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where the main equation under study is factorizable as a product of two equations in
the so-called normal form. Each of them gives rise to a single level of g-Gevrey
asymptotic expansion. In the present work, the main problem under study does not
suffer any factorization, and a different approach is followed. More precisely, we lean
on the technigue developed in (Dreyfus in Int. Math. Res. Not. 15:6562-6587, 2015,
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orders, both to the same initial problem, which can be described by means of a
Newton polygon.

MSC: 35C10;35C20

Keywords: Asymptotic expansion; Borel-Laplace transform; Fourier transform;
Formal power series; Singular perturbation; g-difference-differential equation

1 Introduction
This work is devoted to the study of a family of linear g-difference-differential problems
in the complex domain. It can be arranged into a series of works dedicated to the asymp-
totic study of holomorphic solutions to different kinds of g-difference-differential prob-
lems involving irregular singularities such as [5-7, 10], and [12]. The study of g-difference
and g-difference-differential equations in the complex domain is a promising and fruitful
domain of research. In the literature, we may find other interesting approaches to these
problems. We refer to [20] as a reference, and contributions in the framework of nonlinear
g-analogs of Briot—-Bouquet-type partial differential equations in [21]. We provide [18, 22]
as novel studies in this direction.

The study of g-difference equations has also been under study in different applications
in the last years. Some advances in this respect are [14—16] and the references therein.
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The main aim of this work is to study a family of g-difference-differential equations of
the form

Q(az)oq,tu(t) zZ,€)

dp,
ky

4y +1 —=+1
= ()10, Rp, (3)ult,z,€) + (et)20, 2 Rp,(3)ult,z,€)

D-1
+ Z eht td‘o;ﬁ(c@(t, z,€)Ry(0,)u(t, z,e)) +0g.f(t,z,€), (1.1)
=1

where D, Dy, D; are integer numbers greater than 3, Q, Rp,, Rp,,and R, for £ =1,...,D -1
are polynomials with complex coefficients, A, > 0, §;,d, > 1 are nonnegative integers for
1<¢<D-1,dp, and dp, are positive integers, and g > 1 stands for a real number.

We consider the dilation operator o,, acting on the variable ¢, that is, oy, (¢t — f(t)) :=

f(qt), and the generalization of its composition given by
U,;ft(t |—>f(t)) :=f(qyt)

for y € R. We also fix positive integer numbers k; and k; such that
1<k <k.

As in the previous work [13] of the third author, the coefficients ¢, (¢, z, €) and the forcing
term f(¢,z, €) represents a bounded holomorphic function in the vicinity of the origin in
C? with respect to (¢, €) and on a horizontal strip Hg = {z € C/|Im(z)| < B} of width 28 > 0
relatively to the space variable z. However, a new additional constraint is required on the
growth of the Taylor expansion of each ¢, according to the mixed variable t¢; see (4.6). It
implies that the functions ¢,(¢, z, €) can be extended to entire functions in the monomial
et in the whole plane C with so-called g-exponential growth of some order related to k;
and k (this terminology will be explained later in the paper).

Two singularly perturbed terms on the right-hand side of equation (1.1) are distin-
guished. This makes a crucial difference with respect to the previous work [7], in which
only one term appears, whilst the multilevel g-Gevrey asymptotic behavior comes from
the forcing term. More precisely, in that previous work, we focused on families of g-
difference-differential equations that can be factorized as products of two operators in
the so-called normal forms, each enjoying one single level of g-Gevrey asymptotics. In
the present work, the appearance of these two terms would cause a multilevel g-Gevrey
phenomenon in the study of the asymptotic solution of (1.1) regarding the perturbation
parameter. Our approach is following a two-step procedure of summation of the formal
solution, which makes the two g-Gevrey asymptotic orders emerge.

Another important difference compared to our previous contribution [7] is that we are
now able to handle holomorphic coefficients in time ¢ whilst only polynomial coefficients
were considered in [7]. This fact relies on new technical bounds for a g-analog of the
convolution of order k presented in Proposition 2.6.

The point of view we use here is similar to that performed in the work of the first author
(see [3]) and is related to direct constraints on the shape of the main equation via a possible
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description by a Newton polygon. It is important to stress that this approach is specific to
the g-difference case. Namely, such a direct procedure for producing two different Gevrey
levels in the differential case for the problem stated in the work [6] is impossible due to
very strong restrictions related to a formula used in the proof and appearing in [19] (see
formula (8.7) on p. 3630. In that case, only a proposal via factoring the main equation did
actually work, as performed in our joint work [8].

Let us briefly review the steps followed to achieve our main results in the present work.

Let 0 < p < ¢ — 1. First, we apply the g-Borel transformation of order k; to equation
(1.1) to obtain our first auxiliary problem in a Borel plane, problem (4.11). A fixed point
result in a complex Banach space of functions under an appropriate growth at infinity
leads us to an analytic solution wa (t,m,€) of (4.11). More precisely, wa (t,m, €) defines
a continuous function defined in (U, U D(0, p)) x R x D(0, &), where Uy, is an infinite
sector of bisecting direction 0,, and holomorphic with respect to the variables 7 and € in
(Us, U D(0, p)) and D(0, €o), respectively. In addition, this function admits g-exponential
growth of order « at infinity with respect to 7 in Uy, This result is described in detail in
Proposition 4.2.

A second auxiliary problem in the Borel plane is constructed by applying the formal g-
Borel transformation of order k, to the main problem (1.1). The second auxiliary equation
is stated in (4.26). A second fixed point result in another appropriate Banach space of
functions allows us to guarantee the existence of an actual solution wz,f (t,m, €) of the
second auxiliary problem defined in S;, x R x D(0, €9) and holomorphic with respect to
7 and € in Sy, and D(0, €o), respectively. Here, Sy, stands for an infinite sector with vertex
at the origin and bisecting direction ?,,. Moreover, this function has g-exponential growth
of order k; at infinity with respect to  on S, This statement is proved in Proposition 4.3.

As a matter of fact, the key point in our reasoning is the link between the g-Laplace
transforms of w:f and WZ of order « with respect to variable 7. In Proposition 4.4, we
guarantee that both functions coincide in the intersection of their domain of definition.
This would entail that the function Lﬁf;;l /K(wfl (v,m,€)) can be continued along the direc-
tion 0, with g-exponential growth of order k; see Propoposition 4.4.

The construction of the analytic solution u°#(t,z,€) of (1.1) is obtained after the appli-
cation of the g-Laplace transform of order k; and the inverse Fourier transform, providing
a holomorphic function defined in 7 x Hg x &,, where T is some well-chosen bounded
sector centered at 0, and {&,}o<p<.-1 represents a good covering in C* (see Definition 5.1).
This result is described in Theorem 5.3. Figure 1 illustrates the procedure to follow. For the
attainment of the asymptotic properties of the analytic solution, we use a Ramis—Sibuya-
type theorem in two levels (see Theorem 6.3) and the properties held by the difference
of two analytic solutions in the intersection of their domains whenever it is not empty.
The conclusion yields two different g-Gevrey levels of asymptotic behavior of the analytic

Figure 1 Scheme of the different Borel levels . . N
L ) . Main equation = u(t,z€)
attained in the construction of the solution
b Bua f 'CZ:IL k2
Bq_l/kll Auxiliary equation 2 D <= wzf(-r m,e)
Y
ﬂ L;{l,/l\‘
Auxiliary equation 1 — w:,"('r. m,e)
(Tm,
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solution with respect to the formal solution depending on the geometry of the problem.
The final main result states the splitting of both formal and analytic solutions to the prob-
lem under study as a sum of three terms. More precisely, if F denotes the Banach space
of holomorphic and bounded functions defined in 7 x Hg, and #(Z, z, €) stands for the
formal power series solution of (1.1), then

i'\t(t; z, 6) = a(tﬂ z, 6) + i’\tl(t, z, 6) + i’\lZ(t, z, 6);

where a(t,z,€) € F{e} and 11 (¢, z, €), i12(¢, z, €) € F[€] are such that for every0 <p < ¢ -1,
the function #°” can be written in the form

u(t,z,€) = alt,z,€) + qu (t,z,€) + u;”(t, z,€),

where € — u?” (¢,z,€) is an F-valued function admitting &; (¢, z, €) as its g-Gevrey asymp-
totic expansion of order 1/k; on &£,, and also € u;” (t,z,¢€) is an F-valued function admit-
ting 715 (¢, z, €) as its g-Gevrey asymptotic expansion of order 1/k; on &,. This corresponds
to Theorem 6.4.

The paper is organized as follows. In Sect. 2.1, we define a weighted Banach space of
continuous functions on the domain (D(0, p) U U) x R with g-exponential growth on the
unbounded sector U with respect to the first variable and exponential decay on R with
respect to the second one. We study the continuity properties of several operators acting
on this Banach space. Section 2.2. is concerned with the study of a second family of Banach
spaces of functions with g-exponential growth on an infinite sector with respect to one
variable and exponential decay on R with respect to the other variable. In Sect. 3, we
recall the definitions and main properties of formal and analytic operators involved in the
solution of the main equation. Namely, the formal g-Borel transformation and analytic
q-Laplace transform of certain g-Gevrey orders, and the inverse Fourier transform. In
Sects. 4.1 and 4.2, we study the analytic solutions of two auxiliary problems in two different
Borel planes and relate them via g-Laplace transformation (see Theorem 5.3). In Sect. 5,
we describe in detail the main problem under study and construct its analytic solution
and the rate of growth of the difference of two neighboring solutions in their common
domain of definition. Finally, in Sect. 6, we deal with the existence of a formal solution of
the problem and study the asymptotic behavior relating the analytic and formal solutions
through a multilevel g-Gevrey asymptotic expansion (Theorem 6.4). This result is attained
with the application of a two-level g-version of the Ramis—Sibuya theorem (Theorem 6.3).

2 Auxiliary Banach spaces of functions

In this section, we describe auxiliary Banach spaces of functions with certain growth and
decay behavior. We also provide important properties of such spaces under certain oper-
ators.

Let U, be an open unbounded sector with vertex at the origin in C, bisecting direction
d € R, and positive opening. We take p > 0 and consider D(0, p) = {t € C: || < p}.

We fix real numbers 8, 1,8 >0, g > 1, and @ > 0 through the whole section. We assume
that the distance from U,; U D(0, p) to the real number -4 is strictly larger than 1. Let k > 0.
We denote by D(0, p) the closure of D(0, p).

The next definition of a Banach space of functions and subsequent properties have al-
ready been studied in previous works. Analogous spaces were treated in [5, 9], inspired
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by the functional spaces appearing in [17]. We refer the reader to [7, 13] for some of the
proofs of the following results, whose statements are included for completeness.

2.1 First family of Banach spaces of functions with g-exponential growth and
exponential decay

Definition 2.1 Let g > 1. We denote by Exp, (kpap) the vector space of complex-valued

continuous functions (t,7) +— h(t,m) on (U; U D(0, p)) x R, holomorphic with respect

to T on U,; U D(0, p) and such that

[z,

(k,B,1.0,0)
klog?|t +6
= sup (1+|m|)” Blml exp ——M—aloglt+8| ‘h(r,m)’
- 2 log(g)
TelizUD(0,p), g
meR

is finite. The space (Exp g map) | 1cuap) is a Banach space.
The proof of the following lemma is straightforward.

Lemma 2.2 Let (t,m) > a(t,m) be a bounded continuous function on (L; UD(0, p)) x R,
holomorphic with respect to t on Uy U D(0, p). Then

lamn@m = sup Jalm) ) IBEm

telyUD(0,0),meR
for every h(t,m) € EXp( 5, o »-

Proposition 2.3 Let y1, v», y3 > 0 be such that

i +kys >y

Let a,, (v) be a continuous function on Uy U D(0, p), holomorphic on U, U D(0, p), with

1
= e

for every T € (L; UD(0, p)). Then there exists C, > 0, depending on k, q, o, y1, ya, V3, such
that

”am(‘L')TVZO' 4]/f(7_. m || (k,B,1,00,0) — Cl “f T Wl)” (k,B,10,0,0)

forevery f € Expkﬂp.ap

Definition 2.4 We write E ) for the vector space of continuous functions #: R — C
such that

| 72(m) ”(ﬂ,u) = su%(l +|m|)" exp(Blml)|h(m)] < co.

