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1 Introduction
In this paper, we study the high-order conformable differential equations with p-Laplacian

operator as follows:

Ty (pp(To u(®)) = f(tu(t), T u(t)), 0<t<1;
u0)=0, [P, (TOw)]D(0)=0, i=0,1,2,...,n—2
(T8 u(®)]i-1=0, m-1<B<m;

(T8 (@p(TY u@))]e=1 =0, 1<m<n-1;

(1.1)

where n — 1 <@ < n, ¢, is the p-Laplacian operator, p > 1, and ¢,(s) = |s|P~2s, go;l = @g
}7 + % =1,f € C([0,1] x [0, +00) x (—00,0], [0, +00)), T, is a new fractional derivative called
“the conformable fractional derivative’, it was defined by Khalil in 2014 (see [1]). Namely,
for a function f : (0,00) — R, the conformable fraction derivative of order 0 < o < 1 of f at
t > 0 was defined by T,f(£) = lim,_,¢ w, and the fraction derivative at 0 is defined
as (7f)(0) = lime_, o+ (T f)(¢). The new definition satisfies the major properties of the usual
derivative. By means of the properties of the Green’s function and fixed point theorems on
cone, we establish conditions that ensure the existence of positive solutions for boundary
value problems (1.1).
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In general, two types of fractional derivatives, namely Riemann-Liouville and Caputo,
are famous. Mathematicians prefer the Riemann—Liouville fractional derivative because
it is amenable to many mathematical manipulations, while physicists and engineers prefer
the Caputo fractional derivative. In addition, there are also two discrete definitions called
Grunwald-Letnikov fractional derivative and Riesz fractional derivative which are used
in numerical mathematics. We know that all fractional derivative definitions satisfy the
property that the fractional derivative is linear, this is the only property inherited from
the first derivative by all of the fractional derivative definitions. However, the Riemann—
Liouville derivative and the Caputo derivative do not obey the Leibniz rule and chain rule,
which sometimes prevents us from applying these derivatives to the ordinary physical
system with standard Newton derivative. The following are some of the setbacks of the
Riemann —Liouville and Caputo fractional derivative definitions:

(i) The Riemann-Liouville derivative does not satisfy D%(1) = 0 (gD‘t"(l) =0 for the
Caputo derivative) if « is not a natural number;

(i) The Riemann-Liouville and Caputo derivatives do not satisfy the known formula of
the derivative of the product of two functions: g(C)D‘j‘ (fo) = ff(C)D‘;‘ (o) + gg(C)D‘;‘ )

(iii) The Riemann-Liouville and Caputo derivatives do not satisfy the known formula

AN Al

of the derivative of the quotient of two functions: g(C)Dg‘ (i—,) =fa

(iv) The Riemann-Liouville and Caputo derivatives do not satisfy the chain rule:
DY (f 0 g) = f)(g(t))g (1)

(v) The Riemann-Liouville and Caputo derivatives do not satisfy:
f(C)D‘g‘f(c)Df = {ﬁ(C)D;“" in general;

(vi) The Caputo derivative definition assumes that the function is differentiable.

On the contrary, the conformable fractional derivative is a well-behaved simple fractional
derivative definition depending just on the basic limit definition of the derivative. The new
definition seems to be a natural extension of the usual derivative, and it satisfies the first
four properties mentioned above and the mean value theorem. Recently, in [2], the author
pointed out a major flaw of “the conformable fractional derivative” defined in [3] and un-
covered the real source of this conformability, that is, the conformable «-derivative is not
a fractional derivative, the term “conformable” is supposedly attributed to the properties
this proposed definition provides.

Fractional calculus has been applied to various areas of engineering, physics, chemistry,
and biology. There are a large number of literature works and monographs that deal with
all sorts of problems in fractional calculus (see [4—12]). On the other hand, for studying the
turbulent flow in a porous medium, Leibenson [13] introduced the differential equation
models with p-Laplacian operator. So, differential equations with p-Laplacian operator
have since been applied in many fields of physics and natural phenomena, see [14-20]
and the references therein.

