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1 Introduction
In this paper, we consider the following two-term fractional differential equation bound-
ary value problems:

=D, u(t) + bu(t) =f(t,u(t)), 0<t<l,

1.1
u(0) =0, u(1) = Y72 niu&), (D

where Dj, is the standard Riemann—Liouville derivative, 1 <o <2,5>0,1;>0,0<&; <
< Epa <1, Z:ﬁ;z ni€ < 1,1:(0,1) x (0,+00) — [0, +00) is continuous and may be
singularat£=0,1and x = 0.

Fractional differential equation boundary value problems (FBVPs) have attracted a great
deal of attention during the past decades. The literature on boundary value problems of
fractional differential equations is now much enriched (see [1-19]). Multi-term fractional
differential equations appear in the mathematical models of many real world problems.
For example, multi-term fractional differential equations have been used to model vari-
ous types of visco-elastic damping ([20-22]). In [20], the authors introduced the Bagley—
Torvik equation:

a1 D*x(t) + a D3 x(t) + azx(t) = £ (D),

to describe model for the motion of thin plate in Newtonian fluid. In [22], the authors
investigated the endolymph equation:

D*x(t) + aDx(t) + ax D2 x(t) + asx(t) = —g(t),
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which can be used to describe model for the response of the semicircular canals to the an-
gular acceleration. The existing literature on multi-term fractional differential equations
equipped with initial conditions is quite wide. However, the boundary value problems of
multi-term fractional differential equations needs to be investigated. For some recent de-
velopments on Caputo type multi-term FBVPs, we mention the papers [23, 24] and the
references cited therein.

In [9], by using the technique of [25], we rewrite the original resonant problems as an
equivalent non-resonant two-term FBVPs. Combining with the properties of the Green’s
function we derived, the existence and uniqueness results of positive solutions are ob-
tained by using of the fixed point index theory and iterative technique. It is well known
that the suitable cone plays an important role in seeking positive solutions, which is usu-
ally depended on the positive properties of the Green function. However, there are much
more difficulties in dealing with the Green functions of fractional-order boundary value
problems than ordinary-order problems, especially for the case that 1 < « < 2. In [26], we
established some new positive properties of the Green function for a class of two-term
fractional differential equation with Dirichlet-type boundary value conditions. It should
be noted that the properties of the Green function derived in [9] is not suitable for some
methods of nonlinear analysis to be used. By employing height functions of the nonlin-
ear term on special bounded sets together with Leggett—Williams and Krasnosel’skii fixed
point theorems, Zhang and Zhong [27] established the existence of triple positive solu-
tions for a class of fractional differential equations with integral conditions.

Motivated by the above work, in this paper we aim to establish the existence of positive
solutions to the FBVP (1.1). Our work presented in this paper has the following features.
Firstly, we consider few cases of Riemann—-Liouville type two-term FBVPs which has been
studied before. Secondly, some new properties of the Green function for the case that
1 < « < 2 have been discovered to deal with the difficulties related to the Green function
for this case. Thirdly, the FBVP (1.1) possesses a singularity, that is, f(¢,x) may be singular
att=0,landx =0.

2 Basic definitions and preliminaries
For the convenience of the reader, we present some preliminaries and lemmas.

Definition 2.1 ([28]) The fractional integral of order « > 0 of a function «: (0, +c0) — R
is given by

1 t
Bou®t)=—— | (t-5""u(s)d
) = s | (¢=o utoyds
provided that the right-hand side is point-wise defined on (0, +00).

