a little algebra and using again (32)

_)‘Zlgnn+1ADn = Xn»

ie,
n—n—l
AD, = ——xu. 44
2p X (44)
Note that
A2B=2x(A-1). (45)

The next step is to “integrate” (44), i.e., to sum up both sides from k = # to 0o, assuming
(as a “constant of integration”) that D, — 0 as n — oco. We obtain

o0 1 oo
Z Al)r = _Dn = _@ Z n_r_Ier
r=n r=n
and hence
1 o0
D= 335 Z " Ko (46)

Finally, we determine C, from (41). We have first

_ _ Kn
ACVI - —Um ADn = )»2,3’

and then, assuming C, — 0 as n — oo,
o0

= 1
;AC =—Cn:ﬁZXr~

r=n
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Hence,

1 o0
Cy= 75 Z Xr- (47)

To be more precise, reintroducing A = 1, we have

C,=Cf=- (48)
SV ET
and thus, from (39),
1 o0
E}f = C;t + niDilt = —m Z[l — (ﬂi)r_n+l]xit. (49)
+ + r=n
We conclude with the summary equation of the Volterra type
=c* ZK* (1+ef (50)
where we set
1 1
+
== = s 51
Vala—1) T 2iva(l +iva) (1)
and
Aay, ohey —hsay, (b +h) +at (g +h), r=n+2,
K, = Asal, (M + hpat) + @y (o + ) forr=n+1, (52)
day,(gn +hy) forr=n,
with
ai, =1—(no)™™ forr>n. (53)

We now prove that (50) has two linearly independent solutions and establish some esti-

mates for them. Writing for convenience £*(n) in place of ¢, equation (50) becomes
£(n) —ciZI(i 1+si(r) (54)

Defining recursively the s-labeled sequence (of sequences) {¢(n)}2%, (for every fixed ,

n>v)as

eE(n)=0,  &X,(n) _ciZIi (1+eX(), s=0,1,2,..., (55)
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we can show by induction (on s) that all these series converge for every fixed n > v. In fact,
considering

Hl(n)—si(n)—ciZKi (r)— e, (r)]

for s > 1, we can show inductively on s that
|51 (n) —eX(m)| < (W) (56)

fors=0,1,2,...,n> v, where V, is defined in (22) for a > 0 and is replaced by Vni, defined
by (25), (29), when a < 0. In fact, we have first that

ef n)—ciZInr,

hence
lex(m)] <) | K| < Vi (57)

and then, assuming that (56) is satisfied with s replaced by s — 1, we have
o0 oo
|61 (n) — eE(n)| §Z’cil(iHs ) e, (r) §Z‘ciKi |V
<V Y K < Vit (58)

In fact, V, decreases monotonically (to zero) as n grows (to 00). Introducing the sequence

[e¢}

eE(n) := Z[Sil(n) - &7 (n)], (59)

s=0

which is well defined in view of (58) whenever V), < 1, a condition satisfied for all # > ny,
since V, decreases, where n is the smallest index not less than v such that V, < 1. Similarly,
when Vni replaces V,, it is understood that n > na—L.

Moreover, it follows from (58) and (59) that

e (n)| < n > no. (60)

n
1=V,
Finally, we prove that the sequence s*(n) solves the summary Volterra equation (54). In
fact,

[e¢]

et(n) = ef(n) + Y [edh,(n) - eX(n)]

s=1

= ZCiKi + ZZCiKi [e5(r) - &, ()],

s=1 r=n
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and the proof follows immediately if we can show that it is permissible to interchange
the order of summation in the previous relation. This is indeed the case in view of the
Lebesgue dominated convergence theorem, since

s
Zcil(,fr[asi(n) —eo, (]| < K, Y
s=1 Y o1 _']}no

for any S > 1 and r > ny, and using the summability condition (19) (or (27)).
To conclude the proof, the key is establishing in all cases an estimate for ) ,°, [¢*KZ. |
as in (57), with a suitable V), [or V]. We have first from (52), (53), for r > n + 2,

Ko | < s Pla o Vol + sl @y [ (V] + 10 1) + & [ (1ge] + 1),
K| < Asl|a@n, | (1] + i ]) + @ 15 (101 ] + i ]),

K5, | < |aik,| (Igal + 17al),

and then

n,n

N N
SOIEKE] =1t YK + | K| + K -
r=n

r=n+2

Finally, an estimate like
s
Z‘ciK,ﬂ <V, [or V;—L]
r=n

with V, [or V] given by (22) [or (25), (29)] can be obtained upon lengthy though rather
elementary calculations. Details are given in Appendix 1, where the various cases of a real,
a#0,a#-1(ie,a>0,-1<a<0,and a > 1) are covered. O

Remark 3.1 Note that, W, being decreasing, W, < W,_1, in (22) we have also

1

Vi
ala+1)

IA

(Vu+ Wa+1+1)*W,). (61)

In any case, V, = O(V,) + O(W,,_1). A similar observation can be made also in the case
a<0.