Lu et al. [16] studied the following Riemann-Liouville fractional differential equations

boundary problems with p-Laplacian operator:

Df (g, (DS, u@®)) =f(t,ut)), 0<t<I;
u(0) = 4/(0) = /(1) = 0;
D§, u(0) = D§, u(1) =0,
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where 2 < @ < 3, ¢p(s) = IsI"%s, p > 1, 9" = ¢, 117 + % =1, Dg,, D}, are standard
Riemann-Liouville fractional derivatives. By the properties of Green’s function, the Guo—
Krasnosel’skii fixed-point theorem on cone, and the upper and lower solutions method,
some new results on the existence of positive solutions were obtained.

Chen et al. [17] investigated the Caputo fractional differential equation boundary value

problems with p-Laplacian operator at resonance:

D, (¢p(Dg,x(0)) = f(£;x(£), D3, x(2), te[0,1];
D&, x(0) = DE,x(1) = 0,

whereO< o, 8 <1,1<a+p <2,D§, and Dg , are standard Caputo fractional derivatives.
By using the coincidence degree theory, the existence of solutions for the boundary value
problem was obtained.

In [20], Liu and Jia studied the following integral boundary value problems of fractional
p-Laplacian equation with mixed fractional derivatives:

DS, (9, (CDY, u(t))) + f(t,u(t), °Dj u(t)) =0, 0<t<1;
DL =u(0)=0,  u0)= f gols)uls)ds;
DM (@p(CDY, u(1))) = [ @1(s)uls)g,(CDh, uls)) ds,

where g, is the p-Laplacian operator, 1 <, 8 <2, “DF is the standard Caputo fractional
derivative operator and D* is the standard Riemann-Liouville fractional derivative op-
erator. By using the generalization of Leggett—Williams fixed point theorem, some new
results on the existence of multiple positive solutions to the boundary value problems
were obtained.

To the best of our knowledge, there are few studies that consider the existence of positive
solutions on high-order fractional differential equations with p-Laplacian operator, espe-
cially for conformable differential equations. In this paper, we investigate the existence
of positive solutions for boundary value problem of conformable differential p-Laplacian
equation systems on n — 1 < @ < n by using the Guo—Krasnosel’skii fixed point theorem.
Our work established novel results which contribute to the existing literature and knowl-
edge by improving on existing equations. At the end of this paper, we demonstrate the
effectiveness of the main results by one example.

2 Preliminaries
Definition 2.1 ([1]) The conformable fractional derivative starting from a of a function
f:[a,00) > Rof order 0 < « < 1 is defined by
t+e(t—a)l™) —f(t
(12f)(0 = tim FEH L= SO
£—

&

when a = 0, we write T,,. If (To,f)(¢) exists on [a, b], then (Tf)(a) = lim,_, .+ (T2f)(2).
The conformable fractional integral starting from a of a function f : [a,00) — R is de-
fined by

’ y a- A
(IJ)(E):II((t—d) lf(t)):/‘; mdx,

where the integral is the usual Riemann improper integral, and o € (0, 1).
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Definition 2.2 ([3]) Let« € (1,1 + 1), the conformable fractional derivative starting from

a of a function f : [a, +00) — R of order «, where f(t) exists, is defined by

(Taf)® = (Te_.f " @),

Let @ € (1,1 + 1), the conformable fractional integral of order « starting at a is defined
by

(L) O = 1 (- a)* " (1)

1 (t—%)"(x - a)* " (x) dx.

n'J,

Definition 2.3 ([14]) Let p > 1, the p-Laplacian operator is given by
‘pp(x) = |x|p—2x.

Obviously, ¢, is continuous, increasing, invertible and its inverse operator is ¢,, where

q > 1 is a constant such that i + % =1.

Lemma 2.1 ([1]) Let « € (n,n + 1] and f be a continuous function defined in [a, +00), one

has Tyl f(¢) = f(t) for t > a.

