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1 Introduction

Biological population dynamics is an important research area in biological mathemat-

ics. In biology there are various interactions between different populations, such as com-

petitive relationship, dependency relationship, predation relationship, and so on. Among

them, predation relationship is widespread and studied by many scholars [1-3].
Generally, an ordinary differential equation system describing the prey—predator model

is

u(t) = ugp(u) — ¢(u, v)v,
(1.1)
v(t) = ap(u,v)v - 0v,

where u() and v(¢) stand for the prey and predator densities. Without predator, the growth
law of prey is represented by the function ¢(u), ¢(u, v) is the functional response, o stands
for the conversion rate, and 6 is the death rate.

The functional response is essential for establishing the predator—prey model. It re-
flects the predator’s predation ability and can be affected by many factors, such as
structure of the habitat structure, hunting ability, prey’s escape ability, and others. In
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predator—prey models, scholars have used different functional responses to model the
interaction of predator and prey; they show that the functional response can enrich
the model dynamics [4, 5]. One kind of commonly used functional response functions
are Holling type I-III [6], usually called the prey-dependent functional response (with
¢(u,v) denoted as ¢(u), a function of prey u). Another kind of functional response func-
tions are Beddington—DeAngelis type [7], Crowley—Martin type [8], Hassell-Varley type
[9], usually called predator-dependent (with ¢(u,v) a function of prey u# and preda-
tor v).

The Crowley—Martin functional response is of the following form:

Ev
g(u,v) = m,
where E, S, and B stand for the capture rate of predator to prey, the handling time, and
the magnitude of interference among predators, respectively. Cao and Jiang [10] studied a
reaction—diffusion type predator—prey model with Crowley—Martin functional response,
mainly focusing on Turing—Hopf bifurcation. In [11], the authors studied a predator—prey
model with delay and Crowley—Martin functional response, mainly considering the sta-
bility and Hopf bifurcation. In [12], the authors considered a predator—prey model with
Crowley—Martin functional response, mainly studying the flip bifurcation and Neimark-
Sacker bifurcation. These works all suggest that the Crowley—Martin functional response
can enrich the dynamics of predator—prey models. In this paper, we mainly study a
predator—prey model with Crowley—Martin functional response.

To rationally develop the exploitation of biological resources, many scholars have con-
sidered predator—prey models with harvesting. The harvesting can be mainly divided into
three types: (i) constant harvesting, (ii) proportional harvesting, and (iii) nonlinear-type
harvesting (i.e., the harvesting is a nonlinear function). From a biological and economic
perspective, more and more scholars recommend Michaelis—Menten type-harvesting
[13-16], which has the following form:

h(E,u) = ﬂ,
nE + Bu

where Q and E represent the catch ability coefficient and external effort, respectively, and
n and B are suitable constants. Constant harvesting and proportional harvesting can be
considered as two particular cases of the Michaelis—Menten-type harvesting. In [13], the
authors studied the periodic solution of a prey—predator model with harvesting. Yuan et al.
[15] studied bifurcation of a delayed predator—prey model with Michaelis—Menten-type
prey harvesting. These works suggest that Michaelis—Menten-type harvesting performs
well.

Moreover, time delay widely exists in population models. When the predator consumes
the prey, it does not immediately increase the density of predator. There exists a gestation
delay, and the density of predator increases after some time lag. This type time delay is
often studied by scholars [17-20]. In general, predator—prey models with time delay are

much more realistic, and they can exhibit much richer dynamics.
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Motivated by these, we studied a diffusive delayed predator—prey model with the fol-

lowing form:

)
”(’”) =D1Au+ru(l- %) - 7(“55)7;&‘/)’
01/ (x, t CEu(t—t)v(t-1) QEv
DZAV + (A+Su(t-1))(1+Bv(t-1)) Dv - nE+pv’ X € Q’ t>0, (1 2)
a”(’“f):""/(’”):o x€082,t>0 '
v v ’ ’ ’

u(x,t) = ur(x, t) >0, vix,t) =vi(x,t) >0, xe2,te(-1,0],

where u(x,t) and v(x, t) are the prey and predator densities, respectively, D; and D, are
for diffusive coefficients, r and K are the growth rate of prey and the carrying capacity, C
is the conversion rate of prey, and 7 is for the gestation delay of predator. The harvesting
term is a Michaelis—Menten-type harvesting on the predator. The main aim of this paper
is to study the diffusion-driven Turing instability and delay-induced Hopf bifurcation.

