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Abstract
In this work, a delay-interval-dependent robust stability problem for linear parameter
dependent (LPD) discrete-time system with discrete and distributed time-varying
delays and nonlinear uncertainties is addressed. By adopting combinations of mixed
model transformation, various inequality expressions, utilization of zero equations,
and new parameter dependent Lyapunov–Krasovskii functional, a new
delay-interval-dependent asymptotic stability criterion is derived in the form of linear
matrix inequalities. Moreover, an improved delay-interval-dependent asymptotic
stability criterion of discrete-time linear system with discrete time-varying delay and
nonlinear uncertainties is also achieved. Some numerical examples are also illustrated
to exhibit the effectiveness with less conservatism of the proposed stability criterion.

Keywords: Parameter dependence; Lyapunov–Krasovskii functional; Linear matrix
inequality (LMI); LPD discrete-time system; Interval time-varying delay

1 Introduction
During the past decades, various stability problems of discrete-time systems with delays
have drawn many researchers’ attention, for delays in systems may lead to instability or bad
performances [1–30]. Discrete-time systems with time-varying delays have been well rec-
ognized to be typical examples of applications to engineering [3]. In recent years, various
stability analyses of both discrete- and continuous-time systems with respect to uncer-
tainty about time-invariant parameters have been among many challenging problems. An
important aspect of uncertainty in a linear system is a linear parameter-dependent (LPD)
system in which the uncertain state matrices in the polytope are mathematically expressed
by a convex combination of known matrices. Most stability criteria have been obtained via
Lyapunov–Krasovskii functional approaches, in which parameter-dependent Lyapunov
functions have been employed [1, 8, 13, 14, 25, 28]. Stability analysis for discrete-time
systems with interval time-varying delay and nonlinear uncertainties was studied in [21].
The robust stability criteria of LPD continuous-time system with delays were presented
in [28]. Some results have been obtained for delay-interval-dependent robust stability of
discrete-time systems with discrete and distributed time-varying delays [27]. However,
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few results have been obtained for robust stability for LPD discrete-time systems with
interval time-varying delays and nonlinear perturbations.

Motivated by the above statement, the problem of stability for LPD discrete-time sys-
tems with mixed interval time-varying delays and nonlinear uncertainties is studied.
Through the construction of a parameter-dependent Lyapunov–Krasovskii functional,
model transformation, various forms of inequalities and utilization of zero equations, a
delay-interval-dependent robust stability criterion is presented in terms of linear matrix
inequalities (LMIs) whose feasibility can be easily checked. Then, based on the derived
delay-interval-dependent robust stability criterion, an improved delay-range-dependent
stability criterion is proposed for a discrete-time system with interval discrete time-
varying delay and nonlinear uncertainties. Moreover, we include some numerical exam-
ples to exhibit the effectiveness with less conservatism of the proposed stability criterion.

2 Problem formulation
Notations, definition and lemmas used throughout this paper are given as follows. By
Z+ we denote the set of nonnegative integers; Rn denotes the n-dimensional space with
the vector norm ‖ · ‖; by ‖ξ‖ we denote the Euclidean vector norm of ξ ∈ Rn, that is,
‖ξ‖2 = ξTξ ; Rn×r denotes the space of all (n × r)-dimensional real matrices; AT denotes
the transpose of a matrix A, while I denotes the identity matrix. Matrix A is called semi-
positive definite (A ≥ 0) if xT Ax ≥ 0, for all x ∈ Rn; A is positive definite (A > 0) if xT Ax > 0
for all x �= 0. Matrix B is called semi-negative definite (B ≤ 0) if xT Bx ≤ 0, for all x ∈ Rn; B
is negative definite (B < 0) if xT Bx < 0 for all x �= 0; A > B means A – B > 0; A ≥ B means
A – B ≥ 0; λ(A) denotes the set of all eigenvalues of A; λmax(A) = max{Reλ : λ ∈ λ(A)};
λmin(A) = min{Reλ : λ ∈ λ(A)}; λmax(A(ϕ)) = max{λmax(Ai) : i = 1, 2, . . . , N}; λmin(A(ϕ)) =
min{λmin(Ai) : i = 1, 2, . . . , N}, and ∗ represents the elements below the main diagonal of
a symmetric matrix.

Consider the LPD discrete-time system with mixed interval time-varying delays and
nonlinear perturbations of the form

ξ (k + 1) = A(ϕ)ξ (k) + B(ϕ)ξ
(
k – h(k)

)
+ C(ϕ)

∞∑

i=1

δ(i)ξ (k – i)

+ f1
(
k, ξ (k)

)
+ f2

(
k, ξ

(
k – h(k)

))
, (1)

ξ (s) = φ(s), s ∈ {–h2, –h2 + 1, . . . , 0}, (2)

where ξ (k) ∈ Rn is the state variable for k ∈ Z+ and φ(s) is the initial value at s; A(ϕ), B(ϕ),
C(ϕ) ∈ Rn×n stand for uncertain matrices defined by

A(ϕ) =
N∑

i=1

ϕiAi, B(ϕ) =
N∑

i=1

ϕiBi, C(ϕ) =
N∑

i=1

ϕiCi,

N∑

i=1

ϕi = 1, ϕi ≥ 0, Ai, Bi, Ci ∈ Rn×n, i = 1, . . . , N .

The nonlinear perturbations f1(k, ξ (k)) and f2(k, ξ (k – h(k))) are bounded in magnitude:

f T
1

(
k, ξ (k)

)
f1

(
k, ξ (k)

) ≤ γ 2ξT (k)ξ (k), (3)
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f T
2

(
k, ξ

(
k – h(k)

))
f2

(
k, ξ

(
k – h(k)

)) ≤ β2xT(
k – h(k)

)
ξ
(
k – h(k)

)
, (4)

where γ and β are given positive real constants. The discrete time-varying delay h(k) sat-
isfies

0 < h1 ≤ h(k) ≤ h2,

where h1 and h2 are known positive integers. Moreover, there exists a constant scalar w
such that the function δ(·) satisfies

∞∑

i=1

δ(i) = w < ∞. (5)

Definition 2.1 ([25]) System (1) is said to be robustly stable if there exists a positive-
definite function V (k, ξ (k)) : Z+ × Rn → R such that

	V
(
k, ξ (k)

)
= V

(
k + 1, ξ (k + 1)

)
– V

(
k, ξ (k)

)
< 0,

along any trajectory of solution of system (1) with (2).