Then (Eg,u), || - ll(8,4)) is a Banach space.
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The Banach space (Eg ), || - | (8,,)) can be endowed with the structure of a Banach algebra

with the following noncommutative product (see Proposition 2 in [13] for further details).

Proposition 2.5 Let Q(X), R(X) € C[X] be polynomials such that
deg(R) > deg(Q),  R(im) #0,
forall m e R. Let m — b(m) be a continuous function in R such that

’b(m)’ < meR.

Assume that (o > deg(Q) + 1. Then there exists a constant C, > 0 (depending on Q(X), R(X),
L) such that

= Gl 5,0l s,

(B:1)

+00
|o0m) [ = m)Qimigomy
—00
for every f(m),g(m) € Eg,,.y. We further adopt the notation

F(m) +2g(m) = / £ = my)Qimy)g(my) dimy

for m € R, extending the classical convolution product  for Q = 1. As a result, (Eg,,.),
I llg,)) becomes a Banach algebra for the product *PQ defined by

f(m) xPQ g(m) := b(m)f (m) e g(m).

The next proposition is a slightly modified version of Proposition 3 in [13], adapted to
the appearance of two different types of growth of the functions involved, which force

some positive distance to the origin.

Proposition 2.6 Let b(m), Q(X), R(X) be as in Proposition 2.5. We assume that 1 <k <«
is an integer. Let c;,(m) € Eg ) for h > 0 be such that

h
1 W2 K
llenll g < C<?> g% 0, h>0, (2.1)

for some C>0and T > q"/®®. Let i (v, m) be the power series

o
oe(r,m) =) cnlm) (gVoyHD72 3 € Epaolle]s
=0

which, in view of (2.1), defines an entire function with respect to T with values in Eg ).
For every f(t,m) € Exp(qK,ﬂ,u.,Ol,p)’ we define a q-analog of the convolution of order k of
oi(t,m) and f(t,m) as

oh

wi(T, m)*ql/kf T,m) = chh(m)* (aqrf)(r m).
h=0
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Then the function b(m)yi(t, m) *gl/kf(‘[, m) belongs to Expa,ﬂ'ﬂvw), and there exists C3 > 0,
depending on u, q, a, k, k, Q(X), R(X), 8, T, such that

Q
||b(}’l’l)§0k(f,l’l’l) *q;llkf(r’m) H (k,B8,1,0,0) — C3C|If Ty Wl) || (e, B,0,0,0)
Proof Let f(t,m) € Expz(’ﬂ'“ya'm. From the definition of the norm || - ||(,g,ua,0) We know
that
|om)gite,m) xgr i f @ o

«k log?(J +8))

= sup (1+ Iml)”eﬁlmexp(—a —alog(|t+8|))|b(m)|

tellyUD(0,p),meR log(Q)
‘L'h +00 T
X ZW Ch(m_ml)Q(iml)f<T/k’m1> dm;
=0 (q"*) "2 —0 q
= sup L(t,m).

tellyUD(0,p),meR

We first give upper estimates for

sup  L(zr,m).
7eD(0,p),meR

By construction there exist two constants 2, R > 0 such that
’Q(iml)’ < Q(l + |m1|)deg(Q) and |R(lm | > ‘ﬁ(l + |m|)deg(R (2.2)

for all m € R. Using (2.2), from Lemma 4 in [11] (see also Lemma 2.2 in [1]) we get a

constant C > 0 such that

+00 .
4 [Q(im;)|
1+ Mp /
(L bl 60m)] | = gy @+ e 41
Q p—deg(R) /-+oo 1
_ysnl;%%( * m) X W = )P+ g [yde@ 4
<G, (2.3)

provided that u > deg(Q) + 1. From the definition of |||l (,g,u,0,0) and llcx |l (s,.) for all 1> 0,
(2.2), and (2.3) we get that for all T € D(0, p) and m € R, L(t, m) is upper bounded by

« log?(|t +8))

(1 + |m])" el exp(—i - alog(|t +8|))|b(m)|

log(q)
|T|h +00 1 I '
X g (g ynh=r2 | ”Ch“(ﬂ,ll«)me |Q(zm1){
L smi

X —_—
(1 + [y )"

(5 log*(|z/q"* +3))

27 loglg) ()

+alog(|t/q" + 8|)> dm |f(x, m)||
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|2/

—alog(|t + 8 )ZW”%” (B.10)

h>0

]

=

« log?(|T +8))
exp| -——————
’ 2 log(q)

(K log*(|t/q"* + 8])
xexp|—-———""2

hlk
L oo +3) ) )

~

2Zm||ch|| s |lf (T, WZ)H (i)

h>0

with €, = Czexp("lolgogpq;‘s) + alog(p + §8)). Assumption (2.1) on |lcyll(s,) allows us
to conclude the result when restricting the domain on the variable 7 to the subset
D(0, p).

Let U, be the complement of D(0, p) in U,. From what precedes we may take the supre-

mum over U, instead of U, U D(0, p).

By inserting terms that correspond to the || - ||(g,,) norm of ¢;(m) and to the || - [l ¢c,,11,0.0)
norm of f(z/q"'%, m) there exists C; >0 such that we can give the bound estimates
sup L(t,m)
rellymeR

< sup (L+|m]) e exp

2
(_EM —alog(le +a|))|b<m>|

cellmeR 2 log(q)
m m |Ch(m ml)|
XZ/ <1+|m ) eflm- 1'—( 1/k)hh1/2||
h>0

()

1 2 hik )
X exp(—%% —alog(|f/qh/k + 8‘)))

X(( e Plmml 1 Qimy)| Bl

1+ m—my)* (1 + |my|)#

(1 + |ml|)ﬂe’3|"’1|

1 2 hlk )
X exp(%%@w + alog(’t/qh/k + 8|))) dm,.

By means of the triangular inequality |m| < |m — m;| + |m;| we deduce that

sup  L(z,m) < C|f(x,m)| (2.4)

tely,meR

(k.8 p.,p0)’
where

. log*(|t +8
E= sup (1+|m|)uexp<  log (I +8))

—alog(|t + 8|)) |b(m)|

tely,meR 2 IOg(q)
LI |QUimm)|
Xgnch"“ @ | T m e e

« log?(|t/q"* +8]) ik
- 1 51) ). 2.
x exp<2 o2& +alog(|t/q"" +8|) (2.5)
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Again, we can also apply (2.3) at this point. On the other hand, we can provide upper
estimates on the expression

o s10g (2" 77 “SD (| 7))
eXp<210Kg(q) <log2( ) —10g2(|t|)>>
exp g1 (o) 1o 1)
s (on{| ) -t
Xexp<alog<ﬁ+8‘>—alog< ))

x exp(alog(|t]) — arlog (|t +81)) (2.6)

T

h
q/k

T
hik
q

hlk
q/

as follows. The proof of Proposition 3 in [13] can be applied to the second and fourth lines
of (2.6), which yield

exp( d (log2< ‘
2log(q) q

ahlk
exp (oe log<
q

)—log2(|r|))) =q3%|r|-h7“ (2.7)

and

>—a10g(|r|)> -7, (2.8)

T
hik

respectively. It is straightforward to check that the expression in the fifth line of (2.6) is
upper bounded by

Cai (qh/k)a (2.9)
for some positive constant Cs;.

We give upper bounds for the first line in (2.6). In the case that |z/4"/| < 1, this expres-
sion is upper bounded by a constant that depends neither on t nor on 4. Otherwise, we
have

o gz (o2 (7774 12 ([ 7))
gexp(ix <10g2( +8> —10g2< L )))
2log(q) q"'*

< il:? eXp(2loljg(q) (log?(x +8)) - 10g2(x)) < Cs (2.10)

hlk
q/

T
qh/k

for some Cs; > 0. We finally provide upper bounds on the third line of (2.6) taking into
account that
<Cy, tely (211

8
log? |7| —log? |t + 8| = —log? 1+—
T

8
1+ —‘—Zlogltllog
T
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for some Csz3 > 0. From (2.5), (2.3), (2.6), (2.7), (2.8), (2.9), (2.10), and (2.11) we derive the
existence of Cs;, Cs > 0 such that

~ ~ « n W2
C =G llenll (sup |r|h(1_F))qﬂ+ﬁ(E‘l)
h>0 Tely

- 1/(2k)
< CxnC Z < 1 T
h>0

which yields the result by choosing T > g"/. O

h
) =< C3C’

Remark Observe that condition (2.1) on the coefficients ¢, is always satisfied in the case
where only a finite number of c;, is not identically zero, that is, ¢ € E¢g ,)[7].

2.2 Second family of Banach spaces of functions with g-exponential growth and
exponential decay
The second family of auxiliary Banach spaces has already been studied in previous works,
such as [7, 13]. We refer to these references for the proofs of the related results.
Let S; be an infinite sector of bisecting direction d, and let v € R.

Definition 2.7 We write Exp?kl 5, for the vector space of continuous functions (7, m)

h(t,m) on S; x R, holomorphic with respect to T on S, such that

klog* 7|
h(t,m) = sup (1+|m]) ™ exp<—7 —vlog|t| ) |h(t, m)
| It reSd,me]R( ) 2log(q) | |
is finite. Then (Exp?k’ﬁ#‘v), Il * Il k,8,,v)) is @ Banach space.

q

Remark 2.8 Let 0 < k; < k. For every f € Exp(,q'ﬂ,u,v

)» we have that f € Exp?,(2 B11,0) and

@ m ey = @m0
The proof of the following lemma is a straightforward consequence of the definition.

Lemma 2.9 Let a(t, m) be a bounded continuous function on Sy x R, holomorphic on S,
with respect to t. Then

”“(f"”)f(f'm)H(k,ﬂ,u,u)5 SSUP |“(f'””)"V(T’m)u(k,ﬂ,u,u)

teSg,meR
forevery f(t,m) € Exp?k,ﬂ

V)

Proposition 2.10 Let 1,y > 0 and y3 € R be such that
Y1 +kys =y (2.12)

Let a,, (t) be holomorphic on S; with

< € S4.
0 O = e TS
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Then there exists Cy > 0, depending on k, q, v, y1, v2, V3, such that
||aV1 (‘L’)‘L'VZO'q_‘?f(‘L’, Wl) || (k,B,11,v) = C4 ”f(‘L', W[) || (k,B,1L,v)

q
forevery f € Expj ;4 , -

Proof For every f € Exp?k’ 6,0 W€ have

”czyl(t)tyzcr_y3 (r,m)”(

T k,B.ua,v)
klog? |z| |T|72
< sup (L+m])"e’ " ex <—7—v10 |z|)7 /g m
reSd,zBeR( ) P\ 210g(9) ) A+ o f(elq,m)|
klog?|z/q” klog? |t/q”
X € (——( og”[t/q”| —vlog|r/q"3‘>exp(—og /g7 +vlog]t/q1’3|)
2log(q) 21log(q)
k]/32—2vy3 |-L'|*kV3+V2
< 2 - .
= e ! 1+ @ ml g
The result follows from condition (2.12). O

Following the same lines of arguments as in Proposition 2.6, we deduce the next propo-

sition.

Proposition 2.11 Let b(m), Q(X), R(X), c, for h > 0, and let (v, m) be chosen as in Propo-
sition 2.6. For every f (t,m) € Exp(qk,ﬁ,u,v)’ we have that b(m)gi(t, m) *21/kf('(, m) belongs to
Exp?k,ﬁ%v) and there exists Cy > 0, depending on , q, v, k, Q(X), R(X), such that

”b(m)W(T”’”) *gl/kf(f’m)“(k,ﬂ,u,v) = CC‘LW(T’W’) ”(k,f},u,v)'

3 Formal and analytic operators involved in the study of the problem
We give the main properties of some formal and analytic transformations for complete-
ness. In this section, E stands for a complex Banach space.