The paper is organized as follows. In Sect. 2, we consider the existence of equilibria of
the model. In Sect. 3, we study the stability of the coexisting equilibrium. In Sect. 4, we
analyze the property of Hopf bifurcation. In Sect. 5, we give some numerical simulations.
Finally, we end the paper with a brief conclusion in Sect. 6.

2 Equilibrium analysis
For convenience, we perform nondimensionalization of model (1.2). Denoting % = u/K,

V= Ev/r, and f = tr, system (1.2) becomes (after dropping tildes)

Bu(xt)
=diAu+ull —u-— vabv)]' (2.1)

dv (x, t cu(x,t—1)v(x,t—1) v
= b AVt Tt i) ~ Y agr

whered; =2, dy=22,a=SK,b=5,c= K =D ¢= Grandq = QE2 We assume that
2 =(0,Ilm), where [ > 0.
Solving the equation system

Tranam) = O (2.2)

—-d- =0,

V( 1+au 1+bv e+qv)

u(l—u-—

we obtain that (0,0), and (1, 0) are two boundary equilibria, and the coexisting equilibrium

: (1—us) (1 +auy)
(44, v4) satisfies v, = ottt and i(u,) = 0, where

h(u) = Bsu® + Bau* + Bau® + Pous® + Bru + Po,

Bs = a®bdqu’,

Bu = (3 —2a)a’bdyq,

B3 = ab(uzbqu —(c- 3b2d)q +a(b+ bde + dq + 2bdq — 6b2dq)),

B2 = b(—cq + b*dq + a*(—dq + 3b>dq — b(1 + de + 2dq)) (2.3)
+a(-6b*dq + (c + 2d)q + 2b(1 + de + 2dq))),

B1 = —2b%dg + b(c + d)q — cle + q) + b2(1 +d(e+ Zq))
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+a(1+b(1+d(e-q))+3b°dq +d(e+q) —2b*(1 +d(e + 29))),

Bo=(-1-b+b*)(-1-d(e+q(1-b))).
We just give a sufficient condition for the existence of coexisting equilibrium (z,, v..):
a<l, b<1, and c>(1+a)(1+b)[d+ 1/(q+e)]. (2.4)

Theorem 2.1 If the parameters satisfy condition (2.4), then model (2.1) has a coexist-

ing equilibrium (u.,v.), where u, is the root of h(u,) = 0 in the region (0,1), and v, =
(1—u5) (1 +auy)
1-b+b(1-a)us+abu

Proof By direct calculation we have 4(0) = (=1 — b + b?)(=1 —d(e + q(1 - b))) > 0 and k(1) =
(a+1)(b+1)(1+d(e+q)) — ce — cq < 0 under condition (2.4). By the continuity of /(u) we

obtain that 4(x) = 0 has at least one root u, in the (0,1). Then v, = % >0.0

3 Stability analysis
Linearize system (2.1) at (a4, v4):

ou
ErR NPT u(t) u(t) u(t—1)
<%) = diag{d,d>}A <V(t)) + L (V(t)) + Ly (V(t— ‘L')) , (3.1)

where

L, = ay —dp L, = 0 0
1= 0 —as ) 2 = bl b2 ’

and

avy Uy
= * - 1 ’ = 0’
as <(1 +an)?(1+ bvy) > 2 v au)d+bv)?
e CVy
by = 0,
! 1 + au,)?(1 + bv,) g

ﬂ3=d

]

