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1 Introduction

Pulse boundary value problems occur in many applications: population dynamics [1],
physics, chemistry [2], irregular geometries and interface problems [3-5], signal process-
ing [6, 7]. The research on the impulsive differential equations with all kinds of bound-
ary value is much more active in recent years. However, only in the last few decades
has the attention been paid to the theory and numerical analysis of IDEs. All kinds of
methods have been widely used to study the existence of solutions for impulsive prob-
lems [8—12]. Many researchers have extensively studied the numerical methods of im-
pulsive differential equations. Berenguer [13] provide a collage-type theorem for impul-
sive differential equations with inverse boundary conditions. Epshteyn [14, 15] solved the
high-order differential equations with interface conditions based on Difference Potentials
approach for the variable coefficient. Hossainzadeh [16] applied the Adomian Decompo-
sition Method(ADM) for solving first-order impulsive differential equations. Zhang [17]
researched numerical solutions to the first-order impulsive differential equations by collo-
cation methods. Zhang [18] analyzed a class of linear impulsive delay differential equation
by asymptotic stability. Impulsive differential equation is a mathematical form of problems
in many application fields, how to solve the impulsive differential equation accurately is
very important.
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In this paper, we consider the following second-order impulsive differential equations
(IDEs for short):

u’(x) + ar () (x) + ap(x)u(x) =f(x), x € [a,b]\{c},
u(a) = oy, u(b) = ay, (1)
AU (c) = as, Au(c) = ag,

where Au'(c) = u/(c*) — u/(c™), w3 and oy are not at the same time as 0. a;(x) and f(x) are
known function, j € R, j = 1,2,3,4. In this paper, only one pulse point is considered, by
that analogy, the algorithm can also be applied to multiple pulse points.

As known to all, the reproducing kernel method is a powerful tool to solve differential
equations [19-23]. However, the reproducing kernel space is smooth, in order to solve the
impulsive differential equation, for the first time, we propose a broken reproducing kernel
space.

The aim of this paper is to derive the numerical solutions of Eq. (1) in Sect. 1. In Sect. 2,
we introduce the reproducing kernel space for solving problems. Some primary results
are analyzed in Sect. 3. The numerical algorithm and convergence order of approximate
solution is presented in Sect. 4. In Sect. 5, the presented algorithms are applied to some

numerical experiments. Then we end with some conclusions in Sect. 6.

2 The reproducing kernel method
The application of reproducing kernel method in the boundary value problems has been
developed by many researchers, because this method is easy to obtain the exact solution
with the series form and get approximate solution with higher precision [19, 20]. However,
this method required the exact solution to be smooth, this leads to the fact that IDEs
cannot be solved directly in the reproducing kernel space.

In this paper, the traditional reproducing kernel space is dealt with delicately, the space
has been broken into two spaces that each one is smooth reproducing kernel space, so we

can use this space to solve IDEs. We assume that Eq. (1) have a unique solution.

2.1 The traditional reproducing kernel space
e The reproducing kernel space W3[a, c] is defined as follows:
W3la,c] = {u(x) | u” is an absolutely continuous real value funcion, »” €
L?[a,c]} [20] (W2 for short).

The inner product and norm are defined as follows:

2 c
u(t) v(t = Zu 0 (q) +/ "' dt,  u,ve Wila,cl,
k=0 a

lull = /() 5.
e The reproducing kernel space W [a, ] is defined as follows:

Wla,c] = {u(x) | u is an absolutely continuous real value funcion, #’ € L?[a, c]}
[20] (W} for short).
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The inner product and norm are defined as follows:

<u(t),v(t)) =u(0)v(0) + /C uvdt, uveW,lac,

el =/ {ut 14) 1.

The reproducing kernel spaces are W2 and W} with reproducing kernel R?(x) and r9(x),
respectively.
In the same way, the reproducing kernel spaces are W [c, b] (Wg for short) and W [c, b]

(W/h1 for short) with reproducing kernel R} (x) and r} (x), respectively.

2.2 The reproducing kernel space with piecewise smooth
In this paper, consider that the exact solution of Eq. (1) is not a smooth function, so, we
connected two reproducing kernel spaces on both sides of the impulsive point, we call it

the broken reproducing kernel space.

