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1 Introduction

Integral inequalities are used as handy tools in the study of the qualitative properties of
solutions to differential and integral equations, such as existence, uniqueness, bounded-
ness, stability, and other properties. The literature on such inequalities and their applica-
tions is vast (see [1-12] and the references therein). With the development of theory for
fractional differential equations, integral inequalities with weakly singular kernels have
attracted great interest [13—18]. In 1981, Henry [8] proved global existence and exponen-
tial decay results for a parabolic Cauchy problem by using the following singular integral
inequality:

ult) <a+ b/t(t — s u(s) ds.
0

Sano and Kunimatsu [9] gave a sufficient condition for stabilization of semilinear parabolic

distributed systems by using a modification of Henry-type inequalities

t t
O<u(t)<c+ct* '+ Cg/ u(s)ds + 64/ (¢ — )P Lu(s) ds. (1)
0 0

Ye et al. [11] provided a generalization of inequality (1)

u(t) < al(t) + b(t) /t(t — )P u(s) ds,
0
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and used it to study the dependence of the solution and the initial condition to a certain
fractional differential equation. All such inequalities are studied by an iteration argument,
and the estimation formulas are expressed by a complicated power series which are some-
times not very convenient for applications. To avoid this, Medved’ [12] presented a new
method for studying Henry-type inequalities and established explicit bounds with rela-
tively simple formulas which are similar to the classic Gronwall-Bellman inequalities. Re-
cently, by using a modification of Medved’s method, Ma and Pecari¢ [14] studied a certain

class of nonlinear inequalities of Henry-type

uf(t) < a(t) + b(t)/ er- Y (s)ul(s)ds, teR".

The results were further generalized by Cheung et al. [15] to the following form:

' (x,y) < a(x,y) + b(x,y) /x /y(x"‘ —s“)ﬁflsy_l(y“ - t“)ﬁflt"_lf(s, tul(s,t)deds,
o Jo

(x,9) e R* x R*.

In 2017, Xu [18] studied the following new generalization of weakly singular integral in-

equalities in two variables:

* Y o o\B-1 y-1( « a\B-1 y-1
uP (x,y) < a(x,y) + b(x,y) (x -5 ) sv (y —t ) tY
o Jo

X [f(s, Hul(s,t) + h(s, t)u’(a (s), a(t))] dtds,

with the initial condition u(x,y) = ¢(x,y),(x,y) € D' = [u,0] x [1,0],¢(0(x),0(y)) <
(a(x,y))? for (x,y) € D with o(x) < 0,0(y) <O0.

In recent ten years, a series of achievements have been made in the research of integral
inequalities for discontinuous functions (see [19-22]). In 2007, Iovane [19] studied the

following discontinuous function integral inequality:

()<a(t)+ff(s)u (@) ds+ 3 pu-0), >t

to<t;<t

In 2009, Gllo et al. [20] studied the impulsive integral inequality

(t)<a(t)+g(t)/ (s)u"(z(s)) ds + p(t) Z Biu"(t;—0), t=t.

to<ti<t

In 2015, Mi et al. [21] studied the integral inequality of complex functions with unknown

function

u(t) <a(t) /f(ts)/ (s,7 dtds+q Zﬁ,u (t;-0), t>to.

to<t;<t
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Very recently, Li et al. [22] studied the following weakly singular retarded integral inequal-

ity for discontinuous function:

a(t) s q
u?(t) §a(t)+b(t)/ (aﬂ(t)—sﬂ)ylss1f(s)[um(s)+/ g(r)u”(r)dt] ds

+ ) B (t;—0).

to<ti<t

In this paper, we establish some new weakly singular retarded integral inequalities with

discontinuous functions in two variables

u(x,y) < a(x,y)

ax) rBWB)
+ f / (@ () = )7 VHED (B8 (9) = 55) YTV DA (1, syl ) ds de
0 0
alx) BW)
¢iay _ £\ D e (pe ey £\ D (E-1)
+/(; /0 (a(x)t) t (,B(y)s) s
><f2(t,S)/0 /Oj%(f,n)u(r,n)dndfdsdt, ()
alx) BY)
u(x,y) < alx,y) + / / (2 - t{)yfl(y{ —sf)yflf(t,s)u(t, 5)
X0 Yo

X |:u2(t,s) + /t/Sg(r,n)u(r,n) dn dr]pdsdt

0 YJo

> Gulx-0,y:-0), 3)

(0.y0)<(xiy1)<(x,y)

o) A o 1
u”(x,y)fu(x,y)+b(x,y)/ / (@b (x) =) T ET (B ) =) TS T (4,9)
b/

x0 0

X |:u”’(t,s) + /t/Sg(r,n)u”(r,n) dn dr]qudt

X0 Y0

) wi-0,y,-0). (4)

(0:y0)<(xiy1)<(x,)

Finally, two examples are included to illustrate the usefulness of our results.

2 Preliminaries
In this paper, let 2 = Ui,/’zl
0,y0 > 0}. Let R denote the set of real numbers and R* = [0, 00), C(M, S) denote the class

of all continuous functions defined on the set M with range in the set S.

82,25 ={(x,y) 121 <X <x,900 <Y <Yphj=1,2,...,% >

Lemma 1 ([23]) Letay,ay,...,a, be nonnegative real numbers, m > 1 is a real number, and

n is a natural number. Then

(@ +ay+-+ay)" <n"al'+ay +-- +al)).
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Lemma 2 ([13]) Let B,v,&, and p be positive constants. Then

! - ¢ -1)+1
/ (tﬁ —sﬂ)p(y Dgp(e=1) g — —B[M,p(y -1+ 1:|, teRY, (5)
0 B B
where Blx,y] = fo sH(1 —spP~Lds (x > 0,y > 0) is the well-known beta-function and 6 =

plBly —1)+§—1]+1.