>
(e+qvs)?
Cly

by = 0.
> (1+au*)(1+bv*)2>

The characteristic equation is

det(A =M, — Ly — Le™*) =0, (3.2)
where I = diag{1,1} and M,, = —n?/1? diag{d,, d,}, n € No. Then we have

A2+ Ay + By +(Cy = Aby)e™ =0, neNy2NU({0}, (3.3)

where

2
A, =(d: +d2)l_2 —ap +as,
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4 2

n n
B, = d1d21—4 + (azd, - “le)l_z —aas,
2
Cn = —dlbz— + a2b1 + albz.

lZ

3.1 Thecaset =0
When t =0, Eq. (3.3) reduces to the equation

Motrah+A, =0, neN, (3.4)
where

2
tro = a1 —az+by— 7 (di + o),

2 4 (3.5)
Ay = azby +ai(by — az) = [(by - az)dy + ardo) 'y + dida g,
and the eigenvalues are given by
w traEJtri—4A,
Alg=————"——, neN, (3.6)

1,2 2

We make the following hypothesis:
(Hl) a) —as+ ]92 < 0, and dzbl +d; (b2 - ag) > 0.

When d; =d, =0and © =0, (&, v,) is locally asymptotically stable under hypothesis (H;).
Divide the parameters into the following three cases:
Casel: (by—a3)d; +aid, <0,
Case2: (by—a3)di +a1d, >0, and
((by — as)dy + ardy)” — 4dvdy(asby + ar(by - as)) <O, (3.7)
Case3: (by—a3)d; +a1d, >0, and

((by — as)dy + ards)” — 4dyds(ashy + ay(by - a3)) > 0.
Denote
Ki 2 {keN|Ay <0}, Ky={keN|A;<O0},
where Ay is defined in (3.5).

Theorem 3.1 Suppose (Hi) holds and t = 0.
(1) In Case 1 (or Case 2), (uy, vy) is locally asymptotically stable;
(2) In Case 3, if K; = @, then (u,, v.) is locally asymptotically stable;
(3) In Case 3, if Ky # @, then (u, vy) is Turing unstable.

Proof Hypothesis (H;) implies that trg < 0 and Ag > 0. For n € Ny, we have tr, < 0. In
Case 1 (or Case 2), we have A, > 0 for (n € Ny), implying that all eigenvalues of (3.4) have
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negative real parts. This implies that statement (1) holds. Similarly, statement (2) holds.
In Case 3, Ay < 0 for k € K,. Then Eq. (3.4) has a positive real part root. Then statement
(3) is true. O
3.2 Thecase T #0
Next, we study the stability of (u,,v.) when t > 0. Letting iw (@ > 0) be a solution of
Eq. (3.3), we have

—w? + iwA, + B, + (C, — iwby)(cos wt — isinwt) = 0.

Then

—w* + B, + C,cos wT — why sinwt =0,

A,w— C,sinwt — wby coswt =0,
leading to
w*+ (AL -2B, - b3)w* + B, - C. =0. (3.8)
Denoting z = w?, we can change (3.8) to
2+ (A2-2B,-b3)z+B,-C.=0=0, (3.9)

and the roots of (3.9) are

1 2
&= 5[4} -28,-83) = J(az -2, - 12)* a(B2 - )
Under condition (1) (or 2) of Theorem (3.1), we have
B,+Cy=A,>0.

Denote

2 2
Py=a2-28, -5~ (a1 - &) -8
n =4, n h = 1 1l2 +\|as+ 2l2 2

4 2
Q.=B,-C, = d1d2};_4 + (bod + azdy - 611612)’;—2 —(aas + axby + a1by).

Define

S = {n|Q,, <0,n € Ny},
Sz = {nlQu > 0,P, <0,P, —4(B;, - C;)Qu > 0,n € No},

Ss = {nQ,>0,P2 - 4(B. - C;)Q, < 0,n € No},
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and
+ E jk _ 0% Y.
Wy =V 2Zn, T =Tt —x (] € NO)’
“r (3.10)
0+ 1 (Anby + Cn)(a)y:lt)2 -B,C, ‘
W = —F arccos EERTIEEY
w;; C2? + b3 (o)

Lemma 3.1 Assume that (Hy) holds and the parameters satisfy the condition (1) (or 2) of
Theorem 3.1.