Definition 2.2 ([28]) The Riemann-Liouville fractional derivative of order a > 0 of a
function u : (0, +00) — R is given by

o e — 1 (AN [ gt
Do*u(t)_F(n—a)(dt) /O(t s) u(s) ds,

where 7 = [«] + 1, [¢] denotes the integer part of number «, provided that the right-hand
side is point-wise defined on (0, +00).
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In [9], we have proved that the function

+00

o-2 . £k
Fla-1) = I'((k+1)a—-2)

g(t) =

has a unique positive root b*. Throughout this paper, we assume that the following con-
ditions hold:
(A1) be(0,b*]isa constant.
(A2) f:(0,1) x (0,+00) — [0, +00) is continuous. In addition, for any R > r > 0, there
exists ¥, € L'[0,1] N C(0, 1) such that

ft,x) <¥R@), Vie(0,1),x€[rt*,R].
Lemma 2.1 The unique solution of the problem

—D§, u(t) + bu(t) =y(t), 0<t<l1,
w0)=0,  u(l)= " nul),

can be expressed by
1
u(t) = f K(t,s)y(s)ds,
0

where

K(t,s) = Ky (t,s) + t° " E, (bt"‘)q(s),
Z:nIZ 7711(1 (SU s)

q(s) = o -
Ea,a(b) - Zz 1 7715 Eaa(bé: )
(t—ts)ailEa,o((bta)Eot,ot(b(l—s)a)
 Eoal) o Ost=s=1
— (t—ts)oH Ea,a(btu)Ea,a(b(l—s)d)
I(l (t, S) = E,i,,a(b)
(t—S)Ok Eoz,ot(b(t—s)a)Eot,a(h)
- Eaa ) , 0<s<t<l,
here
+00 k

x
Eqo(x) = ; T(k+ 1))

is the Mittag-Leffler function.

Proof Noticing that 7;>0,0<& <1land ) /] n,f"“l <1, we have

m—2 o 3 +00 bk[l ' k+1)0{ 1]
Eqa(b) = )i ' Eaa(bE) = ) FZ((/( + 1)a)
i=1 k=0

> 0.

1 PN (1 - &)
_Z ((k + 1a)

The proof is similar to Lemma 2.1 in [9], we omit it here. O
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Lemma 2.2 The function K(t,s) satisfies the following properties:
(1) K(t,s)>0,Vt,se(0,1);
(2) hy(s)t*~! < K(t,s) < h1(s)t*L, Vt,s € [0, 1], where

In(9) = (19" B (61 °) a9, o) =

Proof The proof is similar to Lemma 2.2 in [9], we omit it here. O

Lemma 2.3 ([26]) The function Ki(t,s) has the following properties:
(1) Ki(¢,8)>0,Vt,se(0,1);
(2) Ki(t,s)=K1(1-s,1-1t¢),Vt,se€0,1];
(3) Ky(t,s) < Eqo(b)s(1 —s5)*1t*2, Vs €[0,1], £t € (0,1];
(4) Ki(t,s) > Mis(1—s)*1(1 - )t* L, Vt,s € [0, 1], where

1

M= mm{ (@) PEaa(®)

(@ 1>2Ea,a(b)}.

Lemma 2.4 The function K(t,s) has the following properties:
(1) K(t,8) < t*2Eqo(b)[s(1 ~5)*"" + q(s)], Vs € [0,1], £ € (0, 1];
(2) K(t,s) > Mt*1[s(1 -s)*! +g(s)], Vt,s € [0, 1], where

M:min{ M Zz 1 Yhfa ! ZZIZ i€ }

, My, X .
20 ()" 20 (@) ™ Eyob) ~ S0y nie ™ Eoa (bEY)
Proof From (3) of Lemma 2.3, we have

K(t,5) = Ki(t,5) + t* " Eq o (b2%)q(s)
= ta_zEa,ot (b)S(l — S)Ot_1 + ta_lEa,a (b)q(s)

< t”“zEa,a(b)[s(l B q(s)].