The definition and the main properties of the g-analogs of Borel and Laplace transforms
in several different orders can be found in [3, 17]. The proofs of the following results can
be found in [13].

Let g > 1 be a real number, and let k > 1 be a rational number.

Definition 3.1 For every a(T) =)
form of order k of a(T) by

a,T" € E[T]), we define the formal g-Borel trans-

n>0

B (@)@ = Ly < BTl
n>0

Proposition 3.2 Let o € Nandje Q. Then

Byan(T°0a(T))(x) = Wcﬁg‘% (Bya (a(T) ()

for every a(T) e E[T].
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The g-analog of Laplace transform as it is shown was developed in [2]. The associated
kernel of such a transform is the Jacobi theta function of order k defined by

_n(n-1) "
Oun®) =Y q % ",

nez

which turns out to be a holomorphic function in C*. It also turns out to be a solution of
the g-difference equation

m(m+1)

Ok (q%x) =q * x"0 k(%) (3.1)

for every m € Z, valid for all x € C*. As a matter of fact, the Jacobi theta function of order
k is a function of g-Gevrey decrease of order k at infinity in the sense that for every § > 0,
there exists C,x > 0, not depending on 8, such that

~ k log2 |x| 12
O,k (®)| = Cyud exp(E og@) |x| (3.2)

for x € C* under the condition that |1 + xq% | > § for every m € 7.

Definition 3.3 Let p >0, and let I/; be an unbounded sector with vertex at 0 and bisect-
ing direction d € R. Let f : D(0, p) U U; — E be a holomorphic function, continuous on
D(0, p), such that there exist K > 0 and « € R with

klog? |x|
@) | < Kexp(i +aloglx| ), xelylxl > p,

and

Hf(x) ||]E <K, xeD(0,p).

Set k= logk(q) [T0(1 - q(”*;“/k)il' We define the g-Laplace transform of order k of f
along direction d by
1 fw) du
e x))(T) = —_
qlllk(f( ))( ) Jqu/k Ly @ql/k(%) u

where L := {te : t € (0,00)}.

We refer the reader to Lemma 4 and Proposition 6 in [13] for the proofs of the next
results. The algebraic property held by g-Laplace transform will allow us to commute some
operators with respect to it.

Lemma 3.4 Let § > 0. Under the hypotheses of Definition 3.3, we have that Cfllﬂ (T
defines a bounded holomorphic function on R ;5 N D(0,r1) for every 0 <ry < q(%‘o‘)/k/z

where

id
1+

Ryj:= {TG(C*:

>34, forallr > 0}. (3.3)
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A different choice for d modulo 2m 7 would provide the same function due to the Cauchy
formula.

Proposition 3.5 Let f be a function that satisfies the properties in Definition 3.3, and let
8 > 0. Then, for every o > 0, we have

Toa; (ﬁg;l/kf(x))(T) = ﬁf;;l,k <(ql/k;crwaé_%f(x)> (T)

forevery T € R, 50 D(0,r1) with 0 <ry < q(%‘“”k/z.
Another operator is used through the work is the inverse Fourier transform.

Proposition 3.6 Letf € Eg ) with B >0 and > 1. The inverse Fourier transform of f is
defined by

1 [o¢]
FUNW = G / fom)explism)

for x € R. The function F~(f) extends to an analytic function on the strip
Hg = {z € C/|Im(z)| < B}.

Let ¢(m) = imf (m) € Eg,_1). Then we have
0. F 1 (F)2) = FH(¢)(2)

forall ze Hg.

Letg € Eg ), and let yr(m) = Wf*g(m), the convolution product of f and g, for m € R.
From Proposition 2.5 we know that € Eg, ). Moreover, we have

FHORF @) = F ()
forall z e Hg.

4 Formal and analytic solutions to some auxiliary convolution initial value
problems with complex parameters

Let1 < k; < kpand D, Dy, D, > 3 be integers and define k™! = k7' —k;!. Observe that k > kj.

Let g > 1 be a real number. We also consider the positive integer numbers dp,, dp,. For

every 1 < ¢ <D -1, we consider nonnegative integers dy,§; > 1 and A, > 0. We assume

that

81 =1, 8¢ <841 (4.1)

for 1 < £ <D - 2. We also assume that

dp. -1 d d dp, — 1
D1 + 1>, 21>, e M
K Ko 1 2

Ay >dy, >8, -1 (4.2)
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for every 1 <¢ <D -1, and also
ki(dp, — 1) > kydp, . (4.3)
Let Q(X),R,(X) € C[X] for 1 <€ <D -1 and Rp,,Rp, € C[X] be such that
deg(Rp,) = deg(Rp,) (4.4)

and

deg(Q) = deg(Rp,) = deg(Re),  p—1>deg(Rp)),
Q(im) #0,  Rp,(im) #0,

(4.5)

for some p > deg(RDj) +1withj=1,2andallmeR,1<¢<D-1.

We consider sequences of functions m +— F,(m, €) and m +— C; ,(m, €) for n > 0 belong-
ing to the Banach space Eg,,) for some g > 0, depending holomorphically on € € D(0, €)
for some € > 0. Moreover, we assume that there exist C;, Cr, To > 0 such that

~(1\" A 11\”
1Cenll(8,10) 5@(;) q ik, 1Ex 1l (g.10) SCF<T> , n=0. (4.6)
0 0

We define the formal power series in E¢g,,,) [ T]

C'g(T,m,e) = Zng,,(m,e)T”, T m,€) ZF m,€)

n>0 n>0

We consider the initial value problem

Q(im)o,, rU(T,m,€)

dp, dp

~ 70 8 Ry (i) U(T oo @ ' Ry () U(T
= T Dy lm) ( ’mré) + O‘qu Dz(lm) ( ,m,e)
D-1 1 +00
+ ZeAz de de 5@ (W /oo CZ(T,m—ml,e)Rg(iml)LI(T,ml,e)dml)
+ Uq,Tﬁ(T, m,€). (4.7)

Proposition 4.1 There exists a unique formal power series

(T, me) =) U,(m,e)T", (4.8)

n>0

solution of (4.7), where the coefficients U,(m, €) belong to Eg,,, for 8 >0 and j > deg(RDj) +
1,j € {1,2}, given above and depend holomorphically on € € D(0, €).

Proof We plug the formal power series (4.8) into equation (4.7) to obtain a recursion for-
mula for the coefficients U,,, n > 0. We have

Q(im)U,(m, €)q"
d

= Rpy (im)Uyap, (m,e)g 2"

n=p,) + Rp, (im)Uy,—ap,, (m, e)q T Dn-dpy)
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D-1
+ Z PUVELD q(n*dz)tsz
=1

1 +00
x( Z W/m Cl,nl(m—Vﬂl,G)Rg(iml)unz(ml,e)dml)

ny+ny=n-dy

+ Fy(m, €)q"

for every n > max{dp,,dp,, maxi<¢<p_1d,}. Due to Cy,,F, € Eg,) for every n > 0 and
1<¢<D-1,weget U, € Eg,) by recursion. We observe that Proposition 2.5 is applied

in the recursion. O

4.1 Analytic solutions of a first auxiliary problem in the g-Borel plane

We proceed to multiply both sides of equation (4.7) by 7% and then apply the formal
g-Borel transform of order k; with respect to T Let ¢, ¢(t,m,€) be the formal g-Borel
transform of order k; of Cy(T,m,€) with respect to T, and let ¥, (t,m, €) be the formal

g-Borel transform of order k; of F(T,m, ¢) with respect to T. More precisely, we have

}’l
@iy (T,m, €) = ZCzn(m,é)Wr
n>0

4.9)

n

W, (T, m, e)—ZF (m, G)W

n>0

According to Lemma 5 of [13], the expression ¥, (t,m, €) represents an entire function

of g-exponential growth of order k; that belongs to the Banach space Exp since

(5, B10,0,0)
k > k1, provided that « satisfies T > q2’<1 /g*'*1, for any unbounded sector U, and any disc
D(0, p). More precisely, we have

| @i, (z.m, €) < Cy, (4.10)

(B 0,0) —

for some constant Cq,k1 >0 and all € € D(0, ).

In view of the properties of the g-Borel transform of order k;, we arrive at the equation

h
Q(lm)(llk)mwkl (t,m,e€)
q 1 2
‘L’le +k1
= Rp, (im) {p, *k)ldp, kD) Yk (z,m,¢€)
()
, Ty th dpy (5 -)
* Roim) o oar W (5me)
(g"%) 2
k1 D-1 do+ky 5 _dl_l
T T ¢
Ap—d, ky
+ f0yD Vi (T,m, €) + ZE e kg kD 097
(g'k) (@)= —2——

1 R
X (W‘pkl,f(f,mre) *q;ll/kl Wiy (Trmr€)>r (4"11)
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where wy, (7, m, €) stands for the formal g-Borel transform of order k; of U(T, m, €) with
respect to T. Observe the appearance only of negative powers of the dilation operator in
each term in the sum of the right-hand side of the equation.

We assume that there exists an unbounded sector of bisecting direction dor;, €R,

Sorp, = {z €C:lzl = rorp, » |arg(z) —doRrp, | <VQRp, }

for some rqry, » Vorp, >0, in such a way that

Q(im)
Rp, (im)

€ SQ'Rbl

for every m € R. We factorize

Q(lm) RDl (lm) d
Frate) (ql/kl)kl(kzl_l) ) (g\/k )(dD1+k1)“”D1+kl-1> v
ALY s E—
in the form
. le,l
Rp, (im)
Ppya(t) =~ (dp, +k)p, +k1-1) 1_[ (T - W(m))
(V) ko
with
2l . l/le dp, +2k;-1
_ ,49p; Q(im) Lok
m) =e“P1 1
qe(m) < Ro, (i) q

forevery0 < £ <dp, —1.Let U bean unbounded sector, and let p > 0 be that the following
statements hold:

(1) There exists M; > 0 such that |t — q,(m)| > My (1 + |7|) forall 0 < ¢ <dp, -1,

m e R, and t € U; UD(0, p). An appropriate choice of rqRrp, and p yields

|qe(m)| >2p for all m € R and 0 < £ < dp, — 1. In the case that VQ.Rp, is small
enough, the set {g,(m): m € R,0 < ¢ <dp, — 1} stays at a positive distance to Uy,
and it can be chosen so that 1/7 has positive distance to 1 € C for all 7 € Uy, m € R,
and0<{ <dp, — 1.

(2) There exists M, > 0 such that |t — q,(m)| > Ms|q,(m)| for all £ € {0,...,dp, — 1},
meR, and t € Uy; UD(O, p). This is a direct consequence of 1) for some small
enough M; > 0.

In order to prove the following upper estimates in (4.12), we make use of (1) for all

€ e€{0,...,dp, — 1}, except for one of them, say £, for which (2) is applied. The previous
conditions yield the existence of Cp > 0 such that

|Pm,1(T)|

. dp, -1 . 1/d, d k-
dp,-1, - |1Rp, (im)|(1 + |T])*™1 |Q(im)] L) R
ZMl M2 (dp, +k1)(dp, +k1-1) R . ) q 1
(qh) |Rp, (im)|

> Cplrarp, )™ |Rpy (im)| (1 + [2]) 1! (4.12)

for all T € U; UD(0, p) and m € R.

Page 16 of 42
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The next result states the existence and uniqueness of a solution of (4.11) in the space
Exp(qkl 6,0, Provided that its norm in that space is small enough.

Proposition 4.2 Under Assumptions (4.1), (4.2), (4.3), (4.4), and (4.5), there exist rQRp, >
0, a constant w > 0, and constants Gy, Gy >0 such that if

Ci<s, and Cy <gcu (4.13)

foralll <€ <D-1 (see (4.6) and (4.10)), then equation (4.11) admits a unique solution

a

da
wi, (T,m,€) €Bxpg g0,

) with ||wfl(r,m,e)H(,(,ﬁ,u,a,p) <@ forevery € € D(0, ).