(1) For n €Sy, Eq. (3.3) has a pair of purely imaginary roots tiw}, at r,/f,j € Np.

(2) Forn€S,, Eq. (3.3) has two pairs of purely imaginary roots +iwF at rf;’i,j € No.

(3) Forn €Ss, Eq. (3.3) has no purely imaginary root.

Proof Equation (3.9) has a (two or no) positive root(s) z}, (or zF) whenn €S; (n € S, or
n € S3). Then statements (1), (2), and (3) are true. O

Lemma 3.2 Assume that (Hy) holds and the parameters satisfy condition (1) (or 2) of The-
orem 3.1. Then Re(%)lrzw >0 and Re(%)h:r/,_ <0forneS;US, andjeNy.

Proof Differentiating Eq. (3.3) with respect to 7, we obtain

- hd

da\ ! 20+ A, —bye?T 1
T (Cy = Aby)e T A

Then

dn\™! 2+ A, - bt 1
Re —_— = Re - -
dt r:r,l,‘,'i (Cn - )‘«bZ)e_}LT A r:r{,‘,'i

1 2 2 2 2
= |:Xa) (20 + A}, - 2B, - b3) it

1 2
- i[zwz\/(A}l -2B,-b3)" - 4(B2 - C'%)]”gi'

where A = w*b} + C2w? > 0. Therefore Re(%)lfﬂ/'* >0 and Re(%)h:t/,f <0. O

From (3.10) we have 0% < 74" (jeN). For n €S, US,, define 7, = min{t>*ort®* | ne

S1 USy}. By the preceding we obtain the following theorem.

Theorem 3.2 Assume that (Hy) holds and the parameters satisfy condition (1) (or 2) of
Theorem 3.1.

(1) (ut4, vs) is locally asymptotically stable for all T > 0 when S; US; = @.

(2) (ut4,vs) is locally asymptotically stable for T € [0,1,) when S; US, # @.

(3) Hopf bifurcation occurs at (u,v,) when t = rﬁf (r= r,/q"_),j eNg,neS;US,.

4 Property of Hopf bifurcation
Now, we will study the property of Hopf bifurcation by the method of [21, 22]. For a critical
value 7" (or t}”), we denoteitas 7. Let i(x, £) = u(x, T£) — 1, and ¥(x, £) = v(x, T£) - v,.. Then
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system (2.1) is (dropping the tilde)

il 5
= rldiAu+ (u+u)(1— (u+uy) - —(1+a(u+u:)+)'(’1+b(v+v*)))], 1)

v _ c(u(t=1)+uy)(v(E=1)+vy) V+Vy
8_‘; - T[dzAV + (Q+a(u(t=1)+ux)A+b(v(t=1)+vs)) d(V + V*) - e+q(v+v*)]'

Denote T = T + ¢ and U = (u(x,t),v(x, ). In the phase space %, := C([-1,0],X), (4.1) can
be rewritten as

% = IDAU() + L:(U,) + F(U,, ), (4.2)

where L.(¢) and F(g, ¢) are

Lig)=s ( 0191(0) — a2(0) ) ws)
—az2(0) + b1g1(=1) + baga(-1)
and
F(p,¢) = DA + Ls(p) + (9, €) (4.4)
with

flp.e) =G +e)(filw.e) folee)

filg,&) = (¢1(0) + 1) (1 - 1(0) — u, — AR )

(1 +a(p1(0) + u.))(1 + b(2(0) + v.))
—a191(0) + a2¢2(0),

D s u)@eD )
P = oD 7 )1 Bl 7wy~ 22O+ -

+azp2(0) — b1 (-1) — bypa(-1)