In addition, Li et al. [22] gave a generalization of equality (5), that is,

a(t) B 0 -1 1
f( ) (O{’S(t) _Sﬂ)p(l’ I)SP(E*I) ds < aIB(t)B[p(g IB ) + ’p(y _ 1) " 1:|’ te R+,
a(tp

where «(2) is a continuous, differentiable, and increasing function on [£, +00) with «(£) <
t, a(ty) = to > 0.

Lemma 3 ([13]) Suppose that the positive constants B,y ,&,p1, and p, satisfy conditions:
(1) ifp €(0,1] ye(l 1)and§>§—yp1

(2) if B €(0,1], ye(O,z)and§> Z,pz i:g then

B[Pi(E -1)+1

Fi ,pi(y—1)+1]eR*, bi=pi[Bly -1)+&-1]+1=0

are valid fori=1,2.

Lemma 4 Let u(x,y),a(x,y), b(x,9), hx,y) € C(R* x R*,R*),a(x), B(y) be continuous, dif-
ferentiable, and increasing functions on R* with a(x) < x, 8(y) < y,«(0) =0,8(0) = 0. If
u(x, y) satisfied the following inequality

alx) rBWY)
u(x,y) < a(x,y) + b(x,y) fo fo h(t,s)u(t,s)dsdt, (6)
then
alx) rpO)
u(x,y) < alxy) + #}’;)@)) \ /0 h(t,s)a(t,s)e(t,s) ds dt, (7)
where

e(x,y) = exp (— /Ox /Oyh(t, s)b(t, s) dsdt).

Proof Define a function v(x,y) on R* by

alx) rBO)
v(x,y) = e(a(x), ,B(y)) / f h(t, s)u(t,s)dsdt, (8)
0 0
we have v(x,0) = 0,v(0, y) = 0. Differentiating v(x, y) with respect to x, y, we have

Vay = e(a(x), B0)) e’ () B (e (x), B())u(ex(x), B())
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—e(a(x), B»))a' (%)’ Wh(a(x), B())b(a(x), B())

alx) rBO)
X / / h(t,s)u(t,s) dsdt.
0 0

Using (6) and «(x) <x, 8(y) <y, we have

Vay < e(a(x), B0 ()8 0h(a (), B())

alx) rpB)
X [a(a(x),ﬁ(y)) + b(ot(x),ﬁ(y)) /0 /o h(t,s)u(t,s)ds dtj|

alx) rBWY)
~ e(alx), BO))o @B G)(a(x), B))b(a(x), B3)) /0 /0 (e, )ult,s) ds dt
— e(ax), BO)) el (B () ((), B (e (@), BY)). ©)

Integrating both sides of inequality (9), because v(x,0) = v(0, y) = 0, we have
x pry
) < [ [ elat), B0)o 0B 0)h(at) BOa(ats), ) ds e
alx) pBY)
= / / e(t,s)h(t,s)a(t, s) dsdt. (10)
0 0

From (8) and (10), we have

alx) pBO) ax) rpO)
/0 /0 h(t,s)u(t,s)dsde < m/o /0 h(t,s)a(t,s)e(t,s)dsde.  (11)

Substituting inequality (11) into (6), we can get the required estimation (7). This completes
the proof. d

Lemma 5 ([24]) Leta>0,p>q >0, and p #0, then

q q-r
a? < =K ? g+

BN

rp—q

Kb, K>O0.

S

We give two special cases of the above result:
(a) IfK =1, we have

pP—q
p

S

a Sza+ , a>0,p>qg>0,pF#0.
p

(b) IfK=1,p =1, we have
a’<ga+(1-¢q), a=0,g>0.
3 Main results
Firstly, we study inequality (2) and assume that the following conditions hold:

(H1) a(x,y) e C(R* x R*,R*), and a(x, y) is a nondecreasing function;
(H2) fi(x,y) (i =1,2,3) are continuous and nonnegative on £2;
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(Hs3) a(x), B(y) are continuous, differentiable, and increasing functions on R* with e (x) <
%, B() <y,2(0) =0,8(0) = 0;

(H4) ¢,y,& are positive constants.

Theorem 1 Suppose that (Hy)—(Hy) hold and u(x, y) satisfies inequality (2), then we have
the following results:
() Ife € 0,1,y € (4,1), and & > 2 -y, we have

bl Xy -y
u(x,y) < <a1(x,y) + Tﬁ@))/ / I (t,8)a:(t,s)e: (t, s)dsdt) ,

(x,y) € £2, (12)

where

a1(x,y) = 374 1L(x,y)

bi(x,) = (3M? x (a@)B()™) ™

~ L x y -y
a3) =7 (5,9) + (fz o [ fg(t,S)det) ,
e1(x,) =6Xp<— /x /yizl(t,S)El(t,S) dsdt>,

0 0

Ml:lB[y+§—1’2y—li|
¢ ¢y 4

Glzi[g(y—1)+§—l]+l

(i) If €01,y €(0,3], ,wehave

(a(®), B(»))
(x,y) € £2, (13)

7 alx) BO) _ e
U ) < <a2<x,y)+ﬂ / / hz(t,s)az(t,sﬁz(t,s)dsdt) ,
0

where

143y  1+4y

Zz2(767)’)=3 vav (x,)’),

Ba(x3) = (3M2 x (@@B)™?) 7,

1+4y

- Ly x ry 7
ha(x9)=f; 7 (x,y)+(fz(x,y)f0 /ofg(t,s)dsdt) ,

&y(x,y) :exp<— /0 ’ /0 yiql(t,s)i;l(t,s) dsdt>,

_ 2
M2:13[5(1+4y) v 4y }
c(1+3y) 1+3y

1+4y
1+3y

[{(y—1)+$—1]+1

=

Page 6 of 24



Page 7 of 24

Luo and Xu Advances in Difference Equations (2019) 2019:387

Proof If¢ €(0,1],y € (%, 1), and & > % -y, let

1
Q="

1
plz_;
Y 1-y

If¢ € (0,1, € (0,1],and & > %,m

1+4y 1+4y
P2 = ) qs = )
1+3y y

then

1 1 .
—+—=1, i=1,2.

