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Abstract

In this work, a delay-interval-dependent robust stability problem for linear parameter
dependent (LPD) discrete-time system with discrete and distributed time-varying
delays and nonlinear uncertainties is addressed. By adopting combinations of mixed
model transformation, various inequality expressions, utilization of zero equations,
and new parameter dependent Lyapunov—Krasovskii functional, a new
delay-interval-dependent asymptotic stability criterion is derived in the form of linear
matrix inequalities. Moreover, an improved delay-interval-dependent asymptotic
stability criterion of discrete-time linear system with discrete time-varying delay and
nonlinear uncertainties is also achieved. Some numerical examples are also illustrated
to exhibit the effectiveness with less conservatism of the proposed stability criterion.

Keywords: Parameter dependence; Lyapunov-Krasovskii functional; Linear matrix
inequality (LMI); LPD discrete-time system; Interval time-varying delay

1 Introduction

During the past decades, various stability problems of discrete-time systems with delays
have drawn many researchers’ attention, for delays in systems may lead to instability or bad
performances [1-30]. Discrete-time systems with time-varying delays have been well rec-
ognized to be typical examples of applications to engineering [3]. In recent years, various
stability analyses of both discrete- and continuous-time systems with respect to uncer-
tainty about time-invariant parameters have been among many challenging problems. An
important aspect of uncertainty in a linear system is a linear parameter-dependent (LPD)
system in which the uncertain state matrices in the polytope are mathematically expressed
by a convex combination of known matrices. Most stability criteria have been obtained via
Lyapunov—Krasovskii functional approaches, in which parameter-dependent Lyapunov
functions have been employed [1, 8, 13, 14, 25, 28]. Stability analysis for discrete-time
systems with interval time-varying delay and nonlinear uncertainties was studied in [21].
The robust stability criteria of LPD continuous-time system with delays were presented
in [28]. Some results have been obtained for delay-interval-dependent robust stability of
discrete-time systems with discrete and distributed time-varying delays [27]. However,
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few results have been obtained for robust stability for LPD discrete-time systems with
interval time-varying delays and nonlinear perturbations.

Motivated by the above statement, the problem of stability for LPD discrete-time sys-
tems with mixed interval time-varying delays and nonlinear uncertainties is studied.
Through the construction of a parameter-dependent Lyapunov—Krasovskii functional,
model transformation, various forms of inequalities and utilization of zero equations, a
delay-interval-dependent robust stability criterion is presented in terms of linear matrix
inequalities (LMlIs) whose feasibility can be easily checked. Then, based on the derived
delay-interval-dependent robust stability criterion, an improved delay-range-dependent
stability criterion is proposed for a discrete-time system with interval discrete time-
varying delay and nonlinear uncertainties. Moreover, we include some numerical exam-
ples to exhibit the effectiveness with less conservatism of the proposed stability criterion.

2 Problem formulation
Notations, definition and lemmas used throughout this paper are given as follows. By
Z* we denote the set of nonnegative integers; R” denotes the n-dimensional space with
the vector norm || - ||; by ||&]| we denote the Euclidean vector norm of & € R”, that is,
lEN? = €T&; R™" denotes the space of all (1 x r)-dimensional real matrices; A7 denotes
the transpose of a matrix A, while I denotes the identity matrix. Matrix A is called semi-
positive definite (4 > 0) if x” Ax > 0, for all x € R"; A is positive definite (A > 0) if xTAx > 0
for all x # 0. Matrix B is called semi-negative definite (B < 0) if x” Bx < 0, for all x € R"; B
is negative definite (B < 0) if xTBx < 0 for all x #0; A > B means A — B > 0; A > B means
A — B > 0; L(A) denotes the set of all eigenvalues of A; Ay, (A) = max{ReA : A € A(A)};
Amin(A) = min{Re A : & € AM(A)}; Amax(A(@)) = max{Amax(A;) : i =1,2,...,N}; Amin(A(p)) =
min{Amin(4;) : i = 1,2,...,N}, and * represents the elements below the main diagonal of
a symmetric matrix.

