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Abstract

Using the monotone iterative technique, we investigate the existence of iterative
positive solutions to a coupled system of fractional differential equations
supplemented with multistrip and multipoint mixed boundary conditions. It is worth
mentioning that the nonlinear terms of the system depend on the lower
fractional-order derivatives of the unknown functions and the boundary conditions
involve the combination of the multistrip fractional integral and the multipoint value
of the unknown functions in [0, 1].
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1 Introduction

Fractional differential equations have attracted more and more scholars’ attention since
they are more widely used and realistic than integer-order differential equations. In the
past few years the fractional boundary value problems are found to be popular in the
research community because of their numerous applications in many disciplinary areas,
such as optics, thermal, mechanics, control theory, nuclear physics, economics, signal and
image processing, medicine, and so on [1-4]. To meet the practical application needs,
many different theoretical approaches have been taken to study the existence, unique-
ness, and multiplicity of solutions to fractional-order boundary value problems, for in-
stance, the method of upper and lower solutions [5-9], the fixed point theory [10-13],
the monotone iterative technique [14—19], the coincidence degree theory [20-22], etc. In
comparison, the monotone iterative technique has more advantages, such as it not only
proves the existence of positive solutions but also can obtain approximate solutions that
can meet different accuracy requirements.

Meanwhile, recently, coupled fractional differential systems have also aroused great in-
terest and developed rapidly. Many researchers established the existence of solutions by
the class methods [22-25]. However, to the best of our knowledge, only few papers ap-
plied the monotone iterative technique to discuss the boundary value problem of coupled
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fractional differential systems [26—28]. To get more extensive results, different from the
existing literature, we consider a generalized model that includes the nonlinear terms of
the system depending on the lower fractional-order derivatives of the unknown functions
and the boundary conditions involving a combination of the multistrip fractional integral
and linear multipoint values of the unknown functions in [0, 1].

Based on these considerations, we investigate the existence of iterative positive solutions
to the following fractional differential systems:

D ult) + fi(t, u(t), v(t), DV u(t), D*v(£)) =0, te<(0,1),

(1.1)
D?v(t) + fo(t, ult), v(®), D u(t), D*v(t)) = 0, £ € (0,1),
with the coupled fractional-order integral and discrete mixed boundary conditions
u(0) = #'(0) = 0, u(l) =" Alilflv(gi) + Z;.q:l biv(n;), 12)

v(0)=v(0)=0,  v(1)= X0 Aol *u() + L)L buln),

where 2 <o <3,0<pr<ax—2,1< B <2fork=1,2;11; >0, k3; >0,0< &, <1 fori=
1,2,...,m,b;>0,0<n;<1forj=1,2,...,n and D;* and DI* are the standard Riemann—
Liouville fractional derivatives of orders o and y; for k =1, 2.

The coupled multistrip and multipoint mixed boundary conditions in (1.2) represent
the value of unknown function u(¢) at the right end point ¢ = 1, which is equal to the sum
of the values of the Riemann—-Liouville fractional integral of the unknown function v(¢) on
the subinterval [0,&;] (i = 1,2,...,m) and the linear combination of discrete values of the
unknown function v(f) at ; (j = 1,2,...,n).

To apply the monotone iterative technique, we construct a concrete form of initial iter-
ative function vector, which is a fractional power function vector satisfying the multicon-
straints from the cone, the monotonicity of the complete continuous operator T, and the
monotonicity of the lower fractional-order derivatives of T'. The initial function vector of
concise form could make the iteration process concise and effective.

2 Preliminaries
In this section, we present here the definitions, some lemmas from the theory of fractional
calculus, and some auxiliary results for the proof of our main results.

Definition 2.1 ([1]) The Riemann-Liouville fractional integral of order « > 0 of a function
y:(0,00) — Ris given by

o _L ! _ -1
(Ity)(t)—r(a)/(;(t ) y(s)ds, t>0,

provided that the right-hand side is pointwise defined on [0, 00), where I" is the Euler
gamma function defined as I' (&) = fooo t*~le~t dt for o > 0.

Definition 2.2 ([1]) The Riemann-Liouville fractional derivative of order & > 0 for a
function y : (0,00) — R is given by

* —; i [ _ n—a-1
(D‘y)(t)_F(n—a)(dt> /oy(s)(t s lds, t>0,
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where #n =[] + 1, provided that the right-hand side is pointwise defined on [0, c0). The
notation [«] stands for the largest integer not greater than «. We also denote the Riemann—
Liouville fractional derivative of y by D?y(t). If « = m € N, then D"y(t) = y"(¢) for ¢ > 0,
and if o« = 0, then D%y(¢) = y(¢) for t > 0.

Lemma 2.1 Let o > 0 and n = [a] + 1 for a ¢ N, that is, n is the smallest integer greater
than or equal to o. Then the solutions of the fractional differential equation Df u(t) =0
O<t<l,are

u@) =t et 2+t O<t<,

where c1, ¢y, ..., ¢, are arbitrary real constants.

Lemma2.2 Leto > 0, let n be the smallest integer greater than or equaltoo (n—1 < o < n),
and let y € L'(0,1). The solutions of the fractional equation D?u(t) + y(t) =0,0< t < 1, are

t)=- t—3s)*ly(s)d el ke, 0<t<l,
u(t) T )/( ) T y(s)ds + 1 +c <t<

where c1,¢y, ..., ¢, are arbitrary real constants.

Remark 2.1 The following properties are useful for our discussion:

(i) As a basic example, we quote for o > -1,

'l +1)

o=y,
Fa-y+1)

’

DIt =

(i) DYIVu(t) = u(t) for u € L1(0,1), ¥ > 0;
(iii) Assume that z € L'(0,1) with y > 0, then

I (D) u(®)) = u®) + mt" ™ + mat?’ 2+ -+ m ™"

for some m; € R,i=1,2,...,n, where n is the smallest integer greater than or equal
to y.