3.2 The LG asymptotics for case (D)

Here we will use definitions (15), (16), but now with

b+ VP24
Nt = ’
T bV —4

instead of (17), and

b=a-2, (62)

Ai:—;biVW—Q, (63)
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which are the characteristic roots of the unperturbed equation associated to (D), that is,
22 + b + 1 =0 instead of (17) and (18). We can proceed in a strictly similar way for case
(D). We report all steps in Appendix 2 for the reader’s convenience. We have thus the

following.

Theorem 3.2 Let equation (D) be given for n > v, for some fixed v € Z, with the coefficients
as in (13), with a real, a #0,-1, and c = 1, g, and h,, real or complex. Then, under the

conditions in (19) and, when needed, (27),

(i) If0<a <4 (ie., b <4), two linearly independent solutions of the form (20) exist for
all n > ny, for some ny > v, with

-

1 _
he=p[bEVA-P) a=1ni=k, hel=l nel= |5 =L
:F

hence

| = 1= ey ™ =2, (64)
and

K| < 201 + 21| + g1
forr=>n+2, while

K2

§

a| <20l + 1kl + (gl and  |K,| < 1l

Then

o0
2
;|Ci1<,f, < m(\/n +2W, +2W,0) = VE=V,. (65)

Detuails are given in Appendix 3.
When b* > 4, we have the two cases, a >4 (b >2), and a <0 (b < =2).
(ii) Fora>4 (ie,b>2), | /A_| <1 (hence |A_I1;| > 1), and thus

Ay —b++/b2-4
Nl =|—|=|————|<1, [n-| = ,
P B P A
and hence

a5, | = [1= )1 = 1= @y <1,

|ﬂ;‘r| = |1 — (n_)r_”+1| <1+ |n_|r—n+1'
Therefore,

Ky | < A (14 " ][+ D[+ 1)l + Vapa | + V)

+[1+ -1 I,

Page 13 of 32
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Kt | < A1+ In-1] (Il + Val + 1 ]) + [1+ 10l e,
K| < (1 1) .

Collecting all these and recalling the definitions of V,,, W,,, Z,,, and U, (given in
(19), (27)), we obtain upon lengthy calculations

=V,

e, |

with

V= e[ Vier + (A2 + 1) Wi+ A (IAZ] + 1) Wiai
+ =l (A<l + In-1) Uy
=P (1] + ) Uy + 2l 0- P2,
+ ol (1+ In-1)lgal + (1<l + D) In-Dlal + 121 (12| + In-])[naa] ] (66)

The second solution is estimated simply as
leal = Vi
with
Vi= || (Vi + 2W + Wt + B ). (67)

Details are reported in Appendix 3.
(iii) Fora <0 [b< -2], we obtain upon some algebra

V= |[(Vi+ 2W, + 2W0), (68)
while

V= e[ Vi + (T4 ) W+ A (14 Ay ]) W
+ 14 A |(7)+ + Ay |) w1 T (77+)2(77+ + Ay |)
+ (77+)2|)\+|Z;+1 + 77+(1 + |)L+|)|hn|

+ 1. (77+ + |)¥+|)|hn+1| + 77+|)\+||gn|]' (69)

Proof of Theorem 3.2 Referring to the detailed derivation reported in Appendix 3, we end
up with the summary equation of Volterra type

—ciZKi (1+&f (70)
where
tim g 2F /\i:—l(bix/lﬂ—z}) (71)
. b2_4’ 2 ’
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and

kiair_zh,_l + Aiai,_l(g,_l -hoa-h)+ag b, r>n+2,
Ky o= W Aadt (G = My = hpst) + @ gy forr=m+1, (72)

nn+1

+
an,nhn forr =mn,

with @, := 1 - (n)~"! for r > n (as in (53)), being

Al |bEVB2-4
el =|—|=|——| (73)
)L¥ b:Fvb2—4

so that |,|>1 (and |n_| < 1) whena >0, and |_| > 1 (and |n,| <1 when a < 0.

Similarly to case (C), we can show also for case (D) that two linearly independent solu-
tions & to (70) exist and can be estimated in a similar way.

