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1 Introduction
In this paper, we investigate existence and nonexistence of positive solutions for a class of
Riemann—Stieltjes integral boundary value problems of fractional differential equations
with parameters

DS (p(O)Df, () + Af (6, u(®)) =0, £ (0,1),
limeor 2Pu@) =a,  u(l) = [ uls)dA(s), (1.1)
limy_ o+ £~ p(t)D, u(t) = 0,

where Df, and Dg+ are the Riemann-Liouville fractional derivatives with 0 <o <1, 1 <
B <2.The parameters A >0,a > 0, p € C([0, 1], (0, +00)), f : [0, 1] x [0, +00) — [0, +00) are
given functions, and f may be discontinuous but satisfies the L7-Carathéodory conditions.
fol u(s) dA(s) denotes the Riemann—Stieltjes integral with respect to A.

By using the fixed point index theory, some new sufficient conditions for the existence
of at least one, two and the nonexistence of positive solutions are obtained. The theorems
we obtain show the influence of parameter A and parameter 4 on the existence of positive
solutions.

In recent decades, with the wide applications of fractional differential equations in
physics, engineering, biology, chemistry, and many other fields, researchers have been
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paying more and more attention to them, see [1-12] and the references therein. At the
same time, many problems of fluid mechanics, bioengineering, chemical engineering, and
so on could be attributed to the integral boundary value problems, which are nonlocal
problems. Therefore, a lot of meaningful research results have been obtained, see [13-20]
and the references therein. The eigenvalue problem is a relatively active part of the differ-
ential equation theory, and there have been many results, see [21-30] and the references
therein. Nowadays, when solving many practical problems, there will inevitably be errors
and those errors will often affect the existence of the solution to a large extent. Therefore,
it is meaningful to study the boundary value problem of fractional differential equations
with disturbance parameters, see [31-35] and the references therein.

As a generalization of classical Riemann integral, Riemann-Stieltjes integral boundary
value problem has a stronger applicability, which not only contains the classical Riemann
integral boundary value problem, but also includes two-point boundary value and multi-
point boundary value. In this paper, we investigate existence and nonexistence of positive
solutions for a class of Riemann-—Stieltjes integral boundary value problems of fractional
differential equations with parameters (1.1).

The paper is organized as follows. In Sect. 2, we present some necessary definitions
and lemmas which will be used to prove our main results. We study the properties of
integral kernels and obtain inequalities about the integral kernels. We prove the complete
continuity of operators. In Sect. 3, we investigate the existence of at least one positive
solution for boundary value problem (1.1). In Sect. 4, sufficient conditions for the existence
of at least two positive solution of boundary value problem (1.1) and the nonexistence of
positive solution of boundary value problem (1.1) are established. In Sect. 5, we give some
examples to illustrate our main result.

Throughout this paper, we assume that A(t) is a monotone increasing function,
fol P2 dA(s) exists, and

1
1—/ sP1dA(s) > 0.

0

f satisfies the L7-Carathéodory conditions, that is,
(1) f(-,u) is measurable for all u € [0, +00);
(2) f(¢,-) is continuous for a.e. ¢ € [0, 1];
(3) for every r >0, there exists ¢, € L1[0, 1] such that

[f(t, tﬂ’zu)‘ <@, (t) forallue[0,r] anda.e.t<[0,1],

whereq>%if0<a<1andqzlifoz:1.

For L1[0, 1], we denote the norm ||¢||zs = (fo1 lo()]9 dt)é.

2 Preliminaries
The definitions of fractional integral and fractional derivative and the related lemmas can
be found in [3, 4].
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Lemma 2.1 (See [3], Theorem 2.4 and [4], Lemma 2.5) Let p >0 and n = [p] = min{z €
Z:z > p}. Ifu € L'[0,1] and Ig:pu € AC"[0,1], then the equality

I (D u) (2) = u(t) - Z itk
k=1

holds a.e. on [0,1].

Lemma 2.2 [f0 <« <1, D% u € L'[0,1] and lim,_,o+ t"“u(t) = ¢, where c is a constant,
then I};*u € AC'[0,1].

Proof Since lirnHm t'u(t) = c, then for any ¢ > 0, there exists a constant § > 0 such that
|t u(t) — el < 7 -y Whenever 0 <¢ <8, and

17 u(t) — el ()| = |17 u(t) — cly-* 7|

1
< m/ (t—s)_“|u(s)—cs“_1|ds
1"(1 a)/ (t—s)"%s*" 1|s1 "u(s)—c|ds

<E€.

Hence, we have lim;_, o+ I37%u(t) = cI"(@).
Let ¢(¢) = D% u(t) = S u(t), then ¢ € L1[0,1] and

I%u(t) = e (a) + /tqb(s) ds.
0
Therefore, Ij:*u € AC*[0,1]. O
Let
E:=Cy4[0,1] = {u € C(0,1] : # P u(t) € C[0,1]},
then E is a Banach space with the norm ||u|| = sup, (o) £*~ |u(z).

Definition 2.1 A function u = u(t) is called a solution of fractional boundary value prob-
lem (1.1) if u € E and satisfies (1.1). Furthermore, u = u(¢) is called a positive solution of
fractional boundary value problem (1.1) if u(¢) > 0, t € (0, 1).

Lemma 2.3 For anyy € L1(0, 1], the fractional differential initial value problem

DEv(t) +y(t) =0, te(0,1),

(2.1)
lim,_, o+ t7%v(£) = 0
has a unique solution
V() = ——— / (t—s)"""y(s)ds. (2.2)
r@ ?
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Proof Suppose that v = v(t) is a solution of initial value problem (2.1). Since y € L7[0,1],
then D% v € L'[0,1]. Because lim, .o+ £1*v(¢t) = 0, it follows I;;*v € AC'[0,1] from
Lemma 2.2. Thus, by Lemma 2.1, we have

v(t) = =I5 y(t) + c1t* 7. (2.3)

The initial condition lim;_, o+ £'=%v(¢) = 0 implies that ¢; = 0. Thus,

_ L ! _ a-1
V(t)__F(a)/o (t—5)""y(s)ds.

On the other hand, if v = v(¢) satisfies (2.2), we can easily show that v satisfies the equa-
tion of initial value problem (2.1).

Next, we show that lim,_, o+ ' *v(¢) = 0.
Let

71, 0<t<1, y(), 0<t<1,
o1() = and  ¢s(t) =

0, else, 0, else.

F(¢) is given by the convolution form, that is,
+00
FO = @100 [ di(e-900) 8
—00
If0<wa<1,since g > é, we have % >-1land ¢, € Lq%l (R). Hence,

At—0*

lim /R|¢1(s + At) —<;51(s)|‘7%11 ds=0.