For convenience, we denote

L=%" FA?;Z Jo (i = s)frtsmm 1d5+2, 1 bjm; P 2.1)
L= szl r)\}éll fol(sl_s)ﬁl 1s2- 1d3+21 1 177;0[2 L

In the forthcoming analysis, we always need the following assumptions:

(F1) 2<ar<3,1<Br<2,andO0<yp <oy —2fork=1,2;

(F2) 0<nj&i<1,bj>0,and Ay, Ay >0fori=1,2,...,m,j=1,2,...,1;

(F3) 1-111, >0, where /3, /5 are defined by (2.1);

(Fa) f:[0,1] x [0, +00)* — [0,+00), i = 1,2, are continuous functions.

Subject to BVP (1.1) and (1.2), we consider the corresponding linear boundary value
problem as follows and establish expressions of the corresponding Green’s functions.
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Lemma 2.3 Assume that (F1)—(F3) hold. For hy, hy € LY(0,1), the fractional differential
system

D' u(t) + hi(t) =0, te€(0,1),

(2.2)
DP?v(t) + ho(t) =0, te(0,1),
with boundary conditions (1.2) has the integral representation
ult) = [} Ki(t, ) (s)ds + [ Hy(t,5)ha(s) ds, 03
We) = [y Kalt,)ha(s)ds + [, Ha(t,)hi(s) ds, '
where
Ki(t,s) = g1(¢,8) + Clal W /&(.é—t)‘f’z_1 (t s)dr+ib» (n;,8)
WO =8I T | T B Jy SRnAET Lo |
(2.4)
Hitys) = i b f’(g Vg, dr+ 3 bigal o)
,8) = =T 7,8)dt + 2(n,9) |,
! 1-hh | < T'(B1) Jo @ P G
Lt | &~ /Ei
Ky(t,8) = g5(¢,8) + — )Pl (1, 8)dT + b ,9) |,
2(6:5) = &(t,5) l_hlz{;r(ﬁl) G- () ]Z 8215
(2.5)
5= L m “‘ / -1l (r s)dt+Zb 91,
IR T ’ - 81
and for k =1,2,
1 (1 —g) ol (f—s)%l, 0<s<t<l,
&(t,8) = (2.6)
Iar) | gex1(1 = )21, 0<t<s<l.

Proof From Lemma 2.2 we can reduce (2.2) and (1.2) to the following equivalent integral
equations:

(a1)

t (t—s)?2-1 _ _ _
v(t) = - [, (tjf()m) Ho(s) ds + co1 12271 + 0029272 + co3t®273,

(2.7)

o -1
‘u(t) = —fot (t}s) " hn(s) ds + €117 + 1ot 4 ¢q329173,

where c13, €13, €22, €p3 are constants.
From u(0) = #/(0) = v(0) = v/(0) = 0 we have c¢15 = ¢13 = ¢g2 = ¢p3 = 0. Further, we use the
right-hand side boundary conditions of (1.2) to reduce (2.7) to

u(e) =Y rk(;sil Jo € =) u(s)ds + Z,n 1biv(n))] + f01g1(t $)h(s)ds,
v(e) = 2 1Y, FAZ’ fo’(é,—s)ﬂ2 Lu(s) d5+Z, L bju(n))] +f0 L(t,8)hy(s) ds.

Then we can get

m

)\‘ll
F(ﬂ )

/ (& -9 1u(s)ds + Zb v(n)

j=1
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m s
|: F(;)/ (& —s)P2~ u(s)ds+2bu(n,:|

m A -1 - o
X[;F(;ﬁ) o3 }

j=1

+Zb/ 22(nj,8)ha(s) ds
j=1

m

)\11
'(B)

i . &
Z )Ez)/() (& -5ty ds+Zbun,
i=1

_g

2
i . &
Z F)E,Zl) /0 (& — )M v(s) ds + Z b;‘V(ﬂj)]
i=1

1
f & -t / (e, () dsdr; 29)

j=1

Aai i _g)frlgen-l o1-1
* [Z o )y s b }

i=1 j=1
+Zb f g1(nj, )y (s) ds
" ) &i 1
+Z F)g;fz)/o (Si—t)ﬂz_lj(; g1(t,8)hi(s)dsdr. (2.10)

i=1
Combining (2.1), (2.9), and (2.10), we can see that

m

VTR
T ACEL dHvam

i=1
—lllz[<zb/g2 T SHhals)ds

m

A & )
+Z F(;l)/o (gi_r)ﬁl lfo gZ(T,S)hz(S)dsdr)

i=1

+12<Zb/ &1(nj, )1 (s) ds

Wl )\21 _ Br-1 !
1,(/3 /(Sl 7) /gl(r,s)hl(s)dsdr)], (2.11)

where [ (k = 1,2) are defined by (2.1). From (2.9) and (2.11) we have

o1 1

“=1- 1112<Zb/g2 T hals) ds

F)Eg)/ & -0 /gZ(T’S)hZ(S)dsdr>

Page 5 of 23
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n

a1-1 1
lzt (Zb/ g1(nj, ) (s)ds

)"ZL a /32 1

F(ﬂz)/ & -7) /gl(T’S)h(S)dsdr)
/Ogl(txs)h1(5)ds

:[1 a(ts)+ i Xn:b (n»s)+i Aai iEi(s_z)ﬁz—lg (t,5)dt
o (M TR\ SR e ) © iz,
x hy(s)ds

1 sop-1 n m A . &
/0 t—ll (Zb,gz ) Z1“(/15’1) o (éf_t)ﬁl_ng(T’S)dT>hz(3)ds

m

:/ I(l(t,s)hl(s)ds+/ H(t, $)hy(s) ds.
0 0
Similarly, we obtain
1 1
0= [ Ka(t0ds+ [ Haltsn(ods
0 0

where K;(¢,s) and H; (¢, s) are given by (2.5).

