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1 Introduction
In this paper, we consider the following boundary value problem of fractional differential

equations with a p-Laplacian operator:

D’ (¢ (D*u(t))) =f (t,u(r)), O<t<l, (1.1)

1#(0) = D*u(0) =0, DPu(1) = aDPu(e), D*u(1) = bD* u(n), (1.2)

where o, 8,y e R; 1<,y <2;8>0and 1 +8 <a; &,n € (0,1); a,b € [0,+00); 1 —
ag* P15 0;1 - b1 > 0 and ¢,(s) = IsIP2s, p > 1, ¢y = (¢p) 7", 117 + é =1, D% is the
Riemann-Liouville differentiation and f € C([0, 1] x [0, +00), [0, +00)).

Fractional differential equations arise in many engineering and scientific disciplines as
the mathematical modeling of systems and processes in the fields of physics, chemistry,
aerodynamics, electrodynamics of a complex medium, polymer rheology, etc. Fractional
differential equations also serve as an excellent tool for the description of hereditary prop-
erties of various materials and processes. In consequence, fractional differential equations
have been of great interest. For details, see fractional two-point boundary value problems
(29, 31, 32, 35, 57, 64], fractional boundary value problems at resonance [5, 8, 67, 69, 71],
fractional multi-point problems with nonresonance [5, 8, 44, 48, 58, 61, 68], fractional
initial value problems [6, 7, 34], fractional impulsive problems [48, 72], fractional integral
boundary value problems [14, 40, 46, 62], fractional p-Laplace problems [15, 18, 20-22, 28,
36, 39, 45, 47, 49, 50, 52, 60, 65, 66, 70], fractional problems with lower and upper solution
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[7, 39, 51, 59], fractional control problems, [41, 43, 53-56], fractional soliton problems
[19, 24, 26, 42], fractional singular problems [17, 27, 30, 37, 38, 63].

On the other hand, the differential equations with p-Laplacian operator arise in the
modeling of different physical and natural phenomena, non-Newtonian mechanics, non-
linear elasticity and glaciology, population biology, nonlinear flow laws, and system of
Monge-Kantorovich partial differential equations. There are a very large number of pa-
pers devoted to the existence of solutions of the p-Laplacian operator 15, 18, 20-22, 28,
36, 39, 45, 47, 49, 50, 52, 60, 65, 66]. The approaches are mainly topological, fixed-point
and continuation theorems, degree and fixed-point index theory.

In this paper, we study the existence of positive solutions for boundary value problem
(1.1), by applying a monotone iterative method, some existence results of positive solu-
tions are obtained. In the light of the above and to the best o four knowledge, this is the
first study which discuss fractional p-Laplacian with lower and upper solution method.
Taking into account that sometimes the corresponding research about the Riesz fractional
derivative is interesting, see [16, 25], in the future work, we will focus our concentration
on the Riesz derivative. Also, the reader can find some new methods for approximate solu-
tions of fractional integro-differential equations involving the Caputo—Fabrizio derivative
or extended fractional Caputo—Fabrizio derivative [1-4, 9-13, 23, 33]. The approximation
solutions are interesting and need more concentration.

The organization of this paper is as follows. In Sect. 2, we present some necessary def-
initions from fractional calculus theory. In Sect. 3, we prove the main results about the
existence of positive solution of the boundary value problem (1.1). In Sect. 4, we will give

an example to illustrate our main results.

2 Preliminaries
In this section, we present some necessary definitions from fractional calculus theory.

Definition 2.1 ([32]) The Riemann-Liouville fractional integral of a function x : (0,

+00) — R of order « > 0 is given by

I“x(t) = % /Ot(t —8)* Lx(s) ds,

provided the right side is pointwise defined on (0, 00).

Definition 2.2 ([32]) The Riemann-Liouville fractional derivative of order « > 0 of a con-
tinuous function x : (0, +00) — R is given by

ooy L (AN [T xs)
Drate) = r(n—a>( t) /0 s %

where n =[] + 1, [] denotes the integer part of number «, provided the right side is
pointwise defined on (0, 00).