Consider the LPD discrete-time system with mixed interval time-varying delays and
nonlinear perturbations of the form

E(k+1) = A(p)€ (k) + Bg)E (k= h(k)) + C(9) Y 8(D)& (k- i)

i=1
+fl(k,§(k)) +f2(k,§(/<—h(k))), 1)
EG)=¢(s), se{-hy,—hy+1,...,0}, (2)

where & (k) € R" is the state variable for k € Z* and ¢(s) is the initial value at s; A(p), B(p),
C(p) € R™*" stand for uncertain matrices defined by

N N N
Alp)=Y @A,  Blp)=) @B,  Clo)=) oG
i=1 i=1 i=1
N
Z(pl':L (piEO,Ai,Bi,CieR"X”,i:1,...,N.
i=1

The nonlinear perturbations f; (k, & (k)) and f>(k, & (k — h(k))) are bounded in magnitude:

A (KgAK ER) < y*E" (KEK), ®3)
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ST (k& (k = () (ks & (K = B(K))) < B2%" (k = h(K))E (k - h(k)), @

where y and § are given positive real constants. The discrete time-varying delay 4(k) sat-

isfies
0<hy <h(k) < hy,

where /1; and /i, are known positive integers. Moreover, there exists a constant scalar w
such that the function §(-) satisfies

ZS(i)=w<oo. (5)

Definition 2.1 ([25]) System (1) is said to be robustly stable if there exists a positive-
definite function V(k,&(k)) : Z* x R" — R such that

V(k,&(K) =V (k+1,E(k+1)) - V(kE(K) <0
along any trajectory of solution of system (1) with (2).

Lemma 2.2 ([5]) For any constant matrix W € R™", W = W7T > 0, two integers ry; and r,,

satisfying rar > ry,, vector function & : [r,,, ry] — R, the following inequality holds:

™ T ™ ™
<Zsu‘)> W(Zé(l’)) <(m—rm+1) Y ETGOWEQ).

i=ry i=ry i=ry

Lemma 2.3 ([26]) Let Q € R*" be a positive-definite matrix, & € R",i = 1,2,.... If the

sums concerned are well defined, then

Do HQ X X ZZ%‘Q&,

k-My—-1k-My-1 T [k-My-1k-Ma-1 o k=Mp—1k-Mp-1
[ ] Q[ } (M1~ Mp)? Mz)
i=k-M;  j=i i=k-My  j=i i=k—M; =i

Lemma 2.4 ([30]) Let M € R"*" be a positive-definite matrix, & € R" and a; > 0, i =

1,2,.... If the sums concerned are well defined, then

k-1 T k-1 k-1
Z Ei:| M|: Z 5ii| <M, Z g Mé;,

Li=k—M> i=k—M> i=k—My

Zl kfjs,-]T [Zl Zs,} (M) Zl ZETMs,,

Li=—My i=k+j -My i=k+j i=—Mpy i=j+k

[ oo T oo 00 00
Z ai&-:| M |:Z a£{| < |:Z ai:| Z ﬂiEiTME,-.
L i=1 i=1 i=1 i=1
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3 Main results

Referring to system (1), a new delay-range-dependent robust stability approach is pre-
sented here. The Lyapunov—Krasovskii functional method is combined with the LMI tech-
nique. Let us introduce the following notations to be used later on:

N N N
Lp)=) oLy,  Mlp)=) oM,  Zip)=) ¢,
i=1 i=1 i=1
N N N
Zop) =Y @iZi  Ple)=)_eP, Q) =) eQ,
i=1 i=1 i=1
N N
M) = oM, N@) =3 @,
i=1 i=1

Z‘Pi = 17 Qi > 0,], W)L?1Mi1M:7N;)Z[1;Zl‘27Pf)Q? € Rnxnﬁ

w=1,2,3,r=1,2,3,4,k=1,2,...,18,s=1,2,...,19,i=1,2,...,N,

1_[ = [Eiry;l'n]zwzw (6)

bj

where X" = £ mn=1,2,3,...,27,i,j=1,2,3,..,N,

s =Gl GG G LA+ LB L AL
+BY L L} + P2+ P} + PE 4 P4 PS4 PY 4+ Q)
+ P Q} + Q] + PQ° + p*Q% + 2P Qi + M}
+ Nl.1 + NilT + thf +Ni2 + NizT + rthi3 + Ni3 + NE’T
+ rthjL + N;’ + NfT - h%Pi17 + 61(/121 + wPilg,
S2=Ple G 4 G L AN L2 B - 12+ BQ
+ rzh%Qf + h%Q? + VZh%Qi11 + sziM + rszQi”,
sP=Nl,  ZM=-N2,  zZlP=-Gl+LUB:,  zl=-N,
=Ny D e-GaLlA2+mPY, x5 =-G-L!'B,
S Gl A2+ AV B LD - L2,
D I L EILA LS
52 =PI 12+ Q4 PRQE + Q) + rPHEQ + p? QP

