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1 Introduction
The theory of almost periodicity was introduced in the 1920s by Bochner and Bohr, from
then on, it has been well developed in dynamical systems and differential equations. Al-
most periodic solutions of stochastic differential equations driven by white Gaussian noise
have been studied extensively for the reason that random fluctuations come ubiquitously
with all kinds of natural and unnatural systems in the real world (see [11]). More and more
people are interested in studying the almost periodic solution of stochastic differential
equations since the works of Da Prato et al. [8, 18]. The concept of pth mean almost pe-
riodicity has been widely studied in stochastic differential equations (see [5, 6, 10]) since
it was firstly considered by Bezandry [4] in 2007. However, in contrast to the extensive
studies on almost periodicity of solutions to stochastic differential equations driven by
Gaussian noises, there has been little systematic investigation on other systems perturbed
by Poisson jump. The main reason for this, in our opinion, is that Poisson jumps destroyed
maybe the recurrent property completely. Some results about this question have been pre-
sented in the existing literature [11, 17, 19]. Recently, Wang and Liu [19] defined Poisson
almost periodicity and investigated the existence and uniqueness of the quadratic mean
almost periodic solutions to stochastic evolution equations perturbed by Lévy noise. Liu
and Sun [11], Sun and Wang [17] studied almost automorphic solutions to stochastic dif-
ferential equations with Lévy noise. More work can be found in [1, 2, 7, 12, 13, 15, 16].
Motivated by the above work, we consider the existence and uniqueness of pth mean
almost periodic solutions to the neutral stochastic evolution equations with infinite delay
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and Poisson jumps have the form

d[x(t) — G(t,x(2), x,)] = [Ax(2) + £ (£, x(2), x,)] dt + g(t, x(2), x,) AW (t)
+ [ F(t,x(),y)N(dt,dy), teR, (1.1)
Xty =@ € Br

where B is a phase space, A is a closed densely defined bounded linear operator, G and
f are L?(£2;K)-valued continuous functions, g and F are L(£2,L7(§2;K))-valued jointly
continuous functions, W = {W(t)},cr is a Q-valued two-sided Wiener process, N denotes
the compensated Poisson random measure of a Poisson random measure N, with intensity
measure v and x; is B-valued stochastic process.

The paper is organized as follows. In Sect. 2, we recall some definitions and lemmas. In
Sect. 3, we prove two key lemmas and study the existence and uniqueness of the pth mean
almost periodic solution to (1.1) by means of fixed point methods and the semigroup of
operators. In the last section, we show an example to illustrate our main result.

2 Preliminaries

In this section, we briefly introduce some basic notations and facts. Let K be a real separa-
ble Hilbert space with inner product (-, -)x. We denote L(K, KK) as the space of all bounded
linear operators from K to K. Let (£2, F, P) be a filtered complete probability space satis-
fying the usual conditions. Suppose {p(t),t > 0} is a o -finite stationary F;-adapted Pois-
son point process taking values in a measurable space (S, B(S)), where Z C § = R — {0}.
N (dt, dy) = N, (dt,dy) — v(dy)|dt| denotes the compensated Poisson random measure of
a Poisson random measure j\fp with intensity measure v, which is independent of Q-
Wiener process W. For the definition of the Poisson jumps process and its basic prop-
erties and for further details, we refer the reader to the monograph [3]. The initial value
¢ ={p(0): —0o < 6 <0} is an Fy-measurable B-valued random variable independent of W
with finite second moment. The B-valued stochastic process x; : 2 — B, ¢t € R, is defined
by setting x, = {x(¢ + 6)(w) : 0 € (-00,0]}.

Let A be a linear operator from K to K and {S(¢), ¢ > 0} be an analytic semigroup with
infinitesimal generator A. Suppose 0 € p(A); it is well known that, for any « € (0, 1], the
fractional power (—A)* can be defined under some conditions which is a closed linear
operator with domain D((—-A)%). Moreover, D((—A)%) is dense in K, and the expression

Ao = || (-A)*A|

I e D((-A)7),

K’

defines a norm in D((-A)%). If K, denotes the space D((-A)*) endowed with the norm
Il - l» then the following properties are well known (see Pazy [14]).