In view of ¢, € L1(R), we can get that

|F(t + At) —F(t)| = ’/qul(t + At —8)py(s) ds—/Rdn(t—s)qbz(s) ds

s/|¢1(t+At—s>—¢1(t—s)||¢2<s)|ds
R

< (fR|¢1<s + A - pr(s)] 7T c1s>T (fR|¢>z(s>|quy

< ||y||Lq</R|¢1(s+At)—¢1(s)|%ds> 7

-0 (At—0).

If a = 1, it is obvious that |F(t + At) — F(t)] — 0 (At — 0).

Hence, F(t) is uniformly continuous on R, then we can get that

lim £ *F(¢) = 0.
t—0
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Because
F(t)=v(t) = /t(t —s)* h(s)ds, 0<t<l.
0

Then we have lim,_, o+ £*~v(t) = 0. O

Remark 2.1 For any y € L1[0, 1], v = v(£), which satisfies (2.2), is uniformly continuous on
[0,1].

For convenience, we denote

1 -1 1
g(t) = (1 - fo sﬁldA(s)) ( /0 sP2dA(s) - 1):’“ +tP72, (2.4)

Lemma 2.4 For any h € C[0, 1], the integral boundary value problem of linear fractional
differential equation

Db.u(t) = h(t), te(0,1),

. ) (2.5)
limy_ o+ 22 Pu(t) = a, u(1) = [y u(s)dA(s)
has a unique solution
1
u(t) = —/ G1(L,8)h(s)ds + ag(t), (2.6)
0
where
B-1 1
Gl(t, S) = K(t,s) + W /0 I((T,S) dA(T), (27)

K(t.s) 1 P l1-s)f1-(t-5)FT, O0<s<t<l, 2.8)
,5) = —— )
rB) |#-1(1-s)f1, 0<t<s<l1.

Proof Suppose that u = u(t) is a solution of boundary value problem (2.5). Since & €
C[0,1], then Ig:ﬂu € AC?[0,1]. Thus, by Lemma 2.1, we have

w(t) = I h(t) + crtP ! + cptP 2, (2.9)
The boundary condition lim,_, o+ > ?u(t) = a implies that ¢, = a. Then
u(t) = I(’)%h(t) +ctP v a2,

Hence

1

“D= T

1
f 1 =9 h(s)ds + ¢, +a,
0
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fo U5 dAG) - f ( / (s— ) lh(r)dr) dA(s)

+C1/ sﬂ‘ldA(s)+a/ P72 dA(s).
0 0

By the boundary condition u(1) = |, ! u(s) dA(s), we obtain that

0

1 1 1 s
_ —0)fh(r)dr | da
“ 1—f01sﬂ—1dA<s><F<ﬂ)fo (f - tuac)ano

1"(,3)/ (1-s)8- 1h(s)ds+a/0 B=2 dA(s) — a)

Substituting ¢; and c; into (2.9), we can get that

t
u(t) = —— / (t =) h(s)ds + c1 P71 + cptP 2
0

R
- F(,B)\/o (t S) h(s)ds
Pl . )
T feaae (rw)/ </ (=0 k(D) dr | dAG)

— F—ﬁ)/(; (l—s)ﬁ_lh(s)ds+a/0 sﬁ_sz(s)—a> +atf?

I S P
- 75 /o (¢ — 5" h(s) ds

. ( tﬁ_l / -y ds + fo1 of 1 dA() o (- MhGs) dS)

re) Jo l—fol sP-1dA(s))
tﬂ lf f (r =) 1dA(D))h(s)ds  atP- l(fo sP2dA(s) - 1) -2
+ +a
re) - fo sP~1dA(s)) 1- f sP-1dA(s)

1 1 .
= —A <1((t,5) + W‘/O 1((T,S)dA(T))h(S) ds + ﬂg(t)

1
= _/ G (t,8)h(s) ds + ag(t).
0

On the other hand, if u satisfies (2.6), then u satisfies (2.9), too. It follows from (2.9)

Db u(t) = DL IS h(t) = D157 15, h) (8) = h(e),

which implies that the equation of boundary value problem (2.5) is satisfied.

We can easily show that u satisfies the boundary conditions of boundary value problem

(2.5).

Lemma 2.5 Ifu € E, then boundary value problem (1.1) is equivalent to the following in-

tegral equation:

1
u(t) = )L/ G(t, s)f(s, s)) ds + ag(t),

Page 6 of 26
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where
Gl(t,s) = / ——Gi(t, )t —5)* tdr. (2.11)
(@) Js p(r)

Proof Let u = u(t) be a solution of boundary value problem (1.1) and denote v(t) =
p(t)ng(t), y(£) = Af (¢, u(t)), h(t) = %. By Lemma 2.3 and Lemma 2.4, we have

( _ )a 1
u(t) = A/O ps) 1(t,5) / sz:a) f(r,u(t)) dr ds + ag(?). (2.12)

By exchanging integral order, we can get that

L | LS|
u(t) =Af0 mf(s,u(s))/s lmGl(t,r)(r—s)""1 dr ds + ag(?)
1
:k/ (t, s)f(s, s))ds+ag(t)
0

where G(t,s) is defined by (2.11).
On the other hand, if u satisfies (2.10), the u will also satisfy (2.12). By Lemma 2.3 and
Lemma 2.4, u satisfies boundary value problem (1.1). d

Denote constants

1 .
m; = / sP7dAGs), i=0,1,2, (2.13)
0
s = B Dlm = mo) 2.19)
1-my +my
and the function
ﬂ 1( _S)a—l
dr, 0,1]. 2.15
8= 1 )F(ﬂ)(l ml)/ @) voselol] (2.15)

Remark 2.2 Since p € C[0,1] and p(£) > 0 for ¢ € [0, 1], we have g;(s) > 0 for s € [0,1) and

1 1 a+1 .L,)ﬂ—l
/0 a0 = DA - ml)/ dr. (2.16)

Lemma 2.6 (See [11]) The function K(t,s), which is defined by (2.8), has the following
properties:
(1) K(t,s) is continuous for any t,s € [0,1] and K(t,s) > 0 for any t,s € (0,1);
2)
A1(1 - t)s(1 - 5)P1 11 - )1 - 5)P2

T 0]

, t,s€(0,1);

3)

K(t,s) < %ﬂ)t’s’zs(l —s)P < %ﬁ)tﬁ’z, t,s€(0,1).

Page 7 of 26
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Lemma 2.7 The function Gy(t,s), which is defined by (2.7), has the following properties:
(1) Ga(¢,s) is continuous for t,s € [0,1] and G1(¢,s) >0 fort,s € (0,1);
2)
(m1 — mp)s(1 — s)P~1¢P1 (1 = my + my)s(1 —5)P~1¢P~2

< Gi(t,s) <

FB-1)(1—m) r@a-m) 0D

where m; (i = 0,1,2) are defined by (2.13).