+ rzsziu; + hlPl.lo + thiu + rhlPi12 + rthi13 + h%Pi14

2pl5 . 2pl6 ]’1‘1L 17, Un2 -m)? 18 721 272
+hyP;” + pP° + Zpi + Tpi +hyZ; + (rhy)°Z;,
2¥=Gle12'B,  ZXF=-Ge1¥A, 3P --Gl+1}'B

222 _ 2 2T 42 3 225 _ p2T 226 _ r2T
Z‘i’j =-G; +L; Aj—Li, Zw =L, 2111’ =L,

Page 4 of 18
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227 _ r2T 33 _ 2 6 18 323 _ pl8
2 =L G 2 =P+ P =P, X7 =P

44 _  ph 6 55 p8 18 2 522 2713
Ei,j =-P;-P;, Ei'j =—P; —P;° + &,8°1, El.,]. =B; Lj,
=pp,  Zpe=-Pl+pP], X7 =-P}-P],

88 _ _p9 17 822 _ 42T;3 99 _ 1 915 _ 2
2 -P; - P, Ei,‘ =4; L;f Ei,' __Qi’zi,' =-Q;,

10 10 Q 210 16 Q 211 11 Q 211 17 Q

12,12 _ 10 12,18 _ 11 13,13 _ 13 1319 _ _ Hl4
El‘,j - _Q' Ei,j = _Q' El’,j - _Q‘ Ei,/ = Q

i? i? i’ i
14,14 _ 16 14,20 _ 17 15,15 _ 3 14 16,16 _ 6
Ei,j =i Ei,j =i Ei,j =-Q; =P Ei,j =-Q)
1717 _ 9 15 18,18 _ 12 19,19 _ 15 16
2 -Q; -P7, Ei' =-Q;"% Ei,j =-Q;° - Py,
T T T
2—:21 21 _Zl 221 22 _Bl L3 Eizjl,zs _ L? ) Eizl;,ze :Lf )
2127 _ L5TC4 »2222 _ 13 A2 +A2TL3 _ 72 352225 _ L3T
i Tt i T4y i L i i T hi
T T
Eizjz,% =L§’ ) Eizjzm =L? G 223 23 _ P18 224 ,24 _P18
25,25 26,26 _ 27,27 _ py?
Do 37 A > —el, X -, G'=P},

ij ij bj w

G}=P!'W, p=hy—hy, p(k) = h(k) = hy, B(k) = hy — h(k),

k—h1-1 k—h(k)-1
[Z sz)} p(k) = ﬁ(k)[ Z s(i)},

i=k—h(k

and other terms are 0.

Theorem 3.1 System (1) is robustly stable if there exist positive definite symmetric
matrices M;,Z},Z2,P*,Q (k = 1,2,...,19,s = 1,2,...,18,i = 1,2,...,N), any matrices
J,W,M,N], Lﬁ (r=1,2,3,4,1=1,2,3,i=1,2,...,N) of appropriate dimensions, and pos-
itive real constants €, and €, satisfying the following LMIs:

]_[<—1, i=1,2,...,N, (7)
i
[1+]]< o 1) i=1,..,N-1,j=i+1,...,N, (8)
ij Jol
3t+1 3t+2
[Qi ggﬂg}zo, £=0,1,2,...,5,i=1,2,...,N, )
* i
M N!
i P9l+l >0, [=1,2,...,4,i=1,2,...,N. (10)
* i

Proof Applying a model transformation method, system (1) can be replaced by the system

§(k +1) = &(k) + n(k), (11)

n(k) = [Alp) — 1€ (k) + Bp)& (k = h(k)) + Clp) Y 8()& (k- i)
i=1
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+1(k,&(K)) +fo(k, & (k — h(k))). (12)

To improve the bound for k(k) in (1), we decompose constant matrices A and B as

A(p) = Ay (9) + As(9), (13)
B(ep) = B1(p) + Ba(e), (14)
where A1(¢) = YN, 0AL As(p) = YN 0:A2, Bi(p) = YN, 0iBL, Ba(g) = 3N, ¢:B%, and

A},Aiz, Bil, Blz € R are constant matrices forall i = 1,2, 3,..., N. By utilizing the following
zero equations, we have

k-1
E(k)-&(k=h(k) - Y n(i)=0, (15)
i=k—h(k)
k-1
(k) - &(k=rh(k)) - Y n(i)=0. (16)
i=k—rh(k)