Lemma 2.1
(1) LetO<a <1. Then K, is a Banach space.
(2) Forevery0<a <1 there exists My, > 0 such that

[(=A)*S@)| < Mot (2.1)

forallt >0 and A > 0.
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(3) If0< B < a, then the injection Ko — Kg is continuous.
(4) For 0 <a <1, there exists a constant C such that

(-4 =c. (2.2)
Definition 2.1 ([9]) The phase space B((—o00,0],K) (denoted simply by B) is the space of
Fo-measurable functions mapping (—00, 0] into K, and endowed with a semi-norm || - | 5,
such that the next assumptions hold:
(A1) Ifx: (—00,0 +a)— K, a > 0,0 €, is continuous on [0,0 + a) and x € B3, then for
every ¢ € [0,0 + a) the following hold:

(al) x, € B;

(@2) %)k < Ni|l«¢||s for some constant N; > 0 independent of x;

(a3) there are two measurable functions N, N3 : [0,00) — [0,00), N, indepen-

dent of x such that N is continuous, and N3 is locally bounded, and

%5 < No(t = o) sup [x(s)] . + Ns(t - 0)llx || 5.
o0 <s<t

(A2) The space B is complete.

(A3) For the function « satisfying (A1), its corresponding history ¢ — x; is continuous
functionin t € [o,0 + a).

(A4) If (y4)uen is a uniformly bounded sequence in C((—o0,0], K) such that y, admits a
compact support for every # and y, — ¥ in the compact-open topology, then y € B
and ||y, —yllg — 0, as n — o0.

In this paper, for convenience, we assume that By = {y € B : y(0) = 0} and that there exists
a constant £ > 0 such that

lylls < ﬁzug\}y(e) I (2.3)

for each y € BB (see Proposition 7.1.1 in [9] for many details).

Definition 2.2 Let Sy(t) : B — B be a Cy-semigroup defined by

J’(O)» 9 € [_t, 0]:

(So(2)y)(0) =
y(t+0), 6¢€(—o0,-t).
The phase space B is a fading memory space if || So(£)y|| g — 0 for every y € By, as t — 0.
Moreover, B is a uniform fading memory space whenever [|Sy(¢)||5, — 0, as t — o0.

For the definition of the Q-Wiener process and its basic properties, we refer the reader
to the monograph [6] for details. We now briefly recall some basic results about Poisson
almost periodic and pth mean almost periodic stochastic process. For the more details on
these materials we refer to Bezandry and Diagana [5] and Wang and Liu [19]. Clearly, for
p > 2, the space L?(§2,K) is a Banach space when it is equipped with the norm

=

I llr = (EN - i)
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For convenience, if there is no confusion, usually the subscripts of norms | - ||x and
Il - lzr(2,x) Will be omitted. A stochastic process x : R — L#(£2;K) is said to be continu-

ous whenever
limE”x(t) —x(s) ”p =0.

Definition 2.3 (Bochner almost periodicity) A continuous stochastic process x : R —
L?(£2;K) is said to be pth mean almost periodic if for every sequence of real numbers {5},
there exist a subsequence {s,} and a continuous stochastic process x : R — L?(£2;K) such
that

lim supE“x(t +8,) —X(t) ||p =0.

n>00 1R
Moreover, a continuous function g : R x L?(£2;K) — L?(£2;K) with (¢,x) — g(¢,x) is said
to be pth mean almost periodic in ¢ uniformly in compact subsets of L?(§2; K) if for ev-
ery sequence {5,} of real numbers and any compact subset IC C L?(£2;K), there exist a
subsequence {s,} and a continuous function g: R x L?(§2;K) — L?(§2;K) such that

lim sup E|g(t+s,x)-gEx)|" =0.
n=>00 teRxe kK
One needs to mention that an almost periodic process is a usual L?(§2; K)-valued almost
periodic function, so the Bochner almost periodicity is equivalent to the Bohr almost peri-
odicity (see [5]). We denote by AP(R; L7 (£2;K)) the collection of all pth mean almost peri-
odic stochastic processes x : R — L?(§2;KK), and we denote by AP(R x L?($2; K); L7 (£2; K))
the collection of all almost periodic functions g: R x L?(£2;K) — L?(£2;K).

Lemma 2.2 [fx € AP(R; L?(£2;K)), then the mapping t — E||x(t)||? is uniformly continu-
ous, and there exists a constant My > 0 such that E||x(¢)||? < M forall t € R.