The procedure is standard and follows exactly the same lines of the proof of Theorem 3.1,
using now the appropriate values of V,, V. O

Remark 3.2 Clearly, when /1, = 0, all formulae and error estimates greatly simplify. Sum-
marizing, the definitions of V,, V¥ given in (22), (25), (29), (65), (66), and (69) reduce,
respectively, to the following.
For case (C).
(i) Case (C),a>0:
1

Vn = m Vn. (74')

(ii) Case (C), a <0 (with a # —1), first solution:

1
m(l WV |d|)vm

V; = if |a] <1, o
1 .
T/ Ve iflal> 1

(iii) Case (C), a < 0 (with a # 1), second solution:

1
Vie—our———
" 2/lal(1 + Vlal)

In particular, setting /,, = 0, we recover the estimate obtained in [14] (as it must be).
For case (D).
(i) Case (D), 0<a<4 [ie., b*<4]:

(Va + In412}). (76)

2
VE=Y, = ————V,. 77
" a(d—a) @7)

(ii) Case (D), a > 4 [i.e., b > 2], first solution:

V, = e[ (11 (1 + 1) Vi + Al 25,1 ) (78)

where ¢, A_, and |7_| are defined in (71) and (73).
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(iii) Case (D), a > 4 [i.e., b > 2], second solution:
Vi =|c| Vi, (79)

where ¢* is defined in (71);

(iv) Case (D), a <0 [i.e., b < =2], first solution:
Vo = e |(Vi + 2W, + 2W,,0). (80)
(v) Case (D), a <0 [i.e., b < -2], second solution (dominant solution):

Vi=lea {1 @+ ) Vi + (L4 1A )@+ n) W[ 1A, 1 + (4411 +n4)
+ (1 + (n+)2)]Wn+l + Wy + |)‘-+|77+(|)\-+| + 7]+)U;Ir+1

+ (77+)2(|)‘+| + 77+>U;+2 + |)\+|(n+)222+1}- (81)

In the next section, we present a few examples to illustrate the results provided by The-
orems 3.1 and 3.2.

4 Examples
The validity of Theorems 3.1 and 3.2, generally speaking, rests on the convergence of the
series > o |g:l, D rc, || for at least one of the basis’ solutions, the recessive solution,

while the stronger conditions

o0 oo
™Y el lgl <400, ™Y Inal 1| < +o0,

r=n r=n

where |7, | > 1, are required, correspondingly to the dominant solution. Recall that, if there
exist two linearly independent solutions, say #;, and u}, of a linear second-order difference
equation like (1) such that u;, /u;, — 0 as n — oo, then i}, is called recessive and u, is called
dominant solution of (1), see Sect. 6.3, Definition 6.3.1, in [3, Ch. 6, p. 342].

In most examples below, we take either the same sequences g, = /1, = ﬁ org,=h, =
pu

n—; with suitable A > 1. The purpose being of illustration, these choices are made just to

allow simple explicit evaluation of all the needed quantities.

Example 4.1 A case of type (C) with a > 0.
Consider

1 1
A((1+ VI(T-FD)AJ)”) + <1+ m)yn =0, nel,,

that is, equations (C)—(13), witha=c=1, g, = h, = m, v = 1. We have from (15) V,, =

W, = %, and hence, by (22), V), = (’)(%). More precisely,

1 (1 1 1
VHZE{Z+(\/§+1)|}/EM+1 +n+2:|}’

Page 16 of 32
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hence, e.g., V1o & 0.42, reduced to Vjop & 0.047 for n = 100. Then, using (33) and (20), we
have

yE= Qi (1+el),

with the error estimates |¢£| < 0.42 for all # > 10 and |¢F| < 0.047 for all # > 100. Note
that being V3 &~ 1.18 and V, &~ 0.94, we have ng = 4, see (23).

Clearly, the smallness of the errors depends on the speed of convergence to zero of the
series in (19). In fact, if, for instance, g, = i, = m, we have V,, = W, = 1/n? and Vo <
0.038, Vigo <3 x 107

Example 4.2 A case of type (C) witha <0 (a # -1).

Consider

A" A"
A((l + P )Ayn) + (—2+ P )y,, =0, neZ,
A

that is, equations (C)—(13) with a = -2, and again ¢ = 1, g, = h, = £5-, where A = 2|n, | =

n

2(3 + Zﬁ) A 11.6568. Thus, there are two linearly independent solutions yj with

yp=(1+V2)" (1+e)), 3, =(1-v2)"(1+¢,)

for n > n§ and n > ny, respectively, with ;'10i given by (26), with error terms estimated by
len] < VE, according to (24), (25) and (28), (29). Note that, being

n

¥
2 — 0, asn— o0,

e
Vi

1+«/§

the solution y;, is recessive and y; is dominant. Now,

2[n. )"
,Cn.)
n

Vn:an

and

[o¢]
B} @)
Zy = Uy =™ Yl ==

o0
1
<™y 53 = Im 7 Lis(1/2) ~ 05822 x (5.8284)",

where we used the dilogarithm

[ee]

L) ==

r=1

[7,§25.15], [2,§ 27.7]. It is known that Li»(1/2) = 72/12 — (In? 2)/2 ~ 0.5822 [1]. Therefore,
we obtain from (30), by rather tedious but elementary computations, V; < 0.0296 and
Vi, <0.01280 x 107°.
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As for the second solution, we have from (25) V; A 0.15 x 1072. The smallness achieved
already for # = 3 is due to the fast decay of g, and /,,. Indeed, if, instead, g, = h,, = 1/n?, and
hence V,, = W), < 2/n, we obtain V; < 3.208 (that is useless, see (23)), while Vj; < 0.5859,
but the corresponding estimates for V! blow up.