From (15) and (16), we obtain

k-1
JEWK) = JE (k= h(k)) =T >~ n(@) =0, (17)
i=k—h(k)
k-1
WE(k) - W& (k—rh(k)) - W > n(i)=0, (18)
i=k-rh(k)

where J, W € R"*" are selected so that the stability criterion of the given system is guar-
anteed. Substituting (17)—(18) into the system (11)—(12), we obtain

k-1

E(k+1) = §(k) + n(k) +J& (k) - J& (k = h(k)) =] n(i

i=k—h(k)

k-1
+ WEK) - WE(k—rh(k) =W > (i), (19)
i=k—rh(k)
n(k) = [A1(¢) + Bi(g) - I] (k) + Ay(p)E (k — rh(k))

k-1 k-1

+ Bo(@) (k= h(k)) = Bilg) Y n@d)+A4s(p) D nli)

i=k—h(k) i=k—rh(k)

+Clp) Z 8(i)& (k — i) + fi(k, £(K)) + fo (K, & (k = h(K))). (20)

i=1

We define a parameter-dependent Lyapunov—Krasovskii functional for the system (19)—
(20) as

8
V(k&WK) = Vi(kEK)), (21)
i=1

Page 6 of 18
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where

Vi (k£ (k) = &7 (K)P1(p)& (K),
k-1 k-1

Vs (k, £ (k) = Z TPy (@E@ + Y ET(DPs()EG)

i=k—hy i=k-rhy

k-1 k-1
+ Y ETOP@ED + Y ET@Ps()EG)

i=k—hs i=k—rhy
k—hi-1 k—rhi-1
* Z ET)Ps(0)E@) + Y ETDPp)EG)
i=k—hy i=k—rhy
-1 k-1
* Z ETPs(p)E@) + Y ET(DPo(p)E )
i=k—h(k) i=k—rh(k)
1 k-1
0] [ @w][z0
k k =h
£0) IJZI,ZH[n(z)} [ x Q3(<p)} [n(i)]
e Qo) Q)| [£0)
M
. /2,,;“2,(;][77(!)} [ . Q&(ca)} [n(i)}
LS e0] [ore) )]0
h
' Zgl%[n(i)} [ x Qg(w)} [n(i)}
-1 k-1
)] [Que) Quw][&w
h
”2,%,%[ }{ * Q12(<p)} [n(i)]
-h1-1 k-1 R
(i) Quze) Quale) | | £0)
" X,;,Z,[ ] [ * Qk—,(m} [n(i)}

—rh1-1 k-1 .
Qislp) Qur(e) || £()
> Z[ } [ " Qw((ﬂ)} [n(i)]

j=—rhy i=k+j

0
Valk£() = Y Z (DProp

Jj=—h1+1 i=k-1+j

0 k-1
£y > " @PulenG)

Jj=—hy+1 i=k-1+j

0
£y Z (DPr2(¢)n (i)

j=—rh1+1i=k—1+j

0
+ Z Z (D)P13(e)n(0)

j=—rhy+1i=k—1+j

* Z 8(0) Z £ M(p)g,

i=1 j=k—i

Page 7 of 18
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-1 k-1

Vs(k, () = > Y " 0" ()Prale)n

Jj=—hy i=k+j

-1 k-1

+hy Y Y 0 (@OPis()n (i)

Jj=—hy i=k+j

-1 k-1

w0 Y Y 0 @)Pielg)n(i),

j==hy i=k+j

-1 k-1

Vo(k, &) =y > Y " 0" () Z1(@)n(i)

Jj==hy i=k+j

-1 k-1

+ rhy Z Z 0" () Za(e)n i)

j=—rhy i=k+j

2—10k1

Va(k£W) =5 32 D0 > 0" OPulen(®)

i=—hy j=i l=k+j

k*h]*l k—h1-1k—h1-1

AT vorue

i=k—hy  j=i I=j
oY) -1
Vs(k,&(K) = > 80) Z 7 ()P ()& ()).
i=1 j=k—i

From (21), the forward difference of V'(k, & (k)) is defined by

8
AV(kE(k) = AVi(kE(K), (22)
i=1
where
AVi(kE(K)) = Vi(k + 1,&(k + 1)) - V;(k,£(k)) (23)

fori=1,2,...,8. The increments of V;(k,§(k)), Va(k,&(k)), and V3(k, & (k)) are obtained by
taking the forward difference of V; (k, & (k)), Va(k, & (k)), and V3(k, & (k)), respectively. Then,

we have

AVi(k,§(K)) = €7 (k + DP1()E (k + 1) = &7 (K)P1(¢)E (k)