Let CUB(R; L?(£2;K)) denote the collection of all continuous and uniformly bounded
stochastic processes x : R — L?(§2;K). It is easy to check that CUB(RR; L?(£2;K)) is a Ba-
nach space when it is equipped with the norm

1
ll%]loc = sup(E||x(2) ")
teR

Lemma 2.3 AP(R; L?(£2;K)) C CUB(R; L?(£2;K)) is a closed subspace.

Recall that a o -finite random measure N on a measurable space (R, x S, B(R, x S)) is
called a Poisson random measure with intensity measure v if:
(1) for every B=(t1,t2] x Z € B(R, x S), N(B) < o0 has a Poisson distribution with
mean EN(B) = v(Z)(t, — t1);
(2) if By, By,... are disjoint, the random variables N'(B;), N'(B1), ... are independent.
Here R, = [0, c0]. It is well known that a Poisson random measure A/ can be characterized
by a Poisson point process p = {p(t), ¢ > 0} as follows:

N((t,t] x Z):= Y 1z(pls))

se(tyta]
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for Z C B(S). Thus, we denote the Poisson random measure by N,. Define the compen-
sated Poisson random measure A/ by

N(t,2) = N, (t, Z) - tv(Z).

Then A is a martingale valued measure. For the writing needs, we simply introduce the
two-sided compensated Poisson random measure as follows: Given two independent,
identically distributed Poisson point processes, define the compensated Poisson random

measure

No(t,Z) —tv(Z), >0
Ny(=t,Z) +tv(Z), t<O.

Nt 2Z) = (2.4)

Then A is a martingale valued two-sided compensated Poisson random measure.

Definition 2.4 A function F: R x L#(§2;K) x Z — L[?(£2;K) is said to be Poisson pth
mean almost periodic in ¢ € R uniformly in compact subsets of L?(£2, K) if F is continuous
in the following sense:

f E|F(tY,x) - FY,%)|v(dx) > 0,
Z

as (£, Y) — (¢, Y), and for every sequence {s,} of real numbers, there exist a subsequence
{s,,} and for any compact subset K C L7(£2;K), a function F: R x LP(£2; K) x Z — LF(£2;K)
continuous such that

lim  sup / E|F(t +5,,Y,%) - F(t,Y,x)| v(dx) — 0.
=0 eR,YeK J Z

We denoted by PAP(R x L?(£2;K) x Z; L?(§2;K)) the collection of all Poisson almost pe-
riodic functions F: R x L?(£2;K) x Z — LP(£2; K).

The next lemma shows the basic properties of Poisson almost periodic functions.

Lemma24 IfV, ¥, ¥, R x LP(2;K) x Z — LP(82;K) are Poisson almost periodic func-
tions in t uniformly in compact subsets of L?(§2;K), then:
(i) ¥4 + W, is Poisson almost periodic.
(i) AV is Poisson almost periodic for every scalar A.
(ili) There exists a constant M = M(KC) > O such that

sup / E|w (6, 2,9 vid») < i1,
teR,ZeK J Z

for any compact subset K C L#(§2; K),

Proof 1t is obvious that the statements (i) and (ii) are true. For (iii), for some compact
subset IC C L?(£2;K), if

sup /E”'I/(t,Z,x)”pv(dx) =00,
teR,ZeK J Z
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then there exists a sequence {5,,} of real numbers and a sequence {Z,} C K such that

n—00

lim E|| (5, 2, x) ||pv(dx) = 00.
Z

Since ¥ : R x L?(§2;K) x K — L?(£2;K) is Poisson almost periodic function, there exist a
subsequence {s,,} C {3,,} and a function ¥ : R x L?(§2; K) x K — L?(£2;K) such that

lim sup / EHlII(t + 80, Z,%) — U (t, Z, %) ||pv(dx) =0. (2.5)
Z

=0 teR,zekC

Notice that, for each ¢t € R,

sup/E||l17(t,Z,x)||pv(dx)<oo.
Zek JZ

By taking ¢ = 0 in (2.5), we get

lim sup / E||lI/(s,,,Z,x) ||pv(dx) < 00,
KJz

n—oQ Ze
which gives a contradiction. Thus the statement (iii) is true. O

3 pth mean almost periodic mild solution
In this section, we study the existence of pth mean almost periodic mild solution to (1.1).
For later use, we have to prove two key lemmas as follows.

