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1 Introduction
The topic of oscillation and stability of dynamic equations on time scales has been devel-
oped very rapidly in the past two decades. There are some excellent monographs [1-4]
and papers [5—10] containing some interesting works in the field.

The oscillatory behavior of solutions for nonlinear fourth order functional differential

equations of the form

/)

[r@y' ] +g(t.y(n©)) =0, =1,

has been discussed by Onose [11], where g is superlinear (sublinear) and strongly superlin-
ear (strongly sublinear); he has extended and improved some interesting results of Kusano
and Naito [12]. Furthermore, Gopalsamy et al. [13] obtained the sufficient and necessary
conditions for oscillation of a fourth order differential equation with multiple deviating

arguments given by

[0y ®] +g(t.y(m®),5(12(0)),....y(1x()) =0, £> £,

where g is strongly superlinear and strongly sublinear.

For some more results on oscillation of solutions for different kinds of fourth order equa-
tions on time scales, see [14—21] and the references cited therein. However, it has been
observed that there is no work in the related literature concerning the sufficient and nec-
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essary conditions for oscillation of fourth order dynamic equations on time scales. Moti-
vated by the aforementioned works, in this paper, we consider the following fourth order

dynamic equation with deviating arguments:

[r0y*20]*" +g(6y(n®)) =0, t€ltr,00)=To T, (1)

where y2(t) is the delta (or Hilger) derivative of y at ¢, r € C,4(To,R*), n € Cyy(To, T),
g: Ty x R— R is a nonlinear continuous function, and sgng(t,y) = sgny for ¢t € Ty. In
relation to (1), it is also assumed that ftzo t/r(t) At = 0.

The paper is organized as follows. In Sect. 2, we recall some basic concepts of dynamic
equations on time scales. In Sect. 3, we establish necessary and sufficient criteria for os-

cillation of (1) when g is strongly superlinear as well as strongly sublinear.

2 Preliminaries

A time scale T is a nonempty closed subset of the real numbers R with supT = co. For
example, R, 47 for i > 0 and ¢" := {g*, k € N} for g > 1 are time scales. In the forthcoming
analysis, we assume that T has the topology that it inherits from the standard topology
on R. Let the closed interval in T be defined by [¢,d] := {t € T,c <t < d}. In a similar

manner, one can define open intervals and half-open intervals, etc.

Definition 2.1 For ¢ € T we define the forward jump operator o : T — T by o (¢) := inf{s €
T : s> t}; the backward jump operator p : T — T is defined by p(t) := sup{s € T:s < t}. If
o(t) > t, then ¢ is called right-scattered, while if p(t) < ¢, it is called left-scattered. Also, if
t <supT and o(¢) = ¢, then ¢ is called right-dense, and if ¢ > infT and p(t) = ¢, then ¢ is
called left-dense. The graininess function u(f) : T — [0, 00) is defined by u(¢) := o (¢) — ¢.

Definition 2.2 A function f: T — R is rd-continuous if it is continuous at all right-dense
points and its left-sided limit exists (and is finite) at a left-dense point. We denote the set

of rd-continuous functions by C,;(T, R).

Definition 2.3 For a function f : T — R, let F2(¢) represent the Hilger derivative of f at
t. Assume that £y € T and f € C,4(To, R). If FA(¢) = f(¢), then we define

A A
/ f(s)As:= F(A) — F(to), / f(s)As:= hm fl)A

Definition 2.4 We say g is strongly superlinear if there exists a constant « > 1 such that

gt Wl _ lg&v)l

L7

for |u| < |v|,uv>0,t €Ty,

while g is strongly sublinear if there exists a constant & € (0, 1) such that

gt wl lg(t,v)

lul* = |v*

for |u| < |v|,uv>0,t € Ty.
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3 Main results

In the sequel, we use the following notations:

R(t) = //0 —AsAsl, R7(t) = //Sl Sr—(s) AsAsy,

= (t=s)(o(s) - to) = (t=s)(o(s) —u)
R(t):/[‘o TAS, Ru(t):/; TAS,t>M>tQ.

