Wang et al. Advances in Difference Equations (2019) 2019:259 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-019-2188-z a SpringerOpen Journal

RESEARCH Open Access
()]

(w, c¢)-Periodic solutions for time varying
impulsive differential equations

Jin Rong Wang'”"®, Lulu Ren' and Yong Zhou**

“Correspondence:
Wjr9668@126.com Abstract
' Department of Mathematics,

Guizhou University, Guiyang, China In this paper, we study a class of (w, ¢)-periodic time varying impulsive differential

?School of Mathematical Sciences, equations and establish the existence and uniqueness results for (w, ¢)-periodic

Qufu Normal University, Qufu, China solutions of homogeneous problem as well as nonhomogeneous problem.

Full list of author information is

available at the end of the article Keywords: (w, c)-periodic solutions; Impulsive differential equation; Existence and
unigueness

1 Introduction

It is well known that the concept of (w, ¢)-periodic functions is the same of “affine-periodic
functions” or “periodic of second kind’; which were introduced by Floquet [1] and have
been studied in the past decades. Recently, Alvarez et al. [2] introduced a new concept of
(w, ¢)-periodic function by considering Mathieu’s equation z” + [« — 28 cos(2t)]z = 0, and
its solution satisfies z(t + w) = cz(t), ¢ € C. Clearly, (v, ¢)-periodic functions become the
standard w-periodic functions when ¢ = 1 and w-antiperiodic functions when ¢ = —1. For
these particular cases, we refer readers to [3—6].

Meanwhile, Alvarez et al. [7] transferred the same idea to study (N, 1)-periodic discrete
functions and established the existence and uniqueness of (N, 1)-periodic solutions to a
class of Volterra difference equations with infinite delay. Next, Agaoglou et al. [8] applied
the concept of (, ¢)-periodic to semilinear evolution equations in complex Banach spaces
and studied its existence and uniqueness of (w, ¢)-periodic solutions. Li et al. [9] trans-
ferred the similar idea to consider (w, ¢)-periodic solutions impulsive differential systems.

Although, Floquet [1] studied a homogenous linear periodic system x'(¢) = A(£)x(¢) with
A(t + w) = A(t), t € R, there are quite few analogous results to Floquet’s theory for (o, c)-
periodic systems with impulse. Motivated by [1, 2, 8, 9], we consider the following time

varying impulsive differential equation:

® () =alt)x(t) +f(t,x(), t#t,ieN={1,2,...},
Ax|i—y; = x(t]) = %(8) = bix(£]) + ci,

(1)

where a € C(R,R), f € C(R x R,R), b;,¢; € R, and ¢; < t;,1, i € N. The symbols x(¢]) and
x(t;) represent the right and left limits of x(¢) at £ = ¢;.

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13662-019-2188-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2188-z&domain=pdf
http://orcid.org/0000-0002-6642-1946
mailto:wjr9668@126.com

Wang et al. Advances in Difference Equations (2019) 2019:259 Page 2 of 9

The main purpose of this paper is to derive existence and uniqueness results for (v, ¢)-
periodic solutions of nonhomogeneous linear problem as well as homogeneous linear
problem.

2 Preliminaries
We introduce a Banach space PC(R,R) = {x : R - R : x € C((t;,ti1], R), and x(t]) =
x(t;), x(t]) exists Vi € N} endowed with the norm ||x|| = sup,p [x(2)|.

Lemma 2.1 (See [10, p.9]) Suppose that f € C(R,R). A solution x € PC(R, R) of the follow-
ing nonhomogeneous linear impulsive equation

(@) =al)x@)+f(t), tFt,ieN,

Ax|s—y; = bix(7) + ¢, (2)
x(t()) = xt(p
is given by
t
x(t) = W (¢, to)x(to) +/ W (¢, s)f(s)ds + Z Wit t)c, t=>to, (3)
b to<ti<t

where (see [10, p.8])

't
Wit to) =0 TT (+b), =10

to<t;<t

Lemma 2.2 Forany t,ty € R, v € R\ {t;}ien, and t > T > £y, we have
W(tr tO) = W(t; T)W(T,t0)~ (4')
Proof Since t ¢ {¢;}icn, we derive

Wit to) = o™ TT (1+5)

to<t;<t

_ (eftga(s)ds 1_[ a +bi))efrza(s)ds 1_[ (1+b;)

to<ti<t T<t;<t

- (efzé ¢ TT a +b,-))e/¥ﬂ<5>ds [Ta+8)=wWe W, 0)

to<ti<t T<ti<t

O

Definition 2.3 (See [2]) Let c € R\ {0} and w > 0. A function f : R — R is said to be
(w, c)-periodic if f(t + w) = ¢f(¢) for all £ € R.