bi g
Using Holder’s inequality in (2), we have

u(x,y) < a(x,y)
o) ﬂ(y) of ply D) pi6-1) ( p¢ \Pily=1) p;(e-1) Hpi
(x) - P (B (y) - s°) sPi6=D dsde

a®) rpO) 1/g;
X [f fIE, s)uli(t, s)dsdt]

“e ﬂ(y) of PzV D pie-1) (gt e Vi =1) pi(e-1)
(x) — t (,B (y)-s ) s dsdt

“@ o Lors qi 1/q;
X[/o /0 <f2(t,S)/0_/Oﬁ(t,n)u(t,n)dndr) dsdtj| )

Set z(x,y) as the right-hand side of the above inequality, and

1/p;

ax)  rBO) ily—1) . pily-1) ) 1/p;
Alx,y) = [/ / (o (@) — 51TV i (B8 () — 58P gpile )dsdt] ,
0 0

that is,

1/q;
z(x,y) = a(x, )+A(x,y)|:/ / it s)uti( ts)dsdt}
ax)  rB) t ps i 1/g;
+A(x,y)[/ / (fz(t,S)f /fg(r,n)u(t,n) dn dr) dsdt} .
0 0 0 Jo
Then z(x, y) is a nondecreasing function, and u(x,y) < z(x, y), we have
a®)  rBY) 1/g;
z(x,y) < alx,y) + A(x,y) [ / / fi(t,5)2%(t,s) ds dt]
0 0
alx) rBWB) t ps qi 1/q;
A, ) ) ,mdnd dsd
wo [ [ (e [ [ A metemanr) e

1/g;
<alx,y) +Ax,y) |:/ / i (t,5)2%(¢, S)dsdt] ’
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alx) BY) t ps qi g;
+A(x,y)[/o /0 (ﬁ(t,s)[)/()ﬁ,(t,n)dndr) zqi(t,s)dsdt:| . (14)

Using the discrete Jensen inequality in Lemma 1 with # = 3,m = ¢;, we get
21 (x,9)

< 3% 1 g% (x, y) + 397 A% (x, y)/ / i(t,5)2% (¢t s) dsdt

al®)  rp) i
+3Qi—1Aqi(x,y)/(; /0 (fg(t,s)/(; /()‘]%(r,n)dnd‘t)qzqi(t,s)dsdt. (15)

Using Lemma 2, we obtain

Ax,y) = [ / / of (x) - £ )P (g2 () )”“V‘l)s"f@‘”dsdr] "
< (M2 x (a@)B())™)™, (16)
for (x,y) € 2, where
=Ly )
Oi=pit(y-1)+&-1]+1>0, i=1,2.
From (15) and (16), we get
20(x,9) < 397 a (x,3) + 307 [M? x (a()p()"]""
/ f [ t,s) + <f2 t,s) f f3 7 dndr)q}zq'(t s)dsde. (17)

Set

) =),
bix,y) = 3457 [M? x (a(x)B())" """,

qi

hi(t,s) :ﬁqf(t,s)+(ﬁ(t,s)/ /ﬁ(r,n)dndr) ,

i (x, y —exp( /f i(t,s)b tsdsdt) i=1,2,

we have

B alx) rBO) _
Zqi(x;y) =< Zli(x’y) + bl(xry)/ / hi(t’ S)Zqi (t’ S) det¢ i= 1,2, (x,y) € 5. (18)
0 0

Applying Lemma 4 to (18), we obtain

P «®) [BY)
uli(x,y) <z%(x,y) < a;(x,y) + #j?@/)) /0 /0 h;(t,s)a;(t,s)e;(t,s) ds dt,

Page 8 of 24
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i=1,2,(xy) € . (19)
Substituting p; = %,q1 = ﬁ, and p; = %,% = 1+;V to (19), respectively, we can get the
desired estimations (12) and (13). This completes the proof. O

Secondly, we study inequality (3) and assume that the following conditions hold:

(Hs) a(x,y) > 1;

(He) f(x,) is continuous and nonnegative on §2;

(H7) a(x),B(y) are continuous, differentiable, and increasing functions on [xg, +00),
[¥0, +00), respectively, and «(x) <x, B(y) <y, o(x;) =2, B(»:) =91,i=0,1,2,...;

(Hg) u(x,y) is nonnegative and continuous on §2 with the exception of the points (x;,;),
where there is a finite jump: u(x; — 0,y; — 0) Zu(x; + 0,5, +0),i = 1,2,...;

(Ho) p,¢,y are positive constants;

(Hio0) ¢; are nonnegative constants for any positive integer i.

Theorem 2 Suppose that (H,), (Hs)—(H1o) hold and u(x, y) satisfies inequality (3), then we
have

1 a(x) ﬁ(y)/:l o
a(ax), B()) »8)ai(t, s)ei(t, L () e, 2
&i(a@), B0) Js, /y (6,9)2i(t,5)ei(t ) dsdt,  (x,) € 2, (20)

u(x,y) < a;(x,y) +
where

1
Zli(x;y):Ailiy (x;y), i=0,12,...,
a(x,')

! By
Ai(x,y) = alx, y) + Z/ / (x* - tf)yfl(y{ - s{)yflf(t, 8)it;(t, s)

j=1 V%-1 Yy

t s P i
X I:Ijl]z(t:s)"'/ / g(fr 77)5!;(1'» 77) d77 dt] dsdz + ijl};(x;—();%—o)r
%1 Jyj1

j=1
i=0,1,2,...,

i i 1 o) (BO) i

(%, y) = aj_1(x,y) + m /x,-_l /y;_l h(t,s)aj-1(t,s)ei_1(t,s) dsdt,
i=1,23,...,

ht,s) = (& = £) 7 (5F = s5) (9@ (@7 (8), B71S),

X ry
ei(x,y) :exp<—/ h(t,s)dsdt), i=0,1,2,....