=[7(0) + " (0]Pi(9) [E(k) +n(k) +J& (k)

k-1
—JE(k=n() =T Y i)+ WEK)

i=k—h(k)

— WE(k—rh(k)) - W Z n(i)}

i=k—rh(k)

Page 8 of 18
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+ [ST(k)IT ~ &7 (k- (k)"

k-1
n QT +ET KW —ET (k- rh(k) W
i=k—h(k)
- T(i)WT}H((D)[S(k) + (k)]
i=k—rh(k)

+26"(K)L{ (¢) [—n(k) +[Ai(p) + Bi(p) — I]£ (k)
+ As(p)§ (k = rh(k)) + Ba(¢)€ (k = h(k))

- Bi() Z n(i) + Aa(p) Z (24)

i=k—h(k i=k—rh(k

+Clp) Z 3@k — i) + fi(k, () + fo (ko & (K - h(k)))}

i=1
+2n" (k)L3 (¢) [—n(k) +[A1(p) + Bi(p) —I]E (k)

+ As()€ (k = rh(k)) + B2 ()& (k - h(k))

) Z n(i) + Aa(p) Z

i=k—h(k i=k—rh(k)

+Clp) Z S(@E(k — i) + fi (k£ () + fo (ko & (K - h(k)))}

i=1
+2 > n"G)Li(p) [—n(k) +[A1(p) + Bi(p) - 1] (k)
i=k—rh(k)
+As(9)& (k = rh(k)) + By ()& (k — h(k))

~Bi(¢) Z n(i) + Aa(p) Z

i=k—h(k i=k—rh(k)

+Clp) Z B(@E (k- i) + fi(k,E(K)) + fo(ko & (K - h(k)))}

=

— £T(k)P1 (p)E (k) (25)
AV (k,&(K)) = €7 (k)Pa(@)& (k) — £" (k — 11 )Py()E (k — )

+ &7 (k)Ps(¢)& (k) — &7 (k — ry ) P3(@) (k — ry)

+ET(k)Py(9)E (k) — £" (k — h2)Pa(p)& (k — Ip)

+ &7 (k)Ps ()& (k) — £" (k — rha)Ps () (k — 1)

+ &7 (k= 1)Pe()§ (k — ) = €7 (k = hy)Ps(0)E (k — hz)

+ &7 (k = rh) P ()& (k — rhy)
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k—h
_Zz_kjhz U(l)

- T
ER)| |0’ Qislp)  p*Quale) | | &)
| (k) * r?p*Qus(p) | | n(k)

(2019) 2019:242

— €T (k = rhy) Py ()& (k — rhy)
+ET(k)Py(p)E (k) — 67 (k —
+ET(k)Po(@)E (k) — T (k -

s0] [ Buw] [k
n(k) x  BQye) | 10

h(k)) Ps(¢)¢ (k - h(k))
rh(k))Ps(¢)é (k - rh(k)),

z,kms(z) Q) Q) | [ X5, 0
szhl @) x Qo) | | TS, )

(0] r’hiQu(e) r’hiQs(e) | | (k)
| n(k) * r*hiQs() | | n(k)

Pz s(z)} ' [QM) Qs(so)} [z,k i sm}

Zz kriy 10) £ Qo) | | i n()

& (k) h%Q7(<p) h3Qs(e) | [ £(K)
| n(k) * h5Qs(e) | | n(k)

(Y0 [ Qo) Zf kl 0
kalhz n(0) £ Qo) | | i, )

& (k) rzh%QIO((D) rhQu(e) | | £(K)
| n(k) * r’i3Qu2(e) | | n(k)

P sm} ! [Qm(@) Q11(<p):| [z,k o s(n}

Zl k=riny 1(0) x Qule) | | X5, n()

s ] [2Qule) p2Qu@)] [0
| (k) * P?Qis(9) | | n(k)

P k’“hz £0] [Qule) Quip) | [T &)
0 Quisle) | | T n)

z, 7116 Q) Quly) Z, g )
[ZEDRa0] [ ox Qo) | [0 00 ]