Lemma 2.4 (See [8, Lemma 2.2]) Set ¥, := {x: x € PC(R,R) and cx(-) = x(- + w)}. Let
x € W, that is, x is a piecewise continuous and (v, ¢)-periodic function. Then x € ¥, is

equivalent to

x(w) = cx(0). (5)



Wang et al. Advances in Difference Equations (2019) 2019:259 Page 3 of 9

Lemma 2.5 Assume that the following conditions hold:
(A1) a(') is w-periodic, i.e., a(t + w) = a(t), Vt € R.
(Ay) Setty=0andt; <ty,i€N. There exists N € N such that ti.n = t; + w, bi.n = b;,
and ci.N = ¢;, Vi € N,

Then the following homogeneous linear impulsive equation

x'(t) = a(t)x(t), tHt,ieN,
AX|p=g; = bix(t]), (6)

x(o) = X0,
has a solution x € ¥, if and only if xo(c — W(w,0)) = 0.

Proof The solution x € PC(R, R) of (6) is given by

t
x(t) = % W(t,0) = x0e/0 “* TT (L + ), ¢=0.

O<ti<t

If there exists t; € (0,£) such that 1 + b; = 0, obviously, x(t + @) = cx(¢) = 0, and the result
holds.
If 1+b;#0,Vt; € (0,t) and £ € [0,00) \ {£;}ien, we derive

Mevo)=cx(t) = xeh O TT (1+b) = cxoel @ TT(1+b)

O<ti<t+w O<t;<t

t+w
= xoel b l_[ (1+b;) = cxg

t<ti<t+w

=) <c el a9 ds 1_[ 1+ bi)) =0

t<ti<t+w

X0 <c — el a9ds 1_[ 1+ bi)) =0

O<ti<w

— xo(c-W(®,0))=0.

|

In addition, since x(t;) = x(¢;), we obtain x(t; + w) = cx(t;). (N

3 Main results
We consider the (w, ¢)-periodic solutions of the following nonhomogeneous linear prob-

lem:

x'(t) =at)x(t) +f(t), t#t,ieN,
Ax|s-s, = bix(£7) + ¢, (7)

x(o) = X0,

where f € C(R,R) and f is (w, ¢)-periodic. We give the following assumption:
(43) ¢# W(w,0).
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Lemma 3.1 Assumethat (A1), (A,),and (A3) hold. Then the solutionx € T := PC([0, w],

of (7) satisfying (5) is given by

R)

© N
x(t) = / F(t,)f (s)ds + Y _ F(t,t;)cs (8)
0 i=1
where
_ -1
Flts) - Ic(c W(w,0)) ' W(t,s), 0<s<t, ©)
W (t,0)(c— W(w,0) ' W(w,s), t<s<o.

Proof The solution x € T" of (7) is given by

x(£) = tO)xo+f Wt s)f(s)ds+ Y Wt t)c. (10)

O<t;<t

Thus x(w) = W(w, 0)x + fow W(w,s)f(s)ds + Z(miw W (w, t;)c; = cxo, which is equivalent

to xp = (¢ — W(w,0))(f;” W(w,s)f (s)ds + > octic W, ti)c;) due to ¢ 7 W(w,0).
Then we have

x(8) = W(t,0)(c - W(w,0) ( / W(w,s)f (s)ds+ » W(a),t)c,)

O<ti<w

f Wt s)f(s)ds+ Yy Wt t)e:=1+1,

O<t;<t

where

I := W(t,0)(c - W(w, 0))_1 /‘” W(w,s)f(s)ds + /t W (t,s)f (s) ds,

L:=W(t0)(c— W(w,0))” Z W(w,t)ei+ Yy Wit t)c:.

O<ti<w O<t;<t

Ift € [0,w] \ {t1,..., txn}, by (4) and condition (43), we derive

L = W(t,0)(c- W(w, 0))‘1 / t W (w, t)W (t,5)f (s)ds + /0 t W (t,s)f (s)ds
4 W(E,0)(c - Wi(w,0)” f W, 5)f(5)
= (W(w,0)(c-W / W (t,s)f (s)
+ /t v W(t,0)(c - W(w, o))‘ W (w,s)f (s)ds
—c /0 t(c - W(,0)) " W(t,5)f (s)ds + /t “wi, 0)(c— W(w,0)) ™ W(w,s)f(s)ds

= /w E(t,s)f (s)ds,

0
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and

L=W(t0)(c- Ww0) " > Ww)W(tt)+ Y. WLt

O<t;<t O<t;<t

+ W(t,0)(c— W(w,0))” Zth

t<ti<w

(W(,0)(c- W(w,0) " +1)) Y Wt t)e

O<ti<t

+ W(t,0)(c— W(w,0))” Z W(w, t)c:

t<ti<w

¢ Y (c-W(@,0) " Witt)ei+ Y W(E0)(c- W(w,0)” Wiw, ti)e;