Proof Let € € D(0, €p) and consider the operator H, defined by

Rp, (im) 7902 dpy (1)
HE(w(t,m)) == == o 2 Vw(t,m)
d, k1), k-1 9T 4
Ppi(T) (ql/,q)w
dy 5@-%’»-1

D-1 -
t=1 Py (7)(q")

(dg+k1)(dp+k1-1) G@v’
2

1 Re
X Wv’kl,z(t, m,€) * 1k w(t, m)

1
+

U (t,m,¢€).
ki (kq-1) 1
Py (0)(g ) 3

Note that a fixed point of H! (w(z, m)) will lead to a convenient solution of (4.11). To apply
the fixed point theorem, we are going to prove successively two facts.
(1) We may choose gy, gy, @ >0 small enough and rqr,, >0 large enough such that

H!(B(0,)) € B(0, ), (4.14)

where B(0, ') stands for the closed disc centered at 0 with radius o in the Banach

space Expz(' B p)
(2) We have
[ HE(wi(z,m)) = HE(wa(z,m)) | )
1
< 5 [wi(z,m) - WZ(T’m)”(K,ﬂ,;L,a,p) (4.15)

for all wi (t, m), wa(t,m) € B0, w).

Proof of (4.14) We first check (4.14). Let w(zr,m) € EXP?K,ﬂ,,L,a,p)‘

By (4.2) and the definition of x we find that dp, — 1 + «(d¢/ky + 1 - 8;) > d, and d,/ky +
1-48, > 0. Thus, taking into account assumptions (4.1), (4.5) and regarding (4.12) together
with Propositions 2.3 and 2.6, we get

dg _de _
Ag*d( T 8¢ kq 1

Py (1)(g"*)

€

k) kD) 0T
2

X ( 1 O (T, m e)*R‘ w(t m))
T~ N1/9 y ’ ) s1/k )
(27.[)1/2 1 q;1/K1 (o ritsp)
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Ag—dy C1Csg,
(dy+k1)(dg+k1=1) 1/d
(q”"l) 5 CP(rQ,RDI) ldp, (27)1/2

<e€ || w(t,m) ||( (4.16)

KBttt 0)

Gathering Lemma 2.2, we get

1
” Py1(7) (k) ki-D72 Vi, (T, m, €)

1

= 17dp, SUP ;
(ql/kl)kl(kl*l)me(i‘Q,RDl) D1 mer |RD1 (lm)|

(K, B,10,00,0)

Sw. (4.17)

Condition (4.4) and an application of Proposition 2.3 and Lemma 2.2 yield

: d, 1_1
H RDZ(IWI) P2 dDZ(E*H)

— 9q1 (t, m)
P (1) (ql/kl)w

(K, B,11,00,0)

IRp, (im)| G

(dDz +k1)(dD2 +k1-1)
2

w. (4.18)

meR |RD1 (im)| (q”kl) )I/a,’D1

Cp(rorp,
An appropriate choice of ror, >0, @, 5w, g, > 0 gives

D-1

ZGOAZ—d@ G6,Ch
(dy+k1)(dg+k1=1)

-1 (qllkl) 5 CP(rQ,RDl)Ule (27T)1/2

1 1
+ su ; Sy
(ql/kl)kl(kl_l)/ch(rQ,RDl )l/le mE% |RD1 (lm)|

w

|RD2 (lm)| Cl w
" e [Rp, (im)| Dy vh)ép, D vy (419
! (q"kr) 7 Cp(rorp,) "™

Regarding (4.16), (4.17), (4.18), and (4.19), we obtain (4.14).

Proof of (4.15) We proceed to prove (4.15). Let wy,wy € Expz(’ﬂ,u,a, o)+ We assume that

lwe (T, M)l (. 8,10,0) < @, £ = 1,2, for some @ > 0. Let E(t, m) := wi(t, m) — wy(t,m). On
one hand, from (4.16) we have

Ag—dg pdy -y 1
€ T = Ry
H T 04 (—QOkl,Z(T;Wl;G) * ik, E(r,rH))
Pm,l(t)(q ! 1) 2

(27'[)1/2
Ag—dy C3§(pcl

(dg+kq)(dg+ky-1)
(g'%) T Cplrgup,) 1 (212

(K, B10,00,0)

<¢€

|E(x,m)| « (4.20)

Borna,p)’

On the other hand, (4.18) yields

Rp, (im 79> dp, (L)
H ) ) O'q,-[z ko "k E(T,m)

d k1)(d, k-1
P,1(7) @/h)% (o ritsp)

IRp, (im)| G

meR |RD1 (lm)| (ql/kl)w

HE(r,m)”(K’ﬁ’Mya’p). (4.21)

Cp(rorp, )Moy

Page 18 of 42
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We choose rqr,, >0 and g, > 0 such that

D-1

Ag—dy C36,C4
Zfo (dg +k1)(dg k1 1)
gk dg+ky -1) d
=1 (qllkl) 5 CP(rQ,Rpl)l/ Dy (2].[)1/2
|Rp, (im)| G

+ sup ‘ - <
mer |Rp, (im)] (ql/kl)w Vdp,

. (4.22)

N =

Cp(rorp,)
Statement (4.15) is a direct consequence of condition (4.22) applied to (4.20) and (4.21).

Let us finish the proof of the proposition. At this point, in view of (4.14) and (4.15),

q
(., m.0,p _
space for the norm || - ||x,,10,0)- The map ! is contractive from B(0, ) into itself. The

we can choose @ > 0 such that B(0, ) € Exp Y which defines a complete metric
fixed point theorem states that ! admits a unique fixed point wfl(t,m,e) € B(0,w) C
Expz{, Bo11t,p) for every € € D(0, ¢g). The construction of wzl (t,m, €) allows us to conclude
that it turns out to be a solution of (4.11). O

The next step consists of studying the solutions of a second auxiliary problem. This
problem lies in a second g-Borel plane, and its solution would guarantee the extension
with appropriate growth of the acceleration of the solution to our first auxiliary problem
described in (4.11).

We set

.L.Vl

Ui, (T, m,€) = ZF”(M’E)W’

n>0

(4.23)

the g-Borel transform of order k, of F(T,m,€). According to the second condition of
(4.6), the expression Wy, (t,m,€) stands for an entire function of g-exponential growth

q

of order k; that belongs to the Banach space Expy, 4, ., provided that v € R satisfies

1
To > g%2 /g"’* for any unbounded sector S;. More precisely, we have

|| '1//(2 (Trme)H( = Cl1/k2 (4'24')

ko, B,10,v)

for some constant C'qr,k2 >0 and all € € D(0, €p).

4.2 Analytic solutions of a second auxiliary problem in the g-Borel plane

We multiply both sides of equation (4.7) by 72 and apply the formal g-Borel transform of
order k, with respect to T In view of the properties of the g-Borel transform, the resulting
problem is determined by

ko
Q(im)(llk)wﬁ’kz(f,mf)
q 2 2
, 01tk dpy (-3
= Rp, (im) o Ty T O Wy, (T, m,€)
(@)= 7
) _L.dD2+k2 . sz
+RD2(lWI)( ” )(dD2+k2)(dD2+k2_l> Wi, (T, m,€) + 7( 1/k2)k2(k22’1) W, (T, m,€)
q'™ 2 q
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Td[ +k2 56‘% -1

(g kp)dg +hp—1) 0T
2

D-1
t=1 (q'*)

1 Re A
X W‘sz,l(f,m,e)*q;l/kz Wi, (T, m,€) ).

(4.25)

Here Wy, (t,m, €), W, (t,m,€), and ¢y, (7, m, €) stand for the formal g-Borel transforms

of order ky of U(T,m, €), E(T,m, ), and C)(T, m, €).

We consider our second auxiliary problem

ko

Q(im)(l/k)wwkz(f,m,f)
q 2 2
, o1tk dp (-2
=Rp, (im) i TR, D Oy Wy, (T,m,€)
(g)
) ‘[dD2+k2 .[kz
+ Rp, (im) Uy kD, D Wi, (T, m,€) + W‘P@(t,m,e)
(qe) P (q") "5
D-1 Td@+k2 5(7%71

1k (dg+ko)(dy +kgp—1) quf
t=1 (k)7

1
X (W‘pkz,f(‘[,mr 6) *g;ll/kz Wiy (Trmr €)>‘ (4"26)

We assume that there exists an unbounded sector of bisecting direction dqgj,, € R,
Sorp, = {2€ C: |2 = rogy,, [arg(2) — dogy, | < vorp, }

for some VQ.Rp, > 0, such that

Q(im)

for every m € R. We factorize

im Rp, (im
P 2(_’:) _ Q( ) _ D2( ) dDz
m, Ko ky—1) @Dy *)Wp, k1)
R A B

(qtk2)=2 (q'/%2)

in the form
dp, -1
RDZ(im) 2
Ppo(t) =~ @Dy *)Wp, k1) 1_[ (T - qm(m))'
——=3 =0

(q1%)

Let S; be an unbounded sector with small enough aperture such that:
(1) There exists M1z > 0 such that |t — g (m)| = Mi2(1 + |7|) forall0 < £ <dp, -1,

meR,and T € S,.
(2) There exists My, > 0 such that |7 — g2 (m)| = Map|qe2(m)]| for all

tef0,...,dp, -1}, meR,and Tt € §,.
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In the following estimates, we apply (1) in the previous assumption to all indices ¢ €
{0,...,dp, — 1}, except one of them, say £, for which we apply (2). This yields the existence
of Cpy > 0 such that

[P (1) = Cralrgry, )2 |Rp, (irm)| (1 + 1) (4.27)

for every t € S5, and m e R.

Proposition 4.3 Under hypotheses (4.1), (4.2), (4.3), (4.4), (4.5), and those on the ge-
ometry of the problem, there exist TQRp,» @ > 0 and ¢y, gy > 0 under (4.13) such that
for every € € D(0,€p), equation (4.26) admits a unique solution wZz(r,m,e) in the space
Exp?kz,ﬂ,u,v)for v € R and depends holomorphically with respect to € € D(0, €g). Moreover,

”WZZ(T; m, E)"(kz,ﬁ,u,v) <w.

Proof Let € € D(0, €9). We consider the map H? defined by

RD (lm) '[le dp, (A-L)
2 = D1 1% "Ry
HZ (w(t,m)) := Poal2) {py vkldp, k1) 047 w(t, m)
m,2 (qllkz)f
D-1 4 .
Ag—dy T Ty "
+ Z € (g rha)dy vhp—1) 047
t=1 Pup(t)(ghe) ™2
X #w (v, m,e) s w(t,m)
(2172 PR TH ST R gk PRES
1
+ ko (ky—1) Wi, (T, m, €). (4.28)
Prp(T)(qVk2) 3

Note that a fixed point of H2(w(t, m)) will lead to a convenient solution of (4.26). To apply
the fixed point theorem, we are going to prove successively two facts.

(1) We may choose ¢, Gy, @ >0 small enough and g, > 0 large enough such that
H2(B(0,w)) € B(0, ), (4.29)

where B(0, o) stands for the closed disc centered at 0 with radius o in the Banach

space EXP?/Q,/S,M,V)’
(2) We have

[#e(wa(am) = He(walz,m) [, 00

< le(t, m) — wy (T, m) ||( (4.30)

ka,B,14,v)

N | =

for all wi (t, m), wa(t,m) € B0, w).

Proof of (4.29) We first check (4.29). Let w(z,m) € Exp?kz'ﬂ,u,v).