Lemma 3.1 If y(t) is a nonoscillatory solution of (1), then there are only four cases for all

sufficiently large t > ty:

O y0>0, y@O>0, rOy*@>0,  [rey**]*>0;
() >0, y*®>0, rOy**@<0,  [rey**]*>0;
(i) y<0, y*O<0, r@Y*@<0,  [rEy**]* <0;

(iv) y<0, Y @®<0,  rey**@®)>0,  [r®y**]" <o.

Proof Without loss of generality, let y(¢) be an eventually positive solution of (1), that
is, there exists ¢; > £y such that y(¢) > 0 for ¢ > ¢;. Then y(n(¢)) > 0 for ¢t > ¢;. From (1),
it yields that [r(£)y®2(£)]*2 < 0 for ¢ > t;. Therefore, [r(t)y*2(£)]® is eventually of con-
stant sign. Next we suppose that [r(t)y*2(£)]® < 0 at some ¢ = t, > t;. Then, integrating
[r(t)y22(£)]22 < 0 twice from £, to ¢, and multiplying the resulting inequality by 1/r(¢) and

integrating again from ¢, to ¢, we get

N C(ts—t ot
y>(t)<a As+b —As+c, t>t,
n 1) r(s)

where @ = [r(t,)y*2(£2)]* < 0, b = r(t,)y*(t2), and ¢ = y*(£2). In consequence, it follows
from the assumption ftzo s/r(s)As = oo that lim,_, o, 2 (£) = —00, which contradicts the pos-
itivity of y(¢). Therefore, we have [r(t)y*2(£)]* > 0 for all ¢ > ¢,. It means that r(£)y*2(t)
eventually keeps the same sign. On the other hand, let r(£)y*2(¢) < 0 for ¢ > t;. Then it
can easily be shown that y*(¢) is eventually positive. This completes the proof of (i). If
there exists £, > #; such that r(£)y*2(¢) > 0 for £ > £, then r(t)y*2(t) > c for t > t,, where
¢ = r(ty)y” (t2). Multiplying this inequality by ¢/r(t) and integrating from ¢, to ¢, by using

the integration by parts formula on time scales, we get

B2 (1) = 3(0(0) =ty (1) + 3(0(82)) = ¢ / stz

which, together with ftzo s/r(s)As = oo, implies that lim;_, o £y (t) = co. Thus y*(¢) > 0 for
all large ¢t > ty. The proof is completed. d
Lemma 3.2 If t; > ty and t > u, then lim;_, o ngl(t(t) =1 and Ru(t) is nonincreasing for u,
where Ry, (£), R(t), ﬁu(t) are given in (2).

Page 3 of 17
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Proof By applying L'Hopital’s rule [1, Theorem 1.120], we find that

t rs1s-t1 t s—t1 t—t1
R, (¢ T AsAsy FARAY e
im 1;1( ) _tim f‘;f‘; 9 = lim 4" = jim -1,
t—00 (t) t—00 /;0 fto @ASASl t—00 fto @AS t—00 FE)
On the other hand, let
t— -
fu,s) = M, to<u<s<t.
r(s)
Then, using [1, Theorem 1.117] for all &, we obtain
= A ! N bi—s
[Ru(t)] = [f(u,s)] As —f(a(u), u) =- ﬁAS <0.
u u (s
This completes the proof. g

Lemma 3.3 Ify(t) is a nonoscillatory solution of (1), then there exist T > ty and a constant
¢ > 0 such that

%[r(t)yAA(t)]AR(t) <|y®| <eR(t) fort>T.