Yi

Proof Firstly, we consider the case (x,y) € £21;. Denoting

alx) BY)
v(x,y) = alx,y) + / / (x5 - tf)y_l(y‘“ - SI)V_lf(t, s)ul(t, s)
X0 Yo

X |:u2(t,s) + ftfsg(r,n)u(r,n)dn dr:|p dsdt, (21)

0 Y )0
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then v(x,y) is a nonnegative and nondecreasing continuous function, and u(x,y) <

v(x, ), v(%0, ¥0) = a(xo, yo)-
Differentiating (21), we have

, BY) sl o1
ve(®,y) = ax(x,y) +a (x)/ (x° —af @) (0 =5°) fla),s)u(a(x),s)

Jo

a(x) ps p
* (o), (,)(,)dd]d
x|:u(ozxs)+/x‘0 /yogtnutn ndr| ds
BY»)
< ax(x,y) + oc/(x)/ (2 —az(x))y_l(yf —sf)y_lf(ot(x),s)v(a(x),s)
%

a(x) ps
x |:v2 (a(x),s) + f / g(r,nv(r,n)dn dri|p ds. (22)

Jo
1

Viy(,9) < iy (x,9) + &/ W)B O (6 — ot )" (5 - B ()"
x f(a®), B)v(a(x), B»))

alx)  BY) p
« [v2 (e, BO)) + / / 2(t,5)v(t,s) dsdt] . (23)
X0 Yo

Set

ax) BB
F(x,y) =V* (a(x), B()) + / / g(t,s)v(t,s)dsdt,
X0 Yo
(24)

ax) rBO)
G(x,y) = vV*(x,y) + / / g(t,s)v(t,s)dsdt,
X0 Yo

then F(x,y) < G(x,y), G(x,y) is a nonnegative and nondecreasing continuous function, and
G(xo,y0) = a*(xo,90). Since a(x,y) > 1, we have v(x,y) > 1, then v(x,y) < v*(x,) < G(x,7),
that is, v(x,y) < G(x,y). Differentiating (24) with respect to x, from (22), we have

BB
Gx(x,9) = 2v(x, y)vs(x, ) + a'(x)/ g(a(x),s)v(a(x),s) ds
%0
B0) 3 3
<26(xy) | axtey) +'@) [ (6 =t @) (0 =) f (@), s)v(e).s)
0

alx) ps
x |:v2(oz(x),s) +/ / g(t,n)v(t,n)dn d‘[}pds]
X0 Yo

BY)
+ o/(x)/ g(a (x),s)v(a(x),s) ds
i
<2605, ax09) + 65,3
BY)
X / (x§ - ozc(x))y_1 (yf - sf)y_lf(a(x),s) ds:|
%0

BB
(06 [ glatos)ds
Yo
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BY) 3 71
= [Za/(x)/ (" —af @) (0 =) flaw),s) ds:| GP*2(x,y)
%
BY)
+ |:2ax(x,y) + o/ (%) / g(a(x), s) ds:| G(x,7). (25)
0
Set
B
Alx,y) = 2a,(x,y) + o/(x)/ g(oz(x),s) ds,
0
BY) 3 3
B(x,y) = 20/(x)/ (x¢ —af (@) () =) fa),s)ds,
%
then
G.(x,9) < B(x,7)G""*(x,y) + A(x,9)G(x, ). (26)
From (26), we have
G "D (x,9)G,(x,y) < Bx,y) + A(x,y)G PV (x,y). (27)
Let n(x,y) = G-?*D(x, ), then n,(x, y) = —(p + 1)G"?*?(x,9) G, (x,), (27) can be restated as
nx(%,9) + (p + DA, y)n(x, y) > (p + 1)B(x, y). (28)

Multiplying by exp((p + 1) fx’; A(t,y) dt) on both sides of (28), we have

aa_x [n(x,y) X exp((p + 1)/x:A(t,y) dt>]

> —(p+1)B(x,y) x exp<(p + 1)/xA(t,y) dt). (29)

Integrating both sides of (29) from xq to x, we get
X

n(x,y) x eXp((p + 1)/ A(t,y) dt) = n(%0,y)
x0

> /x —(p + 1)B(t,y) x exp((p+ 1)/tA(r,y) dr dt),

X0

set
Alx,y) = exp((p +1) /xA(t,y) dt),

then

n(x0,9) = [ (0 + DB(,y)Alt,y) de

Ax,y) (30)

n(x,y) >
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Since 1(xo,y) = G-V (o, y) = a=2?*V (o, y), from (30) we have

1-(p + 1)a®?*V(xy,9) fx’; B(t,y)A(t,y)dt
a*®*V(x0, y) A, y) '

nxy) = (31)

By the relation n(x,y) = G-?*Y(x,y), from (31) we get

227 (x0,9) A%, 7) }

G’(x,y) < |:1 — (p + )P D(x0,y) [ B(t,y)Alt,y)dt

(32)

where 1 — (p + 1)a*?*V (xo, y) f;; B(t,y)A(t,y)dt > 0. Setting

227 (x0, ) A%, y) }

D(x,y) = [1 —(p+ 1)@ (x0,9) [ B(t,y)Alt,y)dt

(33)

from (23), (24), (32), and (33), we obtain

Vey(%,9) < iy (3,9) + & @) B 0) (65 — (%)) (5F - BE )"
x f(a@®), B))v(a(x), B»)) P (%, ). (34)

Integrating both sides of (34), we get

x ry
W) < alxy) + / / OB () (5 o (1) (o - ()
X0 Y)0
xf(oz(t), ,B(s))v(oz(t), ,B(S))CD (¢,s)dsdt

ax)  rBO)
=a(x,y) + f / (¢ =) OF =55) Tt )P (a7 (1), BV (s)) VIt ) s de
x0 Jo
al) O _
=a(x,y) + / f h(t,s)v(t,s) dsdt, (35)
X0 JYo

where h(t,s) = (x¢ — ££)7"1(y¢ = s5) 71 (¢, 5)@ (a1 (£), B~\(s)). Inequality (35) has the same
form as inequality (6) of Lemma 4. By using Lemma 4, we can obtain the estimate of u(x;, y)
as follows:

1 ® BO) _
u(x,y) < ap(x,y) + m s /yo h(t,s)ao(t,s)eo(t,s)dsdt, (x,y) € 213.