(,02(0) + Vi
e+q(e2(0) +vs)

for ¢ = (‘Ph(Pz)T € 6.
We know that A, := {iw,T,—iw,T} are characteristic roots of
dz(t) . _#H?
—— =—tD—2z(¢t) + L (z¢). 4.5
- 2l0) + Le(@) (4.5)
By the Riesz representation theorem there exists a 2 x 2 matrix function n"(s, 7) (-1 <s <
0) with elements of bounded variation functions such that

1’12 0
D" 0(0) + Lily) = / (s, T)e(s)
-1
for ¢ € C([-1,0],R?).
Choose
TE, s=0,
n"(s,7) =40, se (-1,0), (4.6)

—1F, s=-1,
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where
ay—d " a 0 O
E=(""7e ), F= . (4.7)
0 —-as — dz = bl b2

Define the bilinear paring

0 ps
W0 =000 - [ [ vie-aar s epeds
0
- 000)+7 [ wie s DR de (@.8)

for ¢ € C([-1,0],R?) and ¥ € C([0,1],R?); A(7) has a pair of simple purely imaginary
eigenvalues +iw, T, which are also eigenvalues of A*.
Define p;(0) = (1,¢)T e (s € [-1,0]) and ¢, (r) = (1, 9)e"**"(r € [0,1]), where

1 }12 e—ifa)n 1/12
;:—(al—dl——iw,,), = (al—d1—+ia)n>.

a) 2 bl 2

Let @ = (@1, P,) and T* = (1}, 15")T with

®1(s) = IM _ (Re(ei(fmrf) ) , Bo(s) = [M _ (Im(eicfmrf) )
Re(gelwnts) 2l Im(gela)nfs)

for 6 € [-1,0] and

ro() = DO @) _ (RRe(el’j:fg ) RN Ukt U ( (e )
e(Peiontr) 2i Im(e'ntr)

2
for r € [0, 1]. Then by (4.8) we can compute

Di:=(Y{,®1), Di:=(Y{,®), Di:=(7y,?1), Dj:=(1,P).

Define (Y%, ®) = (1}, &) = (gz gé) and construct a new basis 7" for P* by
3 74
=M1 = (o) T

Then (7', ®) = I,. In addition, define f, := (8}, B2), where

1 [cosTx 2 0
& ( 0 )’ & (cos%x'

We also define

c-fo :cllBi +c2,33 forc= (C1,Cz)T €6

Page9of 18
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and

1 154 1 I
(u,v) := —/ Uiy dx + —/ Us Vo dx
lT[ 0 l7T 0

for u= (ull uZ)’ V= (Vly VZ)! u,ve X’ and <(/)’f6> = (<(p’f61>’ (w’sz))T‘
Rewrite Eq. (4.1) in the abstract form

du(t
ﬂ =Afut +R(Ut, 8), (4!9)
de
where
O; 9 € [—1,0),
R(Ut, 8) = (4'10)
F(U;¢), 6=0.

The solution is

2

U= (xl)f,, + h(x1, %9, 8), (4.11)
x
where

X1 _
<x2) - (T’ <utr n))

and
h(x1,%0,€) € P56, h(0,0,0)=0,  Dh(0,0,0) = 0.

Then
U= [“O) £ 4 e, 20,0). (4.12)
x5(t)

Let z = x; — ixp and notice that p; = @, + i®,. Then

X2 2

e (xl>fy, = (®1,P,) <z(zT—z))f" = 1(]712 +P12)fu

and

z+7z i(z—2
Z i(z Z),0 .
2 2

h(x17x27 0) = h<—;

Equation (4.12) becomes

1 _ z+z i(z—2)
Ut=§(plz+p1z)f,,+h(7, 5 ,0)

= %(plz +p12)fu + W(z,2), (4.13)
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where

and

Let

W(z7) = h(iz iz - E),o)
2 ' 2

z=liw,Tz + g(z,2),

g(z2) = (11(0) - i5(0))(F(Uy, 0), £,).