Lemma 2.2 ([5]) For any constant matrix W ∈ Rn×n, W = W T > 0, two integers rM and rm

satisfying rM ≥ rm, vector function ξ : [rm, rM] → Rn, the following inequality holds:

( rM∑

i=rm

ξ (i)

)T

W

( rM∑

i=rm

ξ (i)

)

≤ (rM – rm + 1)
rM∑

i=rm

ξT (i)Wξ (i).

Lemma 2.3 ([26]) Let Q ∈ Rn×n be a positive-definite matrix, ξi ∈ Rn, i = 1, 2, . . . . If the
sums concerned are well defined, then

[k–M2–1∑

i=k–M1

k–M2–1∑

j=i

ξj

]T

Q

[k–M2–1∑

i=k–M1

k–M2–1∑

j=i

ξj

]

≤ (M1 – M2)2

2

k–M2–1∑

i=k–M1

k–M2–1∑

j=i

ξT
j Qξj.

Lemma 2.4 ([30]) Let M ∈ Rn×n be a positive-definite matrix, ξi ∈ Rn and ai ≥ 0, i =
1, 2, . . . . If the sums concerned are well defined, then

[ k–1∑

i=k–M2

ξi

]T

M

[ k–1∑

i=k–M2

ξi

]

≤ M2

k–1∑

i=k–M2

ξT
i Mξi,

[ –1∑

i=–M2

k–1∑

i=k+j

ξj

]T

M

[ –1∑

i=–M2

k–1∑

i=k+j

ξj

]

≤ (M2)2

2

–1∑

i=–M2

k–1∑

i=j+k

ξT
j Mξj,

[ ∞∑

i=1

aiξi

]T

M

[ ∞∑

i=1

aiξi

]

≤
[ ∞∑

i=1

ai

] ∞∑

i=1

aiξ
T
i Mξi.
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3 Main results
Referring to system (1), a new delay-range-dependent robust stability approach is pre-
sented here. The Lyapunov–Krasovskii functional method is combined with the LMI tech-
nique. Let us introduce the following notations to be used later on:

Lw(ϕ) =
N∑

i=1

ϕiLw
i , M(ϕ) =

N∑

i=1

ϕiMi, Z1(ϕ) =
N∑

i=1

ϕiZ1
i ,

Z2(ϕ) =
N∑

i=1

ϕiZ2
i , Pk(ϕ) =

N∑

i=1

ϕiPk
i , Qs(ϕ) =

N∑

i=1

ϕiQs
i ,

Mr(ϕ) =
N∑

i=1

ϕiMr
i , Nr(ϕ) =

N∑

i=1

ϕiNr
i ,

N∑

i=1

ϕi = 1, ϕi ≥ 0, J , W , Lw
i , Mi, Mr

i , Nr
i , Z1

i , Z2
i , Pk

i , Qs
i ∈ Rn×n,

w = 1, 2, 3, r = 1, 2, 3, 4, k = 1, 2, . . . , 18, s = 1, 2, . . . , 19, i = 1, 2, . . . , N ,
∏

i,j

=
[
Σ

m,n
i,j

]
27×27, (6)