Set

1 o) BO)
u1(x,y) = ao(x,y) + m s /yo h(t,s)ao(t,s)eo(t,s)dsde,  (x,y) € 211,

then M(x,y) =< le(xry)r (x;)’) € 911-
Next, if (x,y) € §£22;, (3) can be restated as

ax1) rBO1)
sy zatsns [ [ - ) esute
X0 Y

0
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X |: (¢, s)+ gz, nu(t,n)dn d‘L':| dsdt

[ / E) 70 =) syt

12
X |:u ;nu(t,n)dn dr:| dsdt + ¢yu(x; — 0,5, — 0)
xO J’o

+

alx1) pBO1) _1 . _
Sa(x,y)+/ / (x{ —tz)y (yz —S;)y f(t,s)ui(t,s)

Yo

X [ 1t s)+ gz, nuy(z, n)dndr] dsdt

xO J’O

()]
+ / / ﬁ )7 =) T 6 utes)

)2
X |: 2(t,s) + gz, nu(t,n)dn dri| dsdt + 101 (x1 — 0,51 — 0).

Setting

alx1)  pBO1)
Ao =t [ [T 6O e

X0 )0

t ps p
X [ftf(t,s) + / / gz, nu(t,n)dn d‘L':| dsdt + ¢121(x1 — 0,1 — 0),
X0 Y Y0

(x)y) € 922;

al@)  rBO)
U(x,y) =A1(x,9) + / / (x* - tg)y_l(yg —sf)y_lf(t,s)u(t,s)

x ”
t ps p

X I:uz(t,s)+f /g(r,n)u(t,n)dndr:| dsdt, (x,y) € 29,
%0 30

then ¥ (x,y) is a nonnegative and nondecreasing function, and
M(x;)’) = 'Il(xry)) u(xlryl) =< lIl(xlr_yl) :Al(xlryl)'
Differentiating both sides of (37), we obtain

WUy (®,9) = (41x,9)),, + @' @B () (¥ - ot @) (¥ - )
x f(a(x), BO))u(a(x), B(»))

alx) rBO)
X [Lﬂ(a(x),ﬁ(y)) +/ f g(t,s)u(t,s)ds dti|p
X0 Yo

= (M), + @ @B O -t @) (¥ - B )
x f(a(x), B@)¥ (a(x), B»))

alx) rBO)
X [t]/Z(a(x),,B(y)) +/ f gt,s)w(t,s) dsdt]p.
X0 Yo

(36)

37)

(38)

Page 13 of 24
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(38) has the same form as (23), and using the same procedure, we can get the desired
estimations (20) for (x,y) € £255.

Consequently, by using a similar procedure, we can get the desired estimations (20) for
(x,y) € £2;; (i =3,4,5,...). Thus we complete the proof of Theorem 2. O

Finally, we study inequality (4) and assume that the following conditions hold:
(H11) g(%,y) is continuous and nonnegative on £2;
(H12) pq,m,n,&,¢, y are positive constants with p > m, p > n,q € [0, 1].

Theorem 3 Suppose (H1), (Hs)—(Hs), (H10)—(H12) hold and u(x,y) satisfies inequality (4).
Then we have the following results:
() Ifze(0,1],y € (%, 1), and & > % -y, we have

by (x,
u(x,y) < |:E,'(x,y) + (Zli(x,y) + Wx?@))
a(x) 1-yq1l/p
/ / (¢, s)a;(t, s)éit, s)dsdt) ] )
Vi
(x,9) € 82, (39)

where M1, 6, are the same as in Theorem 1, and

Eo(x,9) = alx,y), (%) € £,

Ei(xty)

-a(x,y>+b<x,y>2 / / (@) =) E (B ) =) (1)

s p
x [ﬁ}”(t,s)+/ / g(r,n)it;’(r,n)dndz] dsdt
Xj-1 YYj-1

i
+Y Gl (- 0,9-0), (%y) € Rii=1,23,...,

j=1
El(xr )
éj-1(c(x), B())

al)  rBO) _ 1-yq1/p
X / / h]‘_l(t,S)éj_l(t,S)éj_l(t,S)det) ] , j: 1,2, 3,...,
j Yj-1

1
V
= 1

(%, y) = |:(a] 1®9) + =

ai(x,y)=3 Y(x,y), i=0,1,2,...,

P ax) rBO) 1-y
Ai(x,p) = bx,y) (M7 x (a(x)B(»)) 1)y|:/ / B, (t, )dsdt] ,
Xi Yi

Bi(x,) fx,y)[(l q)+q(m15(x,y)+ _m>]

p
+qf(x,y f/y rn[ i(T,m) +

i=0,1,2,...,

_n]dndr, i=0,1,2,...,

Page 14 of 24
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V
1-

bi(x,y) = (3M2 x (@®)B())") 77 b7 (x,9),

X y o -
eilx,y) = exp<—/ / h;(t,s)bi(t, ) dsdt>, i=0,1,2,...,
i i
1

~ 1 % y I-y
hi(x:y):g117V (x’y)‘*' (gZ(x’y)/ / gs(T,ﬂ)dﬂdT> , i=0,1,2,...,
Xi YYi

@) = ?f(x,y» o)) =afxy), @)= ggoc,y)-

(i) If¢ €(0,1],y €(0, )and§> 2,wehave

by (x,
u(x,y) < [Ei(xyy) + (Eli(x:y) + Wx?@))
a(x) ﬁ 1/p
/ / (¢, s)ai(t, s)ei(t, S)det) :| )
yi
(x,y) € £2, (40)

where Mo, 0, are the same as in Theorem 1, E;, B;,h; (i =0,1,2,...) are the same as in
(2) of Theorem 3, and