Proof (1) By the expression of G;(t,s) and Lemma 2.6, it is easy to check that (1) holds.
(2) For any ¢,s € (0,1), from Lemma 2.6, we have

B-1
tB-1 /1 11 = 1)s(1 — )P
> 1
1 [y P71 dA(s) Jo -1
_ (m1 —mg)s(1 - s)p-1gh-1
rp-11-m)

1
Gi(t,5) = K(2,s) + / K(t,s)dA(7)
0

dA(7)

On the other hand, for any ¢,s € (0,1), 1 < 8 < 2, implies that £/~ < /-2, thus, we have

Gi(t,s) < dA(7)

tP-25(1 - 5)P1 . -1 /‘1 A25(1 — 5)P-1
re) l—fol sP-1dA(s) Jo rp)
. tP=25(1 —5)f 1 . tP=25(1 —5)P1
() ()1 —m)
(= +my)s(1— s)B-1¢h-2

()1 - m)

/1 72dA(7)
0

O

Lemma 2.8 The function G(t,s), which is defined by (2.11), has the following properties:
(1) G(2,5) is continuous for t,s € [0,1] and G(¢,s) >0 fort,s € (0,1);
2)

(/3 - 1)(m1 - mO)gl(S)t < t27ﬂG(t,S) < (1 —my + mZ)gl (S): t’S € (0: 1)7
where m;, g1(s) are defined by (2.13) and (2.15), respectively.

Proof (1) By the expression of G(¢, s), we can easily get the results.
(2) According to the definition of G(t, s) and Lemma 2.7, for any ¢, s € (0, 1), we can obtain

that
26 =Lt [ LGt —std
, S _F(O[) ; m 1LTNT =S T
N 28 Y (g = mo)t(1 - )P 1Pz — )2t de
I'(a) /s ' -1)1-m)p(z)

= (B - 1)(my — mo)gi(s)t.



Jia et al. Advances in Difference Equations (2019) 2019:280

On the other hand, for any ¢,s € (0,1), by Lemma 2.7, we can show that

|
2BG(t,s) = /—Gl(t,r)(f—S)a'ldT

() Js p(7)
. 28 Y —my +m)t(1 - 1) (r —g)*L &
r'(a) Js r(B)1 —m)p(r)
= (1 - my + m)g(s). O

Let
P={ueE:*Pu(t) = yt|ul,t € [0,1]}.

Then P is a cone in E.
Lemma 2.9 [fu is a positive solution of boundary value problem (1.1), then u € P.

Proof 1f u is a positive solution of boundary value problem (1.1), then from Definition 2.1,
we can get that u(t) > 0 for ¢ € (0,1) and u satisfies (2.10). It is easy to see u € E.
For any ¢ € [0, 1], by Lemma 2.8, we have

1
2 Bu(e) = > <A / G(¢, s)f(s, u(s)) ds + ag(t))
0

at(my — m;)

1
> AMB - 1)(my - mo)t/o gl(s)f(s, u(s)) ds +

1—}’}’11

at(my — myg)

1
>AMB-1)(my - mo)t/O gl(s)f(s,u(s)) ds +

l—Wll

_ 1B = 1) — mo)(A(1 —m) Jy ©16)f (s, u(s)) ds + a)
- 1- my ’

On the other hand, we have

llee]| = sup t2—ﬁ‘k/1 G(t, 9)f (s, u(s)) ds + ag(¢)
0

te(0,1]

amax{l — my, my — m; }

1
<A(l-my + mz)/o gl(s)f(s, u(s)) ds + r——

a(l — my + my)

1
<A1l-m + mz)/ &8 (s, u(s)) ds + -
o _

A=y m) (1= m) [} @u(s)f (s, u(s)) ds + a)
- 1- mi '

Then t>Pu(t) > yot| u||, which implies u € P. O

We define T': P — E by

1
(Tu)(t) = A /0 G(t, s)f(s, u(s)) ds + ag(t).

Page 9 of 26
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Lemma 2.10 The operator T : P — P is completely continuous.

Proof By Lemma 2.9, we have Tu € P for u € P, then T : P — P.

(1) T isa continuous operator.

If {u,} C P, u € P,and |lu, — u|| — 0 as n — 00, there exists a constant y > 0 such that
llunll <y and ||u|| <y, that is, sup,.( ;) 1> Pu, ()| <y and sup, () 12 Pu(t)] < y. Then
there exists ¢, € L1[0, 1], we have

7P G(t,s) [f(s, un(s)) —f(s, u(s)) |
<2(1—m + my)gi(s)p,(s) forte[0,1] and a.e.s€[0,1].

Since f satisfies the L7-Carathéodory conditions, for a.e. ¢ € [0, 1], we have

lim f(, un(t)) = Jlim f( L2 Pu, (b)) = £ (67287 u(t)) = £ (& u®)).

n—00

By the Lebesgue dominated convergence theorem, we can get

1
lim || Tu, — Tul| < lim sup A/ tz_ﬂG(t,s)[f(s, u,,(s)) —f(s,u(s))\ds
n—0oQ ] 0

=0 tel0,1

1
< lim A(1 — my + my) g1 (S)[f(s, un(s)) —f(s, u(s))| ds

n—00

1
=A(1-my + mz)/o nli)rglogl(s)[f(s, un(s)) —f (s, u(s)) | ds

=0, n— oo.

Hence, T : P — P is continuous.

(2) T is relatively compact.

Let £2 C P be any bounded set, then there exists a constant r > 0 such that |lu| < r for
each u € £, that is, sup,.[g |2 Pu(t)| < r. There exists ¢, € L1[0,1], for any u € £2, we

have

If(6u@®)| = [f (6P Pu)| < @), ae.te(0,1].

Therefore, by Lemma 2.8, we have

| Tul| = sup £* ﬂ’ / G(t,s)f s,u(s)) ds+ag(t)‘

te[0,1]

amax{l — my, my — m }

1
<i(1l-m +rnz)II¢r||Lq/ gi(s)ds + )
0 1—m1

which implies that T'(£2) is uniformly bounded.

In addition, because G(t,s) is continuous on [0,1] x [0,1], then it must be uniformly

1m1))

continuous on [0,1] x [0, 1]. Thus, for any ¢ > 0, there exists a constant § € (0, Sall i

Page 10 of 26
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such that

&

2-p 2-p
t; "G(ty, 1) =t " G(ty, 80) | < ————
| 1 ( 1 1) 2 ( 2 2)| 2)¥||§0r||Lq i1

whenever |t — £ < § and |s; — 52| < 8, where 1, £y, 51, $2 € [0, 1].
Then, for any u € 2 and ¢, £, € [0, 1] with | — £,] < §, we have

67 Tutr) - &7 Tu(t,)|

|1 — m13]
— |t -t
1

1
= f 16577 G(t1,5) - &5 Glta,9)|f (s, u(s)) ds + “1
A Z

Aellgrllza all —my8

< +
2Ml@rllze +1 1-m

<E€.