Page 21 of 42
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With (4.2), we find that dp, — 1 + ko (d¢/ky + 1 —8;) > d,. Taking into account assumptions
(4.1), (4.4), and (4.5), regarding (4.27) together with Lemma 2.9, Proposition 2.10, and

Proposition 2.11, we get

d y
cAe-de T 685‘5‘1
(dg+kp)(dg+ko-1) ~ DT
2

P (1)(g"*)

1
ooy Plae(T m, €) %t 1, W(T, )
(27) (Ko Boio)

Ag—d, CyCsg,
<€ e (g +ky) de+k2 ) Vd H W(T,m)”(kz,ﬂ,,u,,l})' (4.31)
Cpa(rqrp,) " (2m)12

(g'/*2)
Gathering Lemma 2.9, we get

1

H Pora(@) gl Voo (T 11:€)

(k2,B,11,v)

1 1
< su _ (4.32)
(qI/kZ)k2(k2_1)/2Cp,2(VQ'RD2 )l/dDz me% |RD2 (lm)l v

for some ¢y,. Observe that ¢y, tends to 0 as ¢y does.
Condition (4.4) and an application of Proposition 2.10 and Lemma 2.9 yield

. d,
Rp, (im) 01 Dl(kl k2 w )
{p, k2)dp, thy-1) O &7 wit, m
2

(k2,B,11,v)

Pm,Z(T) (qllkz)

R im Cl w

| Dy (l )| . ( ’ )
S |R (l )| +k2)(le +ko—1) d
meR [ IKp,\im ( l/kz)ﬁ— CPZ( Dy ) 1/dp,

An appropriate choice of rQRrp, >0, @, Gy, Gy > 0 gives

D-1
C3 So Cy

S
0 (dg+ko) d{+k2 1) 1/d
=1 (g"*2) Cra(rorp,) 14D, (277)1/2

w

1
+ sup ; Sw
(qllk2)kz(kz—l)/2CP]2(rQ’RD2)l/dDz meR |Rp, (im)|

|Rp, (im)] Gy ‘. (4.34)

(dp, *k)dp, +ka=1) =
B

+ su

meR |RD2 (lm)| (ql/kz) )I/dD2

Cpa(rorp,
Regarding (4.31), (4.32), (4.33), and (4.34), we obtain (4.29). a

Proof of (4.30) We proceed to prove (4.30). Let wy,w, € Exp?kzyﬂ’w). We assume that

lwe (T, M)l (kp, ) < @5 £ = 1,2, for some @ > 0. Let E(t,m) = wi(t,m) — wo(tr,m). On

Page 22 of 42
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one hand, from (4.31) we have

dg _dp _
Ag—dy T 8¢ 1

Pyp(t)(q"%2)

€

(g +kp)dg hp—1) 0BT
2

1 R
X (Wﬁokz,e(f,m,é) *qﬁ/kz E(T,Wl)>

(k2,B,14,v)
Ag—dy C36,Cy
=€ Ny Vdp, 1 HE(T’ m) ” (kg,B o)
(gt*2) 2 Cpa(rqrp,) 2 (2m)
On the other hand, (4.33) yields
Rp, (im) 7901 dp, (£-&)
” Py5(7) (dp, +k)ldp; +kp-1) g ET,m)

m2(T) (k) === (ki)
|Rp, (im)] Cy

< sup ||E(r,m)H .
Rp,(im {@p; +ka)p; +ky~1) (k2,B,p1,0)

meR | D2( )| (ql/kz) 5 CP,2 (VQ,RDZ )I/dD2

We choose rqgp,, >0, g, > 0 such that

D-1

ZeAg—dg C3§(ﬂc4-

0 (dg+ko)(dg+ko—1)
=1 (g"*) 2 Cra(rorp, )40z (277)1/2

IRp, (im)| Cy

(le +k2)(dD1 +ky—-1)
2

N =

+ sup

<
meR |Rp, (im)] (qV/%) B

Cpa(rorp, )1/,
We conclude (4.30). Let us finish the proof of the proposition. At this point, in view of
(4.29) and (4.30), we can choose @ > 0 such that B(0,w) C Exp?kw,u,v), which defines a
complete metric space for the norm || - ||(k,,p,1,v)- The map H? is contractive from B(0, =)
into itself. The fixed point theorem states that 72 admits a unique fixed point WZZ (t,m,€) €
B(0,w) C Exp‘(lkzyﬁ] ) for every € € D(0, €p). The construction of WZZ(‘L’, m, €) allows us to
conclude that it is a solution of (4.26). O

The existing link between the acceleration of Wfl and WZZ is now provided. Both func-
tions coincide in the intersection of their domain of definition. This fact ensures the ex-
tension of the acceleration of wfl along direction d with appropriate g-exponential growth
to apply the g-Laplace transform of that order to recover the analytic solution of the main
problem under study.

Proposition 4.4 We consider WZI (t,m, €) constructed in Proposition 4.2. The function
T L0 (W (t,my€)) = L2y, (> wh, (hym, €))(7)

q;1/k

defines a bounded holomorphic function in R ;5 N D(0,r1) for 0 <ry < q(%“")/ “/2. Moreover,
we have

,CZ;UK (Wzl(‘[, m,e)) = sz(‘[, m,e), (t,m,e€)e€ Sfl x R x D(0, €), (4.35)

where Sz is a finite sector of bisecting direction d.
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Proof We recall from Proposition 4.2 that WZI € Expzc, Bnap) This guarantees appropriate

bounds on t € U, to apply the g-Laplace transform of order « along direction d. This

d
q;1/k

function in R ;5 N D(0,71) for 0 < r; < PORLIDY
To prove (4.35), it is sufficient to prove that £

yields that for every § > 0, the function £ (WZ1 (t,m, €)) defines a bounded holomorphic

d

q;l/K(wfl (t,m,€)) and w,‘fz are both solu-

tions of some problem, with unique solution in a certain Banach space, and so they must
coincide. For that purpose, we multiply both sides of equation (4.11) by 7% and take the
q-Laplace transform of order « along direction d.

The properties of the g-Laplace transform yield

le
d dpy 4 dp,dp,-112_dp. & pd d
‘Cq;l//((t D1 wkl(f,m,e)) = (qI/K) D1 Dy tPio, £ Eq;l//((wkl)(f’m’e)’ (4.36)

L1

dp, ( -
d 2%y Tk dp, (dp,-1)/2 4
L2 (tP200 " VW (1,my€)) = (q) PR e £ (wE ) (2 m€), (437)

and

d,
5(+l—l 1
d d, k R d
L ;1/k T qu,r ! wkl,Z(T)m’G)* ‘ll/k Wi (‘L',m,e)
q (27T)1/2 q;1/K1 1

de(de=1)12_g b1 d 1 Ry
:(ql/K) (e ™o, 2 Eq?l/'(<—(2n)1/2¢k1’2(r,m’6)*q:él/kl wfl(r,m,e)) (4.38)

We claim that

d R d Ry d d
Lo (0r,e(T, m,€) * 4117k Wiy (T 17, €)) = Prp (T, m, €) *ai1 ik L (w,(1 (t,m,€)). (4.39)

This is a consequence of the change of integration order in the operators involved in
(4.39). This situation is different from that of (60) in the proof of Proposition 12 in [7]. As-
sume that the variable of integration with respect to Laplace operator is r. After the change
of variable 7 = r/q"*1, we reduce the study to that of Z in the proof of Proposition 12 in
[7], with r replaced by '". This last argument guarantees the availability of the change of
order in the integration operators involved in (4.39). We now give a proof of (4.39) under
this consideration.

We have

R
‘Cg;l//( ((0/(1,@(7:, m, 6) *q;/él/kl Wi] (Tr m, 6))

1

oo
= / (011, (re, m, €) *f;fl,kl wi, (re,m, €))
0

T[ql//(

1 o0 (rei)" R B . 1 dr
T /O (Z (gl ynn-1)72 Conlm, €) ¥ (oq" Wiy ) (re,m, €) | ———~

@ql/x(%) r

1 dr

—_—
@ql/x(%) r

q n>0
B 1 fm(z (reid)n
7Tq1//( 0 = (ql/kl)n(n—l)/2

dr

0 n
x/ Cg,,,(m—ml,e)Rg(iml)wZI(reidq_"l,ml,e)drm)iid—.
- Opun () T

00
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We make the change of variable 7 = r/q"/*1 to get that the previous expression equals

td)n nlky )
m/ (/ Z(ql/lq)nn 1)/2C€v”(m_ml’G)RK(iml)Wzl(;eld’ml’f)d’m)

1 d?

re’d nlky

@ql//c( ) }"

X

In view of (3.1), ;' = k7! + k3!, the change of order of the integrals, and the dominated

convergence theorem, the previous equation equals

1 o0 o0 (retd) qn k1 4 .
- _ : ol
= / (/ Z( Tkt yt-73 Con(m —my, €)R, (im1)wi, (Fe', my,€) dm1>
qt* JO =0 ;>0 q

1 dar
nlky n(n+1) ;eidqn/kz
)g x (—F—

X

~ id -
O e (2 y 7

1 o0 T q (n-1)/(2k) 4 .
— _ 7 Tl
-— /0 (/_OO Z (YR Con(m — my, €)R (imy)wi (Fe ,ml,e) dml)

q n>0

1 dr

O (* )

=/ (ZWQ"(M my, € ))Rl(iml)

- n>0
1 / wi (7, my, €) di p
x m
e Jo re’d nlky ; 1
q ® gk (=)

d
= (pkz,ﬂ(f, m, 6) *q;ll/kz ‘Eq;l//c (W]<1 (T, m, 6)),

X

from which we obtain (4.39).

On the other hand, we observe by direct computation that
Eq 1/ (lI/kl(r m, e)) W, (T, m, €) (4.40)

for every (t,m,€) € (Rd,é ND(0,r1)) x R x D(0, €).
In view of (4.36), (4.37), (4.38), (4.39), and the last formula before (4.40), we derive that

Qlim)
W‘cq;lm (WZI ) (7,', m, 6)
q
. (ql/K)le (dp,-1)/2 ) ™ ) )
it g ap i T a7 Lge (wi,)(x,m,€)

(i) 2
(q 1/K)M

' d

+ RDz(lWI) A (dp, +k1)(dp,, +k1—1) Lq 1k (W/q)(f; m,€)
(¢! l)f



Dreyfus et al. Advances in Difference Equations (2019) 2019:326 Page 26 of 42

dg(dg-1)

D-1 e d
1 (q"*) ™3 P
Ag—dy .dy 5}
HPEPINCCED Wiy (T, €) + ) et NI
(qtf) =2 -1 (qh) 2

1 R 4
X ( (27.[)1/2 (ka’E(T’ m, E) *q;gl/kz ‘C‘I;l/lf (Wzl ) (T’ m, E))

for every (t,m,€) € (R,;5ND(0,r1)) x R x D(0, €). We multiply both sides of the previous
equation by (g'/%1)k1ta-D12(gl/ka)k2(ka=D/2 The fact that

@5 ") 1

(ql/kl ) (D+k])(2D+k1—1) (ql/k2) k2(k22—1) (ql/kz) (D+k2)(2D+k2—l)

Ky (ky-1)
2

with D € {dp,,dp,,d,} entails that EZ;I I (wfl (t,m,€)) is a solution of (4.26) in its domain
of definition.

Let SZ be a bounded sector of bisecting direction d such that S/ C (R45ND(0,71)) NSy,
which is a nonempty set due to the assumptions on the construction of these sets. The
functions £Z;1 e (wfl(t,m,e)) and w;fz(r,m,e) are continuous complex functions defined
on SZ x R x D(0, ¢p) and holomorphic with respect to 7 (resp., €) on SZ (resp., D(0, €g)).

Let € € D(0,¢€p) and put 2 = min{e, v}. It is straightforward to check that both func-
tions belong to the complex Banach space H, g,.,2) of all continuous functions (z, m) —

h(t,m) defined on Ss x R and holomorphic with respect to t in SZ such that

ka log” ||
2 log(q)

Higy B0,2)

||h(t,m)H = sup (1 + |m|)“eﬂ|mexp< - .Qlog|r|>|h(r,m)|

b
TeS;meR

. . d
is finite. Then L7,

Propositions 4.2 and 4.3. As we can see in the proof of Proposition 4.3, the operator H?