Therefore (1) holds.
On the other hand, it follows from (4) of Lemma 2.3 that

Z, 1 7711<1 (&)

(s) =
7 Eyu (b) - Z =1 Thf“ lEa,a(bsia)
m-2 o—
- Zi 1 771(1 &)&; ! 1S(1—S)a_l
Eoz oz(b)_zl 1 méa lEaa(bs )
a-1 m=2 a
— Zl 1 nlg Zz 1 nlg 15(1—3)0_1. (21)
Eut,ot(b)_zl 1 '715“ lEOIa(b%- )
Denote

_ a— m-2 o
M2=min{ My X Z =1 mé : ~ Yot i M }
2F((X) Ea,a(b)_Zz 1 77;%-0[ lEa a(bé )
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From (2.1) and (2.2), one has

-1,
2F(O[)q(s)—Mzs(l—s) t* > @)

Then

K(t,s) = Ky(t,s) + t* E, 4 (bt“)q(s)
> Mys(1—s)* (1 -0t +t“E, (bt”)q(s)

> Mys(1—s)* 11 - )t 4+ 27 %‘x)q(s)
a-1
> Mys(1 =5 (1= 0™ + g
L L tot—l ta—l 1
=Mys(1 —8)* "t + 21"(05)q(5) + 2F(a)q(5) — Mss(1 —s)* " t*
a—1
> Mys(1 — )% 11 4 2;(Ol)q(s)

> min{ %((X),Mz}t“‘l [5(1 —s)* 4 q(s)]

= Mt [s(l —s)* 4 q(s)].
So (2) holds. O

By Lemma 2.2 and Lemma 2.4, we have the following lemma.

Lemma 2.5 The function K*(t,s) =: t*“K(t,s) satisfies:

1) K*(t,s) >0, Vt,s € (0,1);

2) K*(t,s) < h1(s)t, Vt,s € [0,1];

3) K*(t,5) < Eqo(b)[s(1—35)*1 +g(s)], Vs € [0,1], £ € (0,1];
4) K*(t,s) > Mt[s(1 —s)*7 + q(s)], Vt,s € [0, 1].

—_— o~ o~ o~

Let E = C[0, 1] be endowed with the maximum norm ||#|| = maxo<;<; |u(¢)]|, @ is the zero
element of E, B, = {u € E: ||u|| < r}. Define a cone P by

M|ull
Eoa (D)

P:{ueEzEllu>0, such that [t > u(t) > t,te[(),l]}.

Define the height functions as follows:

v(t,r) = min{f(t, %) E o) S*S r};
U(t,r) = max{f(t, %) EM:b)t <x< r}.

For convenience, we list here some assumptions to be used later:
(H;) there exist r; > 0 and a nonnegative function b; € L[0, 1] with fol bi(s)ds > 0, such
that

f(@ t“‘zx) > bi(t)x, VY(t,x)€(0,1) x (0,m];
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(H,) there exist r, > 0 and a nonnegative function b, € L[0, 1] with fol by(s)ds > 0, such
that

f(t, t“‘zx) <by(t)x, V(t,x) € (0,1) x [ry,+00);
(H3) there exists r3 > 0 such that
! a—1 3
[ a9t s qolwen >

(H,) there exist r4 > 0 such that

1
/0 [s(1 -9 +q(s)|¥(t,ra) < Ea:j(b)’

Define operators A, L1 and L, as follows:

1
A(u)(t):/ I(*(t,s)f(s,s"“zu(s)) ds,
0
1
L,u(t):/ K*(t,s)b;(s)u(s)ds, i=1,2.
0

Lemma 2.6 Foranyr>0,A:P\ B, — P is completely continuous.
Proof The proof is similar to Lemma 2.3 in [13], we omit it here. O

By the extension theorem of a completely continuous operator (see Theorem 2.7 of [29]),
for any r > 0, there exists an extension operator A :P— P,whichisstill completely contin-
uous. Without loss of the generality, we still write it as A. By virtue of the Krein—Rutmann
theorem and Lemma 2.5, we have the following lemma.

Lemma 2.7 L;: P — P (i = 1,2) are completely continuous linear operator. Moreover, the
spectral radius r(L;) > 0 and L; has a positive eigenfunction ¢; corresponding to its first
eigenvalue (r(L;))", that is, Lyp; = r(L))@;.

Lemma 2.8 ([29]) Let P be a cone in a Banach space E, and §2 be a bounded open set in E.
Suppose that A : 2 NP — P is a completely continuous operator. If there exists uy € P with
ug # 0 such that

u—Au# iy, VA>0,x€02NP,

then i(A,2 NP,P) =0.