Lemma 2.2 ([3]) Let o« € (n,n + 1] and f : [a, +00) be (n + 1) times differentiable for t > a,
we have

" k) _a)k
1Ter @) = - 3 A

k=0

Lemma 2.3 Letg € C[0, 1] be given, then the conformable fractional boundary value prob-
lem

TOu(t) +g(t)=0, n-l<a<mn
u?0)=0, i=0,1,2,...,n-2; (2.1)

[Tg"u(t)]t:l:O, m-1<<ml<m<n-1;

has a unique positive solution

1
u(t) = / Glt,s)g(s) s, (22)
0
where
1 a—nT(] — Vl—m—ltn—l —(t— n-1 , O<s<t< 1’
Glt.s) = s*7[(1-s) (t-95)""], 0<s=<t< 2.3)
I(n) | (1= s)m-m-1gengn-1, 0<t<s<l

is the Green’s function for this problem.
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Proof In view of Lemma 2.2, Definition 2.2, and the boundary values, we have

Ig* Tg"u(t) = u(t) — u(0) — ' (0)t — ”(0)

u(n—Z)(O) o M(n—l (0) el

-2 (-1
n 1)(0)
=) =yt
10+ _ / ( n 1 P n )dS,

so we have

_ u - (0) n-1 1 ! n-1_o-n
u(t) = o 1) - (n—l)!/o (t —5)" 1% "g(s) ds.

Assume 1 < 8 <2, from the above equation, we have

0+ 0+ d u"b (0) n-lga—n
Ty u(t) = Tg" l[dt e 1)'t dt e 1)‘/ (t—3s) g(s)ds:|
-1 (0) p1 2B

BCEE) (=3 /o (t-9""gle) ds.

Let ¢ = 1 in the above equation, by the condition [Tg*u(t)]tzl =0, we can get

(n_ls)z”("_l)‘o)‘ —3)'/ (1= gl s

1
(”*1)0 - 1_ n-3 a—n d
u(0) /0( 9" g(s) di

So, by implication,

u(t) = / (1 —s)" 3y 1g(s)als—

(n—1) /(t—S)n_IS”‘_”g(s)ds.

(=1 Jo

Through the same logical deduction, when 2 < 8 < 3, we have

_n4~ann1 _ 1 t_n—la—n
w0 = o [ amreetgas ot [t

If m—1<pB <m,itis easy to know that

u(t) =

1
/ (1 _ S)n—m—lsa—ntn—lg(s) ds —

' _oyr-loa-n
(m—-1)J, /(t )" 5" "g(s)ds

(n=1!Jo

1
= / G(t,5)g(s)ds,
0
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where
1 s [(A-s)" et — (g -9)" Y], 0<s<t<];
. [(1-5) (-9
I'(n) | (1 - g)n-m-tga-ngn-1, 0<t<s<l
is the Green'’s function for this problem. d

Lemma 2.4 Ifg € C[0, 1] is given, then the conformable fractional boundary value problem

T (p(To*u(t) =gt), n-1l<a<mn;
u0)=0,  [g(Tow]?(©0)=0, i=0,1,2,...,n-2;

(2.4)
(T8 u®)]=1 =0, m—-1<p<m;
[T (pp(Tg u@))]s-1 =0, 1<m<n-1;
has a unique positive solution
1 1
u(t) :/ G(L,5)@, (/ G(S,‘L')g(‘[)d‘[) ds, (2.5)
0 0

where G(t,s) is given in (2.3).

Proof Applying the operator 19 on both sides of (2.4), we have

LT (e (T2 u®))

@I ,

= (12 (0) ~ (0p (12" 0~ (g (1) (00 - 27

C@TT W) 0) L, (T )" )

(n—2)! (n-1)

. (@p(T2 w)"D(0)
= ¢, (T° M(t))—%t 1
_ 1 ‘ _o\r-loa-n
_(n—l)!,/o(t s)" 5% "g(s) ds,

so we have
. (0p(To*w)"D(0) 1 ! el an
(13 () = O Dt e [ e s

Assume 1 < 8 < 2, applying the operator Tg* on both sides of the equation above, we
have

A CAEO))

= 70 iw n-1 i 1 ' n-1_o-n :|
- f”[dt -1 +dt(n_1)!/0(t‘5) s7"g(s)ds

_ (0p(T 1)) 1(0) ppel £F
(n—3)! (n-3)!

