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1 Introduction

In many areas of mathematics, convex functions play an important role. In the study of
optimization problems, they are particularly important where they are distinguished by
a number of convenient properties. For example, there is no more than one minimum
for a (strictly) convex function on an open set. Even in infinite-dimensional spaces, con-
vex functions remain in place under suitable additional hypotheses. Fractional integral
inequalities established by means of (quasi)convexity have been a subject of immense in-
vestigation in recent times. In this paper, it is our objective to contribute to this subject
area.

Let ® C R be an interval. We start by collecting the following preliminaries:

Definition 1 A function £ :® — R is called convex on D if
K(rx+ (1 -1)y) <tKx) + (1 -1)K(y)
forallx,y € ® and 7 € [0, 1].

Thanks to the following fractional integral operators introduced by Raina [10] and Agar-
waletal. [1]:if IC € L([«, B]), p, A > 0,and o : NU{0} — (0, o0) is a bounded sequence, then

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13662-019-2204-3
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2204-3&domain=pdf
mailto:enwaeze@tuskegee.edu

Nwaeze Advances in Difference Equations (2019) 2019:262 Page2of 11

we define

(39 100 /C) () 1= / @175, [0 - 1) |K(r)dr (x> >0) 1)
and

B

(3;,1,57;&)’@ (%) := / (t—x)*! o [a)(r —x)p]/C(T) dr (0<x<p), 2)

where
N P PR =S /) B
o) =3, (%) = ; 71.,(1.10 N )L)x]- (3)

Set et al. [11] obtained, among other things, the following three consequences of their
main results for the class of convex functions.

Theorem 2 ([11]) Let o, B,w € R with « < 8, and p, A > 0. Suppose that K : [a, B] - R is
a twice differentiable function on (o, B) and K" € L([«, B]). If, in addition, |K"| is convex
on [a, B, then the following inequality for generalized fractional integrals holds:

K K 1
Spanlotp-ar SO 0, )@+ ()

N2
< P s 1ol8 - (K @) + K (8)

), (4)

where

A+jp

o1,1(7) = UV)[m

:|, jeNU{0}.

Theorem 3 ([11]) Let o, B,w € R with a < 8, and p, A > 0. Suppose that K : [a, 8] = R is
a twice differentiable function on («, B), K" € L([a, B), and p > 1 with 1/p + 1/q = 1. If, in
addition, |K"|1 is convex on [, 8], then the following inequality for generalized fractional
integrals holds:

K(a) + K(B) 1

S;,Ml[a)(ﬂ - a),o] 2 - 2([3 _ Ol))‘ [(Sg,k,ﬂ’;wlc) (O[) + (C‘Z,k,a*;w’(:)(ﬂ)]
—a)? K 941K q %
<0 za) SZ?M[iwuﬂ—a)”][' @) ;' 2 ] , (5)

where

1 1 »
o2l)) = 260)[/\ +J’pB<f++J’p'p * 1)] » JeNU0)

and B(-,-) is the Euler beta function defined as follows:

1
Blx,y) = / 1= 1Pl de, xy50.
0
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Theorem 4 ([11]) Letw, B,w € Rwitha < B, and p, A > 0. Suppose that K : [a, 8] — Risa
twice differentiable function on (o, B) and K" € L([o, B]). If, in addition, |K" |1 is a convex
function on a, B] for g > 1, then the following inequality for generalized fractional integrals

holds:
K K 1
gg,k,rl[w(ﬁ _a)p] (O‘)‘Z* B - SGaT [( 30w K)(a) + ( Z,A,a*;w’c)(ﬁ)]
< (5 —20l) stlﬂ[' |(/3 a)p] (6)
where, for each j € NU {0},
)=o) A+jp -7
7 =00 [2(x+;‘p +2>]
g g )
(A +jp)(- +jp +5) N VA
i (6(% o206 4p 23 @ 55,15 P) ) ]

Remark5 ltis easy to verify that 37 , ... ,Kand 39, s- K are bounded integral operators.
In addition, if w = 0 and ¢ (0) = 1, then (1) and (2) reduce to the left- and right- Riemann—
Liouville fractional integral operators, respectively. That is,

(o)) = (12257 K) ) = 55 / x— (D) dr = T K )

and

(3% p-0K) () = (~;i yu 272 K) () = / (r -2 K(1) dr = Ty K(),

()
where the gamma function I'(1) = [~ e™"v*"! dv.
The class of convex functions has been generalized as follows.
Definition 6 A function K :® — R is called quasiconvex on ® if
K(rx+ (1 -1)y) <max{K(x), L(»)}
forallx,y € ® and 7 € [0, 1].