Thus, we prove that T'(£2) is equicontinuous.
According to the Arzela—Ascoli theorem, T is relatively compact.
Therefore, T': P — P is completely continuous. O

Lemma 2.11 (See [36], Lemma 2.3.1) Let E be a Banach space and P C E be a cone. As-
sume that $2 is a bounded open subset of E and 0 € 2 and that T : PN\ Q2 — P is completely
continuous. If

Tu#tu forallue PNoS2 andt > 1, (2.17)

then the fixed point index i(T,P N £2,P) = 1.

Lemma 2.12 (See [36], Corollary 2.3.1) Let E be a Banach space and P C E be a cone.
Assume that 2 is a bounded open subset of E and that T : PN 2 — P is completely con-
tinuous. If there exists uy € P\{0} such that

u—Tu#tuy foralluePNos2 andt >0, (2.18)
then the fixed point index i(T,P N §2,P) = 0.

Corollary 2.1 Let E be a Banach space and P C E be a cone. Assume that S2 is a bounded
open subset of E and 6 € 2 and that T : PN 2 — P is completely continuous.

(1) If llull > || Tul| forue PN as2, then i(T,PN £2,P) = 1;

) If l|lull < | Tull for u e PN 382, then i(T,PN £2,P) = 0.

Proof (1) If ||u|| > || Tu|| for u € P N 952, then we can show that (2.17) holds.
Otherwise, there exist #* € PN 952 and t* > 1 such that Tu* = T*u*, then

|7 = =] = "]l

which contradicts ||| > || Tu||. In view of Lemma 2.11, we can get i(7,P N §2,P) = 1.
(2) If ||| < || Tut|| for u € PN 352, we can prove that (2.18) holds.
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In fact, if for any u € P\{6} there exist u* € PN 352 and t* > 0 such that u* — Tu* = t*u,
then

u* =Tu* +t*u> Tu".

Thus, ||u*| > || Tu*||, in contradiction with ||u|| < || Tu||.
From Lemma 2.12, we can get i(7,P N £2,P) = 0. O

3 The existence of at least one positive solution

For convenience, we denote

t, A2y £, -2y
f°° =limsup sup M; foo =liminf inf M;
u—>+00 tel0,1] u U—> +00 te[%,%] u
f° =limsup sup fery, fo=liminf inf AL
- - 0= — ‘.
u—0* tel0,1] u u—0t te[%,%] u

LetB,={ucE:|u||<r}, 0B, ={uckE:|u||=r},P,=PNB,, dP,=PNJB,.
Theorem 3.1 Suppose that there exist constants £,1 > 0 such that f° < & and fo, > 1. If
3
vgn /i ails)ds
4

———— and X sati
E< Py PREER nd X satisfies

-1

: . :
4((/3—1)(7141—7”0))/077 / g1<s>ds) <a= ((1—m1+m2>s /0 g1<s>ds) G

then there exists a constant a, > 0 such that boundary value problem (1.1) with 0 < a < a;,

has at least one positive solution.

Proof Since f° < &, there exists a constant r; > 0 such that
f(t, tﬂ_zu) <&u, te(0,1],and u € [0,r].
Let

_ (=)A= A1 =+ mo)§ fy g1(5) ds)ra

a
max{l — my, my — my}

Because A satisfies (3.1) and 0 < a < a,, by Lemma 2.8, for any u € 9P,;, we have 0 <
2Pu(t) < ry for t € (0,1] and

1
| Tul| = sup ﬂﬁ‘k/ G(t,s)f(s,u(s)) ds + ag(t)
0

tel0,1]

a; max{1l — my, my — my }

1
<A1 —my + my)E / gl(s)sz_ﬂu(s) ds +
0 1- 17458

a; max{1l — my, my — m; }

1
<Al-m +m2)57‘1/ gi(s)ds +
0 1—m

=r.
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Hence,
I Tull < |lull, wuedP,.

It follows from Corollary 2.1(1) i(T, P,,,P) = 1.
By fw > 1, there exists a constant r, > r; such that

13 1
f(&P2u)>nu, te |:E’ Z:| and u € [Zyorz, +oo>.

For any u € 0P,,, we have

13

1
7Pu(t) = yotllull = =yora, tel|==|,
(&) = yot |l ||_4)/02 [4 4]

and by Lemma 2.8,

1
| Tu| = sup tz‘ﬁ’A/ G(t,s)f(s,u(s)) ds+ag(t)‘
0

tel0,1]
3

> sup A(B —1)(my — mo)t/;Z g1(s)f (5,52 Puls)) ds

te[0,1] i
3

o A(B = 1)(my — mo) f * 08P u(s)en(s) ds

4
3

1 i
= (B~ Vo~ moyorsn / ai(s)ds

1

> 1.
Therefore,
| Tuell > ||ull, € dPy,. (3.2)

It follows from Corollary 2.1(2) i(T, P,,,P) = 0.
According to the additivity property of the fixed point index, we obtain

i(T,P,,\Py,,P) =i(T,P,,,P)—i(T,P,,,P) = 1.

Then T has at least one fixed point u € PN (P,, \13,1) with r; < ||u|| < 2. Because u € P, we
have 2~ u(t) > yot|lu|| > O for ¢ € (0,1], that is, u(t) > 0 for ¢ € (0,1), u = u(t) is a positive
solution for boundary value problem (1.1) with 0 <a < a;. O

Theorem 3.2 Iff° = 0, fo, = +00, and ) > 0, then there exists a constant a; > 0 such that

boundary value problem (1.1) with 0 < a < a, has at least one positive solution.

Proof Let A >0,0<& < (A1 —my + mz)folgl(s) ds)™! and n > 4(A(B — 1)(my — mo)yo X
f; g1 (s) d5)71‘
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By f? = 0, there exists a constant r; > 0 such that
f(t, tﬂ’zu) <&u, te(0,1],and u € [0,r],
and by f5, = +00, there exists a constant r, > r; such that
13 1
f(t, tﬂ‘zu) >nu, te |:E’ Z:| and u € [L—Lyorz, +oo>.

Let

_ A m)(1 =20+ m)t fy gi(s) ds)r

a.
max{l — my, my —m;}

For 0 < a < a;, similar to the proof of Theorem 3.1, we have
i(T,P,,P)=1
and
iT,P,,,P)=0.
According to the additivity property of the fixed point index,
i(T,P,,\Py,,P) = i(T,P,,,P) — i(T,P,,,P) = 1.