This completes the proof of the lemma. O

Moreover, according to (2.3) and Remark 2.1, the fractional-order derivative of the so-

lution (2.3) can be expressed as

Dl ult) = [y Ks(t,$)h(s)ds + [, H(t,5)hs(s) ds, 212)
D*v(t) = fol Ky(t,8)hy(s) ds + fol Hy(t,s)h1(s) ds, ‘

where

- bt{xl—}/l—lr(al m Ao P
Kt =D gl(“)*r(al—m(l—zlzz)[ F(ﬂz)./ G- alns)de

> b;gl(nj,s)},

j=1

F(al)tal_yl_l “ )\11' §i B1-1
) = i~ ! ) d
Halt:s) I(ar -y -4Lb) |:; ' (B1) /0 G0 e dr

+> bjgz(r],»,s)j|, (2.13)
j=1

Lt () [~ Ay 5
Ky(t,s) = Dig(t,s) + Fla— ) —hb) |:Z 76 Jo & - g(r,9)de




Zhao et al. Advances in Difference Equations (2019) 2019:389 Page 7 of 23

+ Z bjgz(ﬂj»s)],

j=1

H4(t’ S) =

[ (o) t22 721 |: "

)"ZL B
oy = y2)(1 = hio) F(ﬁ )/ G- a(rsdr+ Zb;gl(n,,s)}

j=1

and for k,j = 1,2,

tak—yj—l(l _ S)ak—l _ (t _ S)“k‘l/j_l,
I —y) | 2v71(1 - )21

IA
%}
IA
=~
A

D) g(t,s) = (2.14)

oS O
IA
A
IA
[}
IA
e

’

Lemma 2.4 Assume that (F1) holds. Then the functions gi(t,s) and D:jgk(t, s), k,j=1,2,
defined by (2.6) and (2.14) have the following properties:

( (1 - )% + 1] for t,s € [0,1];

) |D]g(t,s) < Fap T =9+ 1] for £, € [0,1].

Proof (1) For 0 <s <t <1, wehave

gk(trs) = F;ak)(takil(l — S)a/(l - (I; —s)ak’l)

= ((t =) = (£ —5)1)

g(t,s) = ﬁ (%11 =)L — (£ = 5)* )

<
o)

tak_l(l _ S)otk—l

1 ap—1 ar—1
< —F(ak)t -5t 41

For0 <t <s<1, wehave

1
(1 =) < —— (1 — 9% 4 1],

0=8lt5)= s = T

(2) For0 <s<t<1,weget

’D:/gk(t, S)‘ = ”T_y) [tdk_]/j—l(l _ S)Dtk—l _ (t _ S)ak_)’j_l]
]
<L [ty (et
F(Olk - ]/l) [ ]
< t“k—)’j—l(l _ S)ozk—l 4 kYl
F(O{k - y}) [ ]

_706 j op—1
_F(Olk—)/]) BI(1— )% 4 1],
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For0 <t <s<1,weget

D) gu(t,9)] = (1 =)

1
I'(ox — )
<—— U1 - g% 4 1],

(o —y) [ ]

This completes the proof of the lemma. d

For convenience, we denote

— 1 12 m Ao fy-1 0!11 oql

nor (“1)[1 —lllz< F(ﬁ)[ &= d”Zb/ )} (2.15)
— 1 I m A -1 a1 w1

eor (“2)[1 —hlz< F(ﬁ)/ G- d”Zb/ )} (2.16)

1 m Al pr-1 po-1 a1

”= I'(oo)(1 - l1ly) |: ' (By) / (& -1) dr + ij :|; (2.17)
! 3 hai B2-1 -1 a1-1

P (al)(l—hzz)[ T (B) / -7 dr +Zb; } (2.18)

Lemma 2.5 Assume that (F1)—(Fs) hold. Then for (t,s) € [0,1] x [0, 1], the functions K;(¢, s)
and H;(t,s), i = 1,2,3,4, defined by (2.4), (2.5), and (2.13) satisfy the following inequalities:

1) 0=Ki(ts) <t [1 -5 +1]o1,

0 <Ks(t,s) < tarl[(l -5+ 1]@2,
I'(ay)

(o —y1)

I (ctp)
I'(az - y2)

(2) 0<H(t,s) <t [(1-s5)"" +1]py,

|Ks3(t,9)| < 11 -9 + 1] o,

|Ka(t,5)| < 2727 (1= 5)7! + 1]y

0 < Hy(t,5) <t [(1 =) 7" + 1] oo,

I'(ay)
(o —y1)
0 < Hylt,s) < ”%Of)mtarnil [(1 —s)" 1ty 1]/02.

0 < Hj(t,s) < t"‘l_”_l[(l —g)®l 1],01,

Proof (1) According to (F3), Lemma 2.4, and the definition of K;(t, s), we obtain

Lt | I ay
0 < Ki(t,s) =gi(t,s) + —1112|: F(;)/ & -0 rsdr+zbgl(np }

j=1

a;-1 _ -1
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lzta171

¢ Bo—-1 o= -1 ap—-1
NS [Z F(ﬁz)mal)/ B A L

T )Zb/ T (- 1]}

_ op-1 _ar-1 1 L = Aai _ )il
=t (1 -9 +1]F(a1){1 —lllz< F(ﬁ)/(él T) dr

i)

— a1—-1 [(1 _S)otl—l + l]Ql

and
_|pn Lt ™M1 (o) AN / _\Ba-l
’I(g(t,S)’ = |D{'gi(t,s) + Flar )b |: F(ﬁ & -1)" g (r,s)dr
+ ijgﬂn;,S)”
j=1
< _ t"‘l‘“‘l[(l B R 1]
T I'le-n)

Lt M) | a1
" Tloa )1~ ho) [Z @ / G0

1

X r"‘l_l[(l—s)"‘1 1 dr+ @ )Zb, - 1 s)¥1” 1+1]i|
ay

I (o)

< ————— (1 -9+ ]o1,
(o —y1) [ lox

where 0 is defined by (2.15).

Similarly, we get

0 <Kx(t,8) <t [(1-5)>" +1]oa,

I (o)

Ky(t,s)| < ———
’ Al S)| I'(az - )

t"‘z’”’l[(l —s)2l g I]Qz,
where o, is defined by (2.16).