Recently, Gordji et al. further generalized the class of quasiconvex functions in the fol-

lowing manner.

Definition 7 ([4]) A function KC:® — R is called n-quasiconvex on ® with respect to
n:RxR—Rif

lC(rx +(1- r)y) < max{lC(y),lC(y) + n(lC(x), IC()/))}

forallx,y € © and 7 € [0,1].
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Some inequalities via 1-(quasi)convex functions can be found in [3-5, 9].

Remark 8 We summarize Definitions 1, 6, and 7 as follows:

n-quasiconvexity = quasiconvexity <= convexity.
[with n(x,y)=x—y] ~

To see that quasiconvexity does not always imply convexity, consider the following exam-
ple: let K : [-2,2] — R be defined by

1; Ve [_21 —1],
K®W):= )
v4, ve(-12].

The function K is quasiconvex on [-2,2] but not convex on [-2,2].

Theorems 2, 3, and 4 cannot be applied to functions whose second derivatives in abso-
lute value, raise to some powers, are not convex. For this reason, it is our primary objective
in this paper to extend Theorems 2, 3, and 4 to a more general class of functions—the class
of n-quasiconvex functions. More precisely, we obtain inequalities akin to (4), (5), and (6)
in the case when K : [o, 8] — R is twice differentiable on (¢, 8) and |[K”| or |K"|7,q > 1
is n-quasiconvex on [w, B]. By taking the bifunction n(x,y) = x — y, our results boil down
to inequalities of the Hermite—Hadamard type for functions whose second derivatives in
absolute value are quasiconvex (see Remarks 12, 15, and 18 of Sect. 2).

This article is organized in the following manner: Sect. 2 contains the main results and
the proofs. In Sect. 3, we apply our results to some special means.

2 Main results
The following lemma will be useful in the proofs of our main results:

Lemma9 ([11]) Let o, 8,0 € Rwitha < B8, and p, ) >0.IfK : [o, B] — R is a twice differ-
entiable function on («, B) and K" € L([«, B]), then the following equality for generalized
fractional integrals holds:

K K 1
;,,\+1[w(ﬂ - O‘)p] (‘X) ; ('B) - 2(/3 _ 0{))‘ [(JZ,%ﬁ‘;wK)(a) + (3(;,)»,!1*;1016) ('3)]

2 pl
- [ ol ) 7157 ol -]

X (IC”(ra+(1—r)ﬂ) +IC”(rﬁ+(1—r)a))}dt. )

For the sake of convenience, we will make use of the following notations: for g > 1,

denote
MG (||, n) = max{|K"(B)[, [K"(B)|" + n(|K"@)|", [K"(B)]") }

and

q

’

q

)

Ng(vc//

1) := max{| K" (@)

K"(@)|*+n(|K"(8)

]C//((X)|q)}.



Nwaeze Advances in Difference Equations (2019) 2019:262 Page 5of 11

We now state and justify our first result.

Theorem 10 Leto, 8,w € Rwitha < B,and p, ) > 0.Suppose that K : [a, 8] — Risatwice
differentiable function on («, 8) and K" € L([«, B]). If, in addition, |K"| is n-quasiconvex
on [a, B, then the following inequality for generalized fractional integrals holds:

K K 1
Spanlotp-ar 1S (0, )@+ (6]

(B-a)’ = a()(+jp)
= 4 ZF(jp+A+3)

Jj=0

V(B -y [ME(|K”

) + Ng(}lC”

)]

Proof Using the n-quasiconvexity of || on [, 8], we obtain

K" (za + (1= 1)B)| < ME(|K"|,n) 8)
and

K" (B +(1-1)a)| <NE(|K"|,m) )
for T € [0,1].