Definition 2.1 The linear space W3, is defined as
Wic[a, b] = {u(x)| if x < ¢ then u(x) € W:, if x > ¢ then u(x) € Wbs}

Every u(x) € W;C[a, b] has the following form:

() = up(x), x<ec,

m(x), x=c¢
where u(x) € W2, u1(x) € Wj.
Theorem 2.1 Assuming that the inner product and norm in W3 [a, b] are given by
(u, v)%s’c = (Mo,Vo)Wg + (ul,vl)Wbs, u,v e W;C[a, b, 2)
el = J(ww)ys ,  ue W; la,b]
then the space Wic[a, b) is an inner space.
Proof For any u,v,w € W3 [a,b],
(u+v,w) w3, = (uo + vo, WO)WS + (U1 + vy, Wl)Wg

= (0, Wo) w3 + (Vo, Wo) 3 + (M1,W1)Wg + <V1,W1)Wg

= (u,w) w3, + (v, w) w3,

sC

We can prove that Eq. (2) satisfies the other requirements of the inner product space. (]

Theorem 2.2 The space Wic[a, b) is a Hilbert space.

Page 3 of 14
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Proof Suppose that {u,(x)}52; is a Cauchy sequence in Wic[a, b], however,

uon(x), x<c,
1, (%) = n=12,...,
uu(x), x>c¢

s0, {u0,,(x)}2; and {u1,,(x)}52; are Cauchy sequences in W2 and W;, respectively.
So, there are two functions go(x) € W2, g1(x) € W}, and

[ 40n0) - 80) [y = 0, Ju1nx) @] 3 — 0.
Let

o) = 2k), x<c

alx), x>c
By Definition 2.1, g(x) € Wic[a, b], and
2 2 2
4 6) = @) 3 = [0(%) = 20 @)1y + |141.0x) - 1) 3 — O
So, the space Wzg,c[a, b] is a Hilbert space. d

Theorem 2.3 The space W23 cla, bl is a reproducing kernel space with the reproducing ker-
nel function

R(x), (xt)€lac)x [ac),
Ri(x) = { R}(x), (x,2) € [c,b] x [c,b], (3)
0, others.

Proof Consider arbitrary u(x) € VVZE3 la,b].
Iftela,c), <u(x),Rt(x)>Wgc = (uo(%), R)(x)) 3 + <u1(x),0>Wg = uo(£).
Ifte [C’ b]r <u(x):Rt(x))W23¢ = <M0(x)70> W3 + (ul(x),Rg(x))th = ul(t)-
In conclusion, for every u(x) € ch [a, b], it follows that

(u(x),Rt(x)) = u(t). a
Similarly, the reproducing kernel space W7 [a, ] is defined as
Wzl,c[a,b] = {u(x)| if x < c then u(x) € Wal,ifx > c then u(x) € Wbl} (4)
and it has the reproducing kernel function

(), (x¢) €lac) x [a,c),
n@® ={ ), @0 elebl x[cbl 5)
0, others.
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In order to solve Eq. (1), we introduce a linear operator L : W;”c[a, b] — W/zl,c[a, b],
Lu=u"(x) + a1 (%)t (x) + ap(x)u(x), ue Wic[a, b].

By Ref. [20], it is easy to prove that L is a bounded operator.
Then Eq. (1) can be transformed into the following form:

Lu=f(), xela,b]\{c},
u(a) = ay, u(b) = ay, (6)

Au'(c) = a3, Au(c) = ag.

3 Primary result
In this section, the approximate solution of Eq. (6) is presented in the reproducing kernel
space Wf’,c[a, b]. And the convergence of the approximate solution is proved, discuss the
approximate solution of the situation and the range of error.

We make {x;}%2, is a dense point set that removed the point ¢ on the interval [a, b], put

IR (2)
at

IR, (2)
at

P1(x) =Ra(x),  Da(x) =Rp(x),  P3(x) =

’

t=c* t=c

and
Yix) =L*ry,(®), i=1,2,...,

where L* is the adjoint operator of L.

Let S, = span{{v;(x)}", U {V)j(x)}]tl}. Then we can obtain S, € W3 [a, b].

The orthogonal projection operator are denoted by P, : W3 [a,b] — S,,.
Theorem 3.1 ¥;(x) = LR, (x;),i=1,2,....

Proof

Vilx) = (L*rxii Rx)W23

oC

(rep LR yy = LR.(x), i=1,2,.... O

Theorem 3.2 For each fixed n, {{;(x)}1L, U {@,-(x)};.‘:1 is linearly independent in Wic[a, b].