where Σ
m,n
i,j = Σ

n,m
i,j

T , m, n = 1, 2, 3, . . . , 27, i, j = 1, 2, 3, . . . , N ,

Σ
1,1
i,j = G1

i + G2
i + G1

i
T + G2

i
T – L1

i
T A1

j + L1
i

T B1
j – L1

i
T + A1

i
T L1

j

+ B1
i

T L1
j – L1

i + P2
i + P3

i + P4
i + P5

i + P8
i + P9

i + h2
1Q1

i

+ r2h2
1Q4

i + h2
2Q7

i + r2h2
2Q10

i + ρ2Q13
i + r2ρ2Q16

i + h1M1
i

+ N1
i + N1

i
T + h2M2

i + N2
i + N2

i
T + rh1M3

i + N3
i + N3

i
T

+ rh2M4
i + N4

i + N4
i

T – h2
1P17

i + ε1ϕ
2I + wP19

i ,

Σ
1,2
i,j = P1

i + G1
i

T + G2
i

T – L1
i

T + A1
i

T L2
j + B1

i
T L2

j – L2
i + h2

1Q2
i

+ r2h2
1Q5

i + h2
2Q8

i + r2h2
2Q11

i + ρ2Q14
i + r2ρ2Q17

i ,

Σ
1,3
i,j = –N1

i , Σ
1,4
i,j = –N2

i , Σ
1,5
i,j = –G1

i + L1
i

T B2
j , Σ

1,6
i,j = –N3

i ,

Σ
1,7
i,j = –N4

i , Σ
1,8
i,j = –G2

i + L1
i

T A2
j + h1P17

i , Σ
1,21
i,j = –G1

i – L1
i

T B1
j ,

Σ
1,22
i,j = –G2

i + L1
i

T A2
j + A1

i
T L3

j + B1
i

T L3
j – L3

i ,

Σ
1,25
i,j = L1

i
T , Σ

1,26
i,j = L1

i
T , Σ

1,27
i,j = L1

i
T Cj,

Σ
2,2
i,j = P1

i – L2
i

T – L2
i + h2

1Q3
i + r2h2

1Q6
i + h2

2Q9
i + r2h2

2Q12
i + ρ2Q15

i

+ r2ρ2Q18
i + h1P10

i + h2P11
i + rh1P12

i + rh2P13
i + h2

1P14
i

+ h2
2P15

i + ρ2P16
i +

h4
1

4
P17

i +
(h2 – h1)2

4
P18

i + h2
2Z1

i + (rh2)2Z2
i ,

Σ
2,5
i,j = –G1

i + L2
i

T B2
j , Σ

2,8
i,j = –G2

i + L2
i

T A2
j , Σ

2,21
i,j = –G1

i + L2
i

T B1
j ,

Σ
2,22
i,j = –G2

i + L2
i

T A2
j – L3

i , Σ
2,25
i,j = L2

i
T , Σ

2,26
i,j = L2

i
T ,
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Σ
2,27
i,j = L2

i
T Cj, Σ

3,3
i,j = –P2

i + P6
i – P18

i , Σ
3,23
i,j = P18

i ,

Σ
4,4
i,j = –P4

i – P6
i , Σ

5,5
i,j = –P8

i – P18
i + ε2β

2I, Σ
5,22
i,j = B2

i
T L3

j ,

Σ
5,24
i,j = P18

i , Σ
6,6
i,j = –P3

i + P7
i , Σ

7,7
i,j = –P5

i – P7
i ,

Σ
8,8
i,j = –P9

i – P17
i , Σ

8,22
i,j = A2

i
T L3

j , Σ
9,9
i,j = –Q1

i ,Σ9,15
i,j = –Q2

i ,

Σ
10,10
i,j = –Q4

i , Σ
10,16
i,j = –Q5

i , Σ
11,11
i,j = –Q7

i , Σ
11,17
i,j = –Q8

i ,

Σ
12,12
i,j = –Q10

i , Σ
12,18
i,j = –Q11

i , Σ
13,13
i,j = –Q13

i , Σ
13,19
i,j = –Q14

i ,

Σ
14,14
i,j = –Q16

i , Σ
14,20
i,j = –Q17

i , Σ
15,15
i,j = –Q3

i – P14
i , Σ

16,16
i,j = –Q6

i ,

Σ
17,17
i,j = –Q9

i – P15
i , Σ

18,18
i,j = –Q12

i , Σ
19,19
i,j = –Q15

i – P16
i ,

Σ
21,21
i,j = –Z1

i , Σ
21,22
i,j = –B1

i
T L3

j , Σ
21,25
i,j = L5

i
T , Σ

21,26
i,j = L5

i
T ,

Σ
21,27
i,j = L5

i
T Cj, Σ

22,22
i,j = L3

i
T A2

j + A2
i

T L3
j – Z2

i , Σ
22,25
i,j = L3

i
T ,

Σ
22,26
i,j = L3

i
T , Σ

22,27
i,j = L3

i
T Cj, Σ

23,23
i,j = –P18

i , Σ
24,24
i,j = –P18

i ,

Σ
25,25
i,j = –ε1I, Σ

26,26
i,j = –ε2I, Σ

27,27
i,j = –

P19
i
w

, G1
i = P1

i J ,

G2
i = P1

i W , ρ = h2 – h1, ϕ(k) = h(k) – h1, β(k) = h2 – h(k),

ψ(k) =
1

ϕ(k)

[ k–h1–1∑

i=k–h(k)

ξ (i)

]

, φ(k) =
1

β(k)

[k–h(k)–1∑

i=k–h2

ξ (i)

]

,

and other terms are 0.

Theorem 3.1 System (1) is robustly stable if there exist positive definite symmetric
matrices Mi, Z1

i , Z2
i , Pk

i , Qs
i (k = 1, 2, . . . , 19, s = 1, 2, . . . , 18, i = 1, 2, . . . , N), any matrices

J , W , Mr
i , Nr

i , Ll
i (r = 1, 2, 3, 4, l = 1, 2, 3, i = 1, 2, . . . , N ) of appropriate dimensions, and pos-

itive real constants ε1 and ε2 satisfying the following LMIs:

∏

i,i

< –I, i = 1, 2, . . . , N , (7)

∏

i,j

+
∏

j,i

<
2

(N – 1)
I, i = 1, . . . , N – 1, j = i + 1, . . . , N , (8)

[
Q3t+1

i Q3t+2
i

∗ Q3t+3
i

]

≥ 0, t = 0, 1, 2, . . . , 5, i = 1, 2, . . . , N , (9)

[
Ml

i Nl
i

∗ P9+l
i

]

≥ 0, l = 1, 2, . . . , 4, i = 1, 2, . . . , N . (10)

Proof Applying a model transformation method, system (1) can be replaced by the system

ξ (k + 1) = ξ (k) + η(k), (11)

η(k) =
[
A(ϕ) – I

]
ξ (k) + B(ϕ)ξ

(
k – h(k)

)
+ C(ϕ)

∞∑

i=1

δ(i)ξ (k – i)
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+ f1
(
k, ξ (k)

)
+ f2

(
k, ξ

(
k – h(k)

))
. (12)

To improve the bound for h(k) in (1), we decompose constant matrices A and B as

A(ϕ) = A1(ϕ) + A2(ϕ), (13)

B(ϕ) = B1(ϕ) + B2(ϕ), (14)

where A1(ϕ) =
∑N

i=1 ϕiA1
i , A2(ϕ) =

∑N
i=1 ϕiA2

i , B1(ϕ) =
∑N

i=1 ϕiB1
i , B2(ϕ) =

∑N
i=1 ϕiB2

i , and
A1

i , A2
i , B1

i , B2
i ∈ Rn×n are constant matrices for all i = 1, 2, 3, . . . , N . By utilizing the following

zero equations, we have

ξ (k) – ξ
(
k – h(k)

)
–

k–1∑

i=k–h(k)

η(i) = 0, (15)

ξ (k) – ξ
(
k – rh(k)

)
–

k–1∑

i=k–rh(k)

η(i) = 0. (16)

From (15) and (16), we obtain

Jξ (k) – Jξ
(
k – h(k)

)
– J

k–1∑

i=k–h(k)

η(i) = 0, (17)

Wξ (k) – Wξ
(
k – rh(k)

)
– W

k–1∑

i=k–rh(k)

η(i) = 0, (18)

where J , W ∈ Rn×n are selected so that the stability criterion of the given system is guar-
anteed. Substituting (17)–(18) into the system (11)–(12), we obtain

ξ (k + 1) = ξ (k) + η(k) + Jξ (k) – Jξ
(
k – h(k)

)
– J

k–1∑

i=k–h(k)

η(i)

+ Wξ (k) – Wξ
(
k – rh(k)

)
– W

k–1∑

i=k–rh(k)

η(i), (19)

η(k) =
[
A1(ϕ) + B1(ϕ) – I

]
ξ (k) + A2(ϕ)ξ

(
k – rh(k)

)

+ B2(ϕ)ξ
(
k – h(k)