Now applying Lemma 9, inequalities (8)—(9), and relation (3), one obtains

K(a) + K(B) 1
2 28—

Sz,)ﬁrl [w(ﬁ - a),o]

ot))‘ [(Sz,k,ﬂ’;wlc) (Ot) + (Jz,k,a*;w’C) (ﬁ)]

N2 pl
= 6 201) f {\f%Z,m[w(ﬁ—a)p] - Z,A+2[w(ﬂ ‘“)pfp”
0

x [K'(ta+(1-1)B) + K" (zB + (1 - 1)) |} dt

(B-a)
2

1
3 /0{
X |lC”(ta +(1-7)B)+K"(p+(1 —r)a)!} dt
B-a) [!
e /0{

X ’lC”(ta +(1- r)ﬁ) +K"(tp+(1 - r)a)|} dt

=

nd O(]) P i > U(/) j ip_jp+Ai+l
; T'(ip+Ar+ 2)w’(/3 -~ - ; I'(jp + A +2)w’(/3 i

= i)
,‘:Zomwl(ﬂ_“)m[t—fw ]

B-aP S oG)
=7 gr(jmmz)'w'](ﬂ_ayp

1
X / |t =P [|K (ra + 1 =1)B) | + |K" (B + (1 - 7)) |] d
0

(B-a) ¢ ()
= 2 ZF(jp+k+2)

j=0

ol (B - a)f
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1
[ e o) + N2 )t
0
A ) | :
) ;:F(ip+/\+2)|wl’(ﬂ—a)’p

x [MG (K| m) + NE (K7

] [ (e

_(B-a § o +jp)

e voTaaB (| g 801
4 1“(/’;0+)\+3)|w|}(l3 @ [Ma (|| m) + Na (X

)]s

j=0

since

1 ) A .
/ (t - ) dr = i
0 2 +jp +2)

Hence, the intended inequality is obtained. g

Corollary 11 Let o, € R with a < B8, and A > 0. Suppose that K : [o, B] — R is a twice
differentiable function on («, 8) and K" € L([«, B]). If, in addition, |K"| is n-quasiconvex
on [w, B, then the following inequality for fractional integrals holds:

K@)+ KB) I'(h+1)

2 2f-ay
(B—a)*x

T A+ 1)(A +2)

[T5-K(a) + T5-K(@)]

[ME (17

) + NG (|K”

)] (10)

Proof By taking ¢ (0) = 1 and w = 0, one observes that

1

Q“Mw_quru+n’

(3(;,/\,;3—@’0 (o) = jﬂk-/C(a),
and
(35 00 K) (B) = T2 K(B).
Now, using Theorem 10, we arrive at the intended inequality. 0

Remark 12 By setting the bifunction n(x,y) = x — y, the inequality in (10) boils down to

Kla)+KB) I(h+1)

2 2(B-a)
(B—a)’A

T2+ 1)(A+2)

[T K@) + TEKB))]

max{ |IC”(01)

K (8)]). (11)

’

Theorem 13 Let o, 8,w € R with o < B, and p, A > 0. Suppose that K : [a,8] > R isa
twice differentiable function on (a, B), K" € L([o, B]), and p > 1 with 1/p + 1/q = 1. If; in
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addition, |K"|1 is n-quasiconvex on [«, B], then the following inequality for generalized
fractional integrals holds:

K(a) + K(B8) 1
2 28—«

B-2)*— () 4 T p+1 ’
=T ,.zzoF(fp+A+2)'”'I(ﬂ’“yp[mmg(mm’p*lﬂ

3’2,)&1[@(,3 - a)p] )A [(Jz,k,ﬂ‘;wlc) (o) + (3;,x,a+;wic)(ﬂ)]‘

“m)l,

< [(ME(K"%n)) 7 + (N2 (K7

where B(-,-) is the Euler beta function.