(2) According to (F3), Lemma 2.4, and the definition of Hy(t,s) (k = 1,2,3,4), we infer
that

g M " p1-1 -
0 < H(¢,s) = 1-4Li, [,21: r'B) Jo & - go(r,s)dt + ijgz(n;,S)

j=1

tal—l

< i i /si (El - T)ﬁl_lfaz_l[(l — S)Otz—l + 1] dt
- 1—1112 i1 F(,BI)F(OQ) 0
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2= 1 op—1
F( np: Z —s)2 4 1]:|

=t 1 -9 +1] 1 |: M / (& -1)Pr e lge

()1 - 1hlo) I'(B1)
+Zb, 2= 1j|

= “"1[(1 -5)2 4+ 1]p
and

0 = Hg(t,S)

_ Tlager ! A -
" T yl)(l_zlzz){ r(ﬁl)/ G- el S)d”zb’g“"”s)}

F(Otl)tal_)’l—l m )\-11‘ 3 bt . B
i— 1 o) JPAY-%) d
= Tea— - 4b) [Zl F(ﬁl)F(az)/o (-0 e (1 -9 4 1]dr

F( )Zb] az 1 S)a2—1 + 1]:|

r
- 7(0“) t"‘"yrl[(l —g) g 1],01,
I'(oy —y1)

where p; is defined by (2.17). Analogously, we get

0 < Hy(t,s) <t [(1-5)""" + 1] oo,

r
0< H4(t,s) < F&tm—n—l [(1 _S)oq—l + 1])02,

(03 — )

where p, is defined by (2.18).
This completes the proof of the lemma. g

Let X = {u|u € C[0,1] and D*u € C[0, 1]} be endowed with the norm

laell = max {1l | DY 2]}

where ||lulo = maxepoq [u()] and ||D]'ullo = max.efo1] |D) u(t)|. Also let Y = {v|v €
C[0,1] and D}?*v € C[0, 1]} be endowed with the norm

Il = max{Ivllo, [ D?v],}.

where [|[v]lo = maxcjo1] [v(£)] and ||D}*v|lo = maxcjo1) | D} v(£)|. We introduce the product
space (X x Y, ||(#,v)||) endowed with the norm ||(z, v)|| = max{||«||, ||v||} and define a partial
order over the product space:

()=

if u1(2) > up (), v1(2) = vo(2), D} ur(¢) = D} us(t), and D*vy(2) > D v,(2), £ € [0,1].
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Lemma 2.6 (X x Y, ||(&,v)|) is a Banach space.

Proof Let {u,}2; be a Cauchy sequence in the space (X, || - ||). It is obvious that {#,}%°;
and {D}"u,}°°, are Cauchy sequences in the space C[0, 1]. Let us assume that {u,}%°, and

{DI'u,}°°, uniformly converge on [0,1] to u € C[0,1] and w € C[0,1]. Now we should

n=1
prove that w = D! u.
For t € [0, 1], we have

1 DY (6) — IV wlo)] < %yl) fo (= 97 | D ) - wls) | ds

< —— max |DMu,(s) - w(s)|.
_F(]/1+1)se[0,1]’ e Un(s) ()‘

In view of the convergence of {u,,}°°,, we obtain that lim,_, « I} D} u,,(t) = I w(¢) uni-
formly for ¢ € [0, 1]. Otherwise, by Remark 2.1 we have ;' D" u,,(¢) = u,(t) for t € [0,1].
These two facts imply that

lim I'"D u,(t) = lim u,(t) =I"w(t) fortel0,1].
n—0oQ n— o0
Combining this with lim,,_, o, u, () = u(t) for ¢ € [0, 1], we have
u(t) =I""w(t) fortel0,1]. (2.19)

Taking the y;th-order derivatives of both sides of equation (2.19), in consequence, we

have

DI w(t) = D' u(t) forte[0,1].
By Remark 2.1 this leads to

w(t) =D'u(t) fortel0,1],

which proves that (X, || - ||) is a Banach space.
In the same way, we can prove that (Y, || - ||) is a Banach space. Moreover, the product
space (X x Y, |[(&,v)|)) is also a Banach space with the norm ||(x, v)|| = max{||«]|, ||v|}.
The proof of the lemma is completed. g

Further, we define the cone P C X x Y by P = {(u,v) € X x Y : u(t) > 0,v(t) > 0, D} u(t) >
0,D?v(t) > 0,t € [0,1]}. For all (,v) € P, in view of Lemma 2.3 and (F,), let T: P — P be

the operator defined by
(Tiw )0
Hno = (Tz(u, v)(t)>
where

1 1
Ty, )(0) = / Kilt, ) (s) ds + / Ha(t,5)foun () ds, (2.20)
0 0
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1 1
T )0)= [ Kalt @ s+ [ Haltslian(5)ds, (221)
0 0
and for convenience, we set

Situn (8) = fi(s,uls), v(s), D) u(s), D} v(s)),
ot () = fo(s, uls), v(s), D} u(s), D)*v(s)).

Also, from (2.12) we have

1 1
DTy (u,v)(t) = /(; Ks3(t, )i (s) ds + /(; His(t, 8)fo(u)(s) ds, (2.22)
1 1
DZZ To(u,v)(t) = / Ky(t,8)fouw(s)ds + / Hy(t, 8)fi(uv)(s) ds. (2.23)
0 0

Lemma 2.7 The operator T : P — P is completely continuous.

Proof By the continuity of the functions Kj (¢, s)—Ka(t, s), Hi (t,s)—Ha(¢,s), and fi and f; the
operator 7' is continuous.