Proof Without loss of generality, we suppose that y(£) is eventually positive. Then, in view

of Lemma 3.1, there exists #; > £ such that

>0,  Y®>0,  [rey @] >0, [rep* @] " <0 fort=n. (3)
Integrating [r(£)y*2(£)]*? < 0 twice from ¢; to ¢, we have

r(t)y*2(t) < aot + a1, where ag = [r(tl)yAA(tl)]A >0,a; = r(t)y*2 (t). (4)

Multiplying (4) by 1/r(¢) and integrating twice from ¢; to ¢ yields

t ps1 s t ps1 1
y(t) < aO/ / —AsAs; +aq / / —— AsAsy + axt + as,
t1 J r(S) t1 Ji V(S)

where a, = y2(¢1) and a3 = y(t;) are constants. Noting that ftzo s/r(s)As = 0o, we deduce
that there exist t; > #; and ¢ > 0 such that y(¢) < ¢R(¢) for ¢ > ¢,.
Now let us prove the left-sided inequality in the lemma. In view of (3), observe that

[r(t)y*2(£)]® is nonincreasing, and hence

) > /t:yA(smz f / () AsAs, = f / %r(s)y%msml
Z/:/: %/ﬁ:[r(u)yAA(u)]AAuAsAsl

> [r(t)yAA(t)]A/t: /: % ‘/t:AuAsAsl
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= [ry*20]° / t / s _( B Ass) = [ry 2 (0] Ry ().

r(s)

From Lemma 3.2, there exists t3 > ¢; such that R, (¢) > %R(t) for t > t3, and hence

[r(£)y™2(6)] R (2).

N =

y(2) >
Letting T' = max(¢, t3), the proof is complete. O

Lemma 3.4 Ify(t) is a nonoscillatory solution of (1), then there exists t* > to such that, for
any T > t*,

) = / R, (009)g(sy(n(s)As, > T. (5)

2]

Proof Without loss of generality, we suppose that y(t) is eventually positive. Firstly, if y(¢)
is a solution of type-(i), then there exists #; > £y such that

y(t) >0, y2(t) >0, r()y*2(t) > 0, [r(t)yAA(l,‘)]A >0 fort>1t.

Let

h(t) = y(t) - /t: /: ) /S:O /Sloog(s,y(n(s)))AsAslAsz.

Obviously, #224(t) > 0 for ¢ > t;. Indeed, differentiating the above equation twice, we get

1 o0 o0
AR (t) = y22 () + e /t /31 g(5,7(n(s))) AsAsy Asy > 0.

In view of (1), we obtain [r(£)4*2(£)]** = 0 and hence [r(t)222(£)]® = c. Integrating (1)
from ¢ to T, we have

T
[r(t)yAA(t)]A —/ g(s,y(n(s)))As = [V(T)yAA(T)]A > 0.

In the limit T — oo, we note that [r(£)1*2(¢)]* > 0 for ¢ > t;. Then there exists ¢ > 0 such
that #22(¢) = ct/r(t) > 0 for ¢t > t;, which, on integrating from ¢; to ¢, yields

B2 () = () + c/ts/r(s)As. (6)

2]

Taking the limit £ — oo and using the assumption f;o s/r(s)As = 0o in (6), we get h2(£) > 0
for all large ¢. Therefore, there exists £, > #; such that #%(£) > ¢ f; s/r(s)As for t > t,. Next,
integrating (6) from t; to ¢, we get

t s1
h(t) = h(ty) + c/ / s/r(s)AsAsy, t>t,
t1 Ji
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which implies that /(t) > 0 for large values of ¢ (i.e., t — 00). Thus, there exists T > t, such
that

y(t) > f/ / / s, AsAslAszA33, t>T.
82 S1

Now, by interchanging the order of integration, we get

t o(s2) 1 [ele)
y(t)z/tl/t1 ) 3 (o(s) —s2)g(s,¥(n(s))) AsAsz Asy

00 t 1 0
+/¢ /T r(s2) Js, (0(s) = 52)g (s, ¥(n(5))) AsAsz Asy
= /t M /OO(U(S) _S2)g(s’y(77(5)))ASA52

) Js,
= / t / el _Sizij)(h) — tl)g (s,7(n(s))) Asy As
/ / (o (s) _Si(SZ(SZ) t) a(53(1(6))) AsrAs
> [ R, (0(9)g(s7(n(s))) As. )

On the other hand, if y(¢) is a solution of type-(ii), then there exists £3 > £, such that
y(£) > 0, y2(t) > 0, r(t)y*2(t) <0, [r(t)yAA(t)]A >0 fort>ts.