Lemma 3.1 Letthefunctionf : R x LP(§2;K) x B — L?(§2;K) be pth mean almost periodic
int € Runiformly in (x1,y1) € Hx B, where Hl C L7 ($2;K) x B is compact. Iff is a Lipschitz
function in the following sense:

If (& x1,1) = f &2, 92) | < Ma(ll%1 = %21l + lly1 = 2l 8)

Sfor all (x1,y1), (x2,92) € LP(§2;K) x B, t € R, and some constant M, > 0, then, for any pth
mean almost periodic process ¢(t) : R — LP(82;K), the stochastic process t — f (¢, p(£), P¢)
is pth mean almost periodic.

Proof Let ¢ : R — LP(£2;K) be a pth mean almost periodic process. Then, by Theo-
rem 1.2.7 in [20], the B-valued stochastic process ¢, = {¢(t + 0) : —0o < 6 <0} is also pth
mean almost periodic. Thus, for each ¢ > 0, there exists a constant /(¢) > 0 such that every
interval with the length [(g) contains a number 7 satisfying

&
E||¢(t+ 7) —¢(t)||p =< W’ forallte R

and

e
Ell¢tse — el < ———;, forallteR.
22-1M
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Noting that f is pth mean almost periodic in ¢ € R uniformly in H x 3, we get

E|f(t+7,00),0.) —f(t. 60,0, | < ;

forallt € R and ¢ > 0. It follows that

E|f (¢ + 7,0t + 1), ue) ~ £ (6.6, 60) |
=2 E(|f (4 7.0+ 1) puae) =f (£ + 7,00, 80) [0
+ (e + 7.0 &1) ~ £ (2,00, 90)[)
< 2 MBE(| (e +7) ~ )] + 1 brsr — Sell5)
+27E|f (e + 7, 00,60) —£ (6,60, 00) "

< 20 OMEE(| g2 +7) - 9O + pere - d1ll) + 2

=<

for all £ € R and ¢ > 0. Combining this with the definition of Bohr almost periodicity, we
see that f (¢, ¢(¢), ¢;) is pth mean almost periodic. O

Lemma 3.2 Assume that F € PAP(R x L?(2;K) x Z;L?(82;K)), moreover, for all Y, Y €
17(2;K), t e R,

/ E|F®Y,x) - F(t,Y,x) | v(dx) < kE|Y - Y7,
Z

where constant k > 0 is independent of t, then the function D : R x Z — L?(§2;K) given by
D(t,x) := F(t, Y(t),x) is Poisson almost periodic, for any almost periodic process Y : R —
L7(2;K).

Proof Given a sequence {s,} of real numbers. For any almost periodic process Y, there
exist a subsequence {s,} of {5,} and a continuous process Y :R — L#(£2;K) such that

lim E|Y(t+s,) - Y(®)[|" =0 (3.1)
n—00

uniformly in ¢ € R. Since the function F is Poisson almost periodic, there exist a subse-
quence {s,.} of {3,} and a continuous function F : R x L?(§2;K) x Z — L?(§2;K) such that

lim [ E|F(t+s,Y,x) - FtY,x)| v(dx) = 0o (3.2)
Z

n—00

uniformly in (£, Y) € R x K, where K is a compact subset of L?(§2; K).
Consider the function D: R x Z — L7(£2;K) given by D(t,x) = E(t, Y (¢), %). Noting that

D(t + 8, %) — D(t, %) = F(t +58,, Y(t+ s,,),x)

~F(t+5,, Y(8),x) + F(t +5,, Y(8),x) - E(t, Y (2), %),
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we find that
/Z E|D(t + 5, %) — D(t,x) || v(dx)
< o1 LEHF(;: + S, Y (E+58,),%) — F(t +5,, Y(8),%) |[“v(d)
+277! /Z E|F(t+su Y (®),x) - F(t, Y (2), %) || v(dx)

< 21’_II<EH Y(t+s,) - Y(2) ”p +ort / E”F(t + Sy, f’(t),x) - f-"(t, f/(t),x) Hpv(dx)
z

for every t € R and n > 1. By Bochner’s criterion (see [17, p. 4] for details), the closure of
the range R(Y) of Y : R — L?(£2;K) is a compact subset of L?(£2;K), so is closure of the
range R(Y) of Y. It follows from (3.1) and (3.2) that

n—00

lim E||D(t + S, %) — D(t, x) ||pv(dx) =0
Z

uniformly in ¢ € R. This completes the proof. O

Definition 3.1 An (F;)-progressively process {x(¢)};cr is called a mild solution of the
problem (1.1) on R if it satisfies the corresponding stochastic integral equation

x(2) = S(¢ - 10)[ 9(0) — G(to, 9(0), 9) | + G(t,x(2), x:)