Lemma 2.1 ([32])
(1) Ifx€ L(0,1), p >0 >0, then

D IPx(t) = I x(t), D I° x(t) = x(¢).
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(2) If p>0,1>0, then

Dptk—l — F()") )L—p—l‘
r(-p)

Lemma 2.2 ([32]) Assume that x € C(0,1) N L(0,1) with a fractional derivative of order
a > 0 that belongs to C(0,1) N L(0,1). Then

I“D%(t) =x(t) + 1t + et 24 -+ ent* N, ¢ eRi=1,2,...,N,
where N is the smallest integer greater than or equal to «.

3 Main results
In this section, we consider the existence of positive solution for problem (1.1).

Lemma 3.1 Ifh € C[0,1], 0 € (1,2], B>0and 1+ B <, £ €(0,1), a € [0,+00), & :=
a&% P, then the boundary value problem

Du(t) +h(t)=0, 0<t<l, (3.1)

u(0) =0, DPu(1) = aDPu(e), (3.2)

has an unique solution

1
u(t) = / Glt,5)h(s) ds, (33)
0
where
21 (1-5)* P _(1—of)(t—5)? L=t (—s)*F-1
I'e)(1-4) ’
0<s=<t=<1ls<E¢,
a—1 a—p-1 a—1
Gltys) = | ERUT O ANIT g cg <5< <], (3.4)
=11_oya-B-1__-1(s_a—-p-1
= F(a)(ffsz%)(g . , 0<t=<s=<&<l,
P O O it
Ti-=) OftSSSI,SSS

Proof By applying Lemma 2.2, we can reduce Eq. (3.1) to an equivalent integral equation
u(t) = —I°h(t) + c1t°7 " + %72, (3.5)

for some c1,¢; € R. Note that #(0) = 0, we have ¢, = 0. Consequently the general solution
of Eq. (3.1) is

u(t) = —I°h(t) + et L. (3.6)
By (3.6) and Lemma 2.1, we have

r
DPu(t) = -DPI°h(t) + ;. DPt* ™ = —I°Ph(t) + clﬂt‘x’ﬂ’l.
INGEY:)
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So,
11 oa-p-1
DPu(1) = —/0 %h(s) ds + Cl%’ (3.7)
3 _ -1
DPu(g) = —/0 %h(s) ds+c %E“‘ﬂ_l. (3.8)

By Du(1) = aDPu(£), combining with (3.7) and (3.8), we obtain

- _ e-p-1 _ _ae—p-1
= @)= ﬂ){/ (1-s) h(s)ds /(g s) h(s)ds}

So, the unique solution of the problem (3.1), (3.2) is

u(t) = - / (tr()"‘ lh(s)a!s+ /(1 )P h(s) ds

( (1 - <) {
&
- a/ (& = 8)* P h(s) ds}
0
1
= / G(t,8)h(s) ds.
0
The proof is completed. d

Lemma 3.2 If h € C[0,1], ¢p(s) = Is|P%s, p> 1, ¢y = ($p) " }7 %—1 a,ByelR 1<a,
y<2,8>0and1+B<a,0<&n<l,a,bel0,+00), B =: b1y}, then the problem

D" (¢p(Dult))) = h(t), 0<t<l, (3.9)

u(0) = D*u(0) = 0, DPu(1) = aD® u(§), D%u(1) = bD*u(n), (3.10)

has an unique solution

1 1
u(t) = / G(t,s)p4 </ H(s, ‘L’)h(‘L’)d‘L’) ds,
0 0

where

“1_gp-1 -1 _1

[t(1-s5)]” 1 ([f@g;)}]ﬂiy)f(lﬁ@)(;fs)y  O<s<t<1ls<n;

[t(1-5)] 1 -(1-B) (t-5)V 1 .

H(t,s) = 1-2)T) ’ O<n=s=<t=<l 311)
’ [(1-9)]" 6P L [e(y-5))7 ! 0<t<s<n<l :

1-2)I(v) ’ Sl=s=n<i
-1

([{(—155))}3(;/)’ 0<t<s<lnp<s

G(t, s) is defined by (3.4).
Proof From Eq. (3.9), and Lemma 2.2, we have

¢p(Du(t)) =" h(t) + dit" ™" + dpt” 2, (3.12)
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for some d;, dy € R. Note that Df4(0) = 0, we have d = 0, then

¢p(D*u()) = %}/) / t(t ) () dr + dig” L. (3.13)
0
So,
1
¢p(Du(1)) = %V)/o (1-17)" h(x)dr + dy, (3.14)
1 n
qbp(D“u(r])) = TV)./O (=) h(r)dt + din” . (3.15)