Integrating (1) from ¢ to T, we get
A A r
(O] = [0 0] + [ gl s -
t
which takes the following form after taking the limit 7' — oo:

[t )] Z/ g2(sy(n(s))As, t=>1t.

Integrating the above inequality from ¢ to T, we have

(T)J/AA(T) / f s y ASASI.

Multiplying the above inequality by 1/r(¢), and then integrating from ¢ to 7, we get

T 1 T 00
A A AA
¥y () =y (T) + r(T)y (T)(t—T)+/ @/52 /s] g(s,y(n(s)))AsAslAsz,

t

which, on taking the limit 7' — oo, yields

oo 1 o0 o0
yA(t)Z/t @/82 /Sl g(s,y(n(s)))AsAslAsz, t>t3.
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Integrating the above inequality from ¢; to ¢, we get

y(t) > / / / / s, AsAslAsz, t>ts.
82 S1

Using the argument employed in (7) and defining t* = max(¢, t3), we deduce that the con-
clusion of the lemma holds. O

Lemma 3.5 Let f and g be A-differentiable on T. Assume that g(t), g (t) are not equal to
zero for all t € T and have the same sign. Then

f(a(®)

e

t—00 g( ) t—00 g (t)

O _ fA@) _tcR

Proof Since g(¢) and g2 (¢) are not equal to zero for all ¢ € T, it follows from the identity
g(o(t)) = n(t)g™(t) + g(¢) that g(o (¢)) is not equal to zero for all £ € T. Hence, for any ¢ > 0,
there exists T > t, such that, for ¢t > T, we have

fA()

"@—5‘58 and

_ 5‘
If sgng(t) = sgng”(¢) > 0, then

£g(t) - eg(t) <f(t) <£g(t) + eg(t) and £g*(1) - eg™(0) <f*(1) <£g°(t) + g (®).
Hence, noticing that (o (£)) = u(£)f*(£) + £(£) and g(o(£)) > 0, we get

£g(o(t)) —eg(o(®)) <f(o(t)) <tg(o(®)) +eg(o(8)), t=T.

Consequently, we have

flo(t)
g(o(®)

—s‘ >T.

Also one can observe that the above expression holds for sgng(t) = sgng?(¢) < 0. Thus, in
view of the arbitrariness of ¢, we obtain the desired result. O

Theorem 3.6 Assume that g is strongly superlinear and n(t) > o (t). Then every solution
of (1) is oscillatory if and only if

f N R(o(0)|g(t,c)|At =00 forallc#0. (8)

to
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Proof We first prove the necessity by contradiction. Let us suppose that condition (8) does
not hold true. Then there exists a positive constant ¢ such that

/ f{(o(t)) lg(t, )| At < co. 9)

to

So we can choose a sufficiently large T > £ such that

fmf{(o(t)) lg(t,0|At< =,
. 4
Let

[)’b’ € C4(To,R), sup |y(t)| < oo]

teTy

It is clear that U/ is a Banach space with the norm ||y|| = sup,y, [¥(¢)|. Let us introduce a
closed, bounded, and convex subset of U defined by

c
- {y:y(t):ye U= ly(@)| §c,t€T0}.
Define a map P on 2 as follows:

S+l s [ [ els y(n(s) AsAsi Asy Ass, > T,
(Py)T), to<t<T.