(wf1 (t,m,e)), wl‘fz(r, m, €), and ¥y, (t,m, €) belong to Hy, g,.,.0) due to

defined in (4.28) has a unique fixed point in H, g,,.,2), provided that constants ¢y, ¢, >0
are small enough, for 1 < ¢ < D — 1. Indeed, this fixed point is a solution of the auxiliary
problem (4.26) in the disc D(0, ¢) of Hk,,p,..,2)> Whilst £Z;1/K(wf1 (t,m,¢)), wZz(t, m, €) are
both solutions of the same problem in the disc D(0, ¢) of H, g,.,2), so they do coincide in

the domain Sfl x R x D(0, €p). Identity (4.35) follows from here. O

5 Analytic solutions to a g-difference-differential equation
This section is devoted to determine in detail the main problem under study and provide
an analytic solution to it. It is worth mentioning that, although the techniques developed
in previous sections are essentially novel, once the tools have been implemented, the pro-
cedure of construction of the solution coincides with that explained in Sect. 5 of [7]. For
completeness and a self-contained work, we describe every step of the construction in
detail, whilst we have decided to pass over the proofs which can be found in [7].

Let 1 < k; < k. We define 1/k = 1/k; — 1/k, and take integers D, D, D, greater than 3.
Let g > 1 be a real number. We also consider positive integers dp,, dp,, and for every 1 <
£ < D -1, we choose nonnegative integers dy,5, > 1 and Ay > 0. We make the following

assumptions on the previous constants.

Assumption (A) é; =1and §; <8y, foreveryl <€ <D-2.
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Assumption (B) We have

dp. -1 d d dp, —1
Avzdy, 2o i1s5, Lel1>4, D2
K 2 k1 2

28[_1)

foreveryl <¢ <D-1,and
kl(dD2 - 1) > k2dD1'

Let Q, Rp,, Rp,, and R, for 1 < £ < D -1 be polynomials with complex coefficients such
that:

Assumption (C) deg(Rp,) = deg(Rp,), deg(Q) > deg(Rp,) > deg(R,). Moreover, we as-
sume that Q(im) # 0 and RDj(im) Z0forallmeR,1<¢<D-1.

Let Sqrp, and Sqgp,, be unbounded sectors of bisecting directions dog, €R and
a,'Q,RD2 € R, respectively, with

SQ,RDI, = {Z eC:lz| = TQRp,» arg(z) —dQ,RD].| < VQ,RD].}

for some VQRp, >0 and such that

Q(im) cs
Rp,(im) ~ "

for every m e R.

Definition 5.1 Let ¢ > 2 be an integer. A family (£,)o<p<c_1 is said to be a good covering
in C* (in the € plane) if the following hypotheses hold:
+ &, is an open sector of finite radius €y > 0 and vertex at the origin for every
0<p=<g¢-1
e ENE#Pfor0<j,k <¢—1lifand onlyif |j - k| <1 (we put & := &).
. U;:_é &, =U \ {0} for some neighborhood of the origin I/.

Definition 5.2 Let (£,)o<p<.—1 be a good covering. Let 7 be an open bounded sector with
vertex at the origin and radius r7 > 0. Given « € R and v € R, we assume that

ko
0<ep,ry<l, v+ log(r1) <0,
log(q)
o+ L log(eorr) < 0, eort < q(%_”)/kz/l
log(q)

We consider a family of unbounded sectors Up,, 0<p=<5-1, with bisecting direction
0, € R and a family of open domains ’Rgp = Rap,S N D(0, egry) with

el
1+

Rap,S = {TG C*:

> § for every r > 0}

for some § < 1. We assume that 0,, 0 <p < ¢ —1, are chosen to satisfy the following con-
ditions: there exist S, U D(0, p) and p > 0 such that
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« Conditions (1) and (2) in Sect. 4.1 hold. Observe that, under this assumption,
Conditions (1) and (2) in Sect. 4.2 hold for S,
+ Forevery 0 <p < ¢ -1, we have Rgp N Rng #@,andforallt € 7 and € € £,, we
have €t € Rgp (where Ry, := Ra,)
The family {(R

(511)05175;—1'

aPyg)oﬂ,fg_l,D(O,/o),’T} is said to be associated with the good covering

Let (&,)0<p<c-1 be a good covering, and let a family {(Rap’g)ofpfg_l,D(O, p), T} be asso-
ciated with it. For every 0 < p < ¢ — 1, we study the equation

Q(az)gq,tuap (t,z,€)

le

dp,
dp ky +1 op dp k22 +1 op
= (Et) laq,[ RD1 (az)u (t’ Z,f) + (Et) ZGq,t RD2 (8z)u (tr Zre)

D-1
+ Z eBegde a;ﬁ (c@(t, z,€)Re(3,)u’ (t, 2, 6)) +0g.f(tz,€). (5.1)
e=1

The terms c¢,(¢, z, €) are determined for every 1 < £ < D -1 as follows. Let C¢(T, m, €) be
the entire function in T, with coefficients in E(g ;) for some g > 0 and u € R, given by

CZ(T» m, 6) = Z Cl,n(m» E)Tn;

n>0

such that u — 1 > deg(Rp)), for j € {1,2}. Assume that this function depends holomorphi-
cally on € € D(0, ¢p) and also that there exist Cy, Ty > 0 such that the left-hand side of (4.6)
holds for all # > 0 and € € D(0, ¢;). We put

co(t,z,€) = f‘l(m = Cylet, m,e))(z),

which is a holomorphic bounded function on 7 x Hg x D(0, €9) with 0 < 8’ < 8. Indeed,
we can substitute 7 by any bounded set in C in the previous product domain.

The function f (¢, z, €) is constructed as follows. Let m — F,(m, €) be a function in Eg
for every n > 0, depending holomorphically on € € D(0,¢y). We also assume that there
exist Cr and Ty such that (4.6) holds and define F(T,m, €) = Yoo Fn T

By construction, for all € € D(0, ¢p), F(T, m, e) represents a holomorphic function in T
on the disc D(0, Ty/2) with values in the Banach space Eg,,,). We define

ft.z,€) = F ' (mr> E(et,m,€))(2),

which stands for a holomorphic bounded function on D(0, €5 To/2) x Hg x D(0, €) for all
0<pB <B.

Theorem 5.3 Under the construction made at the beginning of this section of the elements
involved in problem (5.1), assume that the above conditions hold. Let (,)o<p<c-1 be a good
covering in C*, and let a family {(Rap,g)OSpsg_l,D(O, p), T} be associated with this covering.

Then there exist rorp, »TQRrp, > 0 large enough and constants gy >0 and ¢, > 0 such that

if

C, < o and Cyg <gy
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forall1 <€ <D-1, then forevery 0 < p < ¢ — 1, we can construct a solution u®r(t,z,€) of
(5.1) that defines a holomorphic function on T x Hg x &, for every 0 < ' < B.

Proof Let 0 < p < ¢ —1 and consider the equation

Q(im)aq,TUDP(T, m,€)

le dDz

_pdp, Rt ; ? dp, T 1 . ?
=T"o, 7 Rp, (im)U° (T, m,e) + T 20,7 Rp, (im)U°P (T, m, €)
- Ap— d[ng 3[ 1 e T _ . Op T d
+ E € o )1/2 Ce( ,m —my, €)Ry(im) U7 (T, my, €) dm,

+ aq,Tﬁ(T, m,€). (5.2)

Under an appropriate choice of the constants ¢y and ¢,, we can follow the construction
in Sect. 4.1 and apply Proposition 4.2 to obtain a solution U (T, m, €) of (5.2).

Regarding the properties of the g-Laplace transform, from the results obtained in
Sect. 4.2 we have that U (T,m,¢) is the g-Laplace transform of order k; of a function
wa along direction 0,, which depends on T Indeed,

0
ka (I/l, m, E) du

1
U (T, m,e) = / —— (5.3)
Tk Jig @q1/k2 (%) u

for some Lo, € Sp, U {0}, and w:"(r m, €) is a continuous function on Sp, x R x D(0, €),

holomorphic with respect to (7, €) in Sy, x D(0, €). In addition, there exists C 2, >0such
Wiy
that

1
|wk T,m, e)| < C ) 7eﬁm|exp< log? |7 + vlog|r|) (5.4)
, (1+ ||y

2
2log(q)
for some v € R. This holds for t € So,, m€R, and € € D(0,€p). Moreover, in view of
Proposition 4.4, the function WZ; (t,m, €) and the g-Laplace transform of order « of the
function wa (t,m, €) along direction 0117, where em}’]R,r C Sy, U {0}, depending on 7, coin-
cide in (S, N D(0,71)) x R x D(0, &) for 0 <y < q(%‘“)/’( /2 with some « € R. The function

wk1 ?(t,m, €) is such that for some C ap,(S >0,
Yk

|w,tf(t,m,e)| < CW;,, me'ﬂ"”' exP(Zlog(q) log? |7 + 8| + alog|T + 8|) (5.5)
for v € (D(0, p) Uly,), m € R, and € € D(0, €o). This function is an extension of a function
Wy, (T, m, €), common for every 0 < p < ¢ — 1, continuous on D(0, p) x R x D(0, €y), and
holomorphic with respect to (7, €) in D(0, p) x D(0, ).

The bounds in (5.4) with respect to variable m are transmitted to U°? (T, m, €) as defined
in (5.3). This allows us to define the function

0 (t,z,€) = F ' (m > U (et,m, €))(2)

sz P (u,m, €) du
— explizm) dm,
(27) (97172 1/k2 / /LD e 1/l<2 U plizm)
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which turns out to be holomorphic on 7" x Hg x &,. The properties of the inverse Fourier
transform allow us to conclude that u®» (¢, z,€) is a solution of equation (5.1) defined on
T x Hp x &, O

Proposition 5.4 Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that the
unbounded sectors Uy, and U,,,, are wide enough so that U, N Us,,, contains the sector
Uy, = {1t € C*: arg(r) € [0y, 0p+11}). Then there exist Ky >0 and K, € R such that

’ap+1

’uawl (t,z,€) —u®(t,z, e)‘ < Kjexp (— log? |e|) ek (5.6)

ks
2log(q)
forallteT,ze Hy,and e € £,NEy1.

Proof Let 0 < p < ¢ — 1. Taking into account that Uy, L[Dp N L[gp+1, we ob-
serve from the construction of the functions L/% and L%+ that £”

q;1/k
)(t,m, €) coincide in the domain (Rb n ngl) x R x D(0,¢p). This entails

Op+1 =

(qu )(t,m, €) and
Dp+1 Dp+1
q; 1/K(

p p+1(

the existence of w; 7,m, €) that is holomorphic with respect to T on R'g UR.

ap+1’
continuous with respect to m € R, and holomorphic with respect to € in D(0, 60) and co-
incides with Eq”w( Zf)(t,m,e) on Rgp x R x D(0, ¢y) and also with EqT/lK(kaH)(T:m’ €)

on Rgm x R x D(0, €p).

1
Let 5 > 0 be such that pe’® e ’Rgp and pei®r+l e Rg,m‘ The function

o0
w 5 Py, m, €)
ur> —2—
@ql/kz (g)
is holomorphic on Rgﬂ U ’ng , for all (m,e) € R x (£, N &Epi1), and its integral along
the closed path constructed by concatenation of the segment starting at the origin and
with ending point fixed at pe’®, the arc of circle with radius p connecting pe® with
peidr C Rgm .» and the segment from pe”®*! to 0 vanishes. The difference %+ — u®
can be written in the form

ualﬂl (tr Z, 6) - uap(t) z, E)

'”l(u,m €)

/ / explizm) ™ d
xp(izm)— dm
(27T)1/27T 1/ky Loy e 1/k2(€t) P U

1.0

wk2 U, m,€) - du
exp(izm)— dm
(271)1/2 T itk / /La 0] 1/k2 =) plizm) u

W (u, m, ) du
j —dm, 5.7
(271 Q)2 5 pys / / @ 1/I<2( 2) exp(izm) u " (7)

Cp, 9p:0p41

where Lp,—,ﬁ = [, +00)e’® for j € {p,p +1},and Cjp, »,,,, is the arc of circle connecting pe’®
with pe’®+1 (see Fig. 2).