Proof We start by first observing that if one lets u = T**/*, one gets

1 ) 1 1 p+l 1
/ rp(l—r““’)p dr = - / uhie (1 — u) Pl gy
0 A+jp Jo
1 1
- (2,1 (12)
3 V4
+jp \A+jp

Employing Lemma 9 and mimicking the idea from the proof of Theorem 10, we get

K(a) + K(B) 1
2 - 2(8 - a)* [(

Z,Ml [a)(:B - a)p] 3‘;,%5*;&)’0 (0[) + (ﬁg,k,a*;wlc) ('3)]

(B-a) < o (j) ; ;
=T ;F(jp+k+2)|w|l(ﬁ_a)}p

1
X / |t = P [|K (ta + (1 = 1)B) | + |[K" (B + (1 - 7)) |] d. (13)
0

Using Holder’s inequality, the n-quasiconvexity of || on [, 8], and (12), one has

/1"6 - rj““ly[VC"(ra +(1- r),B)| + ’/C//(Tﬂ +(1- r)a)‘]dr
0

< [/Ol(t - rj‘)”*l)pdt:r [(/OlyK’/(ta +(1 —r)ﬁ)|th)q
+ (/1’/(:”(1',3 +(1 —r)a)‘th)q]
0

< [ / (- ey dfr [(ME (K"

Q-

+ (NE(IK[% ) 7]

"))

1
_ 1 b+ 1 b B s 1 B s i
S 7L bee 2a ] I (AU ERY A (0 ) T
Combining (13) and (14) gives the desired result. O

Substituting o(0) = 1 and w = 0 in Theorem 13, we derive the following corollary.
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Corollary 14 Let o, 8 € R with a < B, and A > 0. Suppose that K : [a, B] — R is a twice
differentiable function on («, B), K" € L([a, B]), and p > 1 with 1/p + 1/q = 1. If, in addition,
|KC"11 is n-quasiconvex on [, B, then the following inequality for fractional integrals holds:

’IC(O[) +KB) T(A+1)
2 2f-ay

(ﬂ—Ol)2 1 p+1 }7 11
S2(A+1) [XB< A ’P+1>] [(vz (1K

where B(-,-) is the Euler beta function.

[T5-K(e) + JQJC(/S)]‘

L)t (NA(K[m)T] )

Remark 15 1If the bifunction n(x, y) = x — y, then (15) becomes

‘K(a) +KB) TCA+1)
2 2B-a)

(B-)?[1 1 ’ ,
< /S)L+Oi [XB<‘D; ,p+1>] (max{|/C (o)

Theorem 16 Let o, 8,w € R with o < B, and p, A > 0. Suppose that K : (o, 8] > R isa
twice differentiable function on (o, B) and K" € L([«, B]). If, in addition, |K"|? is an n-
quasiconvex function on [«, 8] for q > 1, then the following inequality for generalized frac-

[77-Ka) + J;x(ﬁ)]‘

q

’

K'(p)|"))1. (16)

tional integrals holds:

K(a) + K(B) 1

S;,Ml[a)(ﬂ - a)p] 2 - 2([3 _ Ol))‘ [(3:,%/‘3’;w’c) (O[) + (Sz,k,a*;wlc)(ﬂ)]
( - )2 = )()‘ j ) j i 11 1 11 1
< Tl =P IO )+ (N )

Proof Utilizing Lemma 9, the n-quasiconvexity of |[K”|? on [«, 8], and the power mean
inequality, the following inequalities are established:

K K 1
S;Ml[a’(ﬁ - a)p] (05) ; (IB) - 2(5 _ Ot)l [(Jg,lﬂ’;w’c) (Ol) + (Jg,ha*;wlc)(ﬁ)]
B-0 6l e
== /ZO Fiprass) BV

1
x / |r - rjp+’\+1|[|lC’/(toc +(1- T),3)| + |IC”(I,3 +(1- r)a)|]dr
0

B o)
-T2 ],:ZOF(jpﬂuz)'w'l(ﬂ_“)]p

1
X / (r =" N[K" (ra + A =1)B)| +|K"(tB + (1 - 1)) |] d
0

(B-0) < a())
= 2 ZF(jp+A+2)

j=0

/(B - a)?