Taking the forward difference of V(k, & (k)) yields

AVy(k,&(k))
0
=" (Py(@)ntk) = Y 1" k—1+0)Pio(p)ntk—1+i)
i=—h1+1
0
+ o (k)P (@)n(k) = Y 0" (k=1+i)Py(p)

i=—hy+1

(26)

(27)

Page 10 of 18
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0
x n(k =1+ i)+ rhun” (k)Pya(@)n(k) - Z n'(k=1+i)

i=—rh1+1

x Pio(@)n(k = 1 + ) + rhan” (k)P13(@)n(k)

0
= Y nTlk=1+)Pis(p)nlk—1+i).

i=—rhy+1
By (10), it is easy to see that

0

0
26T(ON(p) Y nk—=1+i)+ Y n"(k—1+i)Pro(p)n(k—1+i)

i=—hy+1 i=—hy+1
+ & ()M (p)E (k)
oy [ s e M@ w7, o
i=—hy+1 nk—1+i) * Pio(p) | | ntk=1+4) |~

0 0
26T(N(9) Y mlk=1+i)+ D T (k=1+)Pu(p)ntk—1+i)

i==hy+1 i=—hy+1
+ ha& T (k)M () (k)
} X°: e ] e me][ osw ], o
i=—hp+1 nk—=1+i) * Pule) || ntk=1+0) |~

0

0
26T((Ns(9) Y mk=1+i)+ Y nT(k=1+)Pis()

i=—rh1+1 i=—rh1+1

x 0k =1 +i) + rng" (KM (p)§ (k)

- 20: e ] [ N[ w0 ] (30)
o Lk =1 +4) «  Pu) || nk=1+0]="

0 0

26T(N9) Y mlk=1+i)+ Y n'(k=1+)Pi3(p)

i=—rhy+1 i=—rhy+1

<k =1+ 0)+ rhot ™ (R)Ma( )6 (K)
oy [ aw Tm n@][ w0 o
e n-1en | | x Pl [ ak-1+0)
From (28), (29), (30), and (31), we obtain

0
= > T (k=1+)Pio(@)n(k =1 +1)

i=—hy+1

0
< & (M ()& (k) + 26" (N1 () Y nlk—1+1)

i=—h1+1

= & (M () (k) + 26T (N1 (9)5 (k) - 26T (N1 (9)§ (k = ), (32)
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0
= Y nTk=1+)Py(@)n(k—1+1)

i=—hy+1

0
<" (M (@)E (k) + 26T (N> (9) D nlk=1+i)

i=—hy+1
= o€ (k)M ()& (k) + 28 T (K)Na ()€ (k) — 28 T (k)Na ()€ (k — 2),

0
— Y nTk=1+i)Pya(@)nlk—1+i)

i=—rh1+1

0
< (OMs(@)E (k) + 26T (N3(9) D nk—1+1)

i=—rhy+1
= rn& T (K)Ms(p)& (k) + 267 (k)N3(p)€ (k)
— 26T (k)N3 ()€ (k — rhy),

0
— Y k=14 i)Pys(@)nlk—1+i)

i=—rhy+1

0

< rog" (Ma(p)E (k) + 26 T(ONa(p) Y nlk—1+1i)

i=—rhy+1
= rhy& T (k)Ma(p)§ (k) + 257 (k)Na () (k)
= 26" (k)Nu(p)& (k = rhy).

Therefore, we conclude that

AVy(k,&(k))
< ln" (k)Pyo(@)n(k) + hy & T (k)M ()& (k) + 25T (k)Ny ()€ (k)
=26 T (k)N1 ()& (k — ) + han” (k) Pr1 (@)1 (k)
+ ha& T (k)Mo ()€ (k) + 28 T ()N ()& (k)
= 26T (k)N ()& (k — ha) + rhn” (k)P1a(@)n (k)
+ & (k)M ()€ (k) + 26T (K)N3 ()& (k)
= 26T (K)N3 ()& (k — rhy) + rhyn ™ (k)P13(@)n(k)
+ rinE " (k)M ()€ (k) + 26 T (K)Na(@)E (k)
— 26T ()N4(9)§ (k = rhy).
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(33)

(34)

(35)

(36)

By Lemma 2.2, the increments of V5(k,£(k)) and Vi(k, & (k)) can be expressed mathemati-

cally as

k-1

=" (K)Pua(@)n(k) =1 Y 0" ()Prale)n(i)
i=k—hy
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k-1