)
– B1(ϕ)

k–1∑

i=k–h(k)

η(i) + A2(ϕ)
k–1∑

i=k–rh(k)

η(i)

+ C(ϕ)
∞∑

i=1

δ(i)ξ (k – i) + f1
(
k, ξ (k)

)
+ f2

(
k, ξ

(
k – h(k)

))
. (20)

We define a parameter-dependent Lyapunov–Krasovskii functional for the system (19)–
(20) as

V
(
k, ξ (k)

)
=

8∑

i=1

Vi
(
k, ξ (k)

)
, (21)
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where

V1
(
k, ξ (k)

)
= ξT (k)P1(ϕ)ξ (k),

V2
(
k, ξ (k)

)
=

k–1∑

i=k–h1

ξT (i)P2(ϕ)ξ (i) +
k–1∑

i=k–rh1

ξT (i)P3(ϕ)ξ (i)

+
k–1∑

i=k–h2

ξT (i)P4(ϕ)ξ (i) +
k–1∑

i=k–rh2

ξT (i)P5(ϕ)ξ (i)

+
k–h1–1∑

i=k–h2

ξT (i)P6(ϕ)ξ (i) +
k–rh1–1∑

i=k–rh2

ξT (i)P7(ϕ)ξ (i)

+
k–1∑

i=k–h(k)

ξT (i)P8(ϕ)ξ (i) +
k–1∑

i=k–rh(k)

ξT (i)P9(ϕ)ξ (i),

V3
(
k, ξ (k)

)
= h1

–1∑

j=–h1

k–1∑

i=k+j

[
ξ (i)
η(i)

]T [
Q1(ϕ) Q2(ϕ)

∗ Q3(ϕ)

][
ξ (i)
η(i)

]

+ rh1

–1∑

j=–rh1

k–1∑

i=k+j

[
ξ (i)
η(i)

]T [
Q4(ϕ) Q5(ϕ)

∗ Q6(ϕ)

][
ξ (i)
η(i)

]

+ h2

–1∑

j=–h2

k–1∑

i=k+j

[
ξ (i)
η(i)

]T [
Q7(ϕ) Q8(ϕ)

∗ Q9(ϕ)

][
ξ (i)
η(i)

]

+ rh2

–1∑

j=–rh2

k–1∑

i=k+j

[
ξ (i)
η(i)

]T [
Q10(ϕ) Q11(ϕ)

∗ Q12(ϕ)

][
ξ (i)
η(i)

]

+ ρ

–h1–1∑

j=–h2

k–1∑

i=k+j

[
ξ (i)
η(i)

]T [
Q13(ϕ) Q14(ϕ)

∗ Q15(ϕ)

][
ξ (i)
η(i)

]

+ rρ
–rh1–1∑

j=–rh2

k–1∑

i=k+j

[
ξ (i)
η(i)

]T [
Q16(ϕ) Q17(ϕ)

∗ Q18(ϕ)

][
ξ (i)
η(i)

]

,

V4
(
k, ξ (k)

)
=

0∑

j=–h1+1

k–1∑

i=k–1+j

ηT (i)P10(ϕ)η(i)

+
0∑

j=–h2+1

k–1∑

i=k–1+j

ηT (i)P11(ϕ)η(i)

+
0∑

j=–rh1+1

k–1∑

i=k–1+j

ηT (i)P12(ϕ)η(i)

+
0∑

j=–rh2+1

k–1∑

i=k–1+j

ηT (i)P13(ϕ)η(i)

+
∞∑

i=1

δ(i)
k–1∑

j=k–i

ξT
j M(ϕ)ξj,



Mukdasai and Kaewbanjak Advances in Difference Equations        (2019) 2019:242 Page 8 of 18

V5
(
k, ξ (k)

)
= h1

–1∑

j=–h1

k–1∑

i=k+j

ηT (i)P14(ϕ)η(i)

+ h2

–1∑

j=–h2

k–1∑

i=k+j

ηT (i)P15(ϕ)η(i)

+ ρ

–h1–1∑

j=–h2

k–1∑

i=k+j

ηT (i)P16(ϕ)η(i),

V6
(
k, ξ (k)

)
= h2

–1∑

j=–h2

k–1∑

i=k+j

ηT (i)Z1(ϕ)η(i)

+ rh2

–1∑

j=–rh2

k–1∑

i=k+j

ηT (i)Z2(ϕ)η(i),

V7
(
k, ξ (k)

)
=

h2
1

2

–1∑

i=–h1

0∑

j=i

k–1∑

l=k+j

ηT (l)P17(ϕ)η(l)

+
1
2

k–h1–1∑

i=k–h2

k–h1–1∑

j=i

k–h1–1∑

l=j

ηT (l)P18(ϕ)η(l),

V8
(
k, ξ (k)

)
=

∞∑

i=1

δ(i)
k–1∑

j=k–i

ξT (j)P19(ϕ)ξ (j).

From (21), the forward difference of V (k, ξ (k)) is defined by

	V
(
k, ξ (k)

)
=

8∑

i=1

	Vi
(
k, ξ (k)

)
, (22)

where

	Vi
(
k, ξ (k)

)
= Vi

(
k + 1, ξ (k + 1)

)
– Vi

(
k, ξ (k)

)
(23)

for i = 1, 2, . . . , 8. The increments of V1(k, ξ (k)), V2(k, ξ (k)), and V3(k, ξ (k)) are obtained by
taking the forward difference of V1(k, ξ (k)), V2(k, ξ (k)), and V3(k, ξ (k)), respectively. Then,
we have

	V1
(
k, ξ (k)

)
= ξT (k + 1)P1(ϕ)ξ (k + 1) – ξT (k)P1(ϕ)ξ (k)

=
[
ξT (k) + ηT (k)

]
P1(ϕ)

[

ξ (k) + η(k) + Jξ (k)

– Jξ
(
k – h(k)

)
– J

k–1∑

i=k–h(k)

η(i) + Wξ (k)

– Wξ
(
k – rh(k)

)
– W

k–1∑

i=k–rh(k)

η(i)

]
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+

[

ξT (k)JT – ξT(
k – h(k)

)
JT

–
k–1∑

i=k–h(k)