Example 4.3 A case of type (D) with 0 <a < 4 (i.e., b? < 4).
Consider

1 1
A1+ Ay, |+ 2+ —— |y1=0, neZ,
(( n(n+1)) J ) ( nlnzn)y ! 2

_ 1
hn = D" We have

that is, equations (D)-(13), withv=2,a=2,c=1, g, = —,

yE= (£0)"(1+ sff),

where the error terms can be bounded through (100),

1 2 2

VE=V, =V, +2W, +2W, 1 < — + = + ,
Inu n n+l
00 dx 1

since we can estimate V,, with V,, < fn s = Tn for every n > 1. We then have Vjy <

0.816, Voo < 0529, V3o < 0.4251, Vso < 0.3348, Vigy < 0.2569.

Example 4.4 A case of type (D) with a > 4 (i.e, b > 2).
Consider

1 1
Alll+ — A 41+ — +1=0, Z,,
<( +n(n+1)> yn>+< +n(n+1)>yn ! nef

that is, equations (D)—(13), withv =1,a = 4.1 (henceb=2.1),c=1,g, = h, = ﬁ There-

fore, we have

yi=(-0.1266...)" (1 +¢;),  y,=(-1.9733..)"(1+¢,).
These solutions are recessive and dominant, respectively. We have V,, = W, = %, and from
(101), (103), |c*| A 1.1398, |c~| A 2.1398, [A_| ~ 1.8262, |n_| ~ 6.6698. We have from (104)
Vi, & 04541, V5, &~ 0.0455, while the estimate for V), blows up.
Taking instead g, = h, = (2‘”71’2') ~ n2(13.13396)n’ so that Z, = U, = [n_|™" Y2, 2V1r2 ~
0.5822 x (6.6698)7" (using the dilogarithm), we obtain from (104) V5 < 0.96 x 107>, al-
ready very small, and from (102) V5 < 0.1561.

Example 4.5 A case of type (D) with a < 0 (i.e., b < -2).
Consider finally

1 1
A 1+ — Ay, 24— Y1 =0, Z,
(( +n(n+1)) y>+< +n(n+1>)y I

that is, equations (D)—(13), with v =1, a = -2 (hence b = —4), ¢ = 1, and compute from
(105), (107) |c™| = /3/3=1/2 2 0.0773, |c*| = v/3/3+1/2 7~ 1.0773, |A,| = 2+ /3 & 3.7320,
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1n:] = (2 +v/3)/(2 — v/3) >~ 13.9282. Here we have
yi=(3732..)" (1+¢}), y,=(002679..)"(1+¢,).

Here again we can see that these solutions are dominant and recessive, respectively. Taking
8n = hy = ———, using (108) and (106), we can evaluate V;, < 0.0373, but the estimate for

n(n+1)’
V' blows up.
@ln. 7"
n2

%

1 . _ " OO 1 <
P instead, we have V,, = W, =~ > ° Ty =

m, Zh = U} ~0.5855 x |n,|" = 0.5822 x (13.9282)". We can then evaluate by (108)

and (106) V; < 0.7 x 1075, while V5 < 0.0324.

Taking g, = h, =

Remark 4.1 Note that in all estimates established in Theorems 3.1 and 3.2, we have |g,| =
o(Vy), etc., hence the terms like V,, dominate over those containing g;, and W, dominate
over those with /. Also, V,, and W), being monotonic decreasing functions of #, we have,
e.g., Vi1 < Vi, etc., hence, V,, dominates over V,,,;. Note that also the sequences Z* and
U decrease monotonically with .

Remark 4.2 The “double asymptotic nature” of the classical LG approximations [9] can be
extended to the present discrete version, as it was done in [14] for equation (A), but not in
all cases, in particular when there are perturbations of the coefficient ¢,. Indeed, we can
see that, in case (C), V,, = O(a™!) as a — +0o (with fixed 1), but only if 4, = 0, otherwise
we have merely VV, = O(1). The same results are obtained for V¥, when, still in case (C),

a — —OQ.

In case (D), we have, as a — +00, V,; = O(a™!) and V; = O(a™2), while for a — —o0,
V,=0(lal™) and V, = O(a™?).

5 Summary

A Liouville-Green (LG, or WKB) asymptotic theory has been developed for some classes
of linear second-order difference equations on the basis of certain canonical forms, into
which rather general linear three-term recurrences can be transformed. Both recessive
and dominant solutions are included. Rigorous and computable bounds have been derived
for the error terms appearing in the asymptotic representations of solutions. These bounds
may also be useful for the numerical evaluation of solutions. The results are similar, in
general, to those obtained in the analogous cases of differential equations.