Proof Let
n 4
0= Zkﬂﬁi(t) + ij@j(t)
i=1 j=1
e Consider
Lh=0, t¢€la bl\{c}
W) e W5 la,bl, {h@)=a,  h(b)=o,
Ah/(C) =3, Ah(C) =0y,

Page 5 of 14
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then

; 4
0= <h(t), Z)»iwi(t) + Zki@i(t)>

i=1 j=1

n

= Z Ail(2), L1y (0)) + Ky (B(2), Ra(2)) + ka(h(2), Ry (2))
i=1
X a X
. k3<h(t), 31; t(t) _ IR

at

> + ka[h(®), Re+ (£) - Re- ()

t=c* t=c

= Z MLh(x:) + kih(a) + kah(b) + k(W (c*) =K' (7)) + ka(h(c) = h(c7))
-1

= ks.

Similarly, we have k; =0, ko = 0, k4 = 0.

o Consider

:O) t:x11x21»-~,x'—1’x' 1reees¥ns
5® {#0 N T S0 € Wi, lab),
, others,

take vj(¢) € W3 [a, b] make

Ly(6) = (), t € [ab\c),
Vj((,z) =0, Vl'(b) =0.

The unique solution to the above equations exists (see [20]), then

0= <V/(t), Z)»ilﬂi(t)> = Z)»i<V;’(t),L*Vx,(t)>
-1 i-1

=) nlvi(x) = Y Afil) = Aifi(a).

i=1 i=1
So,A;=0,j=1,2,...,n. O

Theorem 3.3 Ifu € W; [a, D] is the solution of Eq. (6), then u,, = P,,u satisfies the following:

W) =fx), i=12,...,m,

(v, 1) = ay, (v, ) = ata, (v,03) = a3, (v, 04) = ag.

(7)

Proof Supposing u(x) is a solution of Eq. (6), there

(ot Vi3 = (16 Pz, = (Vi) g,

= (M’L*rxi)Wg’c = (L, r"i)Wzl,c = Lu(x;) =f(xi)

Page 6 of 14
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and
(P, u, Ql)WE,E = (u,IP,,Q)l)WgE = (u’(Al)Wﬁc = <”’R“)W23,C =u(a) = a;.
Similarly, we have
(Puus, Ba) = 0, (Puut, B3) = 3, (Putt, Da) = oy
So, P,u is the solution of Eq. (7). O

In fact, u,(x) is an approximate solution of the exact solution.

Theorem 3.4 Ifu c Wzg,c[a, b) is the solution of Eq. (6), put u,, = P,u € S, then u,, converges
uniformly to u.

Proof

|u(t) - un(t)] =

< 8Rt>
Uu—uy, —
ot

§M||u—u,,||W235—>0. (I

OR;
< || —
| ot

l|ze - Mn”v(/?‘
2,c
w3,

Similarly, we can prove that if ¢ € [a,c] and [c, b], respectively, then ul) converges uni-

formly to u®, i = 1,2.
In order to analyze the convergence order of the algorithm proposed in this section, we
derive the following lemma.

Lemma 3.1 ([20]) If u, = P,u is the approximate solution of Lu = f(x), L : W3[a,b] —
W [a,b] is a linear operator, then

|M(l)_u§1l)| SMihzi i:O,l-

Theorem 3.5 The approximate solution u, = P,u of Eq. (6) converges to its exact solution

u with not less than second-order convergence.

Proof By Definition 2.1, we get

() = up(x), x<ec,

ui(x), x>c

In addition, u, = P,u is converges uniformly to # by Theorem 3.4. So, there are i, and

uy , satisfying the following expressions:
(%) = ()| fx,g = | uo(x) - uo,n(x)llf,@; + w1 () — 1,0 () fx,g — 0.

S0, lluo(x) = to,n(®)I,5 = 0, lla () - ul,n(x)”%\,,l? — 0.

Page 7 of 14



Mei et al. Advances in Difference Equations (2019) 2019:260 Page 8 of 14

Note that u,(x) is the approximate solution of Lu = f(x) in reproducing kernel space
W3, take advantage of Lemma 3.1, we have

|0(x) — tho,u(x)| < Moh®.

Similarly, we have |u; (x) — uy,(x)| < M A2

For any x € [a, b]

’u(x) - u,,(x)| < max{ |u0(x) — Ug,(x)|, [t1(x) — ul,,,(x)‘} < max{Mohz,Mlhz} = M,oh?.