‘ [ /0 oo r/‘”“l)dr]l_% [( fo (= o) (1 r),3)|qd1'> '



Nwaeze Advances in Difference Equations (2019) 2019:262

1

|

1
+ (/ (‘L’ - Ij”””)UC”(rﬂ +(1- ‘L')Ol)|qd‘f>
0

B-a S o) A B
=T ;):F(/',o+A+2)|w|}(ﬂ_a)]p|:2(k+j,o+2)]

x[(ARFJWMgMymv%mqu
+<A71_ﬂmMgNauquyh>ﬂ

B0 S o)) |
B ZF(jp+A+3)|w|l(ﬂ_a)]p

Jj=0

< [(ME(K"[% )7 + (NE(K"[%0)) 7). =

Proceeding in a similar fashion, we get from Theorem 16 the succeeding drop out.

Corollary 17 Letw, B € Rwitha < B,and A > 0. Suppose that K : [«, B] — R is a twice dif-
ferentiable function on (o, B) and K" € L([«, B). If; in addition, |K"|1 is an n-quasiconvex
function on [, B] for g > 1, then the following inequality for fractional integrals holds:

‘K(a) +K(B) TA+1)

2 2-a)
(B—a)’r

T4+ 1)(A+2)

[@Kmhmmm\

[(ME(IK" |7 m)) T + (NE(IK”[%m)) 7] 17)

Remark 18 From Corollary 17, one gets

IIC(a) +KB) I'(h+1)
2 2B -a)

(,3 _01)2)L 1
< m(max{UC (@)

[@Kmhmmm\

q

’

K'(B)|"})7. (18)

3 Applications to special means
We now apply inequalities (11), (16), and (18) to the following special means of distinct
real numbers:

1. Arithmetic mean:

u+v

Au,v) =
2. Geometric mean:
G(u,v) = Juv, u,v>0.

3. Harmonic mean:

2uy

H(u,v) = .
u+v

Page9of 11
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4. Logarithmic mean:

-V
L(u,v) = ui, lul #|v|, and u,v #0.
In|u| —In|v|

5. Generalized logarithmic mean:

m+1 _um+1 %
_ |, eN.
(m + 1)(V—M):| "

L(u,v) = |:

6. Identric mean:

1
1/v\v=
I(M, V) = g(ﬁ) .

Proposition 19 Suppose u,v € R with u <v and m > 2. Then the following inequality
holds:

(v —u)?

|.A(u ,V )—ﬂm(u,v)|§ B

) max{|u|">, [v|"2}.

Proof Let K(x) = x™. In this case, | K" (x)| = m(m — 1)|x|""~2 which is quasiconvex on [u, v].
Now applying inequality (11), with A = 1, to the function /C, the desired result is estab-
lished. O

Proposition 20 Suppose u,v € R with 0 < u < v. Then the following inequality holds:

_ 2
’.A(u, v) - L(u, v)‘ < w max{u, v}.

Proof The result follows by applying (11) to the function K(x) = ¢* with A = 1. Since the

function |K"(x)| = €* is convex for all x € R, it is also quasiconvex. O

Proposition 21 Suppose u,v € R, 0<u < v, and q > 1 with }7 + = = 1. Then the following

1
q
inequality holds:

)y L 1 1)\
|lng(u,v)—1nI(u,v)| < v 2u) [B(p+1,p+ 1)]”<max{ﬁ,ﬁ}) .

Proof Set A =1 in inequality (16) and take [C(x) = Inx. O

Proposition 22 Suppose u,v € R with 0 < u < v and q > 1. Then the following inequality
holds:

—u)? q q %
et 52 fml (3 )]

Proof The intended inequality is obtained by taking A = 1 in (18) and using the function
Kx) =1. O
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4 Conclusion

The main contribution of this paper is to establish new inequalities of the Hermite—
Hadamard kind for functions with second derivatives, involving generalized Riemann—
Liouville fractional integrals introduced by Raina [10] and Agarwal et al. [1], via n-
quasiconvexity. Applications to some special means are also provided. By taking w = 0
and o (0) = 1, we extend some already known theorems to a larger class. To the best of
our knowledge, the results obtained herein are novel, and we hope that they would trigger
further interest in this direction. For more recent results around n-(quasi)convexity, we
refer the interested reader to [2, 6-8].
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