(Py)() =

In the sequel, we will show that PP has a fixed point in §2.
Step I. P maps §2 into 2. Let y € 2. Then ¢/2 < |y(t)| < c for ¢t > fy. In view of
Lemma 3.2, we have that I~{T(t) < ﬁ(t) for T > ty. Then, for t > T, we obtain

’ (Py)®)| < = +/ / / / s, |AsAslAszA33
s3 7(52 $9 s

C t po(s2) 1
T2 +fT /T r(s2) J,, (”(S)‘S2) lg(s,7(n(s)))|AsAss As,

+/t°°/Ttﬁfﬂ“(g(s)—52)|g(s,y(n(s)))|AsAs3A52
Cc

o0 _ T o0
< 5 +2/T %/ (a(s)—S2)|g(s,y(n(s)))|AsAsz

r(Sz) s

_ % 49 / O'(SZS2 (S) _ Sz)g(siy(n(s)))ASZAS

< % +2/T (G(S)) |g(s,y( (S)))|As.

Then it follows from the strong superlinearity of g that

’(Py)(t ‘ < - +2/ ~(a(s)) ’g(s,y(n(s)))’As < % +2/ IN{(G(S)) |g(s,c)‘As <g
T

Mlﬁ

which implies that ¢/2 < (Py)(£) < c for ¢t € Ty. This shows that P2 C £2.
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Step II. P is completely continuous.

We first show that P is continuous. Let y, € £2 (1 = 1,2,...) such that ||y, — y|| = 0 as

n — oo. Hence we get y € §2 since 2 is a closed set. Then
|(Pya)(2) - (Py)@)]

- /T /S3 L) /32 ] 1¢(5.9m(n())) = g (5.7(1(5)))| As s Asy Ass

r(SZ S1

< 2/T°° o) =T /‘”(o(s) -55)|g(5,74(n(s))) = g(s:7(n(s)))| AsAs,

r(s2) )

<2 / TR (06)¢(5,70(1(5))) gl5.5(n(s))) | s,

which, by the strong superlinearity of g, yields

lg(s;7(n(9)))| < |gls.0), and |g(s,94(n(s)))| < |gls.0)], n=1,2....

In consequence, we get

12(5,7(n(9))) - g(s,7(n(s)))| < 2|g(s, 0)].

Since |g(s, yx(1(s))) — g(s,y(n(s)))] — 0 as n — oo, the Lebesgue dominated convergence
theorem implies that lim,_, o, || Py, — Py| = 0, and hence we obtain that P is continuous

in £2.

Next, we show that P52 is relatively compact. According to the Arzela—Ascoli theorem
on time scales (see [6]), we just need to verify that the family of functions {Py:y € 2} is
bounded and uniformly Cauchy, and {Py: y € £2} is equi-continuous on [ty, T1] for any
Ty € Ty. Firstly, the boundedness is obvious. Secondly, in view of (9), for any ¢ > 0, we can

choose a sufficiently large number 7T > T so that
R £
/ R(o(s))|g(s,c)|As < 1
T*
Hence, fory € 2, t, > t; > T*, we get

/th /: () /S :o /S loog(sry(’?(S)))ASAslAS2A53

|(Py)(t2) - (Py)(t1)| =

_/Ttl /:@/S:o /Sloog(S,y(n(s)))AsAslA52A53

<4 [ TREO) ot as

T*
< 4/00 f{(o(s)) |g(s,c)|As <&,
T*

which implies that {Py: y € §2} is uniformly Cauchy.
Forany 77 e Toandy € 2,if T <t < t, < T}, then

/: f: @ /s :o /S jog(s’y(n(S)))AsAslAszAss

[(Py)(t2) - (Py)(81)] <

Page9of 17
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< [0 00 )l s

I"(Sz) s

+/Oo ) /oo(a(s)—52)18(5»9’(’7(5))”““2

r(s2) Js,

< (- m[ [ [ 6=l asas

’ f s / (09-5) lg(s,y(n<s>))|AsAsz]

2 }"(Sz) s

C(t-t1) / R, (09) |g(s(n(s))] As,

where

On the other hand, by UHopital’s rule, we get

K, (t 1
lim Jl( ) _ lim =0,
=0 Ky () oo -t

Ky (0 (1)

m = 0, where

which, in view of Lemma 3.5, implies that lim;_, o,

1<t1(t)=/t%m and f(’tl(t)=ft"(s)_'f1

T (s)