1+4y

1+
&i(x,y)ZBTyA[ 4 (x»y); iZOr 1;2,“';

Ba(x3) = (302 x (@@B)?) 7 b7 (x,3),

X y - o
eilx,y) = exp(—f / h;(t,s)b,y(t, ) dsdt>, i=0,1,2,...,
Xi Yi

al®) pBG) 1y e
Ai(x,y) = b(x,y) (M; (a(x)ﬁ(Y)) )“‘” [/ / B, 7 (1, s)dsdti| ,
Xi Vi

i=0,1,2,...,
~ ~ BZ(x’ )
u;i(x,y) = |:(a»_ xy) + —————
! 4 - ) e] 1 ﬁ(y
a@ BO) _ Ty lp
[ h,_l(t,s)é,-_l(t,s)é,_l(t,s)dsdt) } ,
xi-1 Yyj-1

j=1,2,3,....
Proof 1f (x,y) € §£211, (4) can be restated as

alx) rBWY) vl ey vl ey
W (x,y) < alx,y) + b, ) / / (o8 () = ) 1 (BE ) = ) T 1 (1, 9)
X0 Yo

X [um(t,s)+ft/sg(t,n)u"(r,n)dn dr:|qudt. (41)

0 Y0
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By Lemma 5, we obtain
t s q
[umu,s)+ / / g(un)u”(r,n)dndr]
X0 Y Y0
t s
sq[umu,sn f f g(nn)u"(r,n)dndr]+(1—q). (42)
X0 Y Y0

Substituting (42) into (41), we get
o) BO) B .
W (5,3) < als,3) + b(x) / / (@@ — ) (B 0) - ) T E Y (1 9)
X0 Yo

X [q(u”’(t,s) + /t/Sg(t,n)u”(r,n) dn dr) +(1 —q)] dsdz. (43)
X0 Y )0

Define a function w(x, y) as the second items of the right-hand side of (43), i.e.,

Yy ) (B () - 5) TS N1 - g)f (8, 5) dsde
b(x,y / /y ( ) 7s q)f(t,s)ds
+b(x,y) / / (af(x) - lff)y_ll‘é_1 (;8Z () - sf)y_lsé_qu(t, s)u™(t,s)dsdt
x0 Iy
alx) rBO)
+ b(x,y)/ / (oﬁ(x) _ t{))/—lté—l(ﬁz(y) —S;)y_lsé_qu(t, 5)
X0 Yo
X /t/sg(t,n)u”(r,n)dn dr dsdt. (44)
X0 Y0
From (43) and (44), we have

P (x,y) < alx,y) + wlx,y) or u(xy) < (a(x,y) + w(x,y))l/p. (45)

By Lemma 5 and (45), we obtain

u”(x,y) < (alx,y) + w(x, y))wp < %(a(x, )+ w(x,y)) + p ;m’ (46)
W) = (aley) + )" = (o) +wley) + (47)
Substituting inequalities (46) and (47) into (44), we have
/3(3’ y 1 a1
w(x,y) < b(x,y / / £ (B () —5°) T ST - g)f (£, 5)dsdt
0

o(x)
+b(x,y) / / (o) = £)7 B (B ) = ) g (1,9)
x0 Yo

X [m( (t,8) + w(t, s)) p;m]dsdt

a(x)
+ by / f £) (B ) - 5°) T gf 19)
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—-n

t s n P
x / / g(f,n)[;(a(f,n)+W(f,n))+

x0 Y0

] dndr dsde
al) rBY)
- b(x,y)/ / (ot;(x) — tc)y—lts—l(ﬂi(y) —Sc)y_ls%‘*lf(t, s)
x0 Yo
x [(1 —g)+ q(ﬂa(x,y) + p"”)] dsde
p p
alx) rBWY)
+b(x,y)/ / (@) = 5) T E (B () - ) N gf (8, )
x0 Yo

t K _
Xf /g(fyn)[ﬁa(r,nhp n]dndrdsdt
x0 70 p p

al®)  pBO)
+b(x,y) / / (f () - ) L (B ) —sf)V‘lsé-l%f(t,s)w(t,s)
x0 Y0

alx) rBWY) » )
+b(x,y)/ / (f (@) =) T ET (B ) = s5) S gf (t,9)
X0 Jo
t s n
x/ / —g(z,mw(r,n)dndrdsdt
%0 Jyo P
al)  rBY) 3 3
S [ [y ) ) dsa
x0 Yo
) BO) 9 B
+h(x,y)/ / (ot{(x)—tg)y té_l(ﬂf(y)—s{)y s5 7Ly (1, s)w(t, s) dsdt
x0  Jy0
al) [ BO) » B
+b(x,y)/ / (5 (@) =) T E (B 0) = s5) T S gt s)
X0 Yo
t s
x/ / g(T,m)w(t,n)dndr dsds,
x0 )0

that is,

alx) rBW)
w(x,y) < b(x,y)/ / (x5 - tf)yflté_1 (y{ - s{)yflss_lBo(t,s) dsdt

X0 0
alx) BO) » B
+b(x,y)/ / (az(x)—tz)y ts_l(ﬂz(y)—s{)y s57Lgy (8, 5)w(t, s) dsdt
X0 Yo
alx) rBWY) a1 4
+ b(x,y) / / (@)= ) E (B ) - ) g (1,9)
X0 Yo
t s
x/ /gg(r,n)w(t,n)dndtdsdt, (48)
X0 Y0

where

Bo(.y) :f(x,y)[(l -q)+ q(&t(x,y) - "")}
P p

x y —
+qf(x,y)/ /g(r,n)[ﬁa(r,nﬂp n}dndr, i=0,1,2,...,
% Jy; p p

@) = %ﬂx,y» ey =gy, @)= ggw).