+ /tAS(t—s)G(s,x(s),xs) ds + /tS(t—s)f(s,x(s),xs) ds

to to

+ /tS(t —8)g(s,%(), %5) AW (s) + /t/ S(t —s)F(s,x(s),y)N(ds, dy) (3.3)
to /Z

to

forall £ > £y, and ¢, € R.

Now, in order to prove the main result in this paper, we introduce the following assump-
tions:
(H1) Let A be a bounded linear operator on K whose associated analytic semigroup
{S(¢),t > 0} satisfies the following:

|s@)| <Mme*, =0, (3.4)
for some y >0, M > 0.
(H2) Let the function G: R x L?(£2,K) x B — L?(£2,KK,) be pth mean almost periodic
in t uniformly in compact subsets of L?(§2,K,). Moreover, there exist a constant
o€ (}17, 1) such that, for any (x1,y1), (x2,y2) € L?(£2,K) x B,

[(=A)* G(t, %1, 1) = (=A)*G(t, %2, 2) | < L (llx1 = %2l + lly1 = y2118),

where the constant Lg > 0. We further assume that G(t,0,0) = 0.
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(H3) Let the function g: R x L?(£2,K) x B — L(£2,L?(£2,K)) be pth mean almost peri-
odic in t uniformly in compact subsets of L(§2, L?($2,K)), and there exists a constant
L, > 0 such that

lg( 21, 31) - gt 22, 32) | < Lo (%1 =221l + Iy = 3211 8)

for any (x1,y1), (x2,72) € LP(£2,K) x B.

(H4) Letthe functionf : R x L?(£2,K) x B — L?(£2,KK) be pth mean almost periodic in ¢
uniformly in compact subsets of L#(£2,K) x B, and let there exist a constant £ > 0
such that

If (&1, 91) = f & x2,2) | < Ly (lx1 =22l + lly1 = 32118)
for any (x1,31), (%2, ¥2) € LP(£2,K) x B.
(H5) Let the function F: R x L#(£2,K) x Z — [?(£2,K) be Poisson almost periodic in

t uniformly in compact subsets of L?(£2,K) x Z, and for any x(t), x(¢) € L?(£2;K),
let there exist a constant L > 0 such that

/ZHF(s,x(s—),z) — F(s,%(s-),2) Hpv(dz) < Le(lx-x|IP).

The main result will be presented as below.

Theorem 3.1 Let (H1)-(H5) be satisfied. Then the problem (1.1) has a unique pth mean

almost periodic mild solution whenever

@ = 5! {21“(1 + L7) [Cp M P (1 _p- ‘”)Aw%

p-1
MP M2\ 2 Lr\? Lp
+—LrCp)|— ) 2|+CloMm?| | =) +=|}<1, (3.5)
yr I 2y ) ¢ 2y) py

where the constants C, My, A are given in Lemma 2.1, and y, Lg, Lq, Ly, L are given in
Assumptions (H1)—(H5), and L is given in (2.3).

Proof Clearly, the mild solution (3.3) of (1.1) is equivalent to

x(t) = G(t, x(2), %) + ft AS(t - 5)G(s,%(s), %) ds

+ /.t S(t - s)f(s,x(s),xs) ds + /[ S(t - s)g(s,x(s),xs) dw (s)

(o ¢] (o¢]

+/: S(t—s)/;F(s,x(s—),y)N(ds,dy).

o0

We need to show that the above equation has a unique pth mean almost periodic mild
solution. Define the operator A on AP(R, L?(P,KK)) by

Ax(t) := G(t,x(t),xt) + /t AS(t - S)G(S,x(s),xs) ds

—00

Page9of 17
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+ /t S(t = 5)f (s, x(s), x5) ds + /t S(t - 5)g(s, x(s),x5) AW (s)

(¢} —00

S(t—s) | F(s,x(s-),y)N(ds,d
+/_Do (t S)/Z (s,%(s=), y)N(ds, dy)
= G(t,x(2), ;) + P1x(2) + Pox(t) + Px(t) + Pax(t) (3.6)

for all £ € R. We now show that Ax(£) is pth mean almost periodic and A admits a unique
fixed point. This will be done in two steps.