Ry (o(t
i N Ry (o 5
any € > 0, there exists 77 > ¢; such that R, (o (¢)) < €Ry, (o' (2)) for £ > T*. This means that

Furthermore, by using the earlier argument, we find that lim;_, « = 0. Hence, for

o0
[(Py)(t2) - (Py)(t1)| < (82— t1)e / R, (0(s))|g(s,7(n(s)))|As
T
T*
-1 [ Rl ©)lelor () A
Therefore, there exists § > 0 such that
|(Py) (&) - (Py)(t1)| <&, if |t —t1] <.
Moreover, we have
|(PY)(®2) - (Py)(t1)| =0<e, ifto<t<t<T.
From the preceding arguments, we conclude that {Py: y € 2} is equi-continuous on
[t0, T1]. Hence, P§2 is relatively compact. Thus, P is completely continuous. Hence, by

Schauder’s fixed point theorem, P has a fixed point y, € £2, which is a nonoscillatory so-
lution of (1). This is a contradiction.
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We next prove the sufficiency by contradiction. Without loss of generality, let y() be an
eventually positive solution of (1). Then, from Lemma 3.4, there exists ; > £, such that,
for any T > t;, we have

a(t)~
o)z [ Raelelsatio))as e=1.

5]

It follows from y*(¢) > O for ¢ > t; that there exists a constant c; > 0 such that y(n(£)) > c;
for t > t;. Then, by the strong superlinearity of g, we have

g(ty(®)) = 79" (n®)g(t 1) = 7y (o (1)) gt c1).

Hence

a(t) -
y(o () = c[“/ R, (o(s))y” (o(s))g(s, a)As, t>T,
that is,
o ) a(t) -
(y(a(t))) <cf </ Ry, (G(s))y"‘(a(s))g(s, cl)As) , t>T. (10)

a1

Notice that there exists ¢ € [s,0(s)] such that

s l-aq A
[( / fzn(o(e))y“(ow))g(e,clme) ]

=(1- )R, (0(9))y" (o(5))gls,c1)
I -a
X (/ R, (U(G)))}"‘(U(G))g(@,cl)AG) .

t1

Multiplying (10) by ﬁtl (o (®)y*(o(¢))g(t, c1) and then integrating from £, (£, > T) to t, we
get

/ ﬁtl (a (s))g(s, c1)As

12}

o ¢ o -
= C‘i( / Rtl (U (5)))’a (G (S))g(s, Cl) </ Rtl (U (9))ya (Q)g(g, C1)A9> As

1)

—a |t

o’ s 1-a
__a = o
T(@-1) ( /t Ry (0(@)y (0(6))g(e,c1>A9)

t

This means that

/t ﬁtl (U (s))g(s, c1)As < 00.

17}

On the other hand, we have

R(t)_/o (t- S)G(s —to) // (s1) G(S)—to AsAs,.
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Now, we show that lim;_, », % = 1. In fact, from L'Hoépital’s rule and Lemma 3.5, we

need to prove that

Ry _ . Ra®) _
t—oo R(t) t—o0 RA(t) ’

i.e., it is sufficient to show that

K@) _

i e (11)

Furthermore, one can see that expression (11) is true. Indeed, from L'Hopital’s rule and
Lemma 3.5 again, we just need to show that

Ko@) . Ki©)

=~ = lim = =1. 12
=00 Ky, (£) Hool(t%(t) (12)

Obviously, (12) is satisfied. Thus, there exists t3 > T such that f{q (o (@) > %f{(a(t)) for
t > t3. It means that

/00 ﬁ(a (s))g(s, ¢1)As < 00,

17}

which contradicts (3). The proof is complete. d

Theorem 3.7 Assume that g is strongly sublinear and n(t) < t. Then every solution of (1)
is oscillatory if and only if

fm|g(t, cR(n(2)))|At =00 forallc#0. (13)