Then we show T is uniformly bounded. Let £2 C P be bounded. There exists a positive
constant M satisfying the inequality

max{ [fl(u,v)(t)

um®]} <M, V(w,v) e 2. (2.24)

For any (,v) € £2, combining Lemma 2.5 with (2.20), (2.22), and (2.24), we get

1 1
|T1(u,v)(t)| < M/ Kl(t,s)ds+M/ Hi(t,s)ds
0 0

1
= M/ (7@ -9 +1]or + 7 (1 -9)*27" + 1]y } ds
0
1
<o [ {la-9r e tJor+ [1-977 1] ds
0
and
| DI T (u, v)(2) |

=

1 1
M/ K3(t,s) ds+M/ Hs(t,s)ds
0 0

1
< MI (o) {Lr Q-9 + 1oy + £ (1 -9 +1]p1 } ds

T Mea-n) Jo
MT (o) ! -1 oot
Em ; {[(l—s) +1]Q1+[(1—5) +1]p1}ds,

which implies that || 77 (x, v)| is uniformly bounded. Further, we get that || T2(«, v)|| is also
uniformly bounded. Thus it follows from the above inequalities that the operator T is
uniformly bounded.
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Next, we show that T is equicontinuous. For any (u,v) € 2 and £, £, € [0, 1], in view of
Lemma 2.5, (2.20), (2.22), and (2.24), we infer that

| Ty (,v)(£2) = T1(u,v)(11)]

1 1
< M/ (1(1(t2,$)—[<1(t1,8)) ds| + M/ (Hl(tg,s)—Hl(tl,S)) ds
0 0

1
8 M/o (@™ - -9 + 1]l

H(E T - [A -9 + 1] o1} ds.
Applying the mean value theorem, we have the inequality
t5 - < (@ - Dty - t].
This implies that

| Ty (1, v)(82) = Ta(u, v)(11) |
1
< M/ {(oq - 1)[(1 —s)" 17 4 1]91 + (o1 — 1)[(1 —s)27 4 1],01} ds|t, — 1|
0

— 0 asty—t.
Besides, we find

| DY T (1, v)(£2) — DY T (1, v) (1)

1
=< + M/O‘ (Hg(tg,S)—Hg(tl,S))dS

1
M/ (](3(t2,$)—]<3(t1,8)) ds
0

MI(ay) (!
T I(ai-n) Jo
+(ar =y = D[ =) +1]p1 } ds|ty - 1]

{1 - -D[A -9 +1]o;

— 0 ast, — t.

Therefore T} is equicontinuous for all (x,v) € 2, and thus T, is equicontinuous for all
(u,v) € £2.
As a consequence, the operator 7(u,v) is equicontinuous for all (x,v) € 2. By the

Arzela—Ascoli theorem the operator T'(u,v) is completely continuous. O

3 Existence of monotone iterative positive solutions
Now, based on Lemmas 2.5-2.7, we will show that there exist positive extremal solutions

for BVP (1.1)—(1.2) by the monotone iterative method.
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Theorem 3.1 Assume that (F1)—(Fy) hold. Let Ay, Ay, and | be three positive constants
satisfying

1 1
l= max{Al / Ql[(l —s)uly 1] ds +A2/ [(1 —s)2ly l]pl ds,
° ° (3.1)

1 1
Al/o pz[(l —g) 1] ds +A2/0 Qz[(l —gs)® 1] ds},

(S1) Fort € [0,1], fi(t, x1,%2,%3,%4) is increasing in x; € [0,1] (i=1,2,3,4) forj=1,2;
(S2) maxo<<1fit,l,1,1,]) < A; fi(£,0,0,0,0) £ 0,0 <t <1, fori=1,2.
Then BVP (1.1)—(1.2) has positive solutions (u*,v*) and (w*, z*) satisfying 0 < ||(u*,v*)|| <1,

and limy,_, oo (s, Vi) = (¥, v¥),

T1 (-1, Vi
(Mnrvn) = T(un—lrvn—l) = l(un L Vn 1) , n= 112;-“:
TZ(Mn—I’ Vn—l)

and

(7 [H{AL01 [ -9 + 1]+ Agpr [(1 - )27 + 1]} ds

uo(t) _ . (3.2)
vo(t) 270 [HA1pa(1 =) + 1] + Apoo[(1 - 5)2 7L + 1]} ds | '

0< ”(W*’Z*)” <l,and limn%oo(wnrzn) = (W*7 Z*)¢

n=1,2,...,
To(Wy-1,24-1)

(W 2) = T 1,201) = <T1<Wn—1»zn_1)) |

Wo(t) _ 0 (33)
@) ] \o/)’ ’

Proof Denote P; = {(u,v) € P|||(u,v)|| <1}, where [ is introduced by (3.1). In the following,
we first prove that T': Py — P;. Let (u,v) € P;. Then for ¢ € [0, 1], we have

and

0<u@®<lul<l, 0<|D'u@®)|<ul <l

0<v(®) <Ivl <l 0 < |DPve)| < vl <L
So,for0<t<1,i=1,2,by(S1) and (S2) we get
0 = filt, u(®), v(0), D" u(®), D*v(1)) < max {i(¢, L1 D} < Ay (34)
Consequently, for ¢ € [0, 1], in view of Lemma 2.5 and (3.4), we have
1
T:(u, v)(2) =/ Ky (t,8)f1 (s, uls), v(s), D} uls), D v(s)) ds
0

1
+/ Hy(t,8)fa(s, u(s), v(s), D} u(s), D}*v(s)) ds
0
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1 1
<A; / [(1 —s)aly 1]@1 ds +A2f [(1 —s)l g l]pl ds <,
0 0
1
|D/ Ty (u, v)(2)| = ’ / Ks(t,8)fi (s, u(s), v(s), D} u(s), D}*v(s)) ds
0

+ /ng(t,s)fz(s, u(s),v(s),Dflu(s),DfQV(s)) ds
0

1
A

YD)
+A ——— [ -5t +1]pi1ds
2/0 F(al—h)[( ) iz
1 1
§A1f [(1 —s)aly 1]@1 ds +A2/ [(1 —s)®l g 1],01 ds <1,
0 0

and, further,
1
To(u, v)(8) = / Ky (t, s)fa (s, uls), v(s), D} u(s), D} v(s)) ds
0
1
+ / Hy(t,$)f (s, u(s), v(s), D} u(s), D}*v(s)) ds
0
1 1
< A2/ [(1 —s)ly l]gz ds+A; / [(1 —s)ly 1],02 ds <1,
0 0
1
‘sz Ty (u, v)(t)’ = ‘/ Ku(t, 8)fa (s, uls), v(s), D} u(s), D}*v(s)) ds
0

+ /1 Hy(t,s)fy (s, u(s), v(s), DI u(s), D} v(s)) ds
0

1
§A2/O %[(1 -5)*27" +1]oads

1
+A1/(; 1"(%01—2))/2)[(1 —s)ly 1],02 ds

1 1
< A2/ [(1 —s) l]gz ds +A1/ [(1 —g)ty 1],02 ds <.
0 0

As a result, we obtain

” T(u,v) ” = | max |T1u(t)

, max | D/* Ty u(t)
<t<1 0<t<1

) max | Tov(0)], max |D}? TzV(t)\} <l
and thus T: P, — P,.