Step I Ax(t) is pth mean almost periodic. By the proof of Theorem 3.1 in [10] with a
minor modification, we can show that ®@x(¢) and ®,x(t) are pth mean almost periodic.
Indeed, if x(¢) is pth mean almost periodic, by (H2), (H4) and Lemma 3.1, we find that
(=A)*G(s,x(s),x5) and f (s, x(s),xs) are pth mean almost periodic. Therefore, for each & > 0
there exists /(¢) > 0 such that every interval with length /(¢) contains a constant t satisfying

o o eLYP
E” (—A) G(t + T,x(t + ‘L'),xt”) - (—A) G(t,x(t),xt) ||p < W (37)
and
E|f(t+7,x(t+ 7). %e00) —f (628, %) |° 7 forallteR (3.8)
+ T,x(t+ T), 0000 ) —f (8, x(8), % <MP’ orall t e R. .
By applying (2.1), (H2), the Holder inequality and (3.7), we have
E” Dx(t+1) - <D1x(t)||p
t p
= EH/ AS(t - 5)[G(s + T,2(s + T), %547 ) — G(s,%(5), %) | dt
—00
p

= EH/t (A8t = 9)[(-A)* G (s + T,%(s + T), %47 ) — (~A)*G(s,%(5), %) | ds

t r-1
M7, ( / e Mg —5) Y ds)
—00

t
X (/ e M9 (¢ - s)(a_l)E” (A)*G(s + 7, %(s + T), %51

— (~A)*G(s, x(5), %) | ds)

¢ p 4
<M, ( f e (g =)l ds) x
—0 M_, TP(a)

pxs t p
< ¢ / e —g)@Vygs) <g, forallzeR.
Ielo)\J_ o

For @,, by (H1), (H4), the Holder inequality and (3.8), we have
E|| Dox(t + 1) — Prx(t) ||p

p

= E”/t St =9)[f (s + 7, x(s + ), Xs1c) —f (5, %(5), %) | dt

t p-1
< MP < / e V(9 ds)
—00
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X (/t eV IE|f (s + 7,00 + T), Xger ) —f (5,2(5), %) |© ds)

t P
<M / e ds ) x %
. Mp

t p
<ey? (/ eV ds) <g, forallteR.

(o¢]

Similarly, by the proof of Theorem 5.1 in [5, pp. 131-132] with minor modifications, we
find that ®3x(¢) is pth mean almost periodic.

Now, we will prove that ®@4x(¢) is almost periodic. Denote D(t,y) := F(t,x(t-),y) for F €
PAP(R x L?(£2,K) x Z; L?($2,K)) and let 5, be an arbitrary sequence of real numbers. Then
D(t,y) is Poisson almost periodic and there exist a subsequence s, of 5, and continuous

functions D such that

lim sup /ZE”D(L‘ +8,Y) — ﬁ(t,y) ||pv(dy) =0. (3.9)

n—00,yeR

Let /\71(0, )= ./\7(0 + 8y,0) — /\7(3,,, ) for each o € R, V; and N has the same law. Let
0 =5 — Sy, by Kunita’s first inequality [3] and (H1), we derive

p

£ [ [ strs-openiasan- [ [ se-9peiisa)
p

i E” Lo ,/z S(t = $)[D(o +55,) = Do, y) N (ds, dy)

p
2

< C(p){15</_ /Z”S(t—s)[D(a +559) - D(0,)] ||2u(dy)ds>

t - _D P
+E</Oo/;z”5(t s)[D(o +s4,y) - D(o,y)]| V(dy)ds>}

p
2

< C(p){</_ /Z||S(t—s)||2E||D(o +s,,,y)—75(a,y)||2v(dy)ds>

‘ ol > p
+/_OO/ZHS(L‘ s)H E”D(o+s,,,y) D(G,y)H v(dy)ds}

< C(p){(/t MQe_ZV(H’)/ E|D(o +s) ~D(o,y) ||2v(dy) ds) ’
—00 Z
t MPe P [ E|D ) = D(o,y) | v(dy)d }
+/_oo e /z || (0 +swY) (o y)H v(dy) ds

where C(p) > 0 is a constant. Combining this with (3.9), we find that @,x(¢) is pth mean
almost periodic in ¢. Thus, we have showed that the operator Ax(¢) is pth mean almost
periodic.