/t(t —5)" 35" g(s) ds.
0
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Letting ¢ = 1 in the above equation, by the condition [Tg*(wp(T(g*u(t)))]t:l =0, we can get

1
(n—-3)!
1
(00 (T2u) " (0) = - / (1= "g(s) ds.
0

( TO+ (n-1) 1 ! _ \1-3.a-n _
gop( - u)) (O)+—(n—3)! A (1-5)""s*"g(s)ds =0,

By implication, we know

wp(TO?*u(t)) = / (1—8)" 3%t g(s) ds

1)‘

Through the same logical deduction, if 2 < 8 < 3, we have

op(Tou(t)) = / (1—s5)" %> """ g(s) ds

(-1 —1)‘

1 ‘ n-1_o-n
+(n_l)!/0(t—s) 15 g(s) ds

If m—1<pB <m,itis easy to know that

1
(n—-1)!

1 ! n-1_a-n
+(n_1)!/0(t—s) s¥"g(s) ds

<Pp(T2+M(t)) =-

1
/(1 S)nmlannlg(s)
0

1
- / G(t,s)g(s)ds.
0

Applying the operator ¢, on both sides of the equation above, we get
1
TS*u(t) + (pq/ G(t,s)g(s)ds =
0

Letting g(t) = ¢, fol G(t,s)g(s) ds, thus, the conformable fractional differential equation
boundary value problem (2.4) is equivalent to the problem

TOu(t) +g(t)=0, n-l<a<mn
u0)=0, 0<i<n-2 (2.6)

[Tg"u(t)]t:l:O, m-1<<ml<m<n-1.

By using Lemma 2.3, we know that the conformable fractional differential equation bound-
ary value problem (2.6) has a unique solution

u(t) = /(;1 G(t,s)g(s) ds = /(;1 G(Z,5)p, (/(;1 G(s, r)g(r)dt) ds. (2.7)

This constitutes the complete proof.
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By Lemma 2.4, we can easily know that

1
T u(t) = —¢q (/ G(t,s)g(s) ds). (2.8)
0

Lemma 2.5 The Green's function (2.3) has the following properties:
1- s)”‘m‘l[l -1 —s)m]s"’_”t"‘1 < I'(N)G(t,s) < (1 — )" Lgx g1,

Proof Evidently, the right inequality holds. So, we only need to prove the left inequality.
For convenience, let us put

Gl(t,S) =

Sa—n 1—s n—m—ltn—l_sa—n f—s n-1 , 0<s<t< 1;
F(n)[ (1-9) t-s""], O0<s<t<

and

Gy(t,s) = A —g) el 0<t<s<1.

I (n)

Ifo0<s<t<1,thenwehave 0 <t—s <t—ts=(1-s)t and thus (£ —s)"' < (1-s)"1¢"L.

Hence, if 0 <s<t<1,

I'(n)Gy(t,s) =s*7" [(1 —g)rmlgl (g s)”_l]
> Pl [(1 _ S)n—m—ltn—l _ (1 _ s)n—ltn—l]

— (1 _ S)n—m—l[l _ (1 _S)m]sa—ntn—l'
If0<t<s<1,wehave

T'(n)Gy(t, s) = s*7H(1 — s) 1!
> P [(1 _ S)n—m—l _ (1 _S)n—l]tn—l
=(1- S)n_m_l[l -1 _s)m]sot—ntn—I‘
Therefore, the proof is done. g
Lemma 2.6 Let G(¢,s) be as given in the statement of Lemma 2.2. Then we find that:
(i) G(t,s) is a continuous function on the unit square [0,1] x [0, 1];

(i) G(¢s) >0 foreach (t,s) € [0,1] x [0,1].

Proof That property (i) holds is trivial, it is clear that G (£,s) and G;(Z,s) are continuous
on their domains and that G;(s,s) = G,(s, s), whence (i) follows.
By Lemma 2.3, we can know that

G(t,s) > ﬁ(l —g)rm-1 [1 -(1- s)m]s‘)“”l,‘”_1 >0 Vs tel0,1].

Thus, (ii) holds, and the proof is completed. d
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Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E,
thatis, x <y ifand only if y—x € P. If x < y and x # y, then we denote x <y or y > x. 6
denotes the zero element of E.

A nonempty closed convex set P C E is a cone if it satisfies:

(I) xeP,.>0=> X x€P;

(L) xeP,-xeP=x=06.