ηT (i)JT + ξT (k)W T – ξT(
k – rh(k)

)
W T

–
k–1∑

i=k–rh(k)

ηT (i)W T

]

P1(ϕ)
[
ξ (k) + η(k)

]

+ 2ξT (k)LT
1 (ϕ)

[

–η(k) +
[
A1(ϕ) + B1(ϕ) – I

]
ξ (k)

+ A2(ϕ)ξ
(
k – rh(k)

)
+ B2(ϕ)ξ

(
k – h(k)

)

– B1(ϕ)
k–1∑

i=k–h(k)

η(i) + A2(ϕ)
k–1∑

i=k–rh(k)

η(i) (24)

+ C(ϕ)
∞∑

i=1

δ(i)ξ (k – i) + f1
(
k, ξ (k)

)
+ f2

(
k, ξ

(
k – h(k)

))
]

+ 2ηT (k)LT
2 (ϕ)

[

–η(k) +
[
A1(ϕ) + B1(ϕ) – I

]
ξ (k)

+ A2(ϕ)ξ
(
k – rh(k)

)
+ B2(ϕ)ξ

(
k – h(k)

)

– B1(ϕ)
k–1∑

i=k–h(k)

η(i) + A2(ϕ)
k–1∑

i=k–rh(k)

η(i)

+ C(ϕ)
∞∑

i=1

δ(i)ξ (k – i) + f1
(
k, ξ (k)

)
+ f2

(
k, ξ

(
k – h(k)

))
]

+ 2
k–1∑

i=k–rh(k)

ηT (i)LT
3 (ϕ)

[

–η(k) +
[
A1(ϕ) + B1(ϕ) – I

]
ξ (k)

+ A2(ϕ)ξ
(
k – rh(k)

)
+ B2(ϕ)ξ

(
k – h(k)

)

– B1(ϕ)
k–1∑

i=k–h(k)

η(i) + A2(ϕ)
k–1∑

i=k–rh(k)

η(i)

+ C(ϕ)
∞∑

i=1

δ(i)ξ (k – i) + f1
(
k, ξ (k)

)
+ f2

(
k, ξ

(
k – h(k)

))
]

– ξT (k)P1(ϕ)ξ (k), (25)

	V2
(
k, ξ (k)

)
= ξT (k)P2(ϕ)ξ (k) – ξT (k – h1)P2(ϕ)ξ (k – h1)

+ ξT (k)P3(ϕ)ξ (k) – ξT (k – rh1)P3(ϕ)ξ (k – rh1)

+ ξT (k)P4(ϕ)ξ (k) – ξT (k – h2)P4(ϕ)ξ (k – h2)

+ ξT (k)P5(ϕ)ξ (k) – ξT (k – rh2)P5(ϕ)ξ (k – rh2)

+ ξT (k – h1)P6(ϕ)ξ (k – h1) – ξT (k – h2)P6(ϕ)ξ (k – h2)

+ ξT (k – rh1)P7(ϕ)ξ (k – rh1)
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– ξT (k – rh2)P7(ϕ)ξ (k – rh2)

+ ξT (k)P8(ϕ)ξ (k) – ξT(
k – h(k)

)
P8(ϕ)ξ

(
k – h(k)

)

+ ξT (k)P9(ϕ)ξ (k) – ξT(
k – rh(k)

)
P9(ϕ)ξ

(
k – rh(k)

)
, (26)

	V3
(
k, ξ (k)

) ≤
[
ξ (k)
η(k)

]T [
h2

1Q1(ϕ) h2
1Q2(ϕ)

∗ h2
1Q3(ϕ)

][
ξ (k)
η(k)

]

–

[∑k–1
i=k–h1

ξ (i)
∑k–1

i=k–h1
η(i)

]T [
Q1(ϕ) Q2(ϕ)

∗ Q3(ϕ)

][∑k–1
i=k–h1

ξ (i)
∑k–1

i=k–h1
η(i)

]

+

[
ξ (k)
η(k)

]T [
r2h2

1Q4(ϕ) r2h2
1Q5(ϕ)

∗ r2h2
1Q6(ϕ)

][
ξ (k)
η(k)

]

–

[∑k–1
i=k–rh1

ξ (i)
∑k–1

i=k–rh1
η(i)

]T [
Q4(ϕ) Q5(ϕ)

∗ Q6(ϕ)

][∑k–1
i=k–rh1

ξ (i)
∑k–1

i=k–rh1
η(i)

]

+

[
ξ (k)
η(k)

]T [
h2

2Q7(ϕ) h2
2Q8(ϕ)

∗ h2
2Q9(ϕ)

][
ξ (k)
η(k)

]

–

[∑k–1
i=k–h2

ξ (i)
∑k–1

i=k–h2
η(i)

]T [
Q7(ϕ) Q8(ϕ)

∗ Q9(ϕ)

][∑k–1
i=k–h2

ξ (i)
∑k–1

i=k–h2
η(i)

]

+

[
ξ (k)
η(k)

]T [
r2h2

2Q10(ϕ) r2h2
2Q11(ϕ)

∗ r2h2
2Q12(ϕ)

][
ξ (k)
η(k)

]

–

[∑k–1
i=k–rh2

ξ (i)
∑k–1

i=k–rh2
η(i)

]T [
Q10(ϕ) Q11(ϕ)

∗ Q12(ϕ)

][∑k–1
i=k–rh2

ξ (i)
∑k–1

i=k–rh2
η(i)

]

+

[
ξ (k)
η(k)

]T [
ρ2Q13(ϕ) ρ2Q14(ϕ)

∗ ρ2Q15(ϕ)

][
ξ (k)
η(k)

]

–

[∑k–h1–1
i=k–h2

ξ (i)
∑k–h1–1

i=k–h2
η(i)

]T [
Q13(ϕ) Q14(ϕ)

∗ Q15(ϕ)

][∑k–h1–1
i=k–h2

ξ (i)
∑k–h1–1

i=k–h2
η(i)

]

+

[
ξ (k)
η(k)

]T [
r2ρ2Q16(ϕ) r2ρ2Q17(ϕ)

∗ r2ρ2Q18(ϕ)

][
ξ (k)
η(k)

]