Proof We first prove the necessity by contradiction. Suppose that condition (13) does not
hold true. Then there exists ¢ > 0 such that

/m’g(t: cR(n(2)))| At < co.

to

Let T >ty be so large that

/ lg(t,cR(n(®)))| At < %
T
Let

t
u-= {y‘ye Crd(TO)R)’ sup |y(—)| < OO}.

teTo RZ(t)

(@)l

20" Define a closed and

Obviously, U is a Banach space with the norm ||y = sup;.r,
convex subset of U as follows:

2= {y:y(t) cy e U,cR(t) < |y(t)’ < 2cR(¢),t € 'JI‘O}.
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We define a map P on §2 by

(PO = cR(t) + [7. [32 ”2 fS1 2(s,y(n(s))) AsAs; AsyAss, £>T,
(Py)(T), th<t<T.

In order to show that P has a fixed point in £2, we proceed as follows.
Step I. P maps £2 into £2. Let y € 2. Then cR(¢) < |y(¢)| < 2cR(¢) for t > ty. Furthermore,

we have
Py = ko) [ t / i m [ / % (0 - T)[gls (1) s
+/ sz—T)|g(s, ( s)))‘As:|AszA33

cawn [ [ 5T 5o

< cR(t) + cR(t) = 2¢R(¢),

which implies that cR(¢) < |(Py)(£)| < 2¢R(¢) for t € Ty. This shows that P2 C £2.

Step II. P is completely continuous.

Firstly, we show that P is continuous. Set y,, € £2 and ||y, — y|| = 0 as n — oo. Hence,
we have y € §2 since 2 is a closed set. Then

|(Pya)(t) - (Py)®)]

S/T/TB@/TZ/S‘I |g(s,yn(n(s))) —g(s,y(n(s)))|ASA51A52A53

: / / 3 U (05) = T)lg(5:74(n(5))) - g (5 7(ns)) | As
+ f Oo(sZ = T)|g(s,x(n(9)) = g (s, 7(n()))] AS} AsyAss

/ / 62=T) o sy /Too| (5,9:(n()) — (s, 7(n(s))) | As

r(s2)

= [ lelo(109)) ~gs:5(0(6) [ 35 x RO,
T
By the strong sublinearity of g, we have

(s, 7(n())| <2%1g(s,eR((n(s))], and
12(5,7:(n(s))| < 2%]g (s, cR(n(s)))

, n=12....
Then

l2(5,5(19)) = &(s,3(n(6)))] = 2" |g (s, eR((n())) |

Since |g(s, y,(n(s))) — g(s,y(n(s)))] = 0 as n — oo, the Lebesgue dominated convergence
theorem implies that lim,,_, o, | Py, — Py|l =0, and thus P is continuous in £2.
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We next show that P2 is relatively compact. The boundedness is obvious. For any ¢ > 0,
let T* > T be so large that

— fort>T"

’R(t)

Hence, forye 2,6, >4 > T%,

|(R7Py) (&) - (R7*Py) (@)

c 1 t s3 1 $2 00
SRt2)+R2 tzf /T E/ / lg(s,7(n(s))) | AsAs; Asy Asy
,y AA Asy A
R(rl) R2<tl>/ /T V(Sz)/ / (5.2 (n)[Ashsr Asas

53 gy — 5
(tZ) R(tl Rz(tz)/ / l"(Sz) ASZAS3+ Rz(tl)/ / I"(S2) ASzASg

_R(tz) R(t1) R(tz) R(h)

which implies that {Py: y € §2} is uniformly Cauchy. Furthermore, for any y € 2 and
T, €Ty, if T <t <ty <Ti,then

|(R2Py)(t2) - (R>Py)(t1)]
c c

< _
- ’R(tz) R(t1)

1 2 ors3 ] sp oo

+ R2(t2),/r /T @/T /S g(s,y(n(s))) AsAs; Asy Ass
1 oS3 ] sy poo

A e —

< _
- ’R(tz) R(ty)

t s3 1 s [ee]
+ TR / /T V(Tz/ / |g(s,y(n(s)))|AsAslAszA53

R2(t1)/ /T r(sz)/ / !gs, s) ‘AsAslAszASB»

x cR(t3)