Lemma 2.9 ([29]) Let P be a cone in a Banach space E, and $2 be a bounded open set in
E. Suppose that A : 2 N P — P is a completely continuous operator. If

Au#iu, VYA>1luecdf2NP,

then i(A,2 NP,P) =1.
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Lemma 2.10 ([29]) Let P be a cone in a Banach space E, and $2 be a bounded open set
in E. Suppose that A : 2 N\ P — P is a completely continuous operator. If

inf || Aul| >0,
ued2NP

Au#iu, VYae(0,1,ucd2nP,
then i(A,2 NP,P) =0.

3 Main results
Theorem 3.1 Assume that there exist ry > ry > 0 such that (H,) and (H,) hold, and

0<r(ly) <1=<r(Ly).
Then FBVP (1.1) has at least one positive solution.

Proof For any u € 0B,, N P, it follows from (H;) that

1 1
Au(t) = / I(*(t,s)f(s, s“‘zu(s)) ds > / K*(t,8)b1(s)u(s) ds = Lyu(t).
0 0

Suppose that A has no fixed points on dB,, N P (otherwise, the proof is finished). In the
following, we will show that

u—Au+#up, VYuedB, NP,u>0, (3.1)

in which ¢; is the positive eigenfunction of L; satisfying L;¢; = r(L;)¢;. If otherwise, there
exist i > 0 and u; € 9B,, N P such that

uy —Auy = (o@1.
Therefore,
uy = Aug + flo®1 = Ho@1-
Set
W =sup{p:ur > pugr}.
It is clear that u* > po, and u; > p*@;. Since L; is nondecreasing linear operator, one has
Liuy > p*Ligr = w'r(Li)er = wror.
Then

uy = Auy + po@1 > Liuy + powr = (1 + 110) 91
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which contradicts the definition of ©*. So (3.1) holds. It follows from Lemma 2.8 that
i(A,B,, NP,P)=0. (3.2)
Denote
W={ueP\B, |u=pAu,0=<p =<1}

Next, we will prove that W is bounded.
For any u € W, one has

L& 72u(0) < ba(Oult) +f (¢, 2a(t)),

in which #%(¢) = min{u(¢), r,}. It is easy to see that

Ml’l
Eoa(D)

t<u(t) <u(t) <t

Therefore,

Mr1

w.a(b)

toz—l

L, > L%t > 72 5() > = rot* L,
Then
u(t) = nAu(t) < Au(t) < Lou(t) + Au(t) < Lou(t) + Ms,

here
1
M = / I (5) W1, (5) ds.
0

Then

(I _LZ)u(t) = M?n te [0¢ 1] (33)
By r(L,) < 1, the inverse operator of (I — L;) can be expressed by

I=Ly) ' =l+Ly+L3+---+Lh+---.

Therefore, (3.3) yields u(t) < (I — Ly)*M3z < M3||(I — Ly)7*|, t € [0,1], so W is bounded.
Choose R > max{ry, M3||(I — Ly)7!||}. From Lemma 2.9, one has

i(A,BRNP,P)=1. (3.4)
It follows from (3.2) and (3.4) that

i(A, (BR\B,,) N P,P) = i(A,Bx N P,P) — i(A, B,, N P,P) = 1.
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Then A has a fixed point u* € (BR\B”) N P, that is,

1
u*(t) = Au*(t) = f K*(t,8)f (5,8 2u*(s)) ds.
0

It is easy to check that £%~2u*(¢) is a positive solution of FBVP (1.1). O

Theorem 3.2 Assume that there exist ry > r3 > 0 such that (Hs) and (Hy) hold. Then FBVP

(1.1) has at least one positive solution.