Putting P := {x € P | x is an interior point of P}, a cone P is said to be solid if its interior
P is nonempty. Moreover, P is called normal if there exists a constant M such that, for all
x,y € E, 0 <x < yimplies ||x|| < M||y||; in this case M is called the normality constant of
P.If x1, x; € E, the set [x1,%45] = {x € E | x1 <x < x,} is called the order interval between x;
and x5.

Lemma 2.7 ([21]) Let P be a normal cone in a real Banach space E, (vo,uo) € E, and T :
(vo, uo) = (vo, uo) be an increasing operator. If T is completely continuous, then T has a
fixed point u* € (vo,ug).

Lemma 2.8 ([22]) Let E be an ordered Banach space, P C E is a cone, and suppose that
§21, §25 are bounded open sunsets of E with 0 € £, C 2,C 2, andlet d:P— Pbea
completely continuous operator such that either

(i) |Pull < lull, ue PN 082y and ||Pul| > |ull, u € PN 382, or

(i) ||Qull > |lull, u € PN 382, and |Pul| < ||ull, u € PN 2.
Then ® has a fixed point in PN 25\ £21.

3 Main results
We denote that E = C¥[0,1] := {u | u € C[O,l],Tgu € C[0,1]} and endowed with
the norm [ully = max{||ulloc, | TS #lloc}, where [|ulo = maxo<;<1 |u(t)] and | T3 ullo =
maXo<¢<1 |T0‘3+ u(t)|. Then (E, || - ||lo) is a Banach space. Let P = {u € E | u(t) > 0, Tg u(t) <
0}, then P is a cone on the space E.

Define the operator @ : P — E by

1 1
(Pu)(t) = /(; G(t,s), </0 G(s,‘r)f(r,u(‘r), T2+u(‘c)) dr) ds. (3.1)

For any u € E, it is easy to show that ¢u € E and

1
T(S*((D u)(t) = —¢q (/0 G(t, s)f(s, u(s), T2+u(s)) ds). (3.2)

Obviously, the function u is a positive solution of the boundary value problem (1.1) if

and only if u is a fixed point of the operator @ in P.

Lemma 3.1 Assume that f € C([0, 1] x [0, +00) X [-00,0), [0, +00)), then the operator ® :
P — P is completely continuous.

Proof For given u € P, by (3.1), (3.2), and Lemma 2.6, we can easily obtain (®u)(¢) € P,
which implies that @ : P — P. Let {x;} C P and limj_,, u; = u € P. Then there exists a

constant y, > 0 such that ||u;lle < yo and |lulle <yoforj=1,2,....
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Since f € C([0,1] x [0, +00) X [-00,0), [0, +00)), we can show that, for (¢,u,v) € [0,1] x
(=0, Yol X [=v0, 0l

0 Sf(tr u, V) = MO:
where Mo = maXguvefo1)x[-yo.v0) x[-vlf (& 4 v) and

lim f (¢, u;, T w;(t)) = f (& u, T u(t)) fortel0,1].

]— 00

From Lemma 2.5 and Lemma 2.6, we can get that, for (¢,s) € [0,1] x [0,1],

1 1
0< m(l - s)”_m‘l[l -(1- s)m]s"“"t”‘1 <G(t,s) < m(l —g)rmlgamngn=l

It follows from the Lebesgue dominated convergence theorem, and we have
1 1 X
lim (®u)(¢) = lim / G(t,5)p, </ G(s, ‘E)f(‘L', u(1), Tg Mj(‘L')) d‘L’) ds
j—o00 j— Jo 0

= /1 G(Z,5)@, (/1 lim G(s, r)f(r, uy(1), Tg+ uj(r)) dr) ds
0 0

Jj—00
1 1
- / G(t,s)(pq( / G(s,f)f(r,u(r),Tg*u(r))dr)ds
0 0

= (Qu)(t) (3.3)

and

1
lim Tg*(@u,»)(t) = —<pq(.1im / G(t,s)f(t, u;(s), Tg u,'(s)) ds)
j=00 J

— Jo

1
S— (./0 G(t,s)f (v, u(s), T uls)) ds)

= T (@u)(t). (3.4)

Equations (3.3) and (3.4) imply that lim;_, (@ u;)(£) = (@ u)(¢) is uniform on [0, 1]. Hence,
@ is continuous.