By D*u(1) = bD*u(n), combining with (3.14) and (3.15), we have

L (1-ry! " (- 7))
dy =—- — _h(t)d —__h(t)dr.
! A I(y)(1- %) “)’+A o=z "

So, the unique solution of problem (3.1), (3.2) is

1 _
(D7 () /(t T)ylh(t)dt—/ -
0

o) r(y)1-2)
"Lyl - )yl
A roya-z) T

1
—/ H(t,t)h(t)dT.
0

Therefore,

1
D%u(t) + ¢ (/ H(t,r)h(t)dr) =0.
0

Combining with the boundary conditions #(0) = 0, D?u(1) = aD%u(£), by Lemma 3.1, we
obtain the unique solution of problem (3.9), (3.10)

u(t) = /0‘1 G(L,5)d, </01H(S,‘C)h(t)dt) ds.

The proof is completed. O

Lemma 3.3 Suppose 1 — o/ >0, 1 - % > 0. The functions G(t,s) and H(t,s) have the fol-
lowing properties:

(1) G(¢,5),H(t,s) € C([0,1] x [0,1]) and G(¢,s) >0, H(t,s) > 0 for t,s € (0, 1);

(2) there exist functions w,w; € C((0,1), (0, +00)) such that

w(s) > max G(t,s), w1 (s) > max H(t,s),

0<t<1 0<t<l
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where
a-1(1 _ ya—-B-1 _ (+ _ )a-1
alt,s) = t* (1 -5s) — (t-ys) ’
-1 -1
a(ts) = [£(1 - s)]VF(y—)(t —s) ’
o (1 —s)*F-1 Bl -s)r!
w(s) =g(s,s) + %, w1(s) = g1(s,s) + ﬁ, s€(0,1).

Proof It is obvious that g(¢,s) > 0, g1(¢,s) > 0 for s, ¢ € (0, 1). We note that g(¢,s), g1(¢,s) are

decreasing with respect to ¢ for s < ¢ and increasing with respect to ¢ for t <s. Hence,

Sa—l (1 _ S)a—ﬁ—l

gggég(t, 5) =g(s,s) = @) , s€(0,1);
11 —s)r !
Orgtaixlgl(t,s) =g1(s,8) = Ty), s€(0,1).

We first prove the statement (1). From the definitions of G(t,s) and H(t, s), it is clear that
G(t,), H(¢,s) € C([0,1] x [0,1]).

ForO<s<t<1,s<E&,wehave

i1 =) P (1 — )t —5)* —at? (g —s)2 P!

Glt:s) = Fle)(1— )
_ 1 A\ apor_ (E=8)"
" T(@) (“ 1—,szf>t )
at* (g —s)* A1
 T(a)(1-)
~ ta—l(l _ S)a—ﬂ—l _ (t _ S)a—l
- I(«)
at*[EP(L —g) Pt — (& — )]
" r@)(-)
a-1
> g(t,s) + mg(g,s)
> 0.

By using an analogous argument, we have G(¢,s) >0forO0<& <s<t<lorO<t<s<é&<1
orO0<t<s<1,&<s.
Hence, G(t,s) > 0 for £,s € (0, 1).

ForO0<s<t<1,s<n,wehave

(L1 =) =P e = 9] = (L= B) (- 9)"!
I'(y)1-2)

:<1 = )UO—QVI_a—nvl b [tn - )

"1-%) o) ry) T)a-2

H(t,s) =

Page 6 of 14
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L-s) - (-5 . P (1 - s) = (n —s) Y]
r'(y) I'(y)(1-2)

bp—lty—l
1-%

=&(ts)+ &1(n,9)

> 0.

Similarly, H(t,s) >0for0<n<s<t<lorO<t<s<n<lorO<t<s<l,n<s.
Hence, H(t,s) > 0 for t,s € (0,1).
Now follows the proof of the statement (2).
ForO0<s<t<1,s<§&, onehas

max G(t, s)
0<t<1

aﬂwylﬂwl—@“ﬂl—ws—ﬂaw)

= max (g(t,S)Jf ()1~ o)

0<t<1

_ a—-p-1
<glss)+ FA=)T w(s).