–

[∑k–rh1–1
i=k–rh2

ξ (i)
∑k–rh1–1

i=k–rh2
η(i)

]T [
Q16(ϕ) Q17(ϕ)

∗ Q18(ϕ)

][∑k–rh1–1
i=k–rh2

ξ (i)
∑k–rh1–1

i=k–rh2
η(i)

]

. (27)

Taking the forward difference of V4(k, ξ (k)) yields

	V4
(
k, ξ (k)

)

= h1η
T (k)P10(ϕ)η(k) –

0∑

i=–h1+1

ηT (k – 1 + i)P10(ϕ)η(k – 1 + i)

+ h2η
T (k)P11(ϕ)η(k) –

0∑

i=–h2+1

ηT (k – 1 + i)P11(ϕ)
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× η(k – 1 + i) + rh1η
T (k)P12(ϕ)η(k) –

0∑

i=–rh1+1

ηT (k – 1 + i)

× P12(ϕ)η(k – 1 + i) + rh2η
T (k)P13(ϕ)η(k)

–
0∑

i=–rh2+1

ηT (k – 1 + i)P13(ϕ)η(k – 1 + i).

By (10), it is easy to see that

2ξT (k)N1(ϕ)
0∑

i=–h1+1

η(k – 1 + i) +
0∑

i=–h1+1

ηT (k – 1 + i)P10(ϕ)η(k – 1 + i)

+ h1ξ
T (k)M1(ϕ)ξ (k)

=
0∑

i=–h1+1

[
ξ (k)

η(k – 1 + i)

]T [
M1(ϕ) N1(ϕ)

∗ P10(ϕ)

][
ξ (k)

η(k – 1 + i)

]

≥ 0, (28)

2ξT (k)N2(ϕ)
0∑

i=–h2+1

η(k – 1 + i) +
0∑

i=–h2+1

ηT (k – 1 + i)P11(ϕ)η(k – 1 + i)

+ h2ξ
T (k)M2(ϕ)ξ (k)

=
0∑

i=–h2+1

[
ξ (k)

η(k – 1 + i)

]T [
M2(ϕ) N2(ϕ)

∗ P11(ϕ)

][
ξ (k)

η(k – 1 + i)

]

≥ 0, (29)

2ξT (k)N3(ϕ)
0∑

i=–rh1+1

η(k – 1 + i) +
0∑

i=–rh1+1

ηT (k – 1 + i)P12(ϕ)

× η(k – 1 + i) + rh1ξ
T (k)M3(ϕ)ξ (k)

=
0∑

i=–rh1+1

[
ξ (k)

η(k – 1 + i)

]T [
M3(ϕ) N3(ϕ)

∗ P12(ϕ)

][
ξ (k)

η(k – 1 + i)

]

≥ 0, (30)

2ξT (k)N4(ϕ)
0∑

i=–rh2+1

η(k – 1 + i) +
0∑

i=–rh2+1

ηT (k – 1 + i)P13(ϕ)

× η(k – 1 + i) + rh2ξ
T (k)M4(ϕ)ξ (k)

=
0∑

i=–rh2+1

[
ξ (k)

η(k – 1 + i)

]T [
M4(ϕ) N4(ϕ)

∗ P13(ϕ)

][
ξ (k)

η(k – 1 + i)

]

≥ 0. (31)

From (28), (29), (30), and (31), we obtain

–
0∑

i=–h1+1

ηT (k – 1 + i)P10(ϕ)η(k – 1 + i)

≤ h1ξ
T (k)M1(ϕ)ξ (k) + 2ξT (k)N1(ϕ)

0∑

i=–h1+1

η(k – 1 + i)

= h1ξ
T (k)M1(ϕ)ξ (k) + 2ξT (k)N1(ϕ)ξ (k) – 2ξT (k)N1(ϕ)ξ (k – h1), (32)
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–
0∑

i=–h2+1

ηT (k – 1 + i)P11(ϕ)η(k – 1 + i)

≤ h2ξ
T (k)M2(ϕ)ξ (k) + 2ξT (k)N2(ϕ)

0∑

i=–h2+1

η(k – 1 + i)

= h2ξ
T (k)M2(ϕ)ξ (k) + 2ξT (k)N2(ϕ)ξ (k) – 2ξT (k)N2(ϕ)ξ (k – h2), (33)

–
0∑

i=–rh1+1

ηT (k – 1 + i)P12(ϕ)η(k – 1 + i)

≤ rh1ξ
T (k)M3(ϕ)ξ (k) + 2ξT (k)N3(ϕ)

0∑

i=–rh1+1

η(k – 1 + i)

= rh1ξ
T (k)M3(ϕ)ξ (k) + 2ξT (k)N3(ϕ)ξ (k)

– 2ξT (k)N3(ϕ)ξ (k – rh1), (34)

–
0∑

i=–rh2+1

ηT (k – 1 + i)P13(ϕ)η(k – 1 + i)

≤ rh2ξ
T (k)M4(ϕ)ξ (k) + 2ξT (k)N4(ϕ)

0∑

i=–rh2+1

η(k – 1 + i)

= rh2ξ
T (k)M4(ϕ)ξ (k) + 2ξT (k)N4(ϕ)ξ (k)

– 2ξT (k)N4(ϕ)ξ (k – rh2). (35)

Therefore, we conclude that

	V4
(
k, ξ (k)

)

≤ h1η
T (k)P10(ϕ)η(k) + h1ξ

T (k)M1(ϕ)ξ (k) + 2ξT (k)N1(ϕ)ξ (k)

– 2ξT (k)N1(ϕ)ξ (k – h1) + h2η
T (k)P11(ϕ)η(k)

+ h2ξ
T (k)M2(ϕ)ξ (k) + 2ξT (k)N2(ϕ)ξ (k)

– 2ξT (k)N2(ϕ)ξ (k – h2) + rh1η
T (k)P12(ϕ)η(k)

+ rh1ξ
T (k)M3(ϕ)ξ (k) + 2ξT (k)N3(ϕ)ξ (k)

– 2ξT (k)N3(ϕ)ξ (k – rh1) + rh2η
T (k)P13(ϕ)η(k)

+ rh2ξ
T (k)M4(ϕ)ξ (k) + 2ξT (k)N4(ϕ)ξ (k)