Page 17 of 24
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Using Holder’s inequality in (48), we have

w(x,y)

al®)  rBY) (1) D
< b(x,y)[f f (ot{(x) _ tc)P: V= ypi(6-1) (/3{ ) - S()Pz =D piE-1) dsdt]
x Y0

0

a@ PO Vg;
X |: / / Bli(¢, s)dsdt:|
x0

Y0
a(x) BWY) (y-1) (1) 1/p;
+ b(x,y)[/ / (a;(x) _ t{)l’l 4 tpi(é—l)(ﬂ{(y) _ SC)Pt Y=V epi6-1) 4 dtj|
x Y0

1/g;
|:/ / Bi(t, s)ywii( ts)dsdt:|
¥0

a(x) 1/p;
n b(x,y)[/ / (ag(x) _ t;)Pi(V‘l)tm(Sfl) (ﬂ;()’) _ SC)Pi(V‘l)Sm(&l) ds dti|
B0

alx) BY) t ps qi 1/q;
x [/ / (gz(t,S)/ /gs(r,n)w(r,n)dndr> dsdt] .
X0 )0 x0 v Y0

Using Lemma 2 to the first items of the right-hand side above, we have

1/p;

w(x,y)

al®)  rBO) Vg;
5b(x,y)(M§x(a(x)ﬂ(y))af)””[ / / Bgi(t,s)dsdtj| !

X0 )0

o) p) pily-1) pi(y-1) i
+ b(x,y)[/ / (az (x) — t{) i tpi(é—l)(lgl(y) _ S() i i1 (g dt:|
x Y0

BY) 1/g;
|:/ / Bi(t, s)ywii( ts)dsdt:|

0

a(x) 1/pi

+b(x,y)[/ / (oﬁ(x)—tf)pi(y_l)t”i(s1)(/3§(7)—sc)pt(y_l)s”"($”dsdt} ’
0

BW) qi 1/gi

|:/ / (gz(t s)/ / g, mw(z, n)dndr) dsdt]
/g;
)+ T(xy [ gl (t,)wh(t,s)d dt]

o, y) + I(x,y / /y‘O s)wii(t,s)ds

alx) t ps qi 1/g;
F(x,y)[/ / (gz(t,s)/ f gg(t,n)w(r,n)dndr) dsdt] , (49)

X0 J0 X0 )0

where

g L o(x) BY) ) 1/q;
Aolx,y) = b(x,y)(M? X (oz(x)ﬂ(y)) ’)I’i [/ / Bli(t,s) dsdt:| ,

X0 Yo

alx)  rBO) (y-1) (1) 1/p;
I'(x,y) = b(x,y)[/ / (az(x) _ t{)l’z Y tpi(é—l)(lgz(y) _S;)pl =1 pi(s-1) dsdt] '
*0 Yo
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(49) has the same form as (14) of Theorem 1. Using the same procedure as that in The-
orem 1, considering inequality (45), we can get the desired estimations (39) and (40) for

(x,9) € 211.
If (x,y) € 25, (4) can be restated as

(%1) ﬂ(h
u(x,9) < alx,y) + b(x,y / / )~ - Y(BE(y) - )Vﬁlss’lf(t,s)
%

q
X [”1 (t,s)+/ / g(t, n)ul(r,n)dndf:| dsdt + &2 (21 — 0,51 — 0)

Jo

al) rBY)
o) [ [ @ @) 50 - ) )
X1 J1

X [u”’(t,s)+/t‘/sg(r,n)u”(r,n)dn dt:|qudt.

X1 Y1

Let

alx1) rBO1) y-1,61 -1 g1
El(x,y)za(x,y)+b(x,y)/ / (@) =) (B o) =) ST, 9)

x0 Yo

X |:12;”(t,5) + /t/sg(r,r])it’f(r,n)dn dri|qudt

*0 <)o

+ i (%1 —0,91 - 0),  (x,9) € 2,

then we get

, alx) pBW) 1 e
W (5,9) < Ey(5,9) + b(x,3) f / (o) = ) (B ) - ) T (1,9)

*1 b4

t s q
X |:um(t,s)+/ / glt,mu(r,n)dn dri| dsdt, (x,9) € §295. (50)
X1 YY1

Since (50) has the same form as (41), we can conclude that estimates (39) and (40) are valid
for (x,y) € §£25;. Consequently, by using a similar procedure for (x,y) € £2; (i = 3,4,5,...),

we complete the proof. O

4 Applications
In this section, let £2, £2;; (i,j = 1,2,3,...) be the as in the previous section.

e Consider the following Volterra-type retarded weakly singular integral equations:

@ AO)
uf(x,y) - / f (P (x) = £#)7 " PADL(BF () — sP) 7 P01
*0 Y0

t s q
X [u(t,s)+f /g(r,n)u(r,n)dndt] dsdt = h(x,y), ()€ 2, (51)
x0 /1

0

which arise very often in various problems, especially in describing physical processes
with after effect.
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Example 1 Let u(x,y),g(x,7), and h(x,y) be continuous functions on £2, and let a(x), B(y)
be continuous, differentiable, and increasing functions on R* with a(x) < x, 8(y) <
y,a(x0) = x0, B(o) = yo. Let p,q,¢,v,8 be positive constants with p > g. Suppose that
u(x, y) satisfies equation (51). Then we have the estimate for u(x, y).