ForO0<& <s<t<1,onehas

max G(,s)
0<t<1
~ N1 =) B (1 - ) (t—s)* !
~ 0sioi )1
_ 1 o a-1 a—p-1 (t_s)a_l
-Jl;?;(m(l ' 1-w)t e T )
(1 —s)2 Pl
§g(s, S) + m = (,()(S)
ForO0<t<s<é&«<l,
On;ffxl G(t,s)
~ ta—l(l _ S)a—ﬂ—l _ at(x—l(g _ S)a—ﬁ—l
T ooy r@)(1-)
_ (1 —s) P (E - £5)* P — (£ -5)* 7]
‘@%( e Te)(1- ) )
o (1) Pt
Sg(S,S) + m = C()(S)
ForO0<t<s<1,&<s,
(1 - s)*A-1
gnax, G(t,s) = max == )
1 o
_ - o— _e-B-
= 52?5)(1(1*(0:) (1+ 1_%>t l1-s) 1)
_ Ja-p-1
<gls,s)+ M—S) = w(s).

Fe)(1-)
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So,
0max1 G(t,s) <w(s), se(0,1).
<t<

For0<s<t<1,s<n,onehas

pr-tgr-t
Orgng(t,S) < max <g1(t,8) s gl(n,3)>
Bl —-s)r1
<gis,s) + m = w1 (s).

ForO<n<s<t<1,onehas

max H(t,s)
0<t<1

EL-9)""1-1-B)(t-s)¥
oo ro)1-2)
ABrr-1(1 —s)Vl)
r'(y)1-2%)

= max (gl(t, s) +

0<t<1

=489+ o = o1(8).

r(y)1-2)

ForO<t<s=<n<l,

[t1 =s)]" " = b1 t(n — 5)]7 !
quax H(t.s) = max T 1-2)

[t(1-s)]r~t bpr-1gr-t
< ry) 1-# gl("’s))

= max
0<t<l1
B -s)r!
< - = .
<glss) + F)A-2) w1(s)
ForO<t<s<1,n<s,
B [t(1-9)]"""
mnax Ht.s) = max = 50— %)

_— ( [t(1 —s)]r ! , e —s)]V-l)
0<t<1 r'(y) r'(y)1-2)

B -s)r!
<gss) + % = w1 (s).

So,
max H(t,s) <wi(s), s€(0,1).
<t<
It is obvious that w(s), w1 (s) € C((0,1), (0, +00)). The proof is completed. O

Let E = C[0, 1] be a Banach space with the maximum norm ||| = maxo<<; |#(£)|. Define
theconePCEbyP={ucE|u(t)>0,0<t<1}.

Page 8 of 14
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Lemma 3.4 Let T : P — E be the operator defined by

1 s
(Tu)(¢t) = / G(t,8)p, (f H(s,7)f (v, u(r)) dr) ds.
0 0
Then T : P — P is completely continuous.

Proof The operator T : P — P is continuous in view of nonnegative and continuity
of G(¢,s), H(¢,s) and f(¢, u). Furthermore it is easy see by the Arzela—Ascoli theorem
and Lebesgue dominated convergence theorem that 7' : P — P is completely continu-
ous. g

For convenience, we introduce the following notation:

1 s -1
L= |:/0 a)(s)¢q</0 wl(r)dt> ds:| .

Theorem 3.1 Assume there exists a constant ) > 0 such that
(C) f(&x1) <f(tx0) forany 0 <t <1,0<x1 <xs <X;
(Cy) maxo<i<1f(£,2) < ¢p()"l’);
(C3) f(t,0) #0for0<t<1.
Then problem (1.1), (1.2) has two positive solution u* and v*, such that
0 < ||lu*|| < A and lim,_, o T"ug = u*, where uy(t) = A,

0 < |[v¥|| < A and lim,,_, o, T"vy = v*, where vo(t) = 0.

Proof Define Py = {u € P| ||u|| < A}. In what follows, we first prove TP, C P;.
Let u € P;, then 0 < u(¢) < |lu|| < A. By assumption (C;) and (C,), we have

0 <f(t,ult)) <f(t,1) < dp(AL).