Then T has at least one fixed point u € P N (P,, \I_’,l) with 71 < ||u|| < ry, that is, u is a
positive solution for boundary value problem (1.1) with 0 < a < a;. O

Theorem 3.3 Suppose that there exist constants &, n > 0 such that f* < & and fo > n. If
3
van 1 g1(s)ds

i ;
I and A satisfies

E<

3 -1 1 -1
4
4((/3 = 1)(m; - mo))/oﬂ/; &1(s) dS) <A< (3(1 —my + mp)é / &1(s) ds) , (33)
1 0
then boundary value problem (1.1) with a > 0 has at least one positive solution.
Proof By fy > n, there exists a constant R; > 0 such that
s 13
f(t,t u) >nu, te€ Y ,and # € [0, Ry].
When A satisfies (3.3) and a > 0, similar to the proof of Theorem 3.1, we can obtain
I Tull > llull, u € 0P,
and

i(T,Pg,,P) = 0.

Page 14 of 26
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On the other hand, by f*° < &, there exists a constant M > 0 such that
f(t, tﬁ_zu) <&u, tel0,1],and u € [M,+0c0).

Since f satisfies the L7-Carathéodory conditions, for the above M > 0, there exists ¢y €
L1[0,1] such that

[f(t, tﬂ_zu)| <om(t), a.e. tel0,1]and u € [0,M].

Let

1 3 1— iy, 1y —
Ry > max{M,Rl,BA(l —my + mz)/ @1(5)ou(s) ds, amax{l — m, my — m;} }
0

1—W11

For any u € 0Pg,, by Lemma 2.8, we have

1
| Tul| = sup ﬂﬂ‘k/ G(t,s)f(s,u(s)) ds + ag(t)‘
0

te[0,1]

<A1-m+ mz)</(; bt Mg1 (s)f(s,u(s)) ds + f a (s)f(s,u(s)) ds)

s2Bu(s)>M

amax{l — my, my — my}
+

1—m1
1

1
<rl-m +m2)< f a1(s)ou(s)ds + ER, / @) ds)
0 0

amax{l — my, my — my}

1- 158
R, Ry, Ry
3 3 3

=R,.
That is,
I Tull < llull, u € dPg,.

From Corollary 2.1(1), we can get i(T, Pg,,P) = 1.
According to the additivity property of the fixed point index, we obtain

i(T, Pr,\Pg,,P) = i(T, Pg,,P) — i(T, Pg,,P) = 1.

Then T has at least one fixed point u € PN (Ppg, \I_JRI) with Ry < ||#|| < R,. That is, u is a

positive solution for boundary value problem (1.1) with a > 0. O

Theorem 3.4 Iffy = +00, f* =0, A >0, and a > 0, then boundary value problem (1.1) has

at least one positive solution.
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Proof Denote

3

3 -1
n= 4()~(ﬂ - 1)(m; - mo))’o/1 gi(s) dS> ,

1 -1
&= <3A(1 — +mz)/0 a1(s) ds) .

By fo = +00, there exists a constant R; > 0 such that
5o 13
f&tPu) = nu, te 71 ,and u € [0, Ry].
On the other hand, by f*° = 0, there exists a constant M > 0 such that

f(t, tﬂ_zu) <&u, te(0,1],and u € [M,+00).

Let

! 3 1—my,my —
Ry > max{M,Rl,Bk(l —my + mz)/ g1(8)oar(s) ds, amaxl = rm, mz — m} }
0

1- mi
Similar to the proof of Theorem 3.3, we can obtain T has at least one fixed point u €
PN (Pg, \I_’Rl) with Ry < ||u|| < Ry. That s, u = u(t) is a positive solution for boundary value

problem (1.1). a

Theorem 3.5 Iff, = +00, r >0 is a constant and ) satisfies

1 -1
0<A< r((l -y + I’I’lz)f 21(8)e(s) ds) , (3.4)
0

then there exists a constant a, > 0 such that boundary value problem (1.1) with 0 < a < a;
has at least one positive solution u with |u| > r.

Proof For any given r > 0, when A satisfies (3.4), let

A =m)( = (1 =y +m) [y &1(5)gr(s) ds)

a
max{1 — my, my —m }

For 0 <a <a, and any u € 9P,, by Lemma 2.8, we have

1
| Tu| = sup tz‘ﬂ’)L/ G(t,s)f(s,u(s)) ds + ag(z)
0

te[0,1]

a; max{1l — my, my — my}

1
<Al -m + Wu)/ g1(s)pr(s)ds +
0 1—7}’11
=7.

That is,

[ Tull < llull,  u € dP,.
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By Corollary 2.1(1), we can get i(T, P,, P) = 1.
3
Let n = 4(A(B —1)(m1 —mo)yo [1* g1(s)ds)™ . Since fo = +00, there exists a constant r; > r
1
such that

f(&Pu)>nu, te [411’ Z],and ue [iyorl, +oo).
Similar to the proof of Theorem 3.2, we obtain
| Toall > Nleell, 1€ 0Py,
By Corollary 2.1(2)
i(T,P,,,P) =0.
According to the additivity property of the fixed point index,
i(T, P, \P,,P) = (T, Py, P) - i(T, Py, P) = —1.

Then T has at least one fixed point # € PN (P, \P,) with r < ||u]| < 1. Thatis, u = u(t) is
a positive solution for boundary value problem (1.1) with 0 < a < g;. O

4 The multiplicity and nonexistence of positive solutions
In this section, we present the existence of at least two positive solutions and nonexistence
positive solutions.

Theorem 4.1 Suppose that there exist constants 01,1, > 0 such that fy > n1 and fs > 15.
Let a constant

1 3 -1
r>4f gl(S)fpr(S)cls<min{r71,nz}yo2/1 gl(s)d5> . (4.1)
0

4
If \ satisfies
3

3 -1
4(min{n1,n2}(ﬂ - 1)(m; - mo))’o/1 g1(s) dS)

1 -1
§K§<ﬂ—mﬁmﬁﬂgﬂW$N0 , (42)

then there exists a constant a; > 0 such that boundary value problem (1.1) with 0 < a < a,,

has at least two positive solutions u, and u;.

Proof Let

A =m)(r =21 =+ m) [ @1()g(s) ds)
- max{1 — my, my — my}

a

’

by (4.1) and (4.2), we have a, > 0.

Page 17 of 26
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For 0 < a < a, and any u € 9P,, similar to the proof of Theorem 3.5, we have
I Tull < llull, ue<dPy,
and
i(T,P,,P) = 1.

Since f; > 11, there exists a constant 0 < 71 < r such that
s 13 i
f(t,t u)>n1u, te T ,and u € [0,71].

By fw > 12, there exists a constant 7, > r such that

13 1
f(t,tf“zu) >nou, te |:1, Z],andu € [Zy072,+oo>.