+ 10" () Pys(@)n(k) =y > 0" (i)P1s(e)n(i)
i=k—hy
k-h1-1
+ 0" (O)Ps(@)nk) = p Y 0" (DP1s(@)n(i)
i=k—hy
k-1 T k-1
<" (k)Pra(e)n(k) - ( > n(i)) me)( > n(i))
i=k—hy i=k—hy

h

T k—h -1
) Pis(p ( n(i >, (37)
i=k—hy
k-1

= 150" (K Z(@)n(k) = by D~ 0" ()Zi(@)n(i)

k-1 T k-1
13" (k)Pys(e)n(k) — ( Z ) P15(<ﬂ)< Z n(l)
i=k— i=k—hy
—h -
XI

+p°n" (k)Ps(p (

INAURT)

i=k—hy
k-1
+ (rha)*n" (k) Za(@)n (k) — ri Z n" () Z2(e)n (i)
i=k—rhy
k-1 T k-1
<h§nT(k)Zl(<p)n(k)—< > n(i)) Zl(¢)< > n(i)>
i=k—h(K) i=k—h(K)
k-1 T
+(rhz)2nT(k)Zz(w)n(k)—< Z n(i)) Z(p)
i=k—rh(k)

k-1
><< Z n(i)). (38)

i=k—rh(k)

The forward difference of V5(k, & (k)) can be obtained as

4
AV, (kb E(R) = 7 (k)[h Prolp) + P22 PW)] (®)
-1 k-1
Z > 0" ()P (@)
i=—hy j=k+i
1 k—h1-1k-h1-1
=5 2 2 " WPus@nl). (39)
isk—hy  j=i

By Lemma 2.3, we obtain

-1 k-1

- Z > 0 ()P ()n()

i=—hy j=k+i
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k-1 T k-1
s—[hlsud— > s(»} Pn(w[hls(k)— > sm}, (40)

i=k—hy i=k—hy
1 k=1 k=h1-1
-5 > T ()Pisle)nG
i=k-hy  j=i
1 Kot k-1 1 k—h(k)-1 k—h(k)-1
=3 > 0" (PisleInG) - 3 > " ()Pis()n())
i=k-h(k) j=i i=k—hy j=i
1 k=1 k-1
-3 > 0" ()Pis(@)n)
i=k—hy j=k-h(k)
k—h1-1 k-=h1-1 k—=h1-1 k—h1—
5—[ n(i)} o lg(w[ >y n(/)}
i=k—h(k) j=i i=k—h(k) j=i
k—=h(k)-1 k=h(k)-1 T (k)1 k—=h(k)-1
[ 37 ] e 3w
i=k—hy Jj=i i=k—hy Jj=i

= —[&(k ) — (k)] Prs(@)[£ (k — ) - (K)]
~ [&(k = h(0)) = p(K)] " Prs(@)[& (k — h(K)) — p(k)]- (41)

Substituting (40) and (41) into (39), we obtain

(hy —

2
AV (k,&(K)) < nT(k)[ Py7(p) + 2 Pls(w)]n(k)

k-1
—[hls(/d— > s(i)} Py7(p [ HOE Z sm}

i=k—hy i=k—hy
— [E(k = 1) = ¥ (k)] Pus(@)[E(k = 1) = ¥ ()]
— [E(k - h(0)) - p ()] Prs(@)[€ (k - h(K)) - $(K)]. (42)

Taking the forward difference of Vg(k, & (k)), we obtain

AV (k,&(k)) = wg " (k)P1o(p)& (k)
o0 T o0
- %[Zl ()6 (k - i)} Pis(@) [Zl ()6 (k - i)}. (43)
From (3) and (4), for any scalars €3, €; > 0, we obtain

a(*sT (s £ (k§W))fi (K §(K)) = 0, (44)
62 (BT (k= h(k))& (k — h(k)) — £, (k. & (k = h(k)))fo (k. & (k = h(k)))) = 0. (45)

It follows from (22)—(45) that

V(k&(K)) < cT(/dZZw,]'[z(k (46)

i=1 j=1
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where ¢T(k) = [ST(k)nT(k)ET(k - mET(k - m)gT(k - h(k))ST(k - rhl)

X
ET(k — rh)ET(k - rh(k) Y} k- & ETG) Y rh1 T(l)Zl ki § ETG) Y iy X
S e Y e T(z)Z,khl THO) DI Zf PR O) S Tm x