For any u € P,, by Lemma 3.4, we know that Tu € P, and as a result
1 s
| Tu| = 0maXI/ G(t,s)q&q(/ H(s, T)f (t,u(z)) dr) ds
=t=1Jo 0

1 s
< /0 w(s)py </0 ¢p(AL)w1(r)dt> ds
= )»Lv/OIa)(s)qbq(/oswl(r)dt) ds

= A
Hence Tu € P,. Thus, we get TP, C P;.
Let ug(f) = A, 0 <t <1, then ||ug|| = A and uy € P;. Let u1(t) = Tup(z), then u; € P;.
Define

Upar = Tuy = T uy, n=0,1,2,....

Since TP, C P;, one has u, € P, (n=0,1,2,...). From Lemma 3.3, T is compact; we as-
sert that {u,};2, has a convergent subsequence {u,, }7°, and there exists u* € P; such that
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u,, — u*. From the definition of T and (C,), for any ¢ € [0, 1], we have

u1(£) = (Tuo)(2)

1 K
=/ G(t,s)qbq(/o H(s,t)f(r,udr))dr)ds

0

1 s
Ef a)(s)qbq(/ ¢p(AL)w1(r)dr> ds
0 0
1 s
= AL/O a)(s)(/)q(/o a)l(r)dt> ds

=A
= Mo(t).
So,
uy(t) = Tur (t) < Tup(t) =u1(¢), 0<t<L.
Hence, by the induction we have
Up1 <Uu, 0<t<1l,n=0,1,2,....
Thus, there exists u* € P, such that u,, — u*. Applying the continuity of T and u,,,; = Tu,,
we get Tu* = u*.
Letvg=0,0 <t <1,then vy € P;. Let vi = Tvy, then v; € P;. Define
Vo1 = Tvy = T, 1=0,1,2,....
Since T': P, — P;, we have v, C P;, n=0,1,2,.... Since T is completely continuous, we
assert that {v,}9°; is a sequentially compact set.
Since v (£) = Tvo(t) = (T0)(¢) > 0,0 <t < 1, one has
vo(f) = Tv1 () > (TO)(t) =n1(2), O0<t<1
Hence, by the induction we have
Vsl = Ve, 0<t<1,m=0,12,....
Thus, there exists v* € P, such that v, — v*. Applying the continuity of 7" and v,,1 = Tv,,
we get Tv* = v*.
It is well known that each fixed point of operator T in P is a solution of problem (1.1).
Furthermore, if f(£,0) # 0, 0 < ¢ < 1, then the zero function is not the solution of problem

(1.1). Hence, we have ||u*| > 0, ||v*|| > 0. Then u* and v* are two positive solutions of

problem (1.1). The proof is completed. d

By applying Theorem 3.1, we can get the following corollary.
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Corollary 3.1 Assume (Cs) holds, and the following conditions hold:
(Cy) f(t,x1) <f(t,x2) forany 0 <t <1,0 <x1 <xo;
J;g’_’;) < ¢,(L) (particularly lim,_, o maxo<;<1 A O

w1 =
Then problem (1.1) have two positive solutions u* and v*.

(Cs) limy—, oo Maxo<e<1

4 Example

Letp = %, o= %, y = ,a=b= % We consider the following boundary

e
=
1l
N
oy
1l
Wl

=
1l
NS,

value problem:

D} (¢ (D3x(0) =f(62(0), 0<r<1,

x(0)=D3x(0)=0, D

Sl ~—
x
—~~
—
~
I
=
W
X
PN

Wi
—
XS
X
—~~
—
~
I
=
Wl
X
PN
IS
~—

where
f(t,x) 1(1+ ‘+x%)
%) = — (1 + xe .
24

It is obvious that

1
1-at*P1=1- 1<l)u >0, 1-ptprt=1- Lo
2\3
By computation, we can obtain L ~ 0.2318. We choose X = 5. So, f(¢,x) satisfies
(1) f(&,%1) <f(t,xp) forany0 <t <1,0<x; <xy <5;
(2) maxo<<1f(t 1) =f(1,5) ~ 229 ~1.0738 < ¢3(AL) ~ 1.0766;
(3) f(t,0)= 5 #0for0<r<1.
Then applying Theorem 3.1, problem (4.1) has two positive solutions #* and v* such
that
0 < ||u*|| <5 and lim,,_, o T"ug = u*, where uy(t) = 5,
0 < ||[v*|| <5 and lim,_, o, T"vy = v*, where vo(£) = 0.
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