Proof For any u € 3B,, N P, it follows from (H3) and Lemma 2.5 that

1
Au > Mt/ [s(l —5)* 14 q(s)]f(s, s""zu(s)) ds
0
1
> Mt/ [s(l -5 14 q(s)]w(t, r3)ds > r3t. (3.5)
0
Therefore,

inf ||Au|| >r;>0.
ueBBr3ﬂ

VX €(0,1], u € 9B, N P, we have Au < u < r3. This with (3.5) implies
Au#iu, VYre(0,1l,ucdB,NP.
It follows from Lemma 2.10 that
i(A,B,, N P,P) =0. (3.6)
Next, we prove that
Au# pu, YueoB,NPu>1.

If otherwise, there exists u; € 9B,, N P, wo > 1 such that Au; = pou;. From (H,) and
Lemma 2.5, we have

1

uy < oy =Auy < Ea,a(b)/ [s(l —s)* 7y q(s)lf(s, s"‘_zul(s)) ds

0
1
< Eq(b) / [s(1=5)*" +q(s) |y (t,ra) ds <74,
0

which contradicts ||u; || = 74. Then, by Lemma 2.9, we have

i(A,B,, NP,P)=1. (3.7)

Equations (3.6) and (3.7) yield

i(A, (B, \B,;) N P,P) = i(A,B,, N P,P) —i(A,B,, N\ P,P) = 1.
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Then A has a fixed point u* € (BR\BVI) N P. Clearly, t*~2u*(t) is a positive solution of FBVP
(1.1). a

Theorem 3.3 Assume that there exist r3 > ry > r1 > 0 such that (H;), (Hz) and (Hy) hold
with r(Ly) > 1. Then FBVP (1.1) has at least two positive solutions.

Proof Suppose that 3r] € (0,r;) such that A has no fixed points on BB,r1 N P (otherwise,
the proof is finished). By the proof of Theorem 3.1 and Theorem 3.2, we have

i(A,B,/1 NP,P)=0, i(A,B,,NP,P) =1, i(A,B, NQ,Q)=0.
Therefore,

i(A, (B, \B,i) NP,P) =i(A,B,, NP,P)-i(A, B, NP,P) =1,

i(A,(B,;\B,,) N P,P) = i(A,B,, N P,P) —i(A,B,, N P,P) = —1.
Then FBVP (1.1) has at least two positive solutions. a

Theorem 3.4 Assume that there exist ry > r3 > rq > r1 > 0 such that (H;)—(H,) hold with
r(L1) > 1>r(Ly) >0. Then FBVP (1.1) has at least three positive solutions.

Proof By Theorem 3.3 and (3.4), we get

i(A,B; NP,P)=0,  i(A,B,NPP)=1,

i(A,B,NQ,Q) =0, i(A,BRNP,P)=1.
Therefore,

i(A, (B, \B,,I) NP,P) =i(A,B,, NP,P)-i(A, B, NP,P)=1,
i(A,(B,;\B,,) N P,P) = i(A,B,, N P,P) —i(A,B,, N P,P) = -1,

i(A, (BR\B,;) N P,P) = i(A,Bx N P,P) — i(A, B, N P,P) = 1.
Then FBVP (1.1) has at least three positive solutions. a

4 Example
Example 4.1 Consider the following problem:

“Du() + Lul)) = flLu(®), 0<t<1,

(4.1)
u(0) = 0, u(1) = 3u(3),

where

(t-3)°

Jt(1-t)

[x% +x’%].

f(t’x) =
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For any ¢ € [0, +00), noticing the function I'(-) is strictly increasing on [2, +00), we have

1 +00 tk
gt)=———=+t+) ———
VAP IITS

1 +00 tk 1 +00tk
<———+t+ ——=———+t| 1+ —
W ;F(k) 2 7 [ ;k!}

1 et
=——— +te'.