Let A C P be any bounded set, then there exists a constant y; > 0 such that [« < 1
for each u € A, which implies that |u(£)| < y; and |T8+u(t)| <y fort e [0,1]. Because f is
continuous, there exists M; > 0 such that 0 < f(¢, u(t), T3+u(t)) <M, fort € [0,1].

LetL = % fol(l — s)"~m=1g2=" gs then

1 1
0< ’(cbu)(t)| = ‘/0 G(L,5)p, (/0 G(s,r)f(t,u(r), Tgu(r)) dr) ds

Ml ! n-m-1_a-n !
E‘Pq(m/o (I-s) s dS)/O G(t,s)ds

- fol(l — s)rm-lga=n g

I'(n)

¢q(L)
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and

1
0< |T2+(¢u)(t)| = ‘—gpq</0 G(t,s)f(s,u(s), T2+u(s)) ds)

M 1
< ‘—%(T:l) /0 (1 —s)rmtgen ds)

= ¢q(L), (3.5)

which implies that @ (A) is uniformly bounded in P.
Because G(t,s) is continuous on [0,1] x [0,1], then G(¢,s) is uniformly continuous.
Hence, for any ¢ > 0, there exists §; > 0, whenever ¢, € [0,1] and |t; — t;] < &1,

|Glt2,5) - Gt,9)| < ﬁ.

For any u € P, we have
1 1 .
[(@u)(t:) - (@u)(t1)| = V G(tz,S)wq(/ G(s, T)f (T, u(x), Ty u(r)) dT) ds
0 0

1 1
_/ G(tl,s)¢q</ G(s,r)f(r,u(t), Tgu(t)) dr) ds
0

0
1 1
5/ }G(tz,s)—G(tl,s)|<pq(/ G(S,T)_f(f,u(t),Tg+u(f)) dr) ds
0 0

1
<00 [ 1609 - Gt ds
0
<E&.

Let F: P — P, by (Fu)(t) = fol G(t,5)f (s, u(s), T u(s)) ds, we have

0 < (Fu)(t) = /: G(t, S)f(s,u(s), Tg+ u(s)) ds<L.

In view of the fact that ¢,(x) is continuous on [0, L], we can get ¢,(x) is uniformly contin-
uous on [0, L], and for ¢ > 0 above, there exists n > 0,

|¢Jq(x2) - (pq(xl)} <&, whenever xy,x; € [0,L] and |x; — x| < 7. (3.6)

Because G(t, s) is uniformly continuous, so for n > 0, there exists §, > 0, whenever t;, ¢, €

[0,1], s € [0,1], and |£; — t1] < 83, we have |G(ty,5) — G(t1,5)| < 37 Hence,

1
|(Fu)(t2)—(Fu)(t1){= / G(tg,s)f(s,u(s),T2+u(s))ds

0

1
_ / Gy, 5)f (5,u(s), T u(s)) ds
0

1
5/ ’G(tg,S) - G(tl,s)V(s,u(s), Tgu(s)) ds
0

<M <n. (3.7)

M1+1
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By (3.6) and (3.7), it is easy to see that

1
o </0 G(tz,s)f(s, u(s), Tgu(s)) ds)

(19 0u) e - (12 D)) =

1
v </0 G(t1,9)f (s, u(s), Tgu(s)) ds)

= |(pq (Fu(t2)) - (pq(FM(tl))‘

<E.

Thus, @ (A) is equicontinuous. By Arzela—Ascoli theorem, we can show that @ is relatively

compact. Therefore, @ is completely continuous. 0

For the convenience, we introduce the following notations:

1 1 1
-1 _ _ o\p-m-1 a-nn-1
A —&12(1 F(n)/o 1-9) st %(/o G(s,r)dr) ds,

1 1 1
Bl= grsltasxl m /0 (1 —S)"_’”_l[l -1 —s)m]s"‘_”t”_l(pq(/o G(s, T)d‘[) ds.