Let

1 1 > we?™ (u, m, €) du
I := ‘——/ / e exp(zzm)— dml|.
( —oJL u

27)1/2 Tk () 1/k2( 2)

vap+1

Dp+1'75
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Figure 2 Deformation of the path of integration,
first case

In view of (5.4) and (3.2), we have

C Opil 1
/2
I < Yy let] /Ooe—mm\—m‘?\(z) dm
= Cord @) Tty ) (L + )

< [k log? Ky log?(14)
x/ exp(M+ulog|u|)|u|3/2exp<—27|t> d|u|.
P 2log(q) 2log(q)

We recall that we have restricted the domain of the variable z so that |3(z)| < 8’ < 8. Then

the first integral in the previous expression is convergent, and we derive

C o, u

W:f Y (eorp)V? [ kylog? |u| ko ]ng(%) 3/

L < R exp| =— Jexp| —————— ) 4| d|u|
@m)'2 wan,  J5 2log(q) 2log(q)

for some C »,,; >0. We derive
w
ko

exp<k2 log? |u| ) exp (_kz 10g2(€it|))
2log(q) 2log(q)

k2 2 2 )
=ex —log” |e| — 21og |€| log |£| — log” |£]
p(ZIOg(q)( s Blerios e'1t)

k
X exp 2 (log|u|log|e|+log|u|10g|t|) .
log(q)

Since by assumption 0 < €g < 1 and 0 < ry < 1, we get

k __ky
exp(— - log|e|log|t|)s|e| Toelg) 807,

log(g)
kg 1 k (5.8)
exp( > log |u|log|e|) < Je| et =P
log(q)
forteT,ee& NEyur,and |u| > p, and also, for t € T,
k Ky -
exp( 2 10g|u|10g|t|> < |t|log%q> log(p) ifp<lul <1,
log(q)
(5.9)

ky

k og(r
exp( ——— log |u|log |¢] ) < |u| 2@ =) if |5y > 1.
log(q)
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In addition, there exists Ky, 5, > 0 such that

Ky ko
supxlngQ(m log(p) exp( 0@ 0g2(x)> < Kiy5,q- (5.10)

x>0

In view of (5.8), (5.9), and (5.10), bearing in mind the inequalities of Definition 5.2, we
deduce that there exist K € R and K2 > 0 such that

& 1oa? k1o g (Iul) _ k ~
exp(M> exp(—g) lul’ < K2 exp(— 2 10g2 |e|) |e|1<1
2log(q) 2log(q) 2log(q)

forteT,r>p,and € € £, N E,,1. From the last inequality we arrive at

K*C »
p e M lerr)” /‘” dlul exp(— 2 tog? el el
1= (2m)12 Tk J5 |u|?2 2log(q)
- k Q
=K3exp( - 2 log? |€| |e|K1 (5.11)
2log(q)

for some K3>0and forallte T, z €Hg,ande €&, N &y,

We can estimate in the same manner the expression

' Wk (M,WI,G) ( )d d
2m)2 7 U / /La e 1/k2(€t) sxpien "

to arrive at the existence of K* > 0 such that

I < f<4exp( log® |e |>|e|’< (5.12)

21g()

forallt € T,z € Hy,and € € £, N E,,1. We now provide upper bounds for the quantity

p p+1

‘ / / Mo L) ex (izm)@ dm
@) 7 O (5) PR A

s, 0p:0pi1

p p+1

From the construction of Wy, (t,m, €) we have

i1 L pm
W, (u,me|<C ap—

1 L+ m)

for some C o> 0 and for all u € Cj,,0,,,, m € R, and € € D(0, €o).

Yiq
. . . = 0pd
The estimates with (3.2) allow us to obtain the existence of Cwiz 7*1 5 0 such that

Op+1

5 00 g=Blml-m3(z) klog?(:2:)
I < cfvi’%“/  dm[vy, — 0, exp(—il 2 >
2 oo (1+[m|)~ 2log(q)
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forallt €T, ze Hy, and € € £, N E,,1. We can follow analogous arguments as in the
previous steps to provide upper estimates of the expression

25
112 exp<_ ks log™ (55 ))'

2log(q)
Indeed,
ks log*(i£)
|t| 1/2 exp<_75)
2log(g)

2 kolog(p) ko log(p)
=ex (_M>|el Zlogzgq)p |t| zlog;gq)p
2log(q)

ks 2 2 1/2
ex —log” |e| — 21og |e| log |£| —log” |£]) ) |£]™'~.
p<210g(q)( s slerios £'1t)

Since by assumption 0 < €y < 1, we check that

k _L oo(r
exp( 2 1()g |€|10g|t|) < | | 10g%q)l 2(r )
log(q) =€ 7

for t € T and € € £, N &1 Gathering (5.10), we get the existence of K° € R and K® > 0
such that

klog?(Z)\ .
|t|1/26Xp<—M) §K6exp(

ko =5
- log® |e|>|e|’<
2log(q) 2log(q)

to conclude that

L <K’ exp( log? |e|>|e|f<5 (5.13)

_ 2
2log(q)

for some K7’ >0andallt €T,z e Hg, and € € £, N E,,1. We conclude the proof of this
result in view of (5.11), (5.12), (5.13), and decomposition (5.7). O

Lemma 5.5 Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
Uy, N Uy, = 9. Then there exist KPL >0 and Mff € R such that

’E;f’f/,l( (wa“)(t, m,e) — E;f’l/,( (w,?f)(t, m,e)|

K
log2|r|)|r|Mp‘

2log(q)

< Kpﬁe’ﬁ'm‘ (1 + |m|)7# exp(—

foralle e (E,NEpir), T € (Rgp N Ré’pﬂ), and m € R.

Proof We first recall that, without loss of generality, the intersection R2 NR%  can be
12 p+1

assumed to be a nonempty set because we can vary § in advance to be as close to 0 as
desired.
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Analogous arguments as in the beginning of the proof of Proposition 5.4 allow us to write

L Y m) - £, ()

q;1/k \" k1
Dp+l
1 / W]q (l/l, m, 6) du
= —_—
7Tq1//( Lap+1r5 @ql//( ( T ) u

0
1 / ka (Mr m, 6) du
N 3

7qu/x B
1 Wi, (4, m, €) du
+ / Wi b, €) u’ ) du, (5.14)
7Tq1/f( CE’Oﬂ'apH @ql//( (;) u

where p, Ly, 5, La,,,,7 and Cp,,0,,, are constructed in Proposition 5.4.

In view of (5.5) and (3.2), we have

op
Jra / Wiy (4,17 €) du
7Tq1/ic pr,ﬁ @ql/l( (%) u
C o Klogz\reial’+8| i
- wel g |V? S 00 exp(W +alog |re'®r +5|)ﬂ
T Cpd (1 +|mf)r 7 i o2 (1) r32
" g eXP(3 Togig) )

K log2 r
xp(mg(q) +alogr) ﬂ
7302

SKzzfl|f|1/2(1 + |m|)_ueimm|/ log2(L7)
7 exp(& —=_ITy
2 log(q)

for some KPL > 0. Taking into account the choice of « in Definition 5.2, by usual calcula-
tions we derive that the previous expression equals

- _ K 00 kloglt| _3/2
I<£ |'L'|1/2 1+ |m| /"e Blm| exp(— logZ |T|> / 7 10e@ +a dr.
o ( ) 2log(q) i

Besides, we observe from direct computations that

X kloglt| _3
/ rloglg %72 gy

p

is upper bounded by a constant times |t|* for every A < log—(q) log(p). This yields

(5.15)

I£ <KE (1 g Bl oxn (- X Jog? A+
£ =K ) e exp( - tog? e i

for some Kpﬁ > 0. Analogous arguments allow us to obtain the existence of Kzf > 0 such

that
ap+l
L ]. Wk] (u)m1€) du
b=1g O (™) u
ql/t( LDPHﬁ ql/K =

L —H_—Blm K 1
<Ky5(1+|ml) e leXp(_Zlog(q) log? |r|>|r|“2 (5.16)

for A as before.
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We write

13£ =

1 / Wi, (4, m, €) du
c

Tk @quk(%) u |

POp.Opi1

Regarding (5.5) and (3.2), we derive that

Co i xlog? | e +3) ~ i
P R L b !/WWIexp@—azg@r"+“log”wl'*SDde
3 = T e (1 + |m|)* 51/26-%3 (KlogZ(%))
2 "loglg)

~Blm] log?(£ - 2)
<I<[, |,[|1/2 € exp( K Il )

PR (Lt |m))e 2 log(q)
with
C Dp 2y~
1 K log”(p +8) ~
KE = [0y 0| —0 = —= T L alog(B+8) ).
pir = 101 p'ﬂqm pY2C,, 8 X( 2log(q) alog(p+3)

Let K, L= =K, L exp(— 210g log (). It is straightforward to check that

« log(p) ~Blm]| 2
£ <KL el (- loe Ty, (5.17)
P (1 + |m])~ 2 log(q)
Substitution of (5.15), (5.16), and (5.17) into (5.14) yields the result. O

Proposition 5.6 Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
Uy, N Uy, =Y. Then there exist K3 >0 and Ky € R such that

k
|u®r1(t,2,€) — u®? (t,2,€)| < Kzexp (— —log? |6|) el (5.18)
2log(q)

forallteT,ze Hy,and e € £,NEp1.

Proof Let 0 < p < ¢ — 1. Under the assumptions of the statement, we observe that we
cannot proceed as in the proof of Proposition 5.4 since there does not exist a common
function for both indices p and p + 1, defined in Rgp U Rgm , in the variable of integration
when applying the g-Laplace transform. However, we can use the analytic continuation
property and write the difference u%+! — 4% as follows. Let p > 0 be such that pe'®» € Rgp
and pedr+l Rl’ »and let 6.1 € R be such that pelr+1 lies in both Rb and Rh - We
write u%7+1(¢, z,e) —u®(t,z,¢€) as follows:

url(t,z,€) — u®r(t,z,€)

p+1
(u, m, €) du
Wiy WHTL€) exp(izm)— dm
(MWHW/‘L O () P

1.0

/ / ’”(u,m €) ( )d
explizm)— dm
271)1/2 T itk L ® 1/k2 ) P u

Dpp
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Figure 3 Deformation of the path of integration,
second case

f " (w,m,e€) du
(271)1/2 T ik / _/Mppﬂ .- 2) 1/k2( ) exp(zzm) dm
1” ! (u, 1, €) . du
(271)1/2 Ttk / / o () UkZ(et) exp(zznq)7 dm
' #L/w/ pr/’l‘( Dml)(r m,e) — qu/K(WZT)(T,m,E)
@) i Jooo JLoz, ., O (L)
x explizm) 2 dim o

Here we have denoted Lo, 5 = [p, +00)e' forj € {p,p + 1}, C58ppi1,0,,1 18 the arc of circle

connecting pe’®+! with pe»»+1,Cp, ., o, is the arc of circle connecting e’ with pe»»+1,
and Lo 54, = [0, plerr1, as it is shown in Fig. 3.
Following the same line of arguments as those in the proof of Proposition 5.4, we can

guarantee the existence of K/'>0and K eR for 1 <j<4and5 <k <8such that

pl
Wy, (,m,€) (u, m, €)  du ‘
exp(izm)— dm
’(271 12 7 k2 / /LD /2(“) plézrm) u
A l 1<
< Kjexp| - p— )log le] Jlel

’ / / sz(”rm»f)e (, )dud ’
xp(izm)— dm
@m)12 x U Loy, e 1/k2(€t) P u

. k )
51<2exp(—2102( )log2|e|)|e|’<6,
WP (u, m, €) du
’ s / f ML T bl exp(izm)— dm‘
(27)Y2 7010k, Cotppraps O 2 (5) u
ko 7
<Kzexp(-——— |e|)|e|K ,
’ p( 2log(q) log
"' ””(u m,€) du
= 3 —d
Ja ’(27‘[)1/2 T g1k / / () 1/k2( ) explizm) u m‘