Appendix 1
In this appendix we give details, rather elementary but lengthy, pertaining to the proof of
Theorem 3.1, that is, to case (C) of equation A(c,Ay,) + r,y, = 0. We have

(i) fora >0,

|| = —— hel=va+1,  |nil=1,

and hence

lay,|=1- (@) <2
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Thus, forr>n+ 2,

|c° K,

{IrelPlag, ol + Ail|ar, ;| (1B-1] + |yl

1
SN TS 2/ ala +1)
+ |ay, | (g1 + 1) }

{(ﬂ + Dlhya| + Va+ l(|hr—l| + |hr|) +lg |+ |hr|}x

<
~ Jala+1)

{Mglainl(w aa]) + @] (1] + Vsl )
= m{\/m(liq + |hn+1|) + |gn+1| + |hn+l|};
| K| <

1
\/7|ﬂnn|(|gn+1| + |hn+1|) m“gmﬂ + |hn+1|)-

Collecting all the previous terms, upon some little algebra and recalling the

definitions of V,, and W,,, we have

o0

+ 7+
§ | K,
r=n

o0
= Z |cil(,fr} + }ciKn n+1| + |ciK,fn

r=n+2
1 ]
<—|(a+1) |, 1| + Va + |1 ] + |72y |
v d(d + 1) |: rzn;Z (rzn;Z rzn;Q

o0 [e¢]
+ ) gl + Y Myl + Va+ (1l + i)

r=n+2 r=n+2

+ |gn+1| + |hn+1| + |gn| + |hn|:|

= (a 1){V +(Va+ 1+ D)[Va+ 1W + W]} =V =V, (82)

Here we used the fact that ), |,_1] = Z] o1 11l = W1, ete,, and that
Vo + 1€us1| + |gnl = Vi and W0 + |41 + By, = W, It is worth noting that W,
decreases as n grows, hence, e.g., W,,,1 could be estimated by W,.

(if) for-1<a<0 (ie,a<0,|a| <1),

1

|| = NN rl=1-Vlal, In-l<1 (n->0),

and hence

‘aw| <L
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Thus, using (52), we have, for r > n + 2,

K,

 2vTal 11 Jia) (= Vial) Vsl + (L= Vial) (il + 1) + 1| + 11

\c’K 1

et | < m[(l - \/H)(|hn| +1arl) + g | + V|5

|cK,

1
== (18l + ),
wnl < 5 = iy 8+ V)

and then

o0

DKl

r=n

1

< 2l = i) |:(1—\/H)2r;2|hr—1|
—M)(i‘ e | + i‘ |hr|) + i g7l + i ||

r=n+2 r=n+2 r=n+2 r=n+2

+ (1= V1al) (11l + 1) + 1@t ] + ] + 1l + |hn|]

1
= s T Ve @ Via)Wa+ (1= Vial) (2 - Vial) W]

Similarly (still for -1 < a < 0),

[ [ —— T T PR

2/1al(1 + /Ial)’

1+J|7
- Jal~

(n+>0),

|77+|_‘

and hence

\a;,r| <1+ ()L

(Actually, we could do better since |a;, | = (n.) "1 — 1. We leave this possible
improvement to the reader.) Then, for r > n + 2,

'K, |
1
= 2 /1l + ial)
X [(1 + |t/1|)2(1 + (77+)r7"71)|hr—1| + (1 + |61|)(1 + (77+)r7n)(|hr—l| + |k l)

+(L+ ) (gl + 1he]) ]
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| K |
< ;
= 2/]al(1 + /1al)
x [(1+/1al) (@ +02) (11l + 1aaa]) + (1 + 00)) (a1 ] + i l]s
K| < [ g+ ]

2/1al(1 + al)

After rather lengthy though elementary calculations, we have
Z|c+1<+

1
HZHJW[ me|

r=n+2

F (1 V1al) 0073 ) el + (14 V1al) D 1]

r=n+2 r=n+2
+ (14 Vlal) Y 1+ 1+ Vial) )™ Y 0 1
r=n+2 r=n+2
1+ V1) o)™ D ) 1l + Y g
r=n+2 r=n+2
£ U+ )Y ) g+ )Y ) |
r=n+2 r=n+2 r=n+2

+ (L+Vlal) 1l + (1 +Vlal)nelhal + (1 + 1al) 1yl

+ (1 + |ﬂ|)n+|hn+1| +|gue1| + sl + (77+)2|gn+1| + (7I+)2|hn+1|

+ gl + |72] + N+ |gul + n+|hn|]