O<tj<t t<ti<w

Z F(t, t;)c;

O<ti<w

N
= Z F(t, ti)C,'.
i=1

Thus we get (8). Since x(t;) = x(¢;), we can also get the same result for ¢ € {¢,...,ty}. O

Lemma 3.2 Let a := maxc(o,){a(t)} and b:= maxi<;<n{|1 + b;|}. Then, for any t € [0,w],

we have

l(c — W(w,0))" e®wbN(|c| +1), a>0,

/w|F(t,s)|ds§P;z = .
0 [(c — W(w,0)) " wbN(|c| + 1), a<o.

Proof Using (9), we derive

f |F(ts)|ds<‘(c— a)O (/ |ths)|ds+/ ‘WtO)Wa)s|ds>
< |(c—W(w,o))‘1|(|c|/ els av)dr ]_[ 11+ b;| ds
0

s<ti<t

w
+ / elo + [)amydx 1_[ 1+ b ds).
t

O<tj<tUs<ti<w

Ifa >0, we get
/ |F(t,s)’ ds < ‘(c— W(w, O))71|e‘~’“’w1~9N(|c| + 1).
0
Ifa <0, we get

/w|F(t,s)| ds < |(c— W(,0)) " [0b"(lc| +1).
0

The proof is finished. g
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Lemma 3.3 Forany t € [0,w], we have

i\m t)e| < Qai= l(c = W(@,0) (el + D)ebN YN |ail >0,
T T le- W, + DN EY el a<o.

Proof By (9), we have

N
Y JE@ e < [(e - W(w,0) 7| < o lew e + Y [WE0)W e, t,-)c,-’)
i=1 O<ti<t t<ti<w
<|(c- Wiw, 0>)‘1|<Z illeled 4 T 11+ byl
O<t;<t ti<tg<t
+ Z |c,-|e(f°t+ff(zl'))a(r)df 1_[ |1+bk|).
t<ti<w O<ty<tUt;<tg<w
If a > 0, we obtain
N N
Z‘F(t,t,-)ci’ < ’(c— W(w,O))fl‘(|c| + l)e“’”bNZ lcil.
i=1 i=1
If 2 < 0, we obtain
N . N
Y E@ t)e| < [(c - Wiw,0) 7 [(Iel + 1)BY Y fcil.
i=1 i=1
The proof is complete. d

Now we are ready to study the existence of semilinear impulsive problems. We make the
following hypotheses:

(A4) ForanyteRandx €R,itholds f(¢ + w,cx) = cf (¢, x).

(As) There exists L > 0 such that |f(t,x) —f(¢,y)| < Llx —y| forany £ € R and x,y € R.

(Ag) There exist constants K,/ > 0 such that |f(¢t,x)| < K|x| +] forany t € R and x € R.

Theorem 3.4 Suppose that (A1), (Az2), (As), (A4), and (As) hold. If 0 < LP; < 1, then (1)
has a unique (w, ¢)-periodic solution x € ¥,, .. Moreover, it holds || x| < folji"TJ'PQ”, where fy =
max;eo.0) [f (Z,0)].

Proof For any x € ¥, ., i.e,, x(- + w) = cx), we have f(¢ + w,x(t + w)) = f(¢, cx(2)), t € R.
Further, by assumption (A4), f(¢ + w,x(¢ + w)) = f (¢, cx(t)) = ¢f (¢, %), t € R. Thus, f(-,x(-)) €
¥, .. For more characterization of the (w, ¢)-periodic functions, see [2, Sect. 2].

Let G: Y — 7T be the operator given by

w N
(Gx)(2) = /0 E(t,5)f (s, %(s)) ds + ZF(t, t)c;. (11)
-1

By Lemma 2.4 and Lemma 3.1, the existence of (w, ¢)-periodic solutions of (1) is equiv-
alent to the existence of the fixed point of (11).
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It is easy to show that G(T") € 7. For any x,y € T, we derive

|(Gx)(0) - (Gp)®)] <L /0 |E(t,5)]|x(5) - y(5)| ds
< Llx-yl /0 |E(t,5)| ds < LPalx -1,

which implies |Gx — Gy|| < LP;|lx — y||. Noticing 0 < LP; < 1, G is a contraction mapping.
Thus, G defined in (11) has a unique fixed point satisfying x(w) = ¢x(0) due to Lemma 3.1.
Further, by Lemma 2.4, one has x € ¥,,.. From the above, there exists a unique (w, ¢)-
periodic solution x € ¥, . of (1).