Theorem 3.1 Assume that the following assumptions hold:
(Hy) f € C([0,1] x [0, +00) x [-00,0), [0, +00));
(Hy) There exist two positive constants a > b such that ¢(a) < ¢,(aA), ¥ (b) > ¢,(bB) for
any t € [0,1], where

o) = max{f(t, u,v),(t,u,v) € [0,1] x [0,/] x [, O]},
¥ () = min{f (¢, u,v), (&, u,v) € [0,1] x [0,1] x [-,0]};

(Hs) B! <maxo<1 l94( [y G(t,5)ds)| < A~ for vt € [0,1].
Then problem (1.1) has at least one positive solution u € P such that b < |u| < a.

Proof By Lemma 3.1, we know @ : P — P is completely continuous, and we only need to

consider the existence of a fixed point of the operator @ in P. Now, we separate the proof

into the following two steps.
Step 1. Let 2, :={u € P | ||lu|lo < a}. For any u € 952,, we have |u|l, = a and f(¢, u(¢),

T u(t)) < ¢p(a) < @p(aA) for (t,u,v) € [0,1] x [0,4] x [-a,0]. Hence, we have

ds

G(Z,5)@, (/01 G(s, t)f(r, u(t), Tg u(r)) dt)

1
[|®u|| oo = max |(<15u)(t)’ < max/
0<t<1 o

0<t<1

1 1
/ (1- s)”’m’lsa’”t”’lgoq (/ G(s, T)py(aA) dr) ds
0 0

= aA max

1 ! n-m-1 _o—nn—1 !
max F(n)/o 1-9) st %(/o G(s,r)dr) ds
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and
0 0 ! 0*
|| T(;@u”Oo = 52?$1|(Ta*q)u)(t)| = o§:a§X1 o (/0 G(&s)f (t,u(s), Ty u(s)) ds)
1
< max (pq(/ G(t,s)@(aA)ds)
0<t<1 0
1

=aA ggtasxl @q (/0 G(t,s) ds)
<a.

So

IPulle < llulle, Yu € ds2.

Step 2. Let 2, := {u € P | ||ullo < b}. For any u € 352;, we have |u|l, = b and f(z, u(t),

T u(t)) > ¢ (b) > @p(bB) for (t,u,v) € [0,1] x [0,b] x [-b,0]. Hence, we have

1 1
/ G(t,5)p, (/ G(s, ‘L')f(T, u(7), Tg*u(r)) d‘[) ds
0 0

[ ®uloc = max |(Du)(£)| = max
0<t<1 0=<t<1

1 1
> max —/ (1 —s)"_’"_l[l -1 —s)”‘]s"“"t”’1
0

~o=t<1 I'(n)

1
X wq(/o G(s, T)p,(bB) dr) ds

1 ! n—-m-1 m a—nyn—1 !
_hBOnsl?SXlr(n)/(; (1-53) [1-(1-95)"]s* "¢ wq(/o G(s,r)dr)ds
=b
and
1 +
|| T2+(D””oo = Omtax1|(T2+<pu)(t)| = max ¢, (/ G(¢, s)f(r,u(s), 70 u(s)) ds)
<t< <t< 0
1
> max <pq</ G(¢,5)@,(bB) ds)
0<t<1 o
1
= nglgltz;xl o </0 G(t,s) ds>
> b.
So

lPulle > llulle, Vu € 82,

By Lemma 2.8, @ has a fixed pointin PN §2,, \ £2;, i.e., problem (1.1) has a positive solution

u such that b < ||u|| <a.

Page 13 0of 17
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Theorem 3.2 Let f € C([0,1] x [0, +00) X (—00,0]), f(t,%,y) is increasing in x and y. Let
there exist vy, wy satisfying ®vy > vy, Pwo < wo for 0 < vy < wp, 0 <t < 1. Then problem
(1.1) has a positive solution u* such that vy < u* < wy.

Proof We only need to consider the fixed point of the operator @. Let v, w € P be such
that v < w and T v < T® w, then f(¢,v(t), T v(t)) < f(t, w(t), T w(t)) for t € [0,1], we
have

1 1
(Pv)(2) = / G(t,s)p, (/ G(s, 7)f (7, v(7), T v(T)) dr) ds
0 0

1 1
< / G(t,8)pq </ G(s, t)f(r,a)(r), Tga)(r)) dr) ds
0 0

= (Qw)(?).