z* 72
W(z,z) = Wzo? + Whizz + Woz; P
_ z? _ 7
g(Z,Z) :g205 + 2112z +g025 PR

Then

and

1 nx z? 2
u:(0) = E(z +2) COS(T) + WZ%)(O)E + Wﬁ)(O)zE+ Wéé)(O)E +e,

1 — z? z
v:(0) = 5({ + ;2)cos<?) + WZ%)(O)E + Wl(f)(O)zE+ W(g)(O)E +ee,

1, - 2
u(-1) = E(ze”‘””’ + Ee““”’) cos(n—lx) + Wz((l))(—l)%

2

+ W(-1)zz + Wgy(_l)E $oee,

1 i = o7 2
vi(=1) = E(g“ze"“’”r + ;“Ze“”"’)cos(lq—f) + W/z((z))(—l)%

=2
_ z
+ Wl(f)(—l)zz + Wég)(_l)f e,

— 1
F(U;,0) = ?Fl
= aluf(O) + aru (0)v(0) + 0{31/%(0) + a4u§’(0)

+ asu?(O)vt(O) + a6ut(0)v?(0) + a7v§(0) + 0(4),

1
F»(U,,0) = gf"z

= B1v(0) + Poutr (=1) + Baus(~1)ve(=1) + Bavi(=1) + B5v3(0)

+ B (—1) + Bru (= 1)ve(=1) + Bsu(~1)vi(=1) + Bovi(~1) + O(4),

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

Page 11 0f 18
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with
av,
o) = -
! (1 + auy,)3(1 + bv,)
bu,
as = ,
3 (1 +auy)(1 + bv,)3
a
as = ,
> (1 + auy)3(1 + bv,)?
bu,
oy =— ,
’ (1 + au,)(1 + bv,)*
P acv,
2T T A rau )31+ bvy)’
Bo= bcu,,
‘- (1 + au,)(1 + bv,)3’
B - acv,
®7 (1 +au) (1 +bvy)
fo = bc
7T v au)2(1 + byy)?
Hence

(2019) 2019:270

1
%2 = (1 +au)2(1 + bv,)?’
~ a*v,
%= (1 + au,)*(1 + bv,)’
b
ag = ,
6 (1 + auy)?(1 + bv,)?
__ 4
Pr= (e+qvy)?’
c
Ps= (1 + au,)2(1 + bv,)?’
2
___ 4
P e qn
g - ac
7T T A+ au)3(L+ bvy)?’
b2cu,
Bo

T 1+ auw)(1+bv)*

_ nx\ [z _ Z_
F1(U;,0) = cosz(—) (—Xzo +2Z)11 + 5)(20)

[ 2

[

2z nx 3 HX
T 5| X108 = 4 XacosT —= f oo,

_ nx\ [z _ Z_
Fy(Uy,0) = cos® (7) (3 S0 + 22611 + 3520)

2z nx 5 NX
* | s1cos o+ g8t — e,

/

/

(F(WL,0),£,) = T (F1(U, 0)f;) + Fo(Uy, 0)f7)

2 2 [+ 25
z° . - ~ Z.

=—=T X20 I' +zzt A1 1"+Z—t 520 F+Z—t 1 4o
2 520 S11 2 $20 2 K2

with
1 /‘l” 3 (n
I'=— cos
I 0
X1 /lﬂ 2(
K1 ="— cos
I 0
S1 /Zﬂ 2(
Ky = — cos
I 0

and

x®

) dx,

|

~| 3

~| 3

1
X20 = 5(061 + (o +asl)),

I
dx+£/ cos* i dx,
I 0 [
I
dx+2/ cost( ™) ax,
I 0 l

1 — _
X1 = 1(2(11 +2030¢ +aa( +0)),

(4.20)

(4.21)

(4.22)
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x1 = W(0)2a1 + a22) + W2(0) (g + 2a58)

+ WP (0) <a1 + %) + W5 (0) <O‘BE+ %)r
) B N _
X2 = 5(3% +as(L +28) + {26 + a6 +307¢)),