Moreover, we have

%) ) N
L E(t, d E(t, ,0)| d F(t,t)c
|x(6)] < /0 |E(t,9)||x(5)] s+/0 |E(t,9)]|f(s5,0)] s+;| (t t;)ci|

< LP;|lx|l + foPz + Qz,

which implies

JoPa+ Qz

llxll < .
1-LP;

The proof is finished. O

Theorem 3.5 Suppose that (A1), (A2), (As), (As), and (A¢) hold. If KP; < 1, then (1) has at
least one (w, c)-periodic solution x € ¥,, .

Proof LetB, ={x € T : |x|| <r}, where r > ]ffI%Q“ We consider G defined in (11) on B,.

For all x € B, and ¢ € [0, ], using Lemmas 3.2 and 3.3, we derive
|(Ga)()| < Kl / |E(t,5)| ds+] f |F(2,9)| ds + Qa < KPallx|| +JP; + Qa <,
0 0

which implies ||Gx|| < r. Thus G(B,) C B,.In addition, it is easy to see that G is continuous
and G(B,) is pre-compact. By Schauder’s fixed point theorem, we obtain that (1) has at
least one (w, ¢)-periodic solution x € ¥, . O

4 Examples
Example 4.1 We consider the following semilinear impulsive equation:

x'(t) = (cos 2t)x(t) + psintcosx(t), t#t,i=1,2,...,

(2i-1)m
2

(12)

AX|p=y, = % sin x(t;) + cosim,

where p € R, t; = @, w=m,c=-1,a(t) = cos2t, f(t,x) = psintcosx, b; = %sin @,

and ¢; = cosin. Clearly, tj,5 = t; + 7, bjya = b;, civy = ¢; for all i € N, then we obtain N = 2,
(A1) and (A,) hold. Since W(w,0) = % # -1 = ¢, we get (A3) holds. Note that f(- + w,cx) =

f(-+m,—x) =—psin-cosx = —f(-,x) = ¢f (-, x), we get (A4) holds. |[f(¢,x) —f (&, )| < |p|lx—yl,
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then we get L = |p| and (A5) holds. In addition, a = 1, b= %, p; = % = 186.939334, and
Qa = 3% = 119.009276.

Letting 0 < |p| < # = 0.005349, we get 0 < LP; < 1, then all the assumptions of The-
orem 3.4 hold. So if 0 < |p]| < ﬁ, problem (12) has a unique 7 -antiperiodic solution
x € PC([0,0)), R).

Since |f(t,x)| < |p|, we get K =0, ] = |p], (A6) holds, and KP; = 0 < 1. Then all the as-
sumptions of Theorem 3.5 hold for any p € R. So (12) has at least one 7 -antiperiodic

solution for any p € R.

Example 4.2 We consider the following semilinear impulsive equation:

X/ (t) = (sin 2w t)x(¢) + px(t) cos(27%x(t)), t#t,i=1,2,...,
Axley, = () + 1,

(13)

where p € R, ; = %, w=1,c=2,a(t) =sin2xt, f(t,x) = pxcos(2x), b; =1 and ¢; = 1.
Clearly, ti,2 = t; + 1, bia = by, ¢z = ¢; for all i € N, then we obtain N = 2, (4;) and (A,)
hold. Since W(w,0) =4 #2 = ¢, we get (A3) holds. Note that (- + w,cx) =f(- +1,2x) = 2px -
cos(27x) = 2f (-,x) = ¢f (-,x), we get (A4) holds. Now f(-,x) does not satisfy the Lipschitz
condition. Since |f(¢,%)| < |pl||x|, we get K = |p|, ] =0, and (A¢) holds. Moreover, a = 1,
b=2,and P; = 6e.

Set |p| < é = 0.061313. Then KP; < 1. Now all the assumptions of Theorem 3.5 hold.
Thus,(13) has at least one (1,2)-periodic solution x € PC([0, 00)), R) if | p| < é.

5 Conclusion

Existence and uniqueness of (w, ¢)-periodic solutions for homogeneous problem and non-
homogeneous as well as semilinear time varying impulsive differential equations are es-
tablished. In a forthcoming work, we shall extend the study to (w, ¢)-periodic solutions for

nonlinear impulsive evolution systems in infinite dimensional spaces as follows:

y=C@)y+h(ty), t#t,ieN,
AY |p=r=y(1) = y(z]) = Dy(z]) + d;,

where the linear operator {C(t) : £ > 0} generates a strongly continuous evolutionary pro-
cess {U(t,s),t > s > 0} on a Banach space X. D is a bounded linear operator and d; € X.
Motivated by [11-15], we shall also consider (o, c)-periodic delay differential equations

with non-instantaneous impulses.
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