– 2ξT (k)N4(ϕ)ξ (k – rh2). (36)

By Lemma 2.2, the increments of V5(k, ξ (k)) and V6(k, ξ (k)) can be expressed mathemati-
cally as

	V5
(
k, ξ (k)

)

= h2
1η

T (k)P14(ϕ)η(k) – h1

k–1∑

i=k–h1

ηT (i)P14(ϕ)η(i)
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+ h2
2η

T (k)P15(ϕ)η(k) – h2

k–1∑

i=k–h2

ηT (i)P15(ϕ)η(i)

+ ρ2ηT (k)P16(ϕ)η(k) – ρ

k–h1–1∑

i=k–h2

ηT (i)P16(ϕ)η(i)

≤ h2
1η

T (k)P14(ϕ)η(k) –

( k–1∑

i=k–h1

η(i)

)T

P14(ϕ)

( k–1∑

i=k–h1

η(i)

)

+ h2
2η

T (k)P15(ϕ)η(k) –

( k–1∑

i=k–h2

η(i)

)T

P15(ϕ)

( k–1∑

i=k–h2

η(i)

)

+ ρ2ηT (k)P16(ϕ)η(k) –

(k–h1–1∑

i=k–h2

η(i)

)T

P16(ϕ)

(k–h1–1∑

i=k–h2

η(i)

)

, (37)

	V6
(
k, ξ (k)

)

= h2
2η

T (k)Z1(ϕ)η(k) – h2

k–1∑

i=k–h2

ηT (i)Z1(ϕ)η(i)

+ (rh2)2ηT (k)Z2(ϕ)η(k) – rh2

k–1∑

i=k–rh2

ηT (i)Z2(ϕ)η(i)

≤ h2
2η

T (k)Z1(ϕ)η(k) –

( k–1∑

i=k–h(k)

η(i)

)T

Z1(ϕ)

( k–1∑

i=k–h(k)

η(i)

)

+ (rh2)2ηT (k)Z2(ϕ)η(k) –

( k–1∑

i=k–rh(k)

η(i)

)T

Z2(ϕ)

×
( k–1∑

i=k–rh(k)

η(i)

)

. (38)

The forward difference of V7(k, ξ (k)) can be obtained as

	V7
(
k, ξ (k)

)
= ηT (k)

[
h4

1
4

P17(ϕ) +
(h2 – h1)2

4
P18(ϕ)

]
η(k)

–
h2

1
2

–1∑

i=–h1

k–1∑

j=k+i

ηT (j)P17(ϕ)η(j)

–
1
2

k–h1–1∑

i=k–h2

k–h1–1∑

j=i

ηT (j)P18(ϕ)η(j). (39)

By Lemma 2.3, we obtain

–
h2

1
2

–1∑

i=–h1

k–1∑

j=k+i

ηT (j)P17(ϕ)η(j)
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≤ –

[

h1ξ (k) –
k–1∑

i=k–h1

ξ (i)

]T

P17(ϕ)

[

h1ξ (k) –
k–1∑

i=k–h1

ξ (i)

]

, (40)

–
1
2

k–h1–1∑

i=k–h2

k–h1–1∑

j=i

ηT (j)P18(ϕ)η(j)

= –
1
2

k–h1–1∑

i=k–h(k)

k–h1–1∑

j=i

ηT (j)P18(ϕ)η(j) –
1
2

k–h(k)–1∑

i=k–h2

k–h(k)–1∑

j=i

ηT (j)P18(ϕ)η(j)

–
1
2

k–h(k)–1∑

i=k–h2

k–h1–1∑

j=k–h(k)

ηT (j)P18(ϕ)η(j)

≤ –

[ k–h1–1∑

i=k–h(k)

k–h1–1∑

j=i

η(j)

]T
1

ϕ2(k)
P18(ϕ)

[ k–h1–1∑

i=k–h(k)

k–h1–1∑

j=i

η(j)

]

–

[k–h(k)–1∑

i=k–h2

k–h(k)–1∑

j=i

η(j)

]T
1

β2(k)
P18(ϕ)

[k–h(k)–1∑

i=k–h2

k–h(k)–1∑

j=i

η(j)

]

= –
[
ξ (k – h1) – ψ(k)

]T P18(ϕ)
[
ξ (k – h1) – ψ(k)

]

–
[
ξ
(
k – h(k)

)
– φ(k)

]T P18(ϕ)
[
ξ
(
k – h(k)

)
– φ(k)

]
. (41)

Substituting (40) and (41) into (39), we obtain

	V7
(
k, ξ (k)

) ≤ ηT (k)
[

h4
1

4
P17(ϕ) +

(h2 – h1)2

4
P18(ϕ)

]
η(k)

–

[

h1ξ (k) –
k–1∑

i=k–h1

ξ (i)

]T

P17(ϕ)

[

h1ξ (k) –
k–1∑

i=k–h1

ξ (i)

]

–
[
ξ (k – h1) – ψ(k)

]T P18(ϕ)
[
ξ (k – h1) – ψ(k)

]

–
[
ξ
(
k – h(k)

)
– φ(k)

]T P18(ϕ)
[
ξ
(
k – h(k)

)
– φ(k)

]
. (42)

Taking the forward difference of V8(k, ξ (k)), we obtain

	V8
(
k, ξ (k)

)
= wξT (k)P19(ϕ)ξ (k)

–
1
w

[ ∞∑

i=1

δ(i)ξ (k – i)

]T

P19(ϕ)

[ ∞∑

i=1

δ(i)ξ (k – i)

]

. (43)

From (3) and (4), for any scalars ε1, ε2 > 0, we obtain

ε1
(
ϕ2ξT (k)ξ (k) – f T

1
(
k, ξ (k)

)
f1

(
k, ξ (k)

)) ≥ 0, (44)

ε2
(
β2ξT(

k – h(k)
)
ξ
(
k – h(k)

)
– f T

2
(
k, ξ

(
k – h(k)

))
f2

(
k, ξ

(
k – h(k)

))) ≥ 0. (45)

It follows from (22)–(45) that

	V
(
k, ξ (k)