Step II. A has a unique fixed point. Assume that both x(¢) and y(¢) are almost periodic
solutions of (1.1), and x(¢) # y(£). We derive from (3.6) that

E|[Ax(®) - Ay < 51 {E” Gt x(0) ) — G(tyOye) |

Page 11 of 17
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p

+E ‘/.t AS(t - S)[G(s,x(s),xs) - G(s,y(S),ys)] ds

p

+E / S(t - s)[f(s,x(s),xs) —f(s,y(s),ys)] ds

¢ p
+E / S(t - s)[g(s,x(s),xs) —g(s,y(s),ys)] dw (s)

+E / t / S(t = $)[F (s, %(s), 2) — F(s,5(s), 2) [N (ds, d2)
-0 JZ

5
= 5p712%
i1

]

for all £ € R. By (H1), (H2) and (2.2), we have

Y1 = E|G(t,x(t), ) - G(,5(8),5.) |”
< E[| (A [ (A G(tx(e), %) — (~A)*G(t,5(8), 32) |
= LG E(|x(0) ~30)] + e~ ells)’
< (1 + £2) L8 sup E(|x() - y(0) |F)
teR

< PPN (1 + LP) LEx — ylIZ.

Applying (2.2), we get

p

Yy = EH/ AS(t - 5)[G(s,%(s), %5) — G(s,7(5),55) | ds

p

‘EH/ A28 (¢~ 5)(-A)[ G 5,5(5), ) ~ G(5,(5),35) | s

< / Mi_o(t- s)‘(l_we_)‘(t_s)E” (=A)*[G(s,%(5),x5) — G(s,7(5),75) ] ds

by (H2) and the Holder inequality, we have

t pla=1) p-1
Yy <MY (/ e Mt —5) T ds)
-0

. / D] A6 5515) - Glooh) s

( p(1- O{)) p(la )p_l

>£ UPE ||x(t - (2 ” + ||xt—yt||l§)p

>

o
o (o))

1
(A>.c 2 supE(Ja(0)~0)] + s~ )

Page 12 of 17
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— —-a p-1
<, (r(1-E0=0 )
p-

(D) s -l
teR

1- o) \P 1
< (r(1-PA=9)500) (L L2207 (14 L2) |l =y
1-a p—l A G Jioo

1 _
M (1 e e ),

for all £ € R. By (H1), (H4) and the Holder inequality, we also have
t p
o =B [ 159 65605) =656 )

t p-1 ¢
< (f Me”(”)ds> X / Me””(t’s)EHf(s,x(s),xs) —f(s:7(8),5) ||pds

p

’

teR

< <ft Me 7 ds)p supE||f (&, x(t),x,) = f (£ 5(£), ¢ |

moreover, we can easily find from (H4) that
MP p
Y3 < —pﬁf supE(”x(t) - y(t) ” + [l —J’t”B)

YV teR
MP

< 5 L2 supE([5(0) = yO + = 1l15)

teR

MP

< Fﬁjﬁp‘l(l + LP)|lx - y|1%,

for all £ € R. By (H1) and the B-D-G inequalities, there exists a constant C'(p) > 0 such
that

Va < C/(P)EH/_ | S(2 ~5)[g(s,(5), x5) ~ g (s, 7(5), )] ”iP(Q,K) ds

’

t
< C'(P)EH/ M*e 29 | g (s, x(5), %) — &(5,9(5), 95) ||EP(Q,K) ds

moreover, by (H3) and an elementary inequality, we have
: ;
Ve <C'(p) (/ M2 29 ds> ch sup E(||x() - y(®)|| + llx: - yell8)°
—00 teR

M\
<Cp) —) 22 sup (|0 -0 + e 1)

s

< c’@)(Aiz) 70;2!“(1 + L7) sup E(||x(2) - y(8)]))
teR

M2\ 2
<C'(p) —) L2771+ L) lx - ylI%,

Page 13 of 17
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for all ¢ € R. For 5, by Kunita’s inequality (see [3]), we find that there exists a constant
C(p) > 0 such that

b
2

wssC(p){E< /_ /Z ||5(t—s)[F(s,x(s),z)—F(s,y(s),z)]||2u(dz)ds>

+E</_;/ZHS(t —)[E(s,%(5),2) — E(s,9(5),2) | | v(d2) ds) },

we can derive from (H1) and (H5) that

P

Ys < C(p){ (/t M?2e2r(t=s) LE”F(s,x(s),z) —F(s,5(s),2) ||2v(dz) ds) ’

+ /t M"e"”’(t‘s)/ EHF(s,x(s),z) —F(s,y(s),z) ||pv(dz) ds}
- z

o0

MPL
. LE|x() - y(2) ||”}

2 5
< C(p){ (f—yﬁpEnx(t) ~y(0) HZ) .