Similar to the proof of Theorem 3.3 and Theorem 3.1, we can obtain ||Tul|| > |u||, # €
0P, and || Tull > ||u|l, u € 9P5,. Hence, by Corollary 2.1(2), we can get i(T, P;,, P) = 0 and

i(T,Ps,P)=0.
According to the additivity property of the fixed point index, we can show

i(T,P\P;,,P) = i(T, P,,P) — i(T, P;,,P) = 1
and

i(T, Py,\P,,P) = i(T, P;,, P) —i(T, P, P) = 1.
Then T has at least two fixed points u; € PN (P,\I_);l) with 71 < |lu1]l < rand uy € PN
(13;2 \P,) with r < |luy|| < 7. That is, u; and u, are positive solutions of boundary value

problem (1.1) with 0 < a < a,. O

Theorem 4.2 Suppose that fy = +00, foo = +00, and a constant r > 0 hold. If A satisfies

1 -1
O<A< r((l —-my + le)/ £1(8)pr(s) dS) ) (4.3)
0

then there exists a constant a; > 0 such that boundary value problem (1.1) with 0 < a < a;

has at least two positive solutions u, and u;.

Proof Let

(= m)(r = ML=y + ) [y g1(5)@i(s) ds)
B max{1 — my, my — My} )

a

Since A satisfies (4.3), we have a; > 0.
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For 0 < a < a, and any u € 9P,, similar to the proof of Theorem 3.5, we have
I Tu|l < |u|| foru € dP,.

By Corollary 2.1(1), we can get i(T, P,, P) = 1.
Denote

% -1
m=n2=4(x(ﬁ—1)(m1—mo)yo / gl(s)ds> .

1

4

By fo = +00, there exists a constant 0 < 7; < r such that
s 13 _
f(t,t u) >mu, te Y ,and u € [0,71].

And by f, = +00, there exists a constant 7, > r such that

13 1
f(t,tﬂ—Zu) >nou, te |:E' Z:|,and uec [Eyofz,mo).

Similar to the proof of Theorem 3.3 and Theorem 3.1, we obtain
| Tull > llull, weoP;, and ||Tull>|ul, wuecdP;,.

By Corollary 2.1(2), we can get i(T, P, P) =0 and i(T, P;,, P) = 0.
According to the additivity property of the fixed point index, we obtain

i(T,Pr\I_)Fl»P) = l(Trpr:P) - i(T,P;l,P) =1
and
i(T, Ps,\P,,P) = i(T, P;,,P) — i(T, P, P) = —1.

Then T has at least two fixed points u; € PN (P,\I_);l) with 71 < ||uy|| <7, and uy € PN
(I_’;2 \P,) with 7 < ||us]|| < 7. That is, u; and u, are positive solutions for boundary value
problem (1.1) with 0 < a < a,. O

Theorem 4.3 Suppose that 0 < liminf,_, , infte[%%]f(t, #2y) < +00, f0=0, and f>* =0
hold. Then there exist constants \* > 0 and ay > 0 such that boundary value problem (1.1)
has at least two positive solutions with .. > 1* and 0 < a < ay.

Proof By 0 < liminf,_, ;o inf, |
such that

%’%]f(t, tP=2u) < +00, there exist constants L >0 and R, > 0

13
f(&tP2u)>L, te [A_L’ E],and u € [Ry, +00),

Let
4R,
(s = mo)(B ~ DL [ 1(5)ds

A* =
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We denote & = (3A(1 — my + my) [y g1(s)ds))™ for A > A*.
By f* =0, there exists a constant M > R, such that

f(t, tﬂ’zu) <&u, te(0,1],and u € [M, +00).
By f° = 0, there exists a constant 0 < Ry < R, such that
f(6t°2u) <&u, te(0,1],and u € [0,Ry].

Let

1
Ry > {42“3R2, 3A(1—my + mZ)/ 81(8)par(s) dS},
0
for 0 < Ry < Ry < R3, we define

2, = {u:ueE, Iz <R1},

2, = {u cu € E, |lull <Rs, min 2 Pu(t) >R2},
tel4.3]
25={u:uek, |ul <Rs}.

It is easy to see that §21, £2,, and 23 are nonempty bounded convex open sets in E, and
21 C 23, 825 C 23,and 21 N 2, = . Let

Ri(1-my)

0= 3max{l — my, my — 1}

Then, when 0 < a < ay, for any u € PN 952y, similar to Theorem 3.1, we obtain
[|Tul| < |lul, wePNas2
and by Corollary 2.1(1), we can get that
i(T,PN$2y,P)=1. (4.4)

For any u € PN 3423, by Lemma 2.8, we have

1
| Tu|| = sup tZ—ﬁ'A/ G(t,s)f(S,u(s))ds+ag(t)‘
0

te(0,1]

<A1l-m + mz)(/o . Mgl(s)f(s, u(s)) ds + /H

amax{l — my, my — my}

a (s)f(s, u(s)) ds)
M

u(s)>

+

1—m1

1 1
<A1 —m + m2)</ g1(8)om(s)ds + $R3/ a1(s) ds>
0 0
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amax{l — my, my — my}
+

l—l’l’ll
R; R3 R
< —3+—3+—3=R3,
3 3 3

that is,
I Tu|| < |ul| forue PNas2s,

it follows i(T, P N §25, P) = 1 from Corollary 2.1(1).
Similarly, for any u € P N 9£2,, we have

a (s)f(s, u(s)) ds + / a (s)f(s, u(s)) ds)

s2-Bu(s)>M

1 Tu sx(l—m1+m2)(/o

<s2-Bu(s)<M

amax{l — my, my — m; }
+

1—1’}’11

1 1
<)»(1—m1+m2)< / 1(S)on(s)ds + ERs /0 gl(s>ds>
0

amax{l — my, my — my}

l—Wll
R3 R; Rs
< —+—+ =
3 3 3

= R3,

then || Tu|| < R3, and

1
mlin3 2P Tu() > mlin tz'ﬁk/ G(t,s)f(s, u(s)) ds

te[z,7] te[z:%] 0

> min, (5 - Dloms - mot [ 6) (5.409) s

1
te(1.3]
3

> 3260 L [ g(9)ds

4

= RZ)

so, Tu € PN $2,.
Let uo = 5(4* PR, + R3), and

Ht,u)= (1 -0)Tu+tug, (t,u)e[0,1] x (PN £2,).
Because ug € E, |luoll = 2(4° PRy + R3), yo < 1, then 2 Pug > yotlluol, that is, u € P.
Since Ry > 4> PRy, we can see that ||uo| < Rs, minte[%%] t>Buy > Ry, which implies ug €

PN £2,. So, we have

H(t,u) e PN 2y, (t,u) €[0,1] x (PN £2,).
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Therefore, we have
H(t,u) #u, (t,u)€[0,1] x (PN 3£2,).

By the complete continuity of the operator T and the definition of H, we can know that
H :[0,1] x (PN £2;) — P is completely continuous.
According to the homotopy invariance and normality of fixed point index,

i(T,P N 2,P) = i(up, PN 25,P) = 1.