1

:m{[(l+ lal)” +2(1 + y/|al) [Wa + W, + V,

+ (L+ VlIal)n | + )2 | + (1 + Vl1al) V) + (1+ V1al)n: |l

w0 il + [(1+V1al) 0, + (1+Vial) 00?4,

+ [(1 + |ﬂ|)(77 )2 )( )]U++2 + (7’+) Z++2 + (77+) |gns1l + 77+|gn|}
1

" 2J/[al( + vial)

+ (1 + |d|)( lal + 77+)’7+U a Tt (77+)2(1 ++/lal + 77+)un+2

(Vi + Wit (1+1al) (3 + V1al) Wi

+ (1)’ Z g + 0 (L VNal + 1) | + [(L+VNal) (L +n2) + 0. ] |

+ (77+)2|gn+1| + 77+|gn|}
=V,

Here above we used the definitions of V},, W,,, U,;, and Z,, given by (15), (16).
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(iii) fora < -1 (i.e,a<0, |a| > 1),

1

= sy W Vll-L i<l Go<0),

and hence
la,,|=1- @) <1+ n- 7 <2,
Thus, forr > n + 2,
| K|

1
S al(al - 1)
x [(V1al = 1)* 11| + (V1al = 1) (1l + 1l) + g + 1l ]s

[(V1al = 1) (1] + ir]) + Igasrl + i |

1
.
Kol < Farcm=D

|cK,,,,| 12l + 1)

1
.
Vlal(v/lal - 1)(
Summing up, we have

[e¢}

Z|C’KH’J|

r=n

1 2 —
<W[(M “1)7 2 el

r=n+2
0 0 [ e}
- (M—l)(Z ]+ Y |hr|> £ Y g+ Y Ikl
r=n+2 r=n+2 r=n+2 r=n+2

+ (V1al = 1) (1] + er]) + 1€ns1] + e | + |gal + |hn|]

) m[(m_ 1)2Wn+1 + (\/ﬁ_ 1)(Wn+1 + Wii2) + Vo

+ Wi + (V1al = 1) 1] + (V1al = 1)1 sa] +1€na1| + er| + 1gul + 11l ]
1

= W[Vn + W+ (lal = )Wy + (Vial - )] =V, (85)

Here above we used the fact that V..o + |€s41] + |€1] = Viy Wiao + 1Bpe1] = Wass
Wiz + |l + |hy| = W, and
(V1al = 1)W1 + Wii2) + Wi + (V1al = DIhga | + | + |1yl =
2(V1al = 1)W1 + W,
As for the other solution (still pertaining to the case a < —1), we have

1
= | ——, A =+lal + 1, >1 <0),
|c*| NS Al = lal EN (n+ <0)
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and hence
|ag,| <1+n. "
Thus, forr>n+2,
'K | < ;[(u
T 2 /lal(Val + 1)
+ (\/E+ 1)(1 + |77+|r7n)(|hr71| + |hr|) + (1 + |n+|r’”+1)(lgr| + |hr|)];

jal) (1 + . 7)1y |

|C n+1|—2W M+1)[(\/m+1)(1+|n+|)(|hn|+|hn+1|)
(L 102 P) (1go | + V1) s
S e PN TIPS W 5 (L ) (gl + ),
and finally,

Z | K|

1 2 = = r—n—-1
SW[(1+ jal) [Z il + Y sl |hr_1|}

r=n+2 r=n+2

00 'S} 00 00

(Vlal + 1)[2 sl + D e+ Y I ™ el + Y |n+|’-"|hr|]
r=n+2 r=n+2 r=n+2 r=n+2
00 [} 00 [}
—n+1 —n+1

Y gl Y Ul Y T g+ D I |

r=n+2 r=n+2 r=n+2 r=n+2

+ (V1al + 1) (1 + 1. 1) (1] + V1)

+ (1 + |77+|2)(|gn+1| + Ihml) + (1 + |'7+|)(|gn| + |hn|)}
1
:m{(l+ |al)* [Wer + 171U ] + (1 + V1a]) [ Wit + Wiao
+ |77+| Un+1 + |77+| n+2] + Vo + Wio + |77+|3Z;+2 + |77+|3U;+2
+ (L Vial) (1 1m]) (ol + e ]) + (14 102) (Igwoa] + e ])
+ (14 In.1) (Igul + al) }
1
= st e et (e viah 2+
(L4 Via)[1+ Vial+ Inc ]I U, + 1 P[1+Vdal + I JUy + P2,
+ (14 10:0) (2 + Vial) Wl + [1+V1al + 01 (1 + V1al + 102 ]) ]
(

+ (1 + (74 )|gn+l|+(1+|n+|)|gn|}=:V;- (86)

|al) n+1+(2+\/|7) n+2

+

Here we used the definitions of V,,, W, U, and Z; given in (15), (16).
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Appendix 2
In this appendix, we report all steps of the proof of Theorem 3.2, that is, for case ((D).
They follow closely the corresponding ones for case (C).
The characteristic equation of the associated unperturbed equation is now
A +br+1=0, b:=a-2 (87)
(which coincides with that of (B)), so that we have the characteristic roots

hat= o (b4 VP 4), (88)

Hence, we have, fora >0 [b > -2],

| Ay b+V/b*-4 1
JdJ=|—|=|—F7—=—|>1
! Al |b-vb2-4

and fora <0 [b < -2],

Ay

In_|= > 1.