Y O 5 1O X5 1”0 iy 1" OV RSk, E Rk € (k
h(k))) Y- 8(i)é(k — i)] and ]_[ is defined as in (6). The fact that Zi=1‘Pi =1 leads to
the following identities:

N-1 N

> Y enl- wal_[l, + 2> e[ T+11] (47)

i=1 j=1 ij i=1 i=1 j=i+1 ij Joi

N-1 N N-1 N

(N - 1)Z<ﬂ, 2 Y ww=) Y lei-gl’=0. (48)

i=1 j=i+1 i=1 j=i+1

By (46)—(48), if (7)—(10) are feasible, then
V(K £(K) <-ollE]?, (49)
where o > 0. Therefore, system (1)—(2) is robustly stable. This completes the proof. O

Remark 1 Theorem 3.1 reduces to LMIs stability condition for discrete-time system with
time-varying delays and nonlinear uncertainties [21] if A(p) = A, B(¢) = B, C(¢) = 0 where
A, B € R, We use the mixed model transformation in this paper, and utilize the various
inequalities to reduce the possible conservatism of the obtained condition.

Remark?2 If A(p) = A, B(p) = B, C(p) = 0and fi(k, § (k)) = fo(k, & (k—h(k))) = 0where A,B €
R™, model (1) is simplified to the discrete-time system with time-varying delays studied
in [2, 4, 6,7, 16, 18]. So the investigation in this paper expands and improves the studies
in the literature.

4 Numerical examples
Example 4.1 Consider the system

E(k + 1) = AE(K) + BE (k — (k) + fi (k, £(K)) + fo (K, & (k = h(k))) (50)

with the parameters

~loso o
1005 09|’

which were considered in [21].

-0.10 0
= ) > O) > Or 51
|:—O.20 —0.10j| 4 p (51)

Decompose the matrices A and Bas A = A; + A, and B = B; + B;, where
-0.5 -0.1 1.3 0.1
Al = ) AZ = )
-0.02 -0.3 0.07 1.2

-0.5 -0.1 4 0.1
B, = 05 -0 ’ B, - 04 0 .
-03 -0.4 01 03
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Table 1 The maximum upper bounds of h, for Example 4.1

Method hy 2 6 10 14
y=0p=0

Ramakrishnan and Ray (2013) [21] hsy 17 18 20 22
Ours h> 57 57 57 57
y=0,8=0.1

Ramakrishnan and Ray (2013) [21] h> 1 13 15 17
Ours hy 57 57 57 57
y=01,8=01

Ramakrishnan and Ray (2013) [21] h 10 1 13 15
Ours hy 57 57 57 57

Table 2 The maximum upper bounds of h; for Example 4.2

h 4 10 20 30
Peng (2012) [18] 18 20 26 35
Feng et al. (2015) [2] 21 22 27 35
Kwon et al. (2013) [7] 22 23 27 36
Kim (2015) [6] 22 23 28 36
Nam et al. (2015) [16] 22 23 29 36
Hien and Trinh (2016) [4] 27 28 35 39
Ours 56 56 56 56

Applying Theorem 3.1 to system (50)—(51), the numerical results of our criterion are dra-
matically less conservative than those of [21], as shown in Table 1.

Example 4.2 Consider the system
£(k + 1) = A& (k) + BE (k — h(k)) (52)

with the parameters

0.80 0 -0.10 0
A= , B= , (53)
0.05 0.90 -0.20 -0.10
which were considered in [2, 4, 6, 7, 16, 18].
Decompose the matrices A and B as A = A; + A, and B = By + By, where

-04 -0.1 1.2 0.1
Al = 0 ) AZ = )
-0.02 -0.3 0.07 1.2
-0.5 -0.1 4 0.1
B, - 05 -0 ’ B, - 04 0 .
-03 -04 01 03
Given various values of /;, the obtained upper bounds for /1, are shown in Table 2. The

numerical results show the asymptotic stability of system (52) with (53). Moreover, by
applying Theorem 3.1, less conservative results are achieved.

5 Conclusions
The problem of delay-interval-dependent robust stability for LPD discrete-time system
with mixed time-varying delays and nonlinear uncertainties was studied. By utilizing var-
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ious inequalities, a mixed model transformation, zero equations, and a new parameter-
dependent Lyapunov—Krasovskii functional, the new delay-interval-dependent stability
criterion is derived and formulated in terms of LMIs for the system. Some numerical ex-
amples are also illustrated to exhibit the effectiveness with less conservatism of the pro-
posed stability criterion.
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