1
’R(tz) R(t1) RZ(Q) T RA(n)

ol [
— —ASZ ASg.
RX(t1) Jy, Jr 1(s2)

Hence, there exists § > 0 such that
|(R2Py)(t2) - (R°Py)(t1)| <&, iflta—t1] <8
Moreover, we have

’(Rizlpy)(lfz) - (Rizpy)(t1)| =0<eg, iftg<ti<tr <T.
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In consequence, {Py: y € 2} is equi-continuous on [fy, T1]. According to the Arzela—
Ascoli theorem on time scales, we know that P is a compact operator. Hence P is com-
pletely continuous. Therefore, P has a fixed point yy € £2 according to Schauder’s fixed
point theorem, which is a nonoscillatory solution of (1). This is a contradiction.

Now, we prove the sufficiency by contradiction. Without loss of generality, let y(¢) be
an eventually positive solution of (1). From Lemmas 3.1 and 3.3, there exist ¢; > ¢, and a

positive constant ¢; such that
y(t) >0, y4()>0, and [r(L‘)yAA(t)]A >0, t>t,
and
%[r(t)yAA(t)]AR(t) <y(t) <aR(®), t=t. (14)

Noting that [r(£)y**(£)]** <0, we have

[r6)y" 2] R(n()). (15)

N =

[ )] R(®) =

s=1(t)

N =

y(n(®) =
From (14), (15), and the strong sublinearity of g, there exists ¢ € [£, 0 ()] such that

~([roy*20]%))% = =@ =) ([r@* > O] [ ©)]**

= 1 -a)([rEy**©)]) “e(ty(n®))

-« ((n(®)))”
(c1R(n(0)))*

(t, clR(n(t))).

> (1-a)([rey*2 )] g(t,aiR(n(®)))

1
>(1 —a)mg

Integrating the inequalities above from ¢, to ¢, we get

1

=) ey

f g(s,aiR(M©))As = ([ @)]%) ™ - ([rep**©]%) ™ <o,
and so
/ 2(s,ciR(n(s))) As < o0,

which contradicts (13). This completes the proof. d

Remark 3.8 It is noteworthy that the results given in the aforementioned theorems are the
same as those in [13] where the dynamic equation on time scales is reduced to a differential
equation when T = R,, o(¢) = ¢, and x* = x'. If further we set r(¢) = 1 and 5(¢) = sint in
(1), we conclude that R(t) = f{(t) = £3/6, and every solution of (1) is oscillatory in view of
Theorem 3.7 whenever (13) holds under a suitable strongly sublinear function g. However,
for the case of T = N, we know that o (£) = t+ 1 and x® (£) = Ax(¢) = x(t + 1) —x(¢), there is no
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work concerning the sufficient and necessary conditions for the following corresponding

difference equation:
Az[r(t)AZx(t)] +g(t,x(n(t))) =0. (16)

Example 3.9 Let T={t:t e N}, r(t) = %, n(t) = At for A > 2, and g(t,x(2)) = x3(¢) in (16).
It is easy to see that 7, ¢/r(t) = 0o and °°, R(t + 1)|¢}| = 0o for ¢ #0, and then all the
conditions of Theorem 3.6 are satisfied. Thus every solution of (16) is oscillatory.

Example 3.10 Consider the fourth order dynamic equation
1
[ 0]*" + ;y5(4t) =0, te2Vt>t=2. (17)

Here, T = 2N, n(¢t) = 4¢ and g(t, y(t)) = %y5(t). Hence we have o (£) = 2¢. In this case r(t) = ¢,
one can check that [, ¢/r(t) At = oo and R() = s2-3 -2t Hence [;* R(20)|g(t,c)| At =
0o. It means that all the conditions of Theorem 3.6 are satisfied. Then every solution of
(17) is oscillatory.
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