According to (3.2) and (3.3), it is obvious that (uo,vy), (Wo,20) € P;. Using the com-
pletely continuous operator T, we define the sequences {(u,, v,)} and {(wy, z,,)} as (uy, Vi) =
TWy-1,Vn-1), Wu,2n) = T(Wy_1,24-1) for n = 1,2,.... Since T : P, — P;, we get that
(U Vi), Wi z,) € P form=1,2,....

Hence we prove that there exist (u*,v*) and (w*, z*) satisfying lim,,_, oo (,,, v,,) = (u*,v*)
and lim,,_, oo (Wy, z,) = (W*,z*), which are monotone positive solutions of problem (1.1)-
(1.2).
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For t € [0,1], by the definition of the iterative scheme we have
T (10, vo)(t)

1 1
=/ Ki(t,8)fi(ug,m)(8) ds+/ Hi(t,8)fo(ugm)(8) ds
0 0

<! fol{Algl[u =97 4 1]+ e [(1 -7 4 1]} s
) (3.5)
and
T (10, v0)(¢)

1 1
:/ Ky (t, 8)fa(ug,m)(8) ds+/ Hy(t, 8)fi(ug,m)(8) ds
0 0

S totz—l /1{141102[(1 _S)Otl—l + 1] +A2Q2[(1 —S)az_l + 1]} dS
0
= Vo(t). (3.6)

From (3.5) and (3.6) we get

ur(@)\ _ (T, vo)(®) < uo(t) . (37)
2109 T (uo, vo)(2) vo(t)
Next, we discuss the monotonicity of the fractional derivative of (i, v). From (3.2) we ob-

tain

1 a1-y1-1
D uale) - DO e[ =97+ 1]+ Agpr [(1 =9 + 1]} ds = 0,
0 (01 —y1)

2 ! (o)t ar- o=
D;/ VO(t)Z/O 1_?(227_)/2){14“02[(1—.3) ! +1]+A292[(1—S) 1+1]}d520.

Hence we have

|DI*uy ()| = | D} Ty (0, vo) (1)

1 1
/ ()i ey (5) s + / H(t, ) (5) s
0 0

AT
<A —— [a-9)4'+1]o1d
= 1/0 T =) [( s) + ]Q1 S

1 p(al)tal—n—l )

id [ 2T ra—g@ 1) d
2/0 (o —y1) [@-9) Jovds

= | D} uo(8)] (3.8)

and

|D*v1(8)| = | DI Ta (0, vo) (£)|

Page 16 of 23
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1 1
= f K4(t; S)_fZ(Lto,V())(S) dS + f H4(t7 S)ﬁ(uo,vo)(s) ds
0 0

1 F(O[z)taz_yz_l
<A —=  [a-9%1+1]o.d
- 2/0 I'(aa - y2) [@ -9+ L]ezds

1 p(az)taz—yz—l
+A = [A-9)U +1]pyds
' /(; Iz — ) [@- o2

= [D}vo(?)|- (3.9)

Combining (3.8) and (3.9), we easily to see that

|D’t:2u1(t)| _ |D§2 T (10, vo)(8)| » |D€;M0(t)| ' (3.10)
[Dy*v1(2)] |Dy? To(ug, vo)(8)| [D{*vo(2)]
Thus, for 0 <t < 1, from (3.7), (3.10), and (S1) we do the second iteration
0 Ty (u1, v1)(t) Ti(uo,vo)(®)\ _ (m(t)
va(t) To(u1,vi)(t) T (1o, vo)(t) @)’
|Df (1) |D}! Ty (u1,v1)(2)| < |D}! T (u4o, vo) (2) _ D} uy (2)|
|D}?v, () |D}> To(u1,v1)(2)] |D}? T (0, vo) (2) D))

By induction, for n=0,1,2,..., we have

Y1 Y1
U1 (2) < u,(t) ) |D;;2un+1(t)| < |D§/2un(t)| for0<t<1.
Vi1 (t) vu(t) |D; Vi1 (B)] |Dy Vu(2)]
So we assert that (u,,v,) — (u*,v*) and T (u*,v*) = (u*,v*), since T is completely contin-

uous and (441, Vas1) = T(Un, V).

For the sequence {(w,,z,)}:°;, we apply a similar argument. For ¢ € [0, 1], we have

wi(t) T (wo, 20) ()
z1(t) T>(wo, 20)(2)

0 Kl(t $)fi(woz0) (8) ds + fol Hi(t,8)fo(wg,20) (8) s

o Kg (£, 8) oo z0) (8) ds + fol Ho(t, 8)fi(wo,20) (8) ds

0 W() t)
0
) : (|D“ Tl(wO,zO)(tn)

DYz (8)]

|D} w1 (2)]
|D}? T (wo, 20)(2)

| J Kalt, ) oo z0)(8) ds + [ Hat,5)fi w20 (5) dis|

- <0> _ <|Drle(t)|>.
=\o/ "\ D2 ()]

_ (| Jo Kslt:)fiwoi) () ds + [ Ha(t)fotmorz0)(5) ds|)