The error equation is

)L28n+2 +bAeni1 + €4 = X (89)
where
Xn = _{)\Zhrﬁl(l + 8n+2) + )\(gn - hn - hn+1)(1 + 8n+1) + hn(]- + 871)}' (90)

Here above relation (87) has been used. Note that x, also depends on the choice of either
Ay OrA_.
Setting first x,, = 0 in (89), we obtain

AAZe, + (21 + b)Ag, =0, (91)
which can be written as
A[AAg, + (21 + b)e,] = 0.

This suggests that two linearly independent solutions are given by

b
e,=1, and &,=1n", ni=-1- o (92)

where the latter was obtained by solving

AAe, + (2A + b)g, = 0.
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Note that, for A = A,, we have n = n_ = A_/A,, while for A = A_, we have n = n, = A, /A_,
and that A, = 1/A_ for any value of b (i.e., for any a), see (87).

The general solution to (91) has the form ¢, = C + D", where C and D are arbitrary
constants aslongas A, # A_, thatis, forany b # £2 (i.e.,a #0,a #4). [Ifa =4, then 1, = 1_,
n =1, and the general solution should be ¢, = C + Dn.]

To obtain a representation for the solutions to the full equation (89), following the
method of variation of parameters, we look for a solution of the form

&, =Cy,+Dyn", (93)
where C,, and D,, are two sequences to be determined. We evaluate first

Ag, = AC, + "' AD, + (n - 1)n"D,,
and claim that

AC, +n""tAD, =0, (94)

as it would be if the sequences C,, and D,, would be constant with #. Thus, it remains

Ag, =(n-1)n"D,, (95)
wherefrom
A28n = (77 - 1)(TI"+1Dn+1 - W"Dn), (96)

and hence, from (95), (96), and (89), rewritten in terms of A operators, we obtain using
(87)

220 = D" AD, = xu,

ie.,

ADE =522y, 97)

Vb2 -4
since A?n = 1. In fact, A’ = A0y = A2 Ax/Ae = Aahg = 1.

“Integrating” (97), i.e., summing up both sides from k = n to 0o, assuming that D,, — 0
as n — 00, we obtain

At
b2 -4

S ADE=-DE=7 ()" %

r=n

and finally

)\‘ o)
Df-+ b_j = (1) %" (98)



Spigler Advances in Difference Equations (2019) 2019:361

We can now determine C, from (94). We have first

s
+ _n+l +_ F +
ACy =—n AD = £ ==

and then, assuming Cff — 0asn— oo,

oo )\' oo

+ _ + _ + +
Y ACGE=-Cr =+ b2_4ZX"
r=n r=n

Hence,

)\, o0
Cr=g—"F_ * 99
: mZx (99)

Appendix 3
In this appendix, we provide details for the proof of Theorem 3.2, which concerns case
(D) of equation A(c, Ayy) + ryyns1 = 0. Recalling that b = a — 2, we have

(i) forO<a<4 [b*<4],

1 1
Va-p? Jald—a)

|| = s Ael=1, gl =1,

and hence
|| < 1= () <2,
Then (72) yields

‘ciKni ‘ < #(2|h,_1| +2|h, | + |g,_1|) forr>n+2;

T Jald = a)

|ci1<r:1‘,:n+l| = m(lgn| + |hn| + 2|hn+1|);
2
‘Cilg,fn < m“’lﬂ
Therefore,
00 9 00 00 00
+ -+
YleKG | = —=— [2 D a2 ) I+ Y gl
r=n 61(4 - 61) r=n+2 r=n+2 r=n+2

+ |gn| + |hn| + 2|hn+1| + |hn|i|

(Vn + Wi+ 2Wii1 + Wiga + [l + |hn+1|)
a(d - a)

2
= ﬁ(vﬂzwﬂzmﬂ):: VE=V,. (100)
a\x—a

Here we recalled in particular that W, = W5 + |h,01] + |By.
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(ii) fora>4[b> 2],

iC_| _ (@a—2)++ala-4)
2/ ala - 4) ’

1 1
|/\_|:‘5(—27—«/192—4)‘:§(b+x/b2—4)>1, (101)
| |_b+— “bz_4>1 (n-<0)
ey e T
and hence