27

Therefore g(é) < —ﬁ + ge% ~ —0.282 + 0.243 = -0.039 < 0, which implies % < b*.
Forany R >r >0, V¢t € (0,1), x € [r/t,R], we have

(-1

) [«/1_3+r_7t_1].

ft,x) <

It is clear that

£, %) Gk i [ix? +thx3], Yt ) € (0,1) x (0, +00)
JET2x) = ——=— |t 4x2 +tix 2|, X ,1) x (0, +00).
Jid-9

Therefore, we have

NI

2
f(t,t%x)z(l—t)%<t—%) a3, V(Ex) € (0,1) x (0,1];

_1y2
f(t, _%x) < %[t"IL + t%]x%, Y(t,x) € (0,1) x [1,+00).
Denote
PSR Ul RS
bs(t)=(1-1) (t—i) £1, b4(t)-m(t +11)

Let
1
Lgu(t)=/ K*(t,s)bs(s)u(s) ds,
0
1
L4u(t)=/ K*(t,8)ba(s)u(s) ds.
0

It follows from Lemma 2.7 that r(L3),r(Ls) > 0.
Set

r = min{[r(Lg)]%, 1}, rp=1+ [V(L4)]2:
and

bi®) =1 by, ba(t) = 1y ba(t).
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Then

f(6,62%) > bi(t)x,  ¥(Ex) € (0,1) x (0,r];

F(6,62%) <by(B)x,  ¥(5x) € (0,1) X [rs, +00).

It is easy to see that

3
r(Ly) =r *r(Ls) > 1,

_1
0<r(Ly) =ry*r(Ly) < 1.

So the assumptions of Theorem 3.1 are satisfied. Thus Theorem 3.1 ensures that FBVP
(4.1) has at least one positive solution.

5 Conclusions

In this article, we consider a class of Riemann-Liouville type two-term fractional nonlocal
boundary value problems for the case that 1 < & < 2. Some new properties of the Green
function have been discovered to construct an exact cone. By using fixed point index the-
ory on the exact cone, the existence and multiplicity of positive solutions are established.
The nonlinearity f (¢, x) permits a singularity at £ =0,1 and x = 0.

Acknowledgements
The author would like to thank the referees for their pertinent comments and valuable suggestions.

Funding
This work was supported by the Natural Science Foundation of Shandong Province of China (ZR2017MA036,
ZR2014MAQ34), the National Natural Science Foundation of China (11571296, 11871302).

Abbreviations
FBVP, Fractional differential equations boundary value problems.

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analyzed during the current study.

Competing interests
The author declares that there is no conflict of interests regarding the publication of this paper.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 16 May 2019 Accepted: 18 July 2019 Published online: 26 July 2019

References

1. Cabada, A, Wang, G.: Positive solutions of nonlinear fractional differential equations with integral boundary value
conditions. J. Math. Anal. Appl. 389(1), 403-411 (2012)

2. Cabada, A, Hamdi, Z.: Nonlinear fractional differential equations with integral boundary value conditions. Appl. Math.
Comput. 228, 251-257 (2014)

3. Cui, Y Uniqueness of solution for boundary value problems for fractional differential equations. Appl. Math. Lett. 51,
48-54(2016)

4. Cui, Y, Ma, W, Sun, Q, Su, X.: New uniqueness results for boundary value problem of fractional differential equation.
Nonlinear Anal., Model. Control 23, 31-39 (2018)

5. Hao, X, Wang, H,, Liu, L., Cui, Y. Positive solutions for a system of nonlinear fractional nonlocal boundary value
problems with parameters and p-Laplacian operator. Bound. Value Probl. 2017, 182 (2017)

6. Henderson, J,, Luca, R.: Existence of positive solutions for a singular fractional boundary value problem. Nonlinear
Anal., Model. Control 22(1), 99-114 (2017)



Wang Advances in Difference Equations (2019) 2019:304 Page 13 0f 13

20.

21.
22.

23.

24.

25.

26.

27.

28.
29.

. Wang, G, Ahmad, B., Zhang, L.: Existence results for nonlinear fractional differential equations with closed boundary

conditions and impulses. Adv. Differ. Equ. 2012, 169 (2012)

. Wang, Y, Liu, L, Wu, Y. Positive solutions for a nonlocal fractional differential equation. Nonlinear Anal. 74(11),

3599-3605 (2011)

. Wang, Y., Liu, L.: Positive solutions for a class of fractional 3-point boundary value problems at resonance. Adv. Differ.