Thus, T has one fixed point u; in P N £2;.
By the additivity of the fixed point index, we obtain
i(T,P N (25\(£21 U 2,)), P)
=i(T,PN $23,P) - i(T,P N $2,,P) —i(T,P N £2,,P)
=1-1-1=-1.
Thus, T has one fixed point u; in PN (£25\(£21 U £2,)).

Consequently, #; and u, are positive solutions of boundary value problem (1.1) with
A>A*"and 0 <a < ay. O

Remark 4.1 If f(t,u) # 0, by (4.4), we can get that boundary value problem (1.1) has at
least one positive solution in P N §2;. Then boundary value problem (1.1) with A > A* and
0 < a < ay has at least three positive solutions in P N £25.

Similar to the proof of Theorem 4.3, we can prove the following theorem.

Theorem 4.4 Suppose that & > 0, liminf, .o inf, (1 3 f(£, tP2u) = +o0, f° = 0, and
f*° =0 hold. Then there exists a constant ay > 0 such that boundary value problem (1.1)
has at least two positive solutions with 0 < a < ay.

Theorem 4.5 If f, > O, then there exist constants \* > 0 and ay > 0 such that boundary
value problem with A > A* and a > ay (1.1) has no positive solution.

Proof Since fo, > 0, there exist constants n > 0 and r; > 0 such that

13 1
f(t, tﬂfzu) >nu, te |:E’ L—J,and ue [Eyorl, +oo>. (4.5)

Let
3

1 -1
)»*=8((Wl1—mo)(,3—1)777/0 / gl(s>ds) ,

ag =2(1 —my)ri(my + 1 - 2my) L.

If u is a positive solution of boundary value problem (1.1) with A > A* and a > a, we will
show that this leads to a contradiction.
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In fact, since Tu = u, we have

1\*7? /1 N7 /1 a(imy+ L —m
- ul =)= = fG =8 (s,u(s))ds+M
2 2 2 b, \2 1-m,
N a(%m2 + % —my)
1—m1
> ﬂo(%mz + % —my)

1—1’}’11

=ri.

Hence, ||ul| > 1.
Because u € P, by (4.5), we can get that

13

1
2P ut) > ot —vr, tel=,-=1,
u(t) > vo ||M||>4V01 [4 4i|

and

1\N** 11 1\**? 1 1 a(%m2+%—m1)
(z) “G)2() [ oGoewone T
> (B = 1)0m — movonlul f ) dsn

= lull + 7.

That s, ||u|| > ||u|| + 1, which is a contradiction. Therefore, boundary value problem (1.1)
with A > A* and a > a¢ has no positive solution. O

5 Illustration
To illustrate our main results, we present the following examples.

Example 5.1 Consider the boundary value problem

1 7
DE& (DL u(e) + 2.(2 + 1)(160t 1 u(t) - 5412 sin(¢4u(t))) =0, te (0,1),

limeor thu@®) =a,  u(l)=tud)+ Lu(), (5.1)

7
lim,o+ ——5 D¢, u(t) =0,
(t+1)t4

where o = i, B %,f(t, u) = (2 + l)(160t%u — 2L1%9 sin(t%u)),p(t) =-L 50, and

320 T+l
1
0, 0§t< 2’
— 1 1 3
A(t)_ 2 2 §t< 2’
3
1, 2 St<1.
Hence,

1
0< / sP71dA(s) ~ 0.57974 < 1, Yo~ 0.105123 < 1,
0
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mo ~ 0.346417, my ~ 0.57974, my ~ 1.24439,

1 1
fo= 160<,§=%, fro =170 > 1 = 160.

We can obtain the following results.

(1) Itis easy to check that all the conditions of Theorem 3.1 are satisfied. By
Theorem 3.1, for each A with 2.75654 < A < 62.0449, let a constant r; = 0.01, then

for each a satisfying 0 < a < 0.00632303 — 0.00010191%, boundary value problem
(5.1) has at least one positive solution.

(2) Itis easy to see that all the conditions of Theorem 4.5 are satisfied. By Theorem 4.5,

let r; = 381, for all > > 5.51308 and a > 295.175, boundary value problem (5.1) has
no positive solution.

Example 5.2 Consider the boundary value problem
1 3
Dg.((¢ + 1)Dg u(t)) + A O 4 tsin(t2u(p) =0, te(0,1),
lim o t2u(t) =a,  u(l) = Ju(}) + fu(3), (52)

3
lim,_,o+ £2 (¢ + )DZ u(t) = 0,

where o = %, B = %,f(t, u) = (e’“2 + tsin(t%u)),p(t) =t+1>0foranyt € [0,1], and

e
(=]
IA
~
N

A =

EN RN

+

ol
SR
IANIA
o~

N N

= e B

Then

1
/ sP1dA(s) ~ 0.233253 < 1, Yo ~ 0.0428085 < 1,
0

mo ~ 0.11244, m; ~ 0.233253, my ~ 0.644338,

oo = +00, fo=+o0.

All the conditions of Theorem 4.2 are satisfied. By Theorem 4.2, for given r>1,0< A <

1.1124 and each a satisfying 0 < a < 1 — 0.402948, boundary value problem (5.2) has at
least two positive solutions u, u;.

Example 5.3 Consider the boundary value problem

DLt + VDL u(®) + M (6, u(®) =0, te(0,1),
limy_o £2u(t) = a, u(l) = fol su(s)ds, (5.3)
limy_or £3 (¢ + )DL u() = 0,
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wherea =1, 8=2,p(t)=t+1,A(t) = 1¢*, and

£u?, 0<t<landO<u<l,

f(tu) =
2J/u, 0<t<landu>1.

Then liminf,_, ;o infte[%y%]f(t, t#=2u) = +00, f0 = 0, and f> = 0,

1 1 3 2
0</sﬁ’1dA(s)=/ s2ds=-=«<1,
0 0 5

2 2 2 6
my = —, my = —, my = —,
0 7 1 5 2 3 Yo

=—x<1
133

All the conditions of Theorem 4.4 are satisfied. By Theorem 4.4, there exists a constant
ap > 0 such that boundary value problem (5.3) with 0 < a < g, has at least two positive

solutions for A > 0.

Acknowledgements
This work is supported by the National Natural Science Foundation of China (No. 11171220, 11571207).

Funding
This work is supported by the National Natural Science Foundation of China (No. 11171220 and 11571207).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the work was realized in collaboration with the same responsibility. All authors read and
approved the final manuscript.