‘a;,r| <1+ |n_|r—n+1.
Then we have

|c°K,

o
< | 1P| pa [Vrr| + Ay [ (1G] + Vel + 1By l) + a1 ]]
< | [{IA=PP[1+ I Aol + A L1+ 1] (Igea | + Ve | + V)
+[1+ -1 kel forr=n+2;
| K| = | (12|, | (1gal + 1l + Vnaa 1) + | @501 |1 ])
< e | UAN @+ 10-1) (1gal + Vol + 1 ]) + (1 + 1012 e |];

(K| = ||l < 6|1+ 1n-1)

Collecting all these and recalling the definitions of V},, W}, Z, and U, (given in
(15), (16)), we obtain

o0
Z K|
r=n

o0
= Z (K| + | K | + [ K|

r=n+2

< w[w(z s 3 Inlr”llhrll)

r=n+2 r=n+2

o0 o0 o0 [o¢]
+ lkl(Z lgal+ D ol + Y 1l + Y - gl

r=n+2 r=n+2 r=n+2 r=n+2

[o¢] o0
Y Il + Y |n|""|hr|>

r=n+2 r=n+2

Y N+ Y I el (1 [-1) (1gal + ol + e ])

r=n+2 r=n+2

+ (L+ P ] + (1 + |77|)|hn|:|
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+1

= [ AP (Wit + I0-1U,1) + A1 [Visr + Woat + Wiaa + In-2Z;,
- PUgpy + In-PUy ]+ Waa + [n-PUL,
+ AL+ I=1) (1gul + Vaul + Vanaa]) + (14 I0=?) Paa | + (1 + (1) 1F2a]}
= |[AVoar + (Ao + 1) W + A [(1A-] + 1) Wiaan
# DIt (=] + ) Uy + =P (=] + ) Uy + -l I0- P24
o l(1+ =) lgal + (1<l + 1) =1l + In-1(1A=] + [0-1) 1P ]

=V (102)

As for the other solution (still pertaining to the case a > 4), we have

(a—2)—+/ala-4)

|C+| B 2/ala-4)
e %(b—«/b2—4)<1, (103)

=222 s 0
Nel= —F7—=¢< Ny >9),
T b2 -4 "
and hence

‘a;,r‘ <1l+|n "™ <2.

Then we have

o0
Z|C+I(V:r|
r=n
[e e}

< !c*)(‘z Dl Y Al + Y (gl + 1gal + 1l + 20| + |hn|)

r=n+2 r=n+2 r=n+2
= || (2Wost + Waaz + Vet + |gul + 207a] + 2| R,1 )

= [ [(Vi + 2Wyy + Wi + [y ]) =2 V3 (104)

(iii) fora <0 [b< -2],

| - la| +2 - ala - 4)
- 2Jala-4)

|A_| = %(|b|—«/b2—4)<1, (105)

g = PV o)
N|=—————x< n_>0),
b| + Vb2 — 4

and hence

|a,,| =1- ()" < 1.
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Then

o0
Z K|
r=n
o0

= Z (K| + | K | + [ K|

r=n+2

< Ic‘|<2 Dol +2 ) Ikl Y gl + gl + 20 +2|hn+1|)

r=n+2 r=n+2 r=n+2

= e [(Va+2W, +2Wpy) =t V). (106)

As for the other solution,

_lal+2+ vala—4)

[ 2 /a4
[A,] = %(|b|+«/b2—4)>1, (107)

| |b|+x/bz—4>1
Ml = ————
|b| = Vb* -4

(n+>0),

and hence
|ﬂ;,r| < 1+ (n+)r—n+1.
Then we have

K|
< e A P[L+ @) il + 1 [1+ )] (Igra ] + hea] + L]
+[1+ ) i)} forr=n+2;
| K| < 1t AL+ 13 (1gal + il + i l) + [1 4+ ) Vi 13
K| < e+ ).

Collecting all these and recalling the usual definitions of V,,, W,,, Z}, and U}, we
obtain upon some algebra

o0
Z K|
r=n

o0 o0
< |c+|{|x+|2 Dl + 1A 0 e

r=n+2 r=n+2
00 00 00
- m(Z gl + Y Il + Y |hr|>
r=n+2 r=n+2 r=n+2

+ 1Al [ D) gl + Y ) el + Y <n+>’-"|hr|]

r=n+2 r=n+2 r=n+2
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£ ) Vel Y ) ]+ A+ 0. (Igal + Vil + Vi)

r=n+2 r=n+2
+ (1 + (77+)2)|hn+1| + (1 +n:) |l

= [ [PV (L i) W 4 1 1 (1+ A ) Wi + 2] (s + 124 ) Uiy
+ (77+)2(77+ + |}‘+|)U;:+2 + (77+)2|)L+|Z;+1 + 14 (1 + |)\+|)|hn|

+ 04 (s + D ) Vs | + 04104 11gal ] =2 V) (108)
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