Equ.2017,7 (2017)

. Wu, J, Zhang, X, Liu, L., Cui, Y: The convergence analysis and error estimation for unique solution of a p-Laplacian

fractional differential equation with singular decreasing nonlinearity. Bound. Value Probl. 2018, 82 (2018)

. Zhang, X, Shao, Z, Zhong, Q. Positive solutions for semipositone (k,n — k) conjugate boundary value problems with

singularities on space variables. Appl. Math. Lett. 72, 50-57 (2017)

. Wang, Y, Liu, L.: Positive solutions for a class of fractional infinite-point boundary value problems. Bound. Value Probl.

2018, 118 (2018)

. Wang, Y. Existence and multiplicity of positive solutions for a class of singular fractional nonlocal boundary value

problems. Bound. Value Probl. 2019, 92 (2019)

. Wang, Y. Necessary conditions for the existence of positive solutions to fractional boundary value problems at

resonance. Appl. Math. Lett. (2019). https://doi.org/10.1016/j.am!.2019.05.007

. Zhang, X, Wang, L, Sun, Q. Existence of positive solutions for a class of nonlinear fractional differential equations

with integral boundary conditions and a parameter. Appl. Math. Comput. 226, 708-718 (2014)

. Zhang, X, Liu, L, Wu, Y:: The uniqueness of positive solution for a fractional order model of turbulent flow in a porous

medium. Appl. Math. Lett. 37, 26-33 (2014)

. Zhang, X, Liu, L, Wu, Y, Cui, Y. New result on the critical exponent for solution of an ordinary fractional differential

problem. J. Funct. Spaces 2017, Article ID 3976469 (2017)

. Zou, Y, He, G:: On the uniqueness of solutions for a class of fractional differential equations. Appl. Math. Lett. 74,

68-73(2017)

. Zuo, M, Hao, X, Liu, L, Cui, Y. Existence results for impulsive fractional integro-differential equation of mixed type

with constant coefficient and antiperiodic boundary conditions. Bound. Value Probl. 2017, 161 (2017)

Torvik, PJ., Bagley, RL.: On the appearance of the fractional derivative in the behavior of real materials. J. Appl. Mech.
51(2),294-298 (1984)

Metzler, R, Klafter, J.: Boundary value problems for fractional diffusion equations. Physica A 278(1-2), 107-125 (2000)
Elshehawey, EF, Elbarbary, EM.A,, Afifi, N.A.S,, El-Shahed, M.: On the solution of the endolymph equation using
fractional calculus. Appl. Math. Comput. 124(3), 337-341 (2001)

Ahmad, B., Ntouyas, S.K. Existence results for a coupled system of Caputo type sequential fractional differential
equations with nonlocal integral boundary conditions. Appl. Math. Comput. 266, 615-622 (2015)

Ahmad, B, Luca, R.: Existence of solutions for sequential fractional integro-differential equations and inclusions with
nonlocal boundary conditions. Appl. Math. Comput. 339, 516-534 (2018)

Webb, JR.L, Zima, M.: Multiple positive solutions of resonant and non-resonant nonlocal boundary value problems.
Nonlinear Anal. 71(3-4), 1369-1378 (2009)

Wanag, Y., Liu, L.: Positive properties of the Green function for two-term fractional differential equations and its
application. J. Nonlinear Sci. Appl. 10, 2094-2102 (2017)

Zhang, X, Zhong, Q. Triple positive solutions for nonlocal fractional differential equations with singularities both on
time and space variables. Appl. Math. Lett. 80, 12-19 (2018)

Kilbas, A.A,, Srivastava, H.M,, Trujillo, J.J.: Theory and Applications of Differential Equations. Elsevier, Amsterdam (2006)
Guo, D.: Nonlinear Functional Analysis. Shandong Science and Technology Press, Jinan (1985) (in Chinese)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1016/j.aml.2019.05.007

	Positive solutions for a class of two-term fractional differential equations with multipoint boundary value conditions
	Abstract
	Keywords

	Introduction
	Basic deﬁnitions and preliminaries
	Main results
	Example
	Conclusions
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