() Ifz €(0,1],y € (3,1), and,3(1+8)> — ¥, we have

1;1(96»3/)
|utx,y)| < [Ih(x,y)I (m (x,y) + APENI)
o) BO) _ 1-y1/p
1,9 (6,9)% (1, d dt) ] ,
X /x‘o /y\O 1\,,8)a\i,s)ei\i,s)as
(x,9) € £2, (52)

where M, 0; are the same as in Theorem 1, and

i PRGN
ai(x,y) =377 A, 77 (¢,5)dsdt,
%0  Jyo

bi(x,9) = (3M? x (a@)BG)™) ™7,

~ 1 X ry =
hy(x,y) =A21’y (,y) + (Ag(x,y)/ f Aqt,n)dn dr> ,
X0 Y)o

&1(x,y) = exp<- / ’ / yizl(t,s)ial(t,s) dsdt),

A(xy) =1~ q+q< |h(x, )| + p;)

1 p-1
+q/0 /0 Ig(r,n)|(p|h(r,n)|+ p )dndr,

1
Aa(x,y) = g, Aslx,y)=q,  Aulxy)= » lg(x,)].

() 1f¢ €(0,1],y €(0,3),and & > * 2 ? we have

{u(x, | |:|h(x,y)| (ﬂg (0, 9) + = bZ(x’ﬂ)(y
al®) pa@® BO) i p
Falt, 901, Ve, )dsdr) ] ,
X /xo /9;0 /yo a\L,8)ax(t,s)exlt, s
(x,9) € £2, (53)

where M, 6, are the same as in Theorem 1 and A;,Aj, A3, A4 are the same as in () of

Example 1

13y o) pBO) Ly
le(x,y)=37f / A7 (8s)dsde,

*0 Jo

1+3y

I;g(x,y)z(gM% x (o x)ﬁ()’)) Ea

Page 20 of 24
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1+4;
1+4y el

- X ry Y
ha(x,y) =Ay7 (x,9) + (As(x,y)/ / A4(r,n)dndt) ,
X0 Y )0

&y(%,y) :exp<— /o ’ /0 ylzz(t,s)lzz(t,s) dsdt).

Proof From (51), we have

alx) rBW)
|u(x,y)|”§|h(x,y)|+/ / (ac(x)_ti)yl (12 () )V—lsﬁ(us)—l

)0

t ps q
X |:’u(t,s)| +/ / ‘g(t,n)Hu(r,n)’dndt} dsdt. (54)
X0 Y Y0

Applying Theorem 3 for (x,y) € §£21; (withm =n=1,& =¢(1 +98),alx,y) = |hlx,y)],b(x,y) =
1) to (54), we get the desired estimations (52) and (53). O

e Consider the following impulsive differential system:

3%v(x, y)

9% 9y H(xy,v(x9), (%) € Qix 7%y # 9 (55)

AV|x=x,~,y=yi = Bivix; - 0,y - 0), (56)

V(x01y0) =70,

where (x;,5;) < (%11, ¥ir1), iMoo %; = 00,1im;_, o ¥; = 00, ¥y > 0 is a constant, H(x,y,v) is

nonnegative and continuous on £2.
Example 2 Suppose that H(x, y,v) satisfies
Hwyv) < (=) (F =) " f o)V, (57)

and f(x,y) € C(£2,R*),z € (0,1],y € (%, 1), then we have

b X v
’V(x,y)‘SEi(x,y)+< (,y) + (,9) / / (¢, 8)a;(t,s)e; ts)dsdt) ,
yi

éi(x,)

(x,9) € 2,
where

Eo(x,y) = alx,y), (x,y) € 211,

Ei(x,y) = tl(x,y)+2/ / -5 Y(t,s) i(t, s)

+Z§ju,'(xj—0,yj—0), (x,y)EQii,i=1,2,3,...,

é y x 1-y
iij(x, ) = (&,1(x, 5+ L) / hi(t,5)a;-1 (£, ))-1 (£, 5) dsdt> ,
Jj-1

€-1(%,) Jx
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ji=1,2,3,...,
y L
aix,y) =277 A7 (x,9), i=0,1,2,...,
x Py L 1-y
Ai(x,y):b(x,y)(M%x(xy)el)y|:f/‘B1 (t, )dsdt:| , 1=0,1,2,...,
Xi Yi

Bi(x,y) f(x,y)( + E(x,y)> i=0,1,2,...,

b(x,y) = (2M2 x (xy)") ™7,

X y - -
ei(x,y) = exp (—/ f h(t,s)b(t,s)ds dt), i=0,1,2,...,
x Jyi

i) = &7 (3,9), @59) = 2 ),

-, ], Glzé[g(y—l)]+1.

Proof The impulsive differential system (55) and (56) is equivalent to the integral equation

v(x,y) = vo + /% /yH(t, s, (¢, s)) dsdt + Z giv(x; —0,y; — 0). (58)
X0 Y )0

X0 <X <X,Y0<Yi<y

By using condition (57), from (58) we have

IV(x,y)|5vO+// — ) 78,9,/ |v(t, )| ds e
Yo

+ Z ¢i|vixi = 0,5, - 0)]. (59)

X0 <X <X,Y0<Yi<y

Let u(x,y) = [v(x,y)|, from (59) we get

u(x, )<v0+/ / ) f(t,s)y/ ult,s)dsdt
X0 Y )0

+ Z Ciu(x; — 0,y; = 0). (60)

X0 <X;<X,Y0<Yi<y
By Lemma 5, we have
1 1
u3(57) < Sulwy) + 3. (61)

Substituting (61) to (60), we get

u(x, )<v0+// ) f(ts)( u(t,s) + — >dsdt
X0 Y )0

+ Z siu(x; — 0,; — 0)

X0 <X <X,Y0<Yi <Y

gvo+/x/y(x€-t4)V’1( e 1f( ) 1,5) dsde
*0 Y0
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x ry
. / / (=&)Y (o - sf)y_lf(tT’s) dsde+ Y gulxi—0,y:-0)
x0 Y0

0 X0 <X <XY0<Yi<y

X

5a(x,y)+/x0 fy:(xf — )7 (oF —SC)V_I@u(t,s)dsdt

+ Y Gulxi—0,y;-0),

X0 <X <XYO<Yi <Y

that is,
x ry B B L
u(x,y)ia(x,y)+/ / (8 =) 7 oF = 55) 1J¥u(t,s)dsdt
*0 Y0
+ Z siu(x; —0,; — 0), (62)
X0 <X <X,Y0<Yi<y

where a(x,y) = vo + fx’; yyo (=) L(y¥ —SC)V‘I@ dsdt. We see that (62) is the particular
form of (4), and the functions of (55) satisfy the conditions of Theorem 3. Using the result

of Theorem 3, we complete the proof. g
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