G20 = %6721’%”" (B2 + ¢ (B3 + (27" 1 + Pa)2),

1 _ _
S11 = 1(2/32 +2(B1 + Ba)CC + B5(C + 7)),
1= 2WE(0)B1¢ + Wi (0)B1C + e ™ W (=1)(2B2 + B3¢)

.= L c
+ e‘”w” Wfl(—l)(ﬂg + 2,34() + Eeltwn Wzlo(_l)(zﬁZ + ﬂ?’é‘)

1 .- _
+ e Wi (=1)(B3 + 2B40),

1 .. _ - _ _
Ga= e (3B + B7(¢ +28) + £ (3(7 Bs + Bo) L ¢ + Bs(2C +1))).
Denote

7100) - i75(0) := (y1 y2> .

Notice that

1

I
X
—/ cossn—dxzo, n=1,23,....
In 0 [

We have

(11(0) - iT>(0))(E(UL:, 0), f,)
2 22

z L . _ o
= E(V1X2o +12620) ' T +z2Z(y1 x11 + va1) ' T + §(V1Xzo + 2G0T

2’z .
+ TT[VIKI +yaka] oo (4.23)

Then by (4.15), (4.17), and (4.23) we have gyo = g11 = go2 =0 forn=1,2,3,.... If n = 0, then

we have
£20 = V1T X20 + Y27 6205 g =nTxX1 + Y2TS1, 802 = V1T X20 + Y2T G205

and for n € Ny, we have go; = T(y141 + Yak2).
From [21] we have

W(Z,E) = Wgozé + Wnéz + WHZ% + Wogﬁ +oey,
Z2 z
AfW(Z’z) = Az WZOE +A5W1122+A5W023 +---,

and

W(z,2) = A: W + H(z,2),
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where

Z2 Z
H(Z,E) :HZOE + W11ZE+H025 + -

= XoF(U;,0) — @ (Y, (XoF (U, 0), fu) - fu)- (4.24)
Hence we have
(2iw, T — Az) Wag = Hyy, -A: Wi = Hyy, (—2iw, T — Az) Woa = Hpa, (4.25)

that is,

Wao = Qiw,T —Az) " "Hy, Wi =-A7'Hy,
(4.26)
W = (=2iw,T — Az) " Hps.

Then

H(z,Z) = —@(0)Y (0)(F (U, 0). 1) - fi

_ _(p1(9) +p2(6) p1(6) —Pz(e)) (@m)

2 2 <1>2(0)) (U 0LLo]-

= —%[Pl(Q)(dal(O) — i®5(0)) + p2(0)(1(0) + iD2(0)) [(F (U1, 0), ) - f

1 .z _ 3
=3 [(Pl(g)gzo +I92(9)g02)5 + (p1(0)gn1 + p2(0)g,,)2Z
2
+ (P1(9)goz +P2(9)§zo)§] e
Therefore
Hono6) 0, neN,
20(0) =
—1(010)g20 + P2(0)g0) - for n =0,
H (9) 0’ ne N,
1) =
—1(p10)g11 + p2(0)g11) fo, n=0,
Hon®) 0, neN,
02(0) =
~2(010)g02 + P2(0)gn0) - for n=0,
and

H(z,2)(0) = F(U,,0) - @ (7, (F(U,0). /) -
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where
Hy(0) = f(g‘?) cos”(°7), nel,
7(12) - 1(p10)ga0 + 2(0Z0o) - for 1=0, .
Hu1(0) = f(gll)cosz(%), neN,
T(50) - 3(p1(0)gu + p2(0)gyy) fo, m=0.