Page 17 of 23
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To summarize, for 0 <t < 1, we have
wa(t) _ T1(w1,21)(£) - T1(wo, 20)(£) _ wi(t)
z,(2) To(wi,z1)(€) ) — \ Ta(wo, 20)(£) z())’
ID} wi(2)| _ |D}! Ty (w1, 21)(2)| - |D}! T1 (wo, 20)(2)] _ D" w1 (2)]
D}z (1) D} Ta(wy,21)(®)] ] ~ \ID} Ta(wo, 20)(t)| EAGIA

Analogously, for n=1,2,..., we have

¥ 7
W1 (2) > Wa(t) ’ |Dty2Wn+l(t)| > |Dty2wn(t)| foro<t<1.
Zns1(£) 2Zu(£) |D;*zns1 (2)] |D;*z,(2)]
So we can assert that (w,,z,) - (w*,z*) and T(w*,z*) = (w*,z*), since T is completely
continuous and (Wy41,2n41) = T (W, 2).
Consequently, there exist (#*,v*) and (w*,z*) in P; that are nonnegative extremal solu-

tions of BVP (1.1)—(1.2). From (S2) it is obvious that (z*,v*)(¢) > 0 and (w*,z*)(¢) > O for

t € [0, 1], since zero is not a solution of problem (1.1). The proof is completed. O

Example 3.1 For t € [0, 1], consider the following fractional differential system:

2.5 2 0.3
Di>u(t) + ( '+ 55 u(t) +35 sm(v(t)) + 3 D u(t) + o (t) T +2)= 3.11)
D2v(t) + (5t + = sin@mu(t) + 55 v(t) + £ (D3 u(t))? Dozv(t) +19)=0,

with the coupled integral and discrete mixed boundary conditions
u(0) = u/(0) =0, = 3 dlvE) + Yn, biv(ng), (3.12)

v(0) =v/(0) =0, V(l) = Y0l PulE) + X1 ban(ny).

In this model, we set

A1=2, A1 = ) N =

’

>-I>IP—‘ I\JIP—‘
\]I()J \]IN
Wi Wl

Ap = A = ) Ny =

It is obvious that (F;) and (F;) hold. By calculation we get

, =04920, I, =0.4521,
01=09675, 0 =0.9675,

p1=0.4374,  p = 0.4760.

Setting A; = A, = 5, we get [ = max{A4; folgl[(l — )4l 1 1]ds + A, fol[(l — )@l 4
Upids, Ay [y pal(1 =) + 11ds + A, [ 02[(1 — )1 + 1] ds}. Then all the hypotheses
of Theorem 3.1 are satisfied with / = 11. Hence, BVP (3.11)—(3.12) has monotone positive

Page 18 of 23
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solutions (#*,v*) and (w*, z*), which satisfy, for ¢ € [0, 1],

wo®)\ (7 HAL [y 011 - )7 + 1]ds + Ay [ [(1 —5)27) + 1] py ds)
vo(t) )\t HAL [y pal(1 =)0 + 11 ds + A, [ [(1 - 9)" + 1]o ds)

[ 9.8343¢17
- \10.1045¢

wo(t)\ (O
Z()(t) N 0 ’
Forn=1,2,..., the two iterative schemes are
uo(t)\ [ 9.8343¢'°
w@) ) \101045:5)" 7

i1 ©)\ _ (Ti@nv) O\ _ [ fo Ky W (6 ds + fo Hi(t5) o, (s) ds
Vit ® ) \ Dot v)(®) )\ fy Kot Vot 6)ds + fy Holts)fsuun)(6)ds )

and

where

1 1
/ Ky (8, $)fi(upvy) (8) ds + / Hi(t,8)fa(u,v,) () ds
0 0

1 ' £5(1 - 5)L5 Lt"® / 1 o2 1501 — 5)154
" T2s5) /), T, | 7T 12) ’ §ar
1 3 0.2
2 a1 (3 151 _ o\l5
7F(1.2)/s (4 t 7F(1.2)/0 (4 r) v(-s)rde

3 % 3 0.2 s 1 11.5 15 2 21.5 15
—m\/; (Z—T> (T—S) df+§'§ (1—5) +§§ (1—5) i|}

1, 1 1 1 1
X | =s° + —u,(s) + — sin(v,(s +—D Suu(s) + ———— +2 ) ds
( (9)+ 35 5in(v,(5) O+ g1 )

02
(r-s)°dr +

T 50
LS 171 \" 272 \"|/1, 1
EPNE 5 3\3 "~ 20710
F(zs) {( 9 _1112|: < s) +3(3 s) ]}(25 +10Mn(S)
1 . 0.3 1
+§sm(v,,(s))+%Dt un(s)+lm+2 ds

1 [roas 1 fifr \*
L 5(1 - )15
+1‘(2.5)/0 1—1112[21*(1.5)/0 (4 T) vy rde
1 0.5 3 0.5
1 11 15 1 /4 3 15 15
- Z_ _l Z_ 51 gt
21*(1.5)/5 (4 T) (e-97dr+ 1005 ) (4 T) vr(-g) e

3 0.5 1.5 1.5

1 (i3 11 2 2
— — _ d 1-— 15, =2 = 1-— 1.5
4r(1.5)/s (4 t) (=s)Pdre g5 (=974 55 (1-9)

1 1 1 1 10
X (§S e sin (27 14,,(s)) + 1—8V,,(t) + g(D?'Sun(L‘))2 + D%y, (t) + ﬁ) ds

Page 19 of 23
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1 ¢ A5 1171 15 5 /9 15
- / —|=(=-5) +=(=-5s
r2.5) Jo 1—1112[3<3 ) 3(3 ) ]
1 1 . 1
X (§S o sin (27 u,(s)) + Evn(t)

1 10
+ E(D?Sun(t))2 + D?'ZV,,(L‘) + ﬁ) ds,

1 1
/ K (8, 8)fo(upvy) (8) ds + / Hy(t,)f1(upv,) (8) ds
0 0

1 ! 15 15 Lt 1 i1 0 15 15
F(2.5)/0 {t (1-9) +1—1112[2r(1.5)/0 (4 T) vr-9dr
1 05 3 05
1 i1 15 1 /4 3 15 15
— - — R d _ 2(1 = d
21“(1.5)/3 (4 r) (e-97dr+ m0s) ) (4 v) TrA-s)vde