’

Here / is step-size on the interval [a, b], My, M1, M, are constants. Therefore, u, con-

verges to u not less than the second-order convergence. O

Furthermore, the following rate of convergence formulas can be obtained:

|u(x) — 1, ()|

C.R = log, 2~ Bm L
82 | 4(x) — thn ()]

By the results of this section, the exact solution of Eq. (6) can be expressed as
oo
w(®) = Y M) + ki1 (%) + kaDo(x) + kaa (x) + kala(x). (8)
i=1

4 Numerical algorithm
In this section, the numerical algorithm for the approximate solution u,, is given. Now, the
solution u,, of Eq. (7) is the approximate solution of Eq. (1). As u, € S,, so

Up(x) = Z Aivri(x) + k101 (x) + koD (x) + k3D3(x) + kaDa(x). )

i=1

To obtain the approximate solution u,, we only need to obtain the coefficients of each
Vi(x),i=1,2,...,nand ¥;(x), j = 1,2,3,4. Use ¥;(x) and ¥;(x) to do the inner products with
both sides of Eq. (9), we have

S M ) + Y k(W) = f&),  i=1,2,...,m, 10)
S AW D) + Y kil ) = i, i=1,2,3,4.

This is the system of linear equations of A;, kj, i =1,2,...,n,j=1,2,3,4.

Let

Wi ¥x) -+ (¥, 95)
Giia = ,
(wkr @/> e (er ®m>

i,k=1,2,...,mj,m=1,2,3,4

F= (F(1) f(62), oo, f (o), 1, 000, 03, 00)
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Consider that {y;(x)}1, U {@j(x)}}‘il is linearly independent in Wic[a, b]; therefore, G!

exists. Then we have
(Mseeor Aok Koy ks, ka) T = GTUF.

5 Numerical examples

In this section, the method proposed in this paper is applied to some impulsive differential
equations to evaluate the approximate solution. In Examples 1-3, the reproducing space
is WiC[O, 1]. We compare the numerical results with the other methods discussed in [13,

14]. Finally, the results show that our algorithm is practical and remarkably effective.

Example 1 (Ref. [13]) Consider the linear impulsive differential equation

—u"(x) +ulx)=0, ae xe(0,1),
u(0) =0, u(l) =-1,
Au/(1/4) = -2, Au(1/4) =0.

The exact solution

1_ 3 3
ed *(-1-e% +e2)(e*-1)
-1 1 5 s 5
efzfx(ez”—eszr 3_** el _o2yed )
e2-1

1
) = x€[0,4],

, xe (g1l

The numerical results are given in Table 1, where the rate of convergence C.R =

() =1ty (%)
108) 14t ol

satisfies Theorem 3.5. It shown that the present method can produce a more accurate ap-

from the comparison with method in [13], we confirm that our algorithm
proximate solution.

Example 2 (Ref. [13]) Consider the following equation with two pulse points:

-u"(x)=0, a.e x€(0,1),
u(0) = 0, u(1) =0,
AW(3)=-1,  Au(3)=0,
Au(3)=1, Au(3)=0.

Table 1 Comparison of absolute errors in Example 1

n Julx) — un(x)] [13] Presented method
max |u — Up| CR max U - uj| CR max [u” - u|
33 3426E-3 7.988E-5 3381E-4 7.988E-5
129 8.562E-4 5297E-6 2.252E-5 5.297E-6
200 - 4.563E-6 1.896E-5 4563E-6

400 - 4.486E-7 3.3464 1.934E-6 3.2933 4.486E-7
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Figure 1 The exact solution and the approximate 0.15 N\

solution in Example 2 (n = 33) VAN
0.10 /

0.05 e \\

-0.05!

Figure 2 The absolute errors of |u(x) - uy(x)| in . o
Example 2 (n=33) By
25x1076 |
2.x1070 F
15x1070 |
1Lx107¢ | ‘
5.x1077 F
0.2 04 0.6 08 I..O
Table 2 Comparison of absolute errors in Example 2
n max [u(x) — up ()] [13] Presented method
max |u(x) — up(x)| CR max |u’ (x) - uj, (x)] CR
33 4.627F-2 3.299F-6 1.197F-5
129 1.578F-5 2.028F-7 8.090F-7
400 - 2.048F-8 8.238F-8
800 - 5.022F-9 20271 2.028F-8 20222

The exact solution

z xe€[0,3],

ux)=13-3,  xe(33),
7 7% 4

15 " 15’ xe(g,l].