Hence @ is an increasing operator. By the assumption ®@vy > vy, Pwy < wp, we have
T : (vo,wo) — (vo, wop). Since P is a normal cone and @ : P — P is completely continu-
ous in view of Lemma 3.1, by Lemma 2.7, @ has one fixed point u#* € (v, wp), which is the
required positive solution. d

Theorem 3.3 Let f € C([0,1] x [0, +00) x (-00,0]), f(¢,%,y) is increasing in x and y for
each t € [0,1]. Further, if 0 < limy),— o0 f (¢, 1, Tgu) < 00 for each t € [0,1], then problem
(1.1) has a positive solution.

Proof AsO < lim,, oo f(tu, T2 u) < 0o, there exist positive constants H and R such that,
for [|lulle > R, f(t,u, T u) < H for Vt € [0,1]. Let ¢ = max{f(t,u, T* u) | 0 < ||ulle <R,0<

t <1}, then we can know f < ¢+ H.

Consider the following boundary value problem:

T (pp(Totu(t))) — (c+H) =0, 0<t<1
u9(0) = 0, (op(TO*uw)]D(0) =0, i=0,1,2,...,n-2; (3.8)
[Tgu(®)]i=1 =0, (T5 (9p (T u(t)]e1 = 0.

By using Lemma 2.4, the solution of problem (3.8) is equivalent to the following integral
equation:

1 1
w(t) = / G(Z,8)@, (/ G(s,7)(c+H) dr) ds.
0 0
Hence,
1 1
o(t) > / G(t,5)p, </ G(s, )f (7, (1), Tga)(f)) dt) ds = (Pw)(?),
0 0

we have w > Qw.
On the other hand, for v =0,

1 1
(@v)(t) = / G(t,5)@, (/ G(s, t)f(r,v(r)’ Tg* V(‘L’)) d‘[) ds > 0.
0 0
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Hence, we have @v > v, and as a consequence of Theorem 3.2, problem (1.1) has a positive
solution. 0

4 Applications

To testify our results established in the previous section, we provide an adequate problem.

Example 4.1

T (pa(Tou(®) =2+ Vu+ 5, 0<t<1,
u(0) = [p2(T75)1(0) = 0, (4.1)
[TP5u](1) = (@2(T75u))'(1) = 0.

In system (4.1), we see that o = 1.5, B=1,p =2, =2, m =1, n = 2. In addition, we have

1
- n m—1 Ot n n—
A _0<t<1 F(n)/ ‘pq(/o G(S,T)d‘r> ds
1
= —_— -3
" ogi F(2)/ § 22 ([0 G(s,r)dr) ds
1 1 s 1
" osi 1*(2)/0 S_%t%(/o i de +S./s r‘%dr) ds
! 4
= max t/ (25% — _3) ds
0=t<1 Jo 3

=0.67,

1 1 1
Bl= (gltafxl o /0 ¢! —s)"’””l[l -(1 —s)”‘]s“"’t”’lgaq (/0 G(s, r)dr) ds

1 1 1

= max mfo [1-(1-9)]s"te, (‘/0 G(s,r)dt) ds
1 4

= max/ sZt(Zs — g)ds

0=t<1J, 3

=0.356,

—

and

1
o (/0 G(t,s) ds) (

=2t— =t

Sst+t/ s 1%ds)

= \
N\W

w

From %(pq(fol G(t,s)ds) =2—2/t > 0,Vt € [0, 1], we know that (,oq(fo1 G(t,s) ds) is increas-
ing on ¢, then we get maxg<;<; (pq(fo1 G(t,s)ds) = 0.67. So, we get B™! < maxg<;<1 goq(fol G(t,
s)ds) <A 'and A=15,B=28.

Besides, let f(t,u) =2 + /u + % and choose a =3, b = 7, we get

1
2

2
ft,u)=2+Ju+ % <3.5<@y(ad) =45, V(tu)e[0,1] x [0,3];
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flt,u) =2+ Ju+ g >2>@y(bB) =14, VY(tu)el[0,1] x [o, ﬂ

From the definitions of ¢ and v, we get ¢(a) < ¢,(aA) and ¥ (b) > ¢,(bB). So, all the
conditions of Theorem 3.1 are satisfied, then system (4.1) has at least one positive solution
u such that % <|lulle <3.
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