By the definition of A; and (4.25) we have

. L. 1 _
Wao = Az Wao = 2iw, T Wao + 5(191(9)g20 +p2(0)8yy) fu» —1<6<0,
that is,

Wao(0) = i

& Qiwn 70
9 s 9 * E " ’
Diwn 7 <g20191( )+ 3 pa )) fu+Ee

where

Wa0(0), n=1,23,...,
Wao(0) - 5= (@001 (6) + %2 (0)) - fo, n=0.

| =
By the definition of A; and (4.25) we have, for -1 <6 <0,

—(gmpl(m . %m(m) o + i, FEr — A: (L <g20p1 0) + iﬂm(m) ~fo)

2w,T

i g -
—A:E1 - L: <—~ (g20p1(0) + @Pz(o)) St Elez”"”“’>
2w,T 3

=% <X20> B %(PI(O)gzo +p2(00800) - o-

Azp1(0) + Lz (p1 - fo) = iwop1(0) - fo
and
Azpa(0) + Lz (p2 - fo) = —iwop2(0) - fo,

we have

. nx
iw,Ey — A:Ey — L:Eye®n = 7 [ X2 cos2<—>, ne Ny,
G20 [

that is,

Ei=7E X20 cosz(ﬂ),
G20 l
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where
.- 2 -1
E 2iw,T + d; ’;—2 —a as
= I . - 2 o =
—bye2ient 2iw,T +dy "y + a3 —bae ZionT

Similarly, from (4.26) we have

. i _
W = m(lﬂl(g)gn +p20)gny) - fur —1<6<0,

that is,

Wi (0) = (p1(0)g,, - p1(0)gn1) + Ea.

i
2iw,T

Similarly, we have
E,=7TE" A cosz(@),
S11 l
where
n? -1
B = dl Z " ay rap
= ) .
—bl d27—2 - bz + ds

Thus we have:

i

c1(0) = |g02|2> 1 __ Re(ci(0))

2
(g20g11—2|g11| i 58 Wy = Re()\/(r,’;))’

2w,T
(4.28)

Ty = — 1 —[Im(c1(0)) + &2 Im(X'(7)))], B2 = 2Re(c1(0)).

w,T

Theorem 4.1 For any critical value rﬁf (or r,é’_), the bifurcating periodic solutions exist

forz > t,’{i (ort< r,';'i) when [y > 0 (or g < 0) and are orbitally asymptotically stable (or

unstable) when B, < 0 (or By > 0).

5 Numerical simulations
To verify our theoretical results, we give some numerical simulations. Fix the following
parameters

a=04, b=05 ¢=2, d=01, e=2,
(5.1)
q=8,  dy=01, dy=02,  [=2.

Then (u,,v.) = (0.1606, 1.6143) is a unique coexisting equilibrium. Hypothesis (Hy) is sat-
isfied, and the parameters are in Case 1. By calculation we have 7, = 75 & 2.3471. By The-
orem 3.1 we have that (u,,v,) is stable when 7 € [0, 7,), which is shown in Fig. 1; 7 = 7,
is the critical value. When t crosses it, the stability of (i, v.) changes, and bifurcating
solution occurs. By calculation we have

Mo ~22.1033 >0, P2~ -5.1222<0, and 7T,~10.1370<0.
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u(x,t) v(x,t)

Figure 1 When 1t =2, (0.1606, 1.6143) is asymptotically stable

u(x,t) v(x.t)

0.4 W

0.3+
0.2

0.1+

0-
2000 -

Figure 2 When 7 =25, (0.1606, 1.6143) is is unstable, and stable bifurcating periodic solutions appear

Hence the locally asymptotically stable bifurcating periodic solutions appears for 7 >
2.3471, which is shown in Fig. 2.

6 Conclusion

We have studied the impact of delay on the dynamics of a diffusive predator—prey model.
In this model the functional response is of Crowley—Martin type, and the harvesting of
predator is modeled by Michaelis—Menten-type harvesting. We give a sufficient condi-
tion (2.4) for coexisting equilibrium to exist. When time delay t = 0, the stability of coex-
isting equilibrium is investigated, and the conditions for stability and Turing instability are
given in Theorem 3.1. When time delay 7 increases, it can affect the stability of coexisting
equilibrium and induce Hopf bifurcation. In addition, the property of Hopf bifurcation is
considered, including the direction and stability of bifurcating period solutions. Our re-
sults suggest that diffusion and time delay are two factors that should be considered in
establishing the predator—prey model, since they can induce the Turing instability and
spatially bifurcating period solutions.
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