) ≤ ζ T (k)
N∑

i=1

N∑

j=1

ϕiϕj
∏

i,j

ζ (k), (46)
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where ζ T (k) = [ξT (k)ηT (k)ξT (k – h1)ξT (k – h2)ξT (k – h(k))ξT (k – rh1) ×
ξT (k – rh2)ξT (k – rh(k))

∑k–1
i=k–h1

ξT (i)
∑k–1

i=k–rh1
ξT (i)

∑k–1
i=k–h2

ξT (i)
∑k–1

i=k–rh2
ξT (i) ×

∑k–h1–1
i=k–h2

ξT (i)
∑k–rh1–1

i=k–rh2
ξT (i)

∑k–1
i=k–h1

ηT (i)
∑k–1

i=k–rh1
ηT (i)

∑k–1
i=k–h2

ηT (i)
∑k–1

i=k–rh2
ηT (i) ×

∑k–h1–1
i=k–h2

ηT (i)
∑k–rh1–1

i=k–rh2
ηT (i)

∑k–1
i=k–h(k) η

T (i)
∑k–1

i=k–rh(k) η
T (i)ψ(k)φ(k)f1(k, ξ (k))f2(k, ξ (k –

h(k)))
∑∞

i=1 δ(i)ξ (k – i)] and
∏

i,j is defined as in (6). The fact that
∑N

i=1 ϕi = 1 leads to
the following identities:

N∑

i=1

N∑

j=1

ϕiϕj
∏

i,j

=
N∑

i=1

ϕ2
i

∏

i,i
+

N–1∑

i=1

N∑

j=i+1

ϕiϕj

[∏

i,j

+
∏

j,i

]
, (47)

(N – 1)
N∑

i=1

ϕ2
i – 2

N–1∑

i=1

N∑

j=i+1

ϕiϕj =
N–1∑

i=1

N∑

j=i+1

[ϕi – ϕj]2 ≥ 0. (48)

By (46)–(48), if (7)–(10) are feasible, then

	V
(
k, ξ (k)

)
< –ω‖ξ‖2, (49)

where ω > 0. Therefore, system (1)–(2) is robustly stable. This completes the proof. �

Remark 1 Theorem 3.1 reduces to LMIs stability condition for discrete-time system with
time-varying delays and nonlinear uncertainties [21] if A(ϕ) = A, B(ϕ) = B, C(ϕ) = 0 where
A, B ∈ Rn×n. We use the mixed model transformation in this paper, and utilize the various
inequalities to reduce the possible conservatism of the obtained condition.

Remark 2 If A(ϕ) = A, B(ϕ) = B, C(ϕ) = 0 and f1(k, ξ (k)) = f2(k, ξ (k –h(k))) = 0 where A, B ∈
Rn×n, model (1) is simplified to the discrete-time system with time-varying delays studied
in [2, 4, 6, 7, 16, 18]. So the investigation in this paper expands and improves the studies
in the literature.

4 Numerical examples
Example 4.1 Consider the system

ξ (k + 1) = Aξ (k) + Bξ
(
k – h(k)

)
+ f1

(
k, ξ (k)

)
+ f2

(
k, ξ

(
k – h(k)

))
(50)

with the parameters

A =

[
0.80 0
0.05 0.90

]

, B =

[
–0.10 0
–0.20 –0.10

]

, γ ≥ 0,β ≥ 0, (51)

which were considered in [21].
Decompose the matrices A and B as A = A1 + A2 and B = B1 + B2, where

A1 =

[
–0.5 –0.1

–0.02 –0.3

]

, A2 =

[
1.3 0.1

0.07 1.2

]

,

B1 =

[
–0.5 –0.1
–0.3 –0.4

]

, B2 =

[
0.4 0.1
0.1 0.3

]

.
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Table 1 The maximum upper bounds of h2 for Example 4.1

Method h1 2 6 10 14

γ = 0,β = 0
Ramakrishnan and Ray (2013) [21] h2 17 18 20 22
Ours h2 57 57 57 57
γ = 0,β = 0.1
Ramakrishnan and Ray (2013) [21] h2 11 13 15 17
Ours h2 57 57 57 57
γ = 0.1,β = 0.1
Ramakrishnan and Ray (2013) [21] h2 10 11 13 15
Ours h2 57 57 57 57

Table 2 The maximum upper bounds of h2 for Example 4.2

h1 4 10 20 30

Peng (2012) [18] 18 20 26 35
Feng et al. (2015) [2] 21 22 27 35
Kwon et al. (2013) [7] 22 23 27 36
Kim (2015) [6] 22 23 28 36
Nam et al. (2015) [16] 22 23 29 36
Hien and Trinh (2016) [4] 27 28 35 39
Ours 56 56 56 56

Applying Theorem 3.1 to system (50)–(51), the numerical results of our criterion are dra-
matically less conservative than those of [21], as shown in Table 1.

Example 4.2 Consider the system

ξ (k + 1) = Aξ (k) + Bξ
(
k – h(k)

)
(52)

with the parameters

A =

[
0.80 0
0.05 0.90

]

, B =

[
–0.10 0
–0.20 –0.10

]

, (53)

which were considered in [2, 4, 6, 7, 16, 18].
Decompose the matrices A and B as A = A1 + A2 and B = B1 + B2, where

A1 =

[
–0.4 –0.1

–0.02 –0.3

]

, A2 =

[
1.2 0.1

0.07 1.2

]

,

B1 =

[
–0.5 –0.1
–0.3 –0.4

]

, B2 =

[
0.4 0.1
0.1 0.3

]

.

Given various values of h1, the obtained upper bounds for h2 are shown in Table 2. The
numerical results show the asymptotic stability of system (52) with (53). Moreover, by
applying Theorem 3.1, less conservative results are achieved.

5 Conclusions
The problem of delay-interval-dependent robust stability for LPD discrete-time system
with mixed time-varying delays and nonlinear uncertainties was studied. By utilizing var-
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ious inequalities, a mixed model transformation, zero equations, and a new parameter-
dependent Lyapunov–Krasovskii functional, the new delay-interval-dependent stability
criterion is derived and formulated in terms of LMIs for the system. Some numerical ex-
amples are also illustrated to exhibit the effectiveness with less conservatism of the pro-
posed stability criterion.
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