Op,p+1:0p

N ko
5[(4exp( 2@ log? | |)|e|’<
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We now give estimates for

1 1
(2m)12 T ik

J5:=

D 1 0Vp+1
qpl+//c kaH )(Lt, m,e) Eqpl/x

@ql/kz (5)

(w:f)(u, m, €)

d
exp(izm)—u dm)|.
u

L0360y, ps1

In view of Lemma 5.5 and (3.2), we have

J5 <

C P 2 ME
K, 1 /wefﬁlmm(z) dm /ﬂ eXP(=5iogrz 108” [UDul™? g|y|
-0

1/2 1 iz —_—
(2m) T 1lky (L+[m)* Jo Cukor Sexp(kz lig(q)t )|€ut|1/2 |t

We recall that z € Hy for some ' < B. Then there exists K3; > 0 such that

- L
KEKsy |e[V2ry2 /p eXP(— e 10&” D™ g1y,

~ )2 71y Gy 8 Jo kp log? Il |32

log(q)

exp(2

We now proceed to prove that the expression

/ﬁexp( g o |u|)exp( o 10g2|e|> o
L
o ey ) \los@) 25

is upper bounded by a positive constant times a certain power of |¢| for all € € (£, N Ep41)

and ¢ € 7. This implies the existence of K3; > 0 such that

k
Js < Kale|"2exp( - ——— log?|e| (5.20)
2log(q)

foralle € (§,N&p1), teT,andz€ Hy.
Indeed, we have that

P exp(=5pem og |ual) k1 2 d|u|
o exp| 57 log” €| il
0 exp ko 10 (\ét\) og(q) |u p

& Tog(q) )

equals

k1 2 /(2 2
ex log” |€] — log” |et|
p(zlog(q> £ Dloglg) *

P +k kyloglet] 3 ,r
x/ exp(—(K 2) 10g2|u|)|u| ol 2+ My dlul. (5.21)
0 2log(q)

Given m; € R and m5 > 0, the functlon [0,00) 3 x > H(x) = ™ exp(—m, log?(x)) attains

its maximum value H(xo) = exp( ) atxp = exp( ) This yields an upper bound for the

4y
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integrand in (5.21); the expression in (5.21) is estimated from above by

ME - 3/2)%1o 1 2
5exp(( y 3% g(q)>eXp< (k k2+k1)log2|e|)

2(k + ky) 2log(g) \ « + ko
1 k% ko (ME ~3/2)
—ky ) log?|t| )|t| <R
e"p(zlog(m(mkz 2) °¢| ')"
1 K2 ko (ME~3/2)
exp B 1y )1oglellog ] )je] T R (5.22)
log(q) \ « + k3

2
The second line in (5.22) is upper bounded for every ¢ because k— < ky, and we also have

an upper bound for exp(—— ky)log |e|log [t]) is 1. Regardmg Definition 5.2 and

log(q (K+k2
taking into account that

expression (5.22) is upper bounded by

ko (ME -3/2)
Kssle| <k

for some K33 > 0. The conclusion is achieved. The result follows from (5.19), the estimates
of J; to Jy, and (5.20). O

6 Existence of formal series solutions in the complex parameter and
asymptotic expansion in two levels
In the first part of this section, we recall two g-analogs of the Ramis—Sibuya theorem from
[7, 13]. This result provides a tool to guarantee the existence of a formal power series
in the perturbation parameter, which formally solves the main problem and such that it
asymptotically represents the analytic solution of that equation.
This asymptotic representation is held in the sense of g-asymptotic expansions of certain
positive order.

Definition 6.1 Let V be a bounded open sector with vertex at 0 in C. Let (F, || - ||r) be a
complex Banach space. Let g € R with g > 1, and let k be a positive integer. We say that a
holomorphic function f : V — F admits the formal power series f(€) = 3", _ fr€” € F[€]
as its g-Gevrey asymptotic expansion of order 1/k if for every open subsector U with
(U \ {0}) C V, there exist A, C > 0 such that

N(N+1)
SCAN+1q % |€|N+1

F

N
H/(e) =) S

n=0

foralle e U and N > 0.

The set of functions that admit the null g-Gevrey asymptotic expansion of certain pos-
itive order are characterized as follows. The proof of this result, already stated in [13],
provides the g-analog of Theorem XI-3-2 in [4].
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Lemma 6.2 A holomorphic function f : V — F admits the null formal power series 0 €
Fle] as its g-Gevrey asymptotic expansion of order 1/k if and only if for every open subsec-
tor U with (U \ {0}) C V, there exist constants K1 € R and Ky > 0 such that

k
2log(q)

FO|. <& exp(— log® |e|) e]f

foralle e U.

The next result is based on the one-level version of the g-analog of the Ramis—Sibuya
theorem, stated in [13], and provides a two-level result in this framework. See [7] for a
proof.

Theorem 6.3 Let (F, || - ||r) be a Banach space, and let (£,)o<p<c-1 be a good covering in
C*. Let 0 < ky < ky, consider a holomorphic function G, : £ — F for 0 < p < ¢ — 1, and put
A,(€) = Gpii(€) — Gyle) for € € Z, := £, N Eyi1. Moreover, we assume that:
(1) The functions Gy(€) are bounded as € tends to 0 on &, for every 0 <p < ¢ — 1.
(2) There exist nonempty sets I, I, € {0,1,...,¢ — 1} such that , UL, ={0,1,...,¢5 — 1}
and L NI, =@. Also,
— forevery p € I, there exist constants K1 > 0 and M; € R such that

ki
2log(q)

HAP(6)||F§K1|6|Mlexp(— log2|e|>, €ee€Z, and

— forevery p € I, there exist constants K > 0 and M, € R such that

ky
2log(q)

H AP(E)”F < Ky|e[M2 exp(— log2|6|), €€y
Then there exists a convergent power series a(€) € F{e} defined on some neighborhood of
the origin and G'(€), G*(¢) € F[¢]| such that G, can be written in the form

Gple) =ale) + G},(e) + G;(e),

where Gllﬂ(e) is holomorphic on &, and admits GY(€) as its q-Gevrey asymptotic expansion
of order 1/k; on &, for every p € I, and GZ(G) is holomorphic on £, and admits G2(€) as its
q-Gevrey asymptotic expansion of order 1/k, on &, for every p € I.

We conclude this section with the main result in the work in which we guarantee the
existence of a formal solution of the main problem (5.1), written as a formal power series in
the perturbation parameter, with coefficients in an appropriate Banach space, say i(t, z, €).
Moreover, it represents, in some sense to be made precise, each solution u®(¢,z,¢€) of
problem (5.1).

From now on, I stands for the Banach space of bounded holomorphic functions defined
on 7 x Hg with the supremum norm, where g’ < g as before.

Theorem 6.4 Under the hypotheses of Theorem 5.3, there exists a formal power series

it z,€) = th(t,z)% e F[e], (6.1)

m=>0



Dreyfus et al. Advances in Difference Equations (2019) 2019:326 Page 40 of 42

a formal solution of the equation

Q(aZ)aq.tl/'\t(t’ z, 6)
dk,lJrl dkﬁJrl
= (et)?P1 Uq,tl Rp, (3,)u(t, z, €) + (e2)™2 oq,tz Rp, (3,)u(t, z, €)

D-1
+ Y ertho) eyt z, )Ry (D,)il(t 2, €)) + 0 f (8,2, €). (6.2)
£=1

Moreover, (¢, z, €) turns out to be the common q-Gevrey asymptotic expansion of order 1/ky
on &, of the function u®?, seen as a holomorphic function from &, into F, for0 <p < ¢ - 1.
In addition to that, it is of the form

u(t,z,e) = a(t,z,€) + u1(t,z,€) + o, z, €),

where a(t,z,€) € Fle} and t11(¢,z,€), i3 (¢, z, €) € F[[e] are such that forevery0 <p < ¢ -1,
the function u®r can be written in the form

0 0
u®(t,z,€) = alt,z,€) + uy" (t, z,€) + u,’ (t, z,€),

U . . oA .

where € — u," (t,z, €) is an F-valued function that admits i1, (t, z, €) as its q-Gevrey asymp-
totic expansion of order 1/k, on &,, and also € — usp (¢, 2z, €) is an F-valued function that
admits ity(t, z,€) as its q-Gevrey asymptotic expansion of order 1/ky on &E,.

Proof Forevery0 < p < ¢ —1, we can consider the function u° (¢, z, €) constructed in The-
orem 5.3. We define G,(€) := (¢,z) = u®¢(t,z,¢), which is a holomorphic bounded func-
tion from &, into FF. In view of Propositions 5.4 and 5.6, we can split the set {0,1,...,¢ -1}
into two nonempty subsets of indices, /; and I, with {0,1,...,¢ — 1} = ; U I; and such
that I, (resp., I) consists of all the elements in {0, 1,..., ¢ — 1} such that U, N Us,,, con-
tains the sector Uy,0,,,, as defined in Proposition 5.4 (resp., Uy, N Us,,,, = ¥). By (5.6)
and (5.18) we can apply Theorem 6.3 and deduce the existence of formal power series
Gl(e), G*(e) € F[e], a convergent power series a(e) € F{e}, and holomorphic functions
G, (€) and G (€) defined on &, with values in I such that

Gple) = ale) + G},(e) + G;(e),

and forj=1,2, G;(e) admits G/ () as its q-Gevrey asymptotic expansion or order 1/k; on
&,. We put

it z.€) =Y hlt, z)% i=a(e) + Gy() + Go(e).

m=>0

It only remains to prove that (¢, z,€) is a solution of (6.2). Indeed, since u® admits
u(t, z,€) as its g-Gevrey asymptotic expansion of order 1/k; on &,, we have that

lim sup [0/ (t,z,€) — hy(t,2)| = 0
€08y teT zeHy
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foral0<p<¢-1and m>0. Let p € {0,1,...,¢ — 1}. By construction, the function
u®» (t,z,€) solves equation (6.2). We take the derivatives of order m > 0 with respect to ¢
of both sides of equation (5.1) and deduce that

Q(az)aq.t (agm ubp) (t,z,€)

dp,
- I g (o oo, Ry (8 (3

! !
my+my=m myny:

d, Dy

m! T+l
+ Z P 'Bgnl(edDz)thzaq,’? RDZ(E)Z)(E):”MDP)
my+my=m 17772

D1
m!
+ E E 7(86”‘1eA‘)td‘fo;ﬁ(aemzcg(t,z,E)Rg(az)aﬁual’(t,z,e))
}’}’ll!mZ!ngl
0=1 my+ma+m3z=m

+04:(0/"f)(t,2,0) (6.3)

for every (t,z,€) € T x Hy x &,. Welet € — 0 in (6.3) and obtain the recursion formula

Q(az)oq,thm (t,2)

d
m! Py

1
a0 R0y (0 (i, (62)
B
dp,

m! d -+l
+ mt Dy Gq,t2 RD2 (82)(]’1,,,,@2 (t, Z))

D-1
DIEDY
=1 my+mz=m—-Ay

+ 04, (37f) (6,2,0) (6.4)

dy 8
l’l’lz!m:;!t laqﬁ(agmzci(ttzﬁ O)R[(az)hmg(tyz))

for all m > max{dp,,dp,, maxi<,<p_1 A} and (¢,2) € T x Hp'.
Bearing in mind that both ¢; and f are holomorphic with respect to € in a neighborhood

of the origin, in such neighborhood, we have

co(t,z,€) = Z we”’, f(t,z,e) = Z Wé’” (6.5)

m! m!
m=>0 m=>0

foreveryl <£<D-1.
By plugging (6.1) into (6.2) and bearing in mind (6.4) and (6.5) we conclude that the

formal power series ui(t,z,€) = >, . hm(t,z)€™/m! is a solution of equation (6.2). O

m=>0
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