20,0\ 2
< C(p)|:<M EF) + MPEF] su}gE”x(t) —y(t)Hp

2y py
Lr\? LF

< C(p)M* ) T llx = ylI2,
4 py

for all £ € R. Thus, we have showed the desired estimate
E|Ax(t) - Ay@)|” < ©llx - yII%,

for all £ € R, which implies that
| Ax(6) - Ay(0)|, = VO lx =yl

forall t € R, i.e., A is a contraction when (3.5) holds. It follows from the contraction prin-
ciple that there exists a unique fixed point x(¢) for A in AP(R; L?(£2,K)) such that Ax = x,
which implies that (1.1) admits a unique almost periodic mild solution. d

4 Examples
In this section, we give an example to illustrate the result obtained. First, we show a fading
memory phase space Bj,. For any 4 > 0, define

B= {w : [-a,0] — K is bounded and measurable}
with the norm

1Vl (-a0) = SUP]EHlﬂ(S) , VEB,
0

s€[-a,

and

0
By = {1&:(—00,0]—)]1&’/ h(s) sup E(||w||)a’s<oo}, (4.1)

$<6<0
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where % : (—00,0] — (0,00) is a given continuous function with / = ff)oo h(t)dt < 00. If B,
is endowed with the norm

0
1 lls, = / W)V 1501 s,

then (By, || - [I3,) is a Banach space and satisfies all conditions in Definition 2.1.
Consider the neutral stochastic differential equations with infinite delays and jumps

dlu(t,n) - L@ sin(¢ + u(¢, n) + u(t — h,n))]
Mi I(=A) 4]
= [%u(t, n) + /P sin(t + u(t,n) + u(t — h,n))] dt
+./psin(t +u(t,n) + u(t —h,n)dW(t) + [, \/ﬁzu(t—)](f(dt, dz), t>0, (4.2)
u(t,0)=u(t,1)=0, 0<n<1,
u(®,) =p@O)(-), -o00<8 <0,

where W(t) is a standard cylindrical Wiener process and Z = {z€ R:0< |z| < b,b > 0}.
Let K = L%[0, 1] and the operator A = A be the classical Laplacian defined by

2

0“u
(Au)(n) = o

with domain D(A) = {# € K : u,u’ are absolutely continous, #” € K, #(0) = (1)}, then A
has eigenvalues

{—712, —472, ...,—n2712, .. }

and it generates an analytic semigroup {S(£)};>0 on K satisfying ||S(¢)| < et By taking
the phase space B as (4.1) with /(£) = €f, —00 < ¢ < 0 and letting

JP

G(t,x,x)(n) = —————
My (=A)4 |

sin(t + u(t,n) + u(t — h,n)),

f(&x,x:)(n) = /psin(t + ult,n) + u(t - h,n)),
g(t,%,5%,)(n) = /o sin(t + u(t,n) + u(t - h,n)),
F(t,%,2)(n) = /pzu(t, n),

where p >0, M 1> 0 are the two corresponding constants in Lemma 2.1, we then rewrite
the system (4.2) into the abstract form (1.1). Moreover, it is not difficult to check that G,
/& F satisfy the conditions (H2)-(H5) with p = 2. Taking o = 2 and A = 7'/3, we get

0
l:/ edt=1, y =72, M=1, EG:Q,
—00

and

Lr=Ly=./p, Ep:\//_)/zzzu(dz),
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For (—A)"1 (see [14, p. 70]), we have

[cari] < —

/oof% |s@|de<x?=cC
“ré)J B o

Theorem 3.1 implies that the system (4.2) has a unique mild square mean almost periodic
solution, provided

1 I 0 1 / 9 1
Y —=+p+—+-—|+— z-v(dz) < —.
<n3 P 2772) 72 7 (dz) 5
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