3 05 15 15
1 3 11 2 2
—7f4 o) (-)Pdre--= Q-9+ Z.Z (1-9)
4ra.5) J, \4 3 3 3 3

1 1 1 1 10
X (gs e sin(27 u,(s)) + 1—8v,,(t) + g(D?'Su,,(t))2 + D%y, () + ﬁ) ds

1 t s lltl's |:l<l 1.5 % % )1.5]}
_r(z.s)/o{(t_s) 12053 3_5) +3(3_S

1 1 .
X (§S t sin (27 1,(s))

1 1 2 10
+ Evn(t) + = (D?‘gu,,(t)) + D?‘Zv,,(t) + ﬁ) ds

1 [ 2 i1 \™ .
- . 1_ 1.5d
+F(2.5)/0 1—1112[7F(1.2)/0 (4 T) vr(-g) e

1 02 3 02
2 e 15 3 /4 3 157 _ L5
7T12) ‘/S (4 r) (t—-5)y”dr+ T2 ), (4 ‘L’) (1 -s)"dr

3 0.2 1.5 1.5
3 (i3 e 11 s 22 .
-2 2 O dr == (1?4 Z2.2 (1_9F
71*(1.2)/5 (4 T) (c-s)rdre g3 A-97+5-5 1-9

2 10 32 50

1 t t1.5 1/1 1.5 2/92 1.5
- /— | =--s +—=|=--s
r25) Jo l—hb[3<3 ) 3<3 ) ]

1 1 1
X (552 + l—ou,,(s) + = sin(v,,(s))

1, 1 1 . 1 4 1 )
X | ="+ —uu(s) + —=sin(v,(s)) + —=D; u,(s) + ———— +2 ) ds
( A(s) (vu(s)) P+ g

1 1
+ —D0'3u )+ ————+2]ds,
500 ) DY?v,(s) - 3 )

and

Wo(t) _ 0
@) \o)” 7
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Wt O _ [ Jo Ki&sS)itmnen () ds + fy Hi (65 otz (5) ds
Zna1 (1) I Ko (t,8)fstunen)(8) ds + [ Ha(t,8)fiwpen(5) ds )

where

1 1
/ Ki(t,$)fiw,.z) (S) ds + / Hi(t,8)fo(wp,z,)(8) ds
0 0

1 Y ois 15, bt'? 2 11 02 15 15
F(2.5)/0 {t (1-3) +1—1112[7F(1.2)/0 (4 T) vl -g)dt
1 0.2 3 0.2
2 (1 15 3 /4 3 15 15
= - _gt 2 5(1 )b
71“(1.2)/5 (4 T) (e—97dr+omasy | (4 T) vr(l-g)rde

3 0.2 1.5 1.5
3 (3 15 L1 15, 2 2 15
_ °_ O dr == (1P Z2.2 (1-sF
7F(1.2)/s (4 T) (C-s)7dre g 3 A=97+5-5 (-9

1, 1 1 1 1
1o, 1, 1(8)) + == D2 w,y(s) + —oz——— +2 ) d
(5 1m0+ g5 sin(an0) + 5508w, 09)+ D)1 e

2 10 32 50
1 ¢ LtYS T1/1 \™ 2/2 \“7)/1 1
——/ (t—s)° + 2 —=-s +=-|=-s —s2 4+ —w,(s)
r25) J 1-15,|3\3 3\3 2" 10
+ 1 sin(z,(s)) + —D2%w,(s) ! + 2) ds
T 0T T DY (s) — 5

1 1415 1 /1 05 s
o S(1 = 145d
* r(z.s)/o -0 [2r(1.5)/0 (4 T) vl sy
1 05 3 05
1 1/1 15 1 f‘* 3 15 15
_ - —s)°d — - 2(1-s)"d
21"(1.5)/5 (4 r) (t=3) T+4F(1.5) \ (4 ‘L’) (1 —s)dr

3 0.5 15 15
1 13 L5 11 15,2 2 L5
- 2 )P dr+ =2 (1= 4.2 (q-gt
4r(1.5)/5 (4 T) (F-s)rdre g 3 A-97+3-5 1-9

r 1 . 1 03 0.2 10
X(35+4n sin(27w,(s)) + - z,(t) + = (D w,,(t)) + D) zn(t,‘)+11 ds

s 11 15 9/92 15
F(zs)/ —1112[ ("S) +§<§_S> ]

1
(—s + — sin 271w,,(s)) + 1_8Z"(t)

1 10
g(DO?’wn(t)) + D%z, (t) + ﬁ) ds,

1 1
/ K (t, ) faw, .z (S) ds + / Hy(t, )\ (w2 (5) ds
0 0

1 1 lltl.S 1 % 1 0.5
_ 501 _ g)15 —/ 1 151 _ g)154
rs) fo { =9+ 70 [21*(1.5) A (4 T) vrll-s)rdr
1 0.5 3 0.5
1 1/1 15 1 /4 3 15 15
- - _ 2 _ 1-
21"(1.5)/5 (4 r) (t-s)"dr + aras) ), (4 r) (1 —s)dr

3

1 i3\ L5 11 s 2 21
_ _ _ _ . I 1— S5, 2.z 1- 1.5
s ] G r) (-9 des s (-2 2 g “
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Lo Lo Lot s oy 1 10
X (BS+ yo sin(27w,,(s)) + ISZn(t) + S(Dt wn(t)) + DYz, (¢) + ds

11
L5 T1/1 15 9792 L5
F<25>/{(’)ls _1112[ ( ’S> +§(§'S> “

1 1
Zs+ —sin(2
X (BS+ yp s1n( nw,,(s))

1 1 2 10
+ 1—82,,(1:) tz (DP?w,(8))” + DYz, (2) + ﬁ) ds

1

O 2 il \*
—_— S1-5)'5d
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