Author details
'College of Science, University of Shanghai for Science and Technology, Shanghai, China. ?College of Mathematics and
System Science, Shandong University of Science and Technology, Qingdao, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 25 January 2019 Accepted: 6 June 2019 Published online: 09 July 2019

References
1. Podlubny, I.: Fractional Differential Equations. Academic Press, New York (1999)
2. Diethelm, K:: The Analysis of Fractional Differential Equations. Lecture Notes in Mathematics, vol. 2004. Springer,
Heidelberg (2010)
3. Samko, S.G, Kilbas, A.A, Marichev, O.l.: Fractional Integrals and Derivatives. Gordon & Breach, New York (1993)
4. Kilbas, A.A, Srivastava, H.M,, Trujillo, JJ.: Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam (2006)
5. Song, Q, Bai, Z.: Positive solutions of fractional differential equations involving the Riemann-Stieltjes integral
boundary condition. Adv. Differ. Equ. 2018, 183 (2018)
6. Liu, X, Jia, M., Ge, W.: The method of lower and upper solutions for mixed fractional four-point boundary value
problem with p-Laplacian operator. Appl. Math. Lett. 65, 56-62 (2017)
7. Liy, X, Jia, M., Ge, W.: Multiple solutions of a p-Laplacian model involving a fractional derivative. Adv. Differ. Equ. 2013,
126 (2013)
8. Tian, Y, Sun, S, Bai, Z.: Positive solutions of fractional differential equations with p-Laplacian. J. Funct. Spaces 2017,
Article ID 3187492 (2017)
9. Jleli, M, Nieto, J.J, Samet, B.: Lyapunov-type inequalities for a higher order fractional differential equation with
fractional integral boundary conditions. Electron. J. Qual. Theory Differ. Equ. 2017, 16 (2017)
10. Dhar, S, Kong, Q, McCabe, M.: Fractional boundary value problems and Lyapunov-type inequalities with fractional
integral boundary conditions. Electron. J. Qual. Theory Differ. Equ. 2016, 43 (2016)
11. Jiang, D, Yuan, C.: The positive properties of the Green function for Dirichlet-type boundary value problems of
nonlinear fractional differential equations and its application. Nonlinear Anal. 72, 710-719 (2010)
12. Lan, K, Lin, W.: Positive solutions of systems of Caputo fractional differential equations. Commun. Appl. Anal. 17(1),
61-86 (2013)



Jia et al. Advances in Difference Equations (2019) 2019:280 Page 26 of 26

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33

34.

35.

36.

He, J, Jia, M, Liu, X,, et al.: Existence of positive solutions for a high order fractional differential equation integral
boundary value problem with changing sign nonlinearity. Adv. Differ. Equ. 2018, 49 (2018)

Liu, X,, Jia, M.: Solvability and numerical simulations for BVPs of fractional coupled systems involving left and right
fractional derivatives. Appl. Math. Comput. 353, 230-242 (2019)

. Jia, M, Liu, X.: The existence of positive solutions for fractional differential equations with integral and disturbance

parameter in boundary conditions. Abstr. Appl. Anal. 2014, 36 (2014)

. Feng, M, Zhang, X, Ge, W.: New existence results for higher-order nonlinear fractional differential equation with

integral boundary conditions. Bound. Value Probl. 2011, Article ID 720702 (2011)
Liu, X,, Jia, M.: The method of lower and upper solutions for the general boundary value problems of fractional
differential equations with p-Laplacian. Adv. Differ. Equ. 2018, 28 (2018)

. Jia, M., Liu, X:: Multiplicity of solutions for integral boundary value problems of fractional differential equations with

upper and lower solutions. Appl. Math. Comput. 232(232), 313-323 (2014)

. Henderson, J,, Luca, R.: Positive solutions for a system of semipositone coupled fractional boundary value problems.

Bound. Value Probl. 2016(1), 1 (2016)

Webb, JR L. Existence of positive solutions for a thermostat model. Nonlinear Anal., Real World Appl. 13(2), 923-938
(2012)

Hao, Z, Debnath, L.: On eigenvalue intervals and eigenfunctions of fourth-order singular boundary value problems.
Appl. Math. Lett. 18(5), 543-553 (2005)

Graef, JR, Yang, B.: Positive solutions to a multi-point higher order boundary value problem. J. Math. Anal. Appl.
316(1-2), 247-257 (2009)

Webb, JRL, Infante, G.: Semi-positone nonlocal boundary value problems of arbitrary order. Commun. Pure Appl.
Anal. 9(2), 563-581 (2010)

Han, Z, Lu, H., Zhang, C.: Positive solutions for eigenvalue problems of fractional differential equation with
generalized p-Laplacian. Appl. Math. Comput. 257, 526-536 (2015)

Li, L, Li, H., Dai, Q. Multiple solutions for the eigenvalue problem of nonlinear fractional differential equations.
Commun. Math. Res. 32(2), 173-184 (2016)

Bai, Z.: Eigenvalue intervals for a class of fractional boundary value problem. Comput. Math. Appl. 64(10), 3253-3257
(2012)

Zhang, Y, Gu, Y. Eigenvalue intervals for nonlocal fractional order differential equations involving derivatives. J. Appl.
Math. Comput. 55(1-2), 1-16 (2016)

Zhang, X, Liu, L, Wiwatanapataphee, B, et al.: The eigenvalue for a class of singular p-Laplacian fractional differential
equations involving the Riemann-Stieltjes integral boundary condition. Appl. Math. Comput. 235(4), 412-422 (2014)
Zhao, K:: Impulsive integral boundary value problems of the higher-order fractional differential equation with
eigenvalue arguments. Adv. Differ. Equ. 2015(1), 1 (2015)

Su, X,, Jia, M,, Fu, X.: On positive solutions of eigenvalue problems for a class of p-Laplacian fractional differential
equations. J. Appl. Anal. Comput. 8(1), 152-171 (2018)

Kong, L., Kong, Q.: Second-order boundary value problems with nonhomogeneous boundary conditions (1). Math.
Nachr. 278(1), 173-193 (2005)

Kong, L., Kong, Q.: Second-order boundary value problems with nonhomogeneous boundary conditions (II). J. Math.
Anal. Appl. 330(2), 1393-1411 (2007)

Kong, L, Kong, Q.: Higher order boundary value problems with nonhomogeneous boundary conditions. Nonlinear
Anal. 72(1), 240-261 (2010)

Su, X, Jia, M, Li, M.: The existence and nonexistence of positive solutions for fractional differential equations with
nonhomogeneous boundary conditions. Adv. Differ. Equ. 2016(1), 1 (2016)

Wang, W., Guo, X.: Eigenvalue problem for fractional differential equations with nonlinear integral and disturbance
parameter in boundary conditions. Bound. Value Probl. 2016(1), 42 (2016)

Guo, D, Lakshmikantham, V.: Nonlinear Problems in Abstract Cones. Academic Press, New York (1988)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A class of nonlocal problems of fractional differential equations with composition of derivative and parameters
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	The existence of at least one positive solution
	The multiplicity and nonexistence of positive solutions
	Illustration
	Acknowledgements
	Funding
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