In Fig. 1, the red dotted line is the numerical solution and the black line is the exact
solution. Figure 2 shows the absolute error |u(x) — u,(x)| when n = 33. Table 2 shows com-
parison of the absolute errors between our method and other methods. All graphs and
tables show that our method is effective as we expect. It is worth noting that the approx-
imate solutions of Example 1 and Example 2 are only proved norm of convergence to the
exact solutions (see [13]). But, the approximate solutions of this paper are proved uni-

formly converges to u(x).

Example 3 (Ref. [14]) Consider the following impulsive equation with variable coeffi-

cients:

1, x€[0,0.5],

(Buy)x = 56x°,  x € [0,1]{0.5}, where 8 =
2, x¢€(0.5,1],
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Table 3 Comparison of absolute errors in Example 3

n Julx) = up(x)| [14] Presented method
max |w(x) — un(x)| CR max |u'(x) - ul, ()] CR

20 1.975F-2 3221F-3 - 2.849F-2 -

40 6.241F-3 7.207F-4 2.1600 6.832F-3 2.0602

80 1.743F-3 1.702F-4 2.0822 1.669F-3 2.0333
160 4.600F-4 4.132F-5 2.0423 4.123F-4 20172
320 1.181F-4 1.017F-5 2.0255 1.024F-4 2.0095
640 2.992F-5 2.524F-6 2.0105 2.553F-5 2.0040

subject to the boundary and interface conditions:

w0)=0,  u(l)=27,
AW(05) = -054/(057),  Au(0.5)=0.

The exact solution

x5, x €[0,0.5],

) = 1,8, 1
7+ 52), x€(0.51].

Table 3 lists the absolute error and the rate of convergence C.R to Example 3, from the
illustrative tables, we conclude that when truncation limit # is increased we can obtain a
good accuracy. It shows that the proposed approach is very stable and effective.

The proposed method not only can solve Eq. (1) of impulsive differential equation, but
also can solve high-order impulsive differential equations and complex boundary value
problems of pulse. The theory and algorithm is similar, we use the following example to

prove the effectiveness of the algorithm.

Example 4 Consider the third-order linear impulsive differential equation

u" (x) + ax(x)u” (x) + ao(x)u(x) = f(x), x € [-2,2]\{0},
u(-2)=16, u@ =%, [l u)dc=12,
Au(0)=0, AW(©0)=1,  Au"(0)=2.

Here
1-x x<0, -2cosx, x<0,
ao(x) = ax(x) =
e, x>0, -2, x>0,
x(—x* + 4% — 24x cosx + 24), x<0,
fx) =

e”“(—’%3 +x2+x)+2x-2)-1, x>0.

The exact solution

x4, x<0,

u(x) = 5,
—%+x +x, x>0.
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Table 4 Comparison of absolute errors in Example 4

n max |u — Up| CR max |u" = ul,| max |u” - u| max |u” = u)|
320 1.8367F-5 - 7.0934F-5 1.9598F-4 3.9198F-4
640 4.6155F-6 2 1.7919F-5 49411F-5 9.8826F-5
Figure 3 u,(x) and u(x) \ ol
stk
6|
4
2k
) T1 1 2

Figure 4 u,(x) and U'(x) —

Figure 5 u”(x) and u”(x)

Figure 6 u"'(x) and u"(x)

In the Example 4, the reproducing space is Wﬁfc[—Z, 2]. Table 4 shows the absolute errors
and convergence order of our method in different cases. In Figs. 3—6, the red dotted line
is the numerical solution ug) (x) and the black line is the exact solution " (x), i = 0,1,2, 3.
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6 Conclusion

In this paper, it is the first time to apply the reproducing kernel method to solve the impul-
sive differential equations. A broken reproducing kernel space is cleverly built, the repro-
ducing space are reasonably simple because the author did not consider the complicated
boundary conditions, and avoid the time consuming Schmidt orthogonalization process,
and the approximate solution we get is no less than the second-order convergence. In
Sect. 5, Numerical examples, we do four experiments with the new algorithm, and make a
comparison with other algorithms. In fact, this technique can be extended to other class of
impulsive boundary value problems. Although we just considered one pulse point in our
presentation, by that analogy, the algorithm can also be applied to multiple pulse points.
From the illustrative tables and figures, we find that the algorithm is remarkably